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Abstract

The space of tensors of metric curvature type on a Euclidean vector space carries a two-parameter family of
orthogonally invariant commutative nonassociative multiplications invariant with respect to the symmetric bilinear
form determined by the metric. For a particular choice of parameters these algebras recover the polarization of
the quadratic map on metric curvature tensors that arises in the work of Hamilton on the Ricci flow. Here these
algebras are studied as interesting examples of metrized commutative algebras and in low dimensions they are
described concretely in terms of nonstandard commutative multiplications on self-adjoint endomorphisms. The
algebra of curvature tensors on a 3-dimensional Euclidean vector space is shown isomorphic to an orthogonally
invariant deformation of the standard Jordan product on 3 X 3 symmetric matrices. This algebra is characterized
up to isomorphism in terms of purely algebraic properties of its idempotents and the spectra of their multiplication
operators. On a vector space of dimension at least 4, the subspace of Weyl (Ricci-flat) curvature tensors is a
subalgebra for which the multiplication endomorphisms are trace-free and the Killing type trace-form is a multiple
of the nondegenerate invariant metric. This subalgebra is simple when the Euclidean vector space has dimension
greater than 4. In the presence of a compatible complex structure, the analogous result is obtained for the subalgebra
of Kihler Weyl curvature tensors. It is shown that the anti-self-dual Weyl tensors on a 4-dimensional vector space
form a simple 5-dimensional ideal isometrically isomorphic to the trace-free part of the Jordan product on trace-free
3 X 3 symmetric matrices.
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2 Daniel J. F. Fox

1. Introduction

Let V be an n-dimensional real vector space equipped with a metric 4;;. Let MC(V™)
MC(V*) = {Yijir € ®* V™ : Y i = Yijir = Yijea) Ypijen = 0} (1.1

be the n?(n? —1)/12-dimensional vector space of metric curvature tensors. Any Y;;x; € MC(V*)
satisfies Yrsi; = Yijrr and Y;(jk) is symmetric in i and /. The metric curvature tensors of n type
MECyy (V*) comprise the kernel of the Ricci trace p : MC(V*) — S*(V*) defined by p(9)ij = 9pii?.
Note that p(Y);; is symmetric because 2 p(Y)[; ;] = y,,klhk = 0. The trace s(Y) = tr p(Y) = h'/ p(Y);;
is the scalar curvature of Y. (Here, and when convenient, the abstract index conventions [30, chapter
2] are used.) These definitions are consistent with the conventions in which the curvature tensor of the
round metric g;; on the sphere has the form —2g(;g;); (see Remark 5.10 for detailed discussion of
signs).

By [17, Theorem 7.1] the curvature tensor R; jx; of a family of metrics g();; solving the Ricci flow
%g(t)ij = -2 p(R(2));; evolves according to

%:Rijkl = AfRijkl + Z(fR * :R)ijkl + ZCRP[iRj]pkl + Zpr[kle]pij, (1.2)
where R = R is some quadratic form on MC(V*). The polarization of the quadratic form appearing in
(1.2) can be viewed as a commutative multiplication = on MC(V™). Here, (MC(V*), x) is studied as an
interesting example in the general context of commutative nonassociative algebras that exhibits some
special structural properties. Although they did not explicitly use this algebraic perspective, it was R.
Hamilton [17, 18, 19] and G. Huisken [21] who first emphasized the importance of * and discovered its
basic properties.

The class of commutative not necessarily associative algebras with no additional structure is too
general to admit a good theory. In many interesting examples the commutative algebra (A, o) satisfies
the further condition that it is metrized, meaning it is equipped with a nondegenerate bilinear form A
that is invariant in the sense that the cubic form A(x o y, z) is completely symmetric in x,y,z € A (in
this case A is also often called a Frobenius form). For various perspectives on metrized commutative
algebras, see [3, 10, 12, 13, 14, 16, 22, 29, 37].

The definition of * and its basic properties are described in Section 5 and are based on Theorem 5.4,
which yields two different new constructions of .

By Lemma 4.2, for k > 2 there is an O (n)-equivariant linear map X € MC (V*) —>Xe End(®kV*)
such that X is self- adjoint and preserves the type (by symmetries) of tensors. If X preserves the O (n)-
submodule W ¢ ®KV*, it restriction to W is written DCW IfX — DCW is injective, the pullback of the
projection onto the image of = w of the Jordan product I)CW ® %}W yields a commutative multiplication
on MC(V*) on which O(n) acts by automorphisms.

