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BOUNDARY AND ANGULAR LAYER BEHAVIOR IN
SINGULARLY PERTURBED SEMILINEAR SYSTEMS

BY
K. W. CHANG AND G. X. LIU

ABSTRACT. Some authors have employed the method and technique of
differential inequalities to obtain fairly general results concerning the exis-
tence and asymptotic behavior, as € — 0", of the solutions of scalar
boundary value problems

ey" = h(t,y), a<t<b,
y(a,e) = A, y(b,€) = B.
In this paper, we extend these results to vector boundary value problems,
under analogous stability conditions on the solution u = u(t) of the reduced
equation 0 = h(t,u).
Two types of asymptotic behavior are studied, depending on whether the

reduced solution u(¢) has or does not have a continuous first derivative in
(a, b), leading to the phenomena of boundary and angular layers.

1. Introduction. We consider in this paper semilinear boundary value problem of
the form

(1.1) €’y” = h(1,y), y(a,e) = A, y(b,€) = B,

where y, h, A and B are n-vectors and € > 0 is a small real-valued parameter. The aim
is to show that under appropriate conditions, there exist solutions of (1.1) which exhibit
boundary layer and angular layer behavior for all sufficiently small e.

We assume that the corresponding reduced system

0 = h(t,u)

has at least one solution u(t) = (u,(¢), ..., u,(t)). We require, as in the scalar case,
that the reduced solution u(¢) is I,-stable. The definition of /,-stability will be given in
section 3. This “componentwise” /,-stability condition will allow us to obtain estimates
for each component of the solution y(¢, €) of (1.1).

2. Preliminary results. We need the following basic result on differential
inequalities ([3], chap. 1):
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LEMMA 1. Consider the boundary problem
2.1 Y' = h(1,y), y(a) = A, y(b) = B,

wherey, h, A and B are in R". Suppose that there exist n bounding pairs (o (1), Bi(t))
of C?-functions on [a, b] which satisfy

(2.1), a;(a) = A; = Bi(a), ai(b) =B, = Bib),i=1,...,m
2.1), a;(t) = Bi(t), tin (a,b), i =1,...,n;

o = Bt Y1y @iy V)
(2.1 {

B;’S hi(t7yl7 LR 7Bi’ ERES 7yn)a
fortin(a,b), o;(t) =y; = B;j(2),j # i. Also suppose that h is continuous in the region
[a,b] XTI, [, Bi).
Then the problem (2.1) has a solution y(t) = (y,(t), . .., y.(t)) of class C? [a, b]
satisfying
a; (1) = yi(t) = Bi(2)

fortin[a,blandi=1,...,n.
The following extension of Lemma 1 will also be needed [2].

LEMMA 2. Consider the problem (2.1) and suppose that there exist n bounding pairs
which are piecewise — C® on [a, b], namely there is a partition {t,};", of [a, b] with
a=1t<t <... <t,= bsuchthaton each subinterval [t,_,,t;],i=1,...,m, the
n bounding pairs (a;,B,), j = 1, ..., n, are twice continuously differentiable; at the
partition points, t;_, and t;, the derivatives are righthand and lefthand derivatives
respectively. Suppose also that (2.1),, (2.1),, (2.1); hold on each subinterval [t;_,, t;].
Lastly, suppose that for each t in [a,b], Dya;(t) = Dra;(t) and D, B;(t) = DgBi(2),
where D, Dy denote, respectively, lefthand and righthand differentation.

Then (2.1) has a solution y(t) = (yt), ..., y.(2)) of class C?[a, b] satisfying

a; (1) = yi(1) = Bi()
fortin[a,blandi=1,...,n.
3. Boundary layer phenomenon. Let g be a non-negative integer. In the following
definition of I -stability for the reduced solution u(¢), we assume that the function

h(z, y) has the stated number of continuous partial derivatives with respect to y; in II;_,
9;,i=1,...,n, where

B = A{(t,y): 1 € [a,b], |y — ()] = di(n)}.
Here d;(¢) is a smooth positive function such that
|A; — wi(a)| = di(t) = |A; — ui(a)| + 3, on [a,a + §]
|B; — ui(b)| = di(t) = |B; — u;(b)| + &, on [b — 3,b]
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and

d(t)y=3don[a+ 3,b— 3]
where A;, B; are components of A, B respectively and § > 0 is a small constant.

DEFINITION. The vector function u = u(t) = (u,(t), . . ., u,(t)) is said to be I,-stable
in [a, b], if there exist n positive constants m,, . . . ,m, such that

9*h;
3.1 —a—k(t,y,,...,ui,...,y,,) =0
Yi
forO=k=2q,i=1,...,n(,y) €ED,j+i
and
l an+lhi ,
(32) (2q + ay.zq+l ([7 Yis. - ,Yn) =m; > 0

fori=1,...,n,(t,y) €., D,

We note that the definition of /,-stability for a scalar function was first given by
Boglaev [4], and has been employed and extended by other authors [2].
We have the following result.

THEOREM 1. Assume that the reduced system h(t, u) = 0 has an I,-stable solution
u(t) = (u(t),...,u,(t) of class C?[a,b). Then there exists an €, > 0 such that for
0 < € = €, the boundary value problem (1.1) has a solution

y(0) =yt €) = (yi(r,€),...,y(1€),
for t in[a, b, satisfying
|yi(t,€) — u;(t)| = Li(t,€) + Ri(t,€) + O(e),
wherei = 1,...,n. Here
3.3) Lite) = {IA,- — u(a)| exp [-me”'(t = a)], ifg =0,
|A; — w(a)|[1 + o€ '(t —a)] ", ifg=1,

|B: — u;(b)| exp [-mie™' (b — 1)], ifg=0
(3.4) Ri(t,€) = {

[B; — w;(b)|[1 + o™ "(b— )], ifg=1.
where

q q
gy = m; A —u(a)|?, oy =m B; — ui(b)|*,
v o T |

fori=1,...,n.

REMARK. For g = 0, the boundary layers at both end-points are of exponential type,
while for ¢ = 1, the boundary layers are of algebraic type.
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ProOF. Theorem 1 will follow from Lemma 1, if we can exhibit, by construction,
the existence of lower and upper pairs of bounding functions («;(¢, €), B;(¢, €)) which
possess the required properties (2.1),, (2.1), and (2.1);, with o;(t), B;(¢) replaced by

o,(2, €), Bi(t, €) respectively and with A; replaced by he™2.

By assumption (3.2), we must have h;(z,y) ~ mfyf"“ , and we are led to consider

the differential equation

(3.5) ezl =mz""

Indeed, the function L;(¢, €) is non-negative and is the solution of (3.5) such that
Lia,€e) = |A — u(a)|,

and

m;

eVqg + 1

This solution decreases to the right. Similarly, the function R;(¢, €) = 0 is the solution
of (3.5) such that

Li(a,e) = — |A; = wi(a)|"*".

Ri(b,e) = ‘Bi — u;(b)

)

and

Ri(b,e) = |Bi - ui(b)|q+]’

m;
€eVg + 1
and decreases to the left.

We now define, for ¢ in [a, b] and € > 0, the required lower and upper functions
a;(t,€) = ui(t) — Li(t,e) — Ri(t,€) — TI'i(e),
Bi(z,€) = ui(t) + Li(t,€) + R(t,€) + Li(e),
where
[i(e) = [eXy;/m}(2q + 1)!]"Ca+D,
Here, each 1, is a positive constant chosen so large that
(3.6) Yi = Mi(2q + 1)!

where M; = max(, ) [|u/(t)|]. Clearly we have I';,(¢) > 0.
Observe that the region between o; and (B;, that is, the set {(¢,y:), t € [a,b],
o;(t,€) = y; = B,(¢,€)} is contained in the region P; when € is sufficiently small.
Clearly, o, and B; satisfy the required properties (2.1), and (2.1),. It remains to show
that the property (2.1);, with ke * in place of h;, also holds. Applying Taylor’s
Theorem and the hypothesis that u(z) is I,-stable, we have
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1 824+Ihi
2q + D! oy}
X (t,y|, ey e,', ey y,,)[a,’(t, €) - u,-(t)]qu
l 82q+lhi
(g + 1! gy ™!
X (t’yl""7ei7'~'ayn)(Li +Rl+ Fi)2q+l9

— 2. 2 2pn
eal = h(t,y1, ... %, ...,y,) = €uj — €L — R +

= e2u! — €’L! — €’R! +

where 0; is some intermediate point between o, (z,€) and u;(¢). The point (¢,0;) is
therefore in 9, if € is sufficiently small, say, € < €,. Since L;, R;, I'; are all positive and
since both L; and R; satisfy (3.5), it follows by virtue of (3.2) and (3.6) that

€al = h(t,y1, ..., 0, ...,y = —€uj] + m T2
€ i Vi
= —e’M,; + i = ez[ - M,] =0,
2q + 1! 2q + 1)!

and so
€al = Mty Y1, oo iy ey Vo)
The proof for B; is similar. Therefore Theorem 1 follows from Lemma 1.