For example, X preserves A*V* and S2V* and the induced maps -~ A2V and gy are injective
by Corollary 4.5. By Lemma 5.2, the linear combinations of the pullbacks of the projections onto
their images of the Jordan products of endomorphisms, X A2y © y A2y and 5\C52V* ©) QSZV*, yield a
two-parameter family s %4 +f+g of commutative multiplications on MC(V*) that are metrized by the
metric (X(,Y) = X; jleU k' on M@(V*) and on which O(n) acts isometrically by algebra automor-
phisms. Moreover, a specific linear combination recovers * as follows. As X € MC(V*) determines
an endomorphism EMG(V*) of MC(V*), it makes sense to define a multiplication on MC(V*) by

XY= ime(v* (Y). It turns out that the multiplication * so defined is commutative, for Theorem 5.4
shows that * = 5 (x4 + xs) and that it recovers the multiplication of (1.2), for it shows that = has the
explicit form (5.14) found by Hamilton. Because X = Y = X(Y), an immediate consequence of the self-

adjointness of Xyte(v+) Withrespectto (-, - ) is that (MC(V*), #) is metrized by (- , - ), a fact due to
Huisken.
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Remark 1.1. For any metrized commutative algebra (A, o, ) and any ¢ € R*, rIdy € End(A) is an
isometric algebra isomorphism from (A, o;,1>h) to (A, o, h) where x o, y = tx o y. For this reason,
the family s %4 +t+g should be regarded as associated with [s : f] € P'(R), and it is any one of the
multiplications corresponding with [1 : 1] € P'(R) that arises in the Ricci flow, the choice of which
amounting to a normalization that is inconsequential from a purely algebraic perspective. However,
considerations related to geometric applications motivate a particular choice. Concretely, the choice of
% = % over *_ is made by requiring that a positive multiple of the curvature tensor of the round sphere
be idempotent. See Remark 5.10 for further discussion.

Remark 1.2. Some authors [2, 32, 34] define * directly in terms of curvature operators on /\QV*. Here =
is defined on curvature tensors, and the two definitions involve curvature operators on SZV* and MC(V*)
itself. Although there seems to be no good notion of representation of a commutative nonassociative
algebra (at least not without embedding it in a vertex operator algebra), it is convenient to think of
curvature operators on different tensor modules such as $2V* and A?V* as different representations
of (MC(V*), x), Theorem 5.4 shows that the multiplication itself is determined by MC(V*) somehow
viewed as a module over itself.

The irreducible submodules of MC(V*) under the action of certain groups of orthogonal trans-
formations are subalgebras. Lemma 5.7 shows that the space MCyy (V*) of metric curvature tensors
of Weyl type is a subalgebra of (MC(V*), ). If (V, k) carries an almost complex structure compat-
ible with A it makes sense to speak of the submodule of Kihler curvature tensors (see Section 11
for the definition), MCy (V*) and its submodule of Kahler Weyl curvature tensor MCqc v (V*) =
MCaq (V*) N MCp(V™), and Lemma 11.1 shows that MCqx (V*) and MCqc w (V") are subalgebras of
ME(V™*). The 1-dimensional submodule of MC(V*) generated by the metric is also a subalgebra (iso-
morphic to the real field), but the irreducible submodule generated by the Kulkarni—-Nomizu products
of the metric with trace-free symmetric two-tensors (the submodule comprising curvature tensors of
pure trace-free Ricci type) is not a subalgebra. The fusion rules (in the sense of [16]) describing the
interactions of the irreducible summands of MC(V*) are given in Table 1. They follow from Theo-
rem 7.12, which gives more information than do the fusion rules alone because it asserts the equalities
of products of subspaces, rather than simply containment relations. The proofs of these relations are
based on detailed calculations of products in (MC(V*), %), given in Section 6, that, while technical,
should be useful in further study of #. The ingredients of the proof of Theorem 7.12 also yield a
conceptually simple proof of the Bohm—Wilking theorem (see Section 7) used in the construction of
curvature cones. The fusion rules for the unitary irreducible subspaces of the subalgebra MCq (V*)
and the corresponding analogue of the Bohm-Wilking theorem are described in the companion
paper [11].