4. Angular layer phenomenon. We now turn to the following situation: suppose
that the reduced equation h(t, u) = 0 has a pair of C®-solutions #, = u,(¢) and u, =
u,(t) which intersect at an interior point t = T in (a, b). That is to say, u,(T) = u,(T),
but u{(T) # u;(T), or if we define the reduced solution u(t) by

ul(t)y a=t= T)
u(r) = {
u(t), T=st=hb,

then w'(T~) #+ u'(T"). Thus, the essential characteristic of this situation is that the
reduced solution u(¢) does not have a continuous first derivative in (a, b), but has a
‘corner’ at an interior point.

We wish to determine if results similar to Theorem 1 can be obtained under appro-
priate stability assumptions on this type of reduced solution (). In view of the corner
or angular nature of the reduced solution u(#), we expect that the bounding functions
will be more complex than those considered earlier in Theorem 1. Furthermore, each
component of the original solution can, in general, be expected to exhibit an angular
or corner layer at a different interior point and also simultaneously exhibit boundary
layer behavior at the end-points. This situation is demonstrated by an example in
Section 5.

THEOREM 2. Assume that
(1) there exists functions w, = (uy, (1), ..., u;,(2)) and u, = (uy (1), . .., u,(1)) with
u;i(t) of class C? on [a,T:] and [T, b] respectively, satisfying for j = 1, 2,;

hi(t,yl7~'~’uji7--~’yn) = 0
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fort € [a,b] and y, in Dy, k # i. Moreover, u,(T;) = uy(T;) and u}(T;) < us(T)),
T; in (a, b), where

Dy = {yi:|lye — w()| = di(1)}
with

u(t), t€la,Ti]
w(t) =
un(t), t € [Ty,b],
and d, is a smooth positive function such that

|Ay — w(t)| = di(t) = |Ax — w(t)] + S on [a,a + g]

|Be — w(1)| = di(1) = |B — w(1)| + 3 on [b - g b]

for & > 0 a small constant;

(2) for a nonnegative integer q, the function h is continuous in (t,y) and C**" with
respect to y; in D;;

(3) uj(2) is 1,-stable for j = 1,2 in [a, T;] and [T, b] respectively.
Then there exists an €y > 0 such that for each €, 0 < € < €, there exists a solution
y = y(t,€) = (yi(t,€),...,y.(t,€) of (1.1). Moreover, for t in [a,b]
‘yi(ty G) - ul(t)l = Li(t7 e) + Ri(ty G) + qul/(q+l),

fori=1,2,...,n, where C, is a positive, computable constant independent of €,

4.1 Li(t,e) = |A; — w(a)|E(t,€),
4.2) Ri(t,€) = |B; — uy(b)|Fi(t,€),
exp [—-ng(t—a)], ifg=20
Ei(’a e) =

oy (1)
[1+—€—(t—a)] , ifg=1,

m;
exp [— ? (b — t)], ifg=0,
F,‘(t,E) =
Ty ~(1/q)
[]+?(b—t)] s ifg=1
and

m;q m;q
o= A = wi(a)|, oy = ——=—=|B; — unu(b)|".
1 \/q—+—-l-| 1 | 2 \/ml 2 |
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PrOOF. The theorem follows from Lemma 2, if we can show the existence of
functions a, B which satisfy the required differential inequalities.
For ¢t in [a, b] and € > 0, define

u(t) — lAi - uli(a)lEi(t’e)
- |Bi - uzi(b)lFi(Ti’ e) —ILi(e), 1t E [07 Ti]’

o1, €) =
(1) = |Bi = uy(b)|Fit, €)
— |Ai — w(a)|E(T;,€) — Ti(e), t € [T, b]
(w0 + A~ w(@]E(t€) + Hi(r,0) + Ae), 1 € [a,T]
P = { u (1) + |B; — us(b)|Fi(t,€) + Qi(e), t € [T, b],
where

Ai(e) = (b — t)IA[ - u.,-(a)IE,-’(T,-,e) + I'i(e)

+ |B; = uy(b)|[FTi,€) + (b — T)F (T, ¢)],
O.(e) = H(T;,e) + (b — t)IBi - uZi(b)IF,’(T,,e) + I'i(e)