A commutative algebra (A, o) is exact (called harmonic in [29]) if its multiplication endomorphisms
Lo : A — End(A) defined by L,(x) = x o y satisfy tr Lo(x) = O for all x € A. Note that an exact
algebra is nonunital. A commutative algebra (A, o) is Killing metrized if the Killing type trace-form
To(x,y) = trLo(x)Lo(y) is nondegenerate and invariant. The multiplication of a Killing metrized
commutative algebra is necessarily faithful, meaning that L, is injective.

Important structural features of the subalgebra (MCyy(V*), ) shown in Theorem 1.3 are that it is
exact and Killing metrized and is simple when dim V* > 4.

Theorem 1.3. Let (V,h) be a Euclidean vector space of dimension at least 4. The algebra
(MCy (V*), %) is exact and Killing metrized. Moreover:

1. The Killing form 7,.(X,Y) = tr L.(X)L.(Y) is a nonzero multiple of {- , - ).
2. If dimV > 4, then (MCyw (V¥), x) is simple.

Proof of Theorem 1.3. Let (V, h) be a Euclidean vector space with dimV = n > 4. The group
O(n) = O(V, h) acts on MCy(V*) isometrically and irreducibly. By Theorem 5.4, (MCyy (V¥), %)
is metrized by the pairing (-, - ) and O(n) acts on (MCyy(V*), ) by algebra automorphisms. By
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Lemma 10.1 there is a nontrivial idempotent & € (MCy(V*),*). Because (MCy(V*),*) con-
tains a nontrivial idempotent, its multiplication is nontrivial. Theorem 3.2 implies tr L.(X) = 0, and
7.(X,Y) = tr L.(X)L.(Y) equals (- , - ) for some nonzero x which must be positive because both 7,
and (-, - ) are positive definite. If dimV > 4, the action by automorphisms of the connected simple
Lie group SO (n) on MCy (V*) is irreducible, so Theorem 3.1 implies (MCyy (V*), %) is simple. O

When dimV = 4, a choice of orientation determines an orthogonal decomposition MCyy (V*) =
MEC, (V*) @ My, (V*) where ME3, (V*) are the subspaces of self-dual and anti-self-dual curvature
tensors. Theorem 1.5, discussed in more detail later in the introduction, shows that these are mutually
isomorphic subalgebras that are simple, exact, and Killing metrized with Killing form equal to % S ).
Alternatively, this is a consequence of Theorem 1.3, which is the analogue of Theorem 1.3 for the
algebra of Kihler—Weyl tensors. It shows that if (V, &, J) is a 2n-dimensional Kihler vector space, then
(MCq w(V*), %) is a simple, exact, Killing metrized algebra with Killing form a positive multiple of
(-, ). When dimV = 4, a choice of compatible almost complex structure J determines an orientation
of V and Lemma 11.2 shows MC7,, (V*) = MCqc v (V*).

Remark 1.4. When dimV > 4, Theorem 1.3 does not give the value of the positive constant « such that
7. = k(- , - ). To calculate « it would suffice to calculate the eigenvalues on MCyy (V") of the operator
€ associated with a nonzero idempotent, as this suffices to calculate its 7.-norm. When dimV = 4,

the explicit calculations used to prove Theorem 1.5 make it possible to calculate xk = 21/16 for
(M3, (V*), %) (and so also for (MCgc w (V*), %)).

A basic problem is to describe (MC(V*), %), or its subalgebras more explicitly, in terms of known
algebras. As mentioned already, when dim'V = 2, the 1-dimensional algebra (MC(V™), x) is isometri-
cally isomorphic to the field of real numbers with its Euclidean inner product. When dimV is 3 or 4,
explicit results are obtained relating * to the usual Jordan product of symmetric endomorphisms.

V. L. Popov [31] discussed invariants of algebras constructed from traces of products of powers of
their multiplication operators, addressing questions such as when does a module for a group G admit
a nontrivial G-invariant multiplication that is simple or have automorphism group equal to G. Specific
instances of this last question are addressed in [6] for G = SL(2) and [8] for certain exceptional Lie
groups. In this context, metrizability by some particular trace-form, for example, Killing metrizability,
appears as a structurally important condition. Its importance has been explicitly indicated in work of A.
Ryba, for example [35], constructing commutative nonassociative algebras on which certain finite simple
groups act by automorphisms (see, in particular, [35, Lemma 9.1] and see also [22]), and in the work
of V. G. Tkachev and collaborators dedicated to a general program, detailed in [29], of constructing
homogeneous solutions to certain geometrically motivated linear and fully nonlinear elliptic partial
differential equations, for example, those describing minimal cones, by studying the algebras associated
with completely symmetric cubic forms. An interesting class of examples of exact Killing metrized
commutative nonassociative algebras, relevant here also for the statement of Theorem 1.5, are the
deunitalizations of the finite-dimensional simple real Euclidean Jordan algebras.

The vector space Sym(W, g) of g-self-adjoint endomorphisms of the n-dimensional Euclidean vector
space (W, g) equipped with the multiplication ® that is the symmetric part of the ordinary composition
of endomorphisms is an n(n + 1)/2-dimensional simple real Euclidean Jordan algebra with unit. Its
deunitalization is the (n + 2)(n — 1)/2-dimensional commutative, nonassociative, nonunital algebra
obtained by retraction along the unit. Precisely, this is the algebra Symy(W, g) = {A € Sym(W, g) :
tr A = 0} of trace-free symmetric endomorphisms of (W, g) equipped with the multiplication

AXB=A@B+BoA-5-tr(AoB+BoA)ldy (1.3)

and the invariant metric G(A, B) = %tr(A @ B) = %tr(A o B). When dimW = 3, G(A X A,A) =
% tr(A3) = det A. (These claims follow from standard formulas as in [9] and are demonstrated more or
less explicitly in [10] and [38, section 10].)
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Section 8 treats the case dimV = 3. In this case the 6-dimensional algebra (MC(V*), %) is linearly
isomorphic to $2V*. The map sending @ € S2V* to o* € Sym(V, h) defined by h(a¥(x),y) = a(x,y)
for x,y € V* is a linear isomorphism. Transported from S>V* to Sym(V, &) via #}, the product * can be
expressed in terms of familiar operations on symmetric endomorphisms. Lemma 8.2 and Theorem 8.5
describe the product on Sym(V, &) corresponding to = as

AoB=A®B-} (tr(A)B+tr(B)A+1tr(AB)I — (tr A)(tr B)I) . (1.4)

In particular, this product is nonunital and it is not the Jordan product ®. Identify S(Z)V* with Sym,(V, k)
and equip it with the trace-free Jordan product X defined in (1.3). More precisely, Lemma 8.2 shows
that Sym(V, ) ® R equipped with the multiplication

(A,r) e (B,s) = (AxB+§(rB+sA),rs+5<A,B>) (1.5)

is isomorphic to (M@(V*), %) via the linear map (a*,r) € Symy(V,h) ®R — a +rh € S?V*.

What is more interesting is Theorem 8.5, which characterizes ¢ in terms in intrinsic algebraic
terms (for Euclidean /). The situation can be summarized informally as that (MC(V*), %) is the most
symmetric O (3)-invariant metrized commutative algebra structure on S>V*, in that the number of orbits
of its idempotents is the smallest possible, two, and the spectra of their multiplication endomorphisms
have the maximal redundancy. Up to isomorphism there is a one-parameter family of O(3)-invariant
commutative algebra structures on S?V* each metrized by an O(3)-invariant inner product and each
of which contains a rank 1 idempotent and contains no square-zero element. The additional condition
that there be only two orbits of idempotents, one generated by a multiple of 4 and the other by a rank 1
idempotent, distinguishes two such algebras. One of them is Killing metrized and the other is (S*V*, o).
Alternatively, they are distinguished by the multiplicity of the eigenvalue 1/2 of the multiplication
endomorphism of a rank 1 idempotent, which is always at least 2, as a consequence of O (3)-invariance,
but is 3 uniquely for (S?V*, ¢). The proof yields as corollaries that ¢ is simple and its automorphism
group is exactly the image of O(3) in its induced action on S>V*. Corollary 8.10 summarizes precisely
all that is proved.