+ |Ai = wi(a)|[E(T, ) + (b — THE(T,, )],

€ m; .
— [us(T;) — ui(T;)] exp [_—(Ti - t)], ifg =0,
m; €

H(t,€) =
qe" I [us(T) — ul(T))]
K1+ ke (T, = n]* "

ifg=1

ki = |mVq+ 1q9" "[wb(T)) — wi (T)]e|* V"

Here I'i(€) = [v;€2/m;(2g + 1)!]%7*""' and y; > 0 is a constant chosen so large that

vi = Mi(2g + 1)!, M; = max {max |u}i ()|, max |u’2',-(t)|}.
[a.T;] [Ti.b]
We observe that a; = B, a;(a,€) = A, = B,(a, €), a;(b,e) = B, = Bi(b, €), and that
Dro(T;) = Dyoy(T;) and DpBi(T;) = D, B,(T;), for all sufficiently small values of €.
It only remains to verify that the differential inequalities

@.3) { eal(t,e) = hi(t,y,, ..., (t,€),...,y,)
GZB;,(Ia €) = hi(t7 yh ceey Bi(ts 6)’ LRI yy;p)

are satisfied on [a, T;] and [T}, b]. We only verify the inequality for B;, since the
verification for o; is similar.

We can easily see that the terms A;(e) and {);(e€) are nonnegative for e sufficiently
small, even though they contain the negative terms (b — t) [A; — u,;(a)]E/(a, €) and
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[A; — uii(a)]E!(a, €) respectively. On [a,T;], by differentiating ;, substituting into
(2.1); and expanding by Taylor’s Theorem, we have

hi(t5y19- .. 7B' .. ’yﬂ) - GZB;’z hi(t’yh-- o Upiy e yyn)

2 (1 9*h,
Z { (t ylv'-->uli9"'?yn)[(Ai - uli(a)]Ei(t9€)

1 82q+ Ihi
Qg + D1 gyt e i)

X [(A; = wi(a))Ei(t,e) + Hi(t,€) + A(e)]**!
= €uli(t) — €[A; — u(a)]EN(1,€) — €H(t,€),

Hi(t,e) + Ai(e)]k} +

where m,; is the appropriate intermediate value. In view of the /,-stability of u and the
fact that A;(e) = 0, it follows that

hi(t,yi, .o Bis- oo yn) — €BY = m[(A — w (@) EF (1, €)
+ HX ' (1,€) + A ()] — €M, — €(A; — ui(a))
X EY(t,€) — €2H!(t, €).
By construction, the functions E; and H; satisfy the differential equation
€zl =mz"",

and so

Rt 31, Bis o yn) — €BY = miAP V(e) — €M,
. 2

i€ i
=m] [__2_7____] - €M, = e{* - Mi] = 0.
m;(2q + 1)! 2q + 1!
The verification of the differential inequality for B;(z, €) for z in [T}, b] is similar and
so we omit details.

REMARK. If some of the derivatives of the functions u,; and u,, satisfy the inequality
ui;(T;) > u3(T;), then it is possible to obtain results which are analogous to Theorem
2. We can simply make the change of dependent variable y,— —y; and apply Theorem
2 to the transformed problem.

5. An example. Consider the problem
€y" = h(t,y), —-1<r<,
y-Le=A4, y(l,e=B
where h(t,y) is the column vector
(O = DA+ Gy, (n = 1+ 1D+ H(y))).

Here ¢ is a nonnegative integer, G(y,) = 0, H(y,) = 0.
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The reduced solution is the column vector ([¢|, 1 — |¢]) and does not have a con-
tinuous derivative at ¢t = 0. The reduced solution is stable, since
82q+ lh_
W—I+G(y2)zl>0,
9**'h
6y2"+| =1+ H(y)=1>0.

By Theorem 2 there exists a solution y = (y,(t, €), y,(t, €)) for € sufficiently small
which satisfies the following inequalities:

[y, = [t =L, + R, + C,e* "

ly, = 1+ |t =L, + R, + C,e* V7,
where

_llcxp< le_t), g=0,

L= Ll

= q=1,
q
[A, - 1|"(1 + t)]

—1+1
—l[exp( . ), q=0,
R, = | —1|
= q=1,
q
—A— B, - 1l - 0

— 1
o exp (2L >,

|A,|

v

pep q
\/___]Azl (1 +¢ ]

1+ t)

|B|

\/— B> (1 — t)]
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where C,, is positive, computable constant independent of €. (The result is indicated in
the following figures.)

A s Ay
Aq 9
? 5 ) 5,
14 1 14 -1
! 4
-1 0 1 0 '
A,
Figure 1
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