When dimV = 4, Lemma 9.7 shows that the 5-dimensional subspaces MC3,, (V*) are orthogonal
ideals of (MCyy (V*), *). Theorem 1.5 shows that each of these subalgebras is isometrically isomorphic
to the deunitalization of the 6-dimensional rank 3 simple real Euclidean Jordan algebra of symmetric
endomorphisms of a 3-dimensional vector space. The linear maps assigning to X € MCy (V") endo-
morphisms X A2ye € End( /\%_,V*) of the spaces /\iV* of self-dual and anti-self-dual 2-forms induce

SO (4)-module isomorphisms MC3, (V*) = Symo(/\iV*, h) [1, Section 1.127]. The content of Theo-
rem 1.5 is that a suitable multiple of X 2. is an algebra isomorphism.

Theorem 1.5. Let (V, h) be a 4-dimensional oriented Euclidean vector space. Consider the deuni-
talization (Symg( /\iV*, h),X) of the 6-dimensional rank 3 simple real Euclidean Jordan algebra
(Sym( /\iV*, h), ®) of symmetric endomorphisms of the 3-dimensional space /\iV*, equipped with the
product X equal to the traceless part of the usual Jordan product © of endomorphisms and the metric
G(A,B)=1trAoB.

1. The map ¥ : (MC3,(V*),*,(-,-)) — (Symo(/\iV*,h),x, 2G) defined by ¥(X) = 3X is an
SO (4)-equivariant isometric algebra isomorphism.

2. The Killing form 7.(X,Y) = tr L,(X)L.(Y) on (MC5,(V*), %) satisfies 7, = %( -, o), where (-, -)
is the metric on MCy (V") given by complete contraction with h;;.

3. (MC(V*), %, (-, - )) is simple and contains no nontrivial square-zero elements.

Theorem 1.5 is proved twice, at the end of Section 9 and again in Section 10 (Section 12 sketches still
another proof). The isomorphism is described both conceptually and explicitly. The explicit isomorphism
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is based on the construction of a convenient basis of MC3,,(V*) and the calculation of the multiplication
table for its elements. See Lemma 10.8. The conceptual proof is based on a calculation relating the
endomorphisms of A2V* given by XY A2y and X r2 A2ye © Y. A2y-» Where o denotes composition of
endomorphisms, which shows

%x * ysz* = i/\zv* © g/\zv* - % tl’(ﬁ/\zv* o g/\zv*) * —é tr({)\C/\gv* o g/\2v*) Id/\zv*, (1.6)

in which o is composition of endomorphisms and * denotes both the Hodge star operator on A\*V* and
the involution it induces on MCyy (V*); see Lemma 9.7 for details.

For V of dimension greater than 4, it would be 1nterest1ng to obtain a formula like (1.6) for the
difference X Y Yatey (v in terms of the Jordan product :x:j\/[@w (v) © HMQW (v+) and expressions like
those on the right side of (1.6).

Part of claim 3 of Theorem 1.5 depends strongly on the assumption of Euclidean signature. It shows
that in Euclidean signature (MCyy (V*), %) contains no square-zero element if dim V = 4, while Lemma
7.3 shows that if dim'V > 4 and h has indefinite signature, then (MCyy(V*), %) is spanned by square-
zero elements (see also Example 12.4). It would be interesting to know if (MCyy(V*), %) contains a
nonzero square-zero element when 4 is Euclidean and dimV > 4. Theorem 7.10 shows the weaker
result that the multiplication = is faithful if 4 is Euclidean and dimV > 4; equivalently, (MC(V*), %)
contains no zero divisors.

The simplicity of the algebras (MC3,,(V*), %) and (MCg v (V*), *) could perhaps appear unremark-
able in light of a result of Popov showing that, over an algebraically closed field k of characteristic zero,
a generic algebra is simple. Precisely, [31, Theorem 4] shows that the set of structure tensors of simple
algebras over k is open and dense. However, the first Theorem 3 of [31]' shows that a generic (in the
same sense) algebra has trivial automorphism group, whereas (MC3, (V*), , (-, - )), (MCyy(V*), %),
and (MCqx w (V*), %) have large automorphism groups that contain respectively the Lie groups SO (4),
O(n), and U(n) and so are atypical from this point of view. Nonetheless, [31, Theorem 5] shows that
if the automorphism group of a finite-dimensional algebra with nontrivial multiplication over k con-
tains a connected algebraic subgroup that acts irreducibly on the algebra, then the algebra is simple.
Although the algebras considered here are defined over R, Popov’s argument can be used essentially
as written to show that (MCyy (V*), %) and (MCqc w(V™*), *) are simple when dim V* > 4. A precise
statement of a more general result is given here as Theorem 3.1 and Theorem 1.3 records its application
to (MCw (V7), *).

Among metrized commutative algebras, those that have large automorphism groups are somewhat
exceptional. That a Lie group G acts on a metrized commutative algbera by automorphisms has the
consequence that the orbit of an idempotent is a G homogeneous space. It would be interesting to
describe completely the G-orbits of idempotents in subalgebras of (MC(V*),x). For dimV* = 3,
Corollary 8.10 gives such a description, while for dim V* = 4, such a description can be deduced from
Theorem 1.5 and the computations used to prove Theorem 7.12. In this direction, Lemma 10.4 shows
that when dim V* = 2n > 4, certain of the idempotents produced by Lemma 10.1 constitute an orbit of
0(2n) acting in MCyy (V*) identified with the space SO (2n)/U(n) of orthogonal complex structures
on V inducing a given orientation on V.

Since all claims in the article are pure linear algebra, they extend straightforwardly to sections of
tensor bundles over smooth manifolds. Although no application to Ricci flow is immediately available,
it is reasonable to hope that the results obtained here will be useful for studying curvature conditions on
manifolds. A different, Lie theoretic, point of view on the structure of the multiplication * has been used
profitably in [2, 41]. For background on the definition of = as in (5.14), its properties, and its role in the
study of the Ricci flow, see also [20]. Some features of the algebra (MC(V*), %) are used implicitly in
the study of the Ricci flow [2, 4, 5, 17, 18, 21, 32, 33, 34, 41]. The algebraic perspective makes some of
the manipulations used in such studies appear more natural and focuses attention on certain structural

Due to a typographical error, its Theorem 2 is mislabeled as Theorem 3.
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features, namely, the invariance and nondegeneracy of the Killing type trace-form and the identification
of idempotent elements and the spectra of their left multiplication operators that are not self-evidently
relevant from the geometric perspective.

It would be interesting to extend results obtained here, for example, Theorem 1.5, to pseudo-Euclidean
real vector spaces and to vector spaces over general base fields.

2. Notation and conventions

All vector spaces considered here are finite-dimensional over R. The abstract index conventions in the
sense of Penrose [30, chapter 2] are used when convenient. Given a vector space V, a/{l‘ i ¥ indicates an

element of @V ® ®'V*. The indices are labels indicating tensor valencies and symmetries and do not
refer to any choice of reference frame. Enclosure of indices in square brackets or parentheses indicates
complete antisymmetrization or complete symmetrization over the enclosed indices; indices delimited
by vertical bars are omitted from such (anti)symmetrizations. For example, 2a;x = ar;|jjx + a|j|) is
the decomposition of a;jx into its parts antisymmetric and symmetric in the first and last indices. The
symmetric product o © 8 € SK*'V* of symmetric tensors & € S¥V* and 8 € S'V* is defined by complete
symmetrization, (& © B);i,. i, = @i, ...i Bir.:...ir.;)» Whereas the wedge product a A 8 of antisymmetric

tensors @ € AXV* and B € A'V* is defined as a multiple of the complete antisymmetrization of their
k+l
tensor product, by (@ A B)i; ir. = (1) @lir..ic Birsr ooviar]-

Indices are raised and lowered, respecting horizontal position, using a nondegenerate symmetric
bilinear form h;; (called a metric) and the inverse symmetric bivector i/ satisfying h'Ph,; = 6; . The
pair (V, h) is called a metric vector space. The metric h is Euclidean if it is positive definite and in this
case (V, h) is called a Euclidean vector space. Throughout the article the norms used on tensor modules
are those given by complete contraction with the metric (and not those induced from the standard O (/)-

representation). A subspace M € ®*V* ® @'V is a metric vector space with the metric (- , - ) defined
via complete contraction with 7;; and 4%/ by (o, 8) = a{l"'.'.'if Z}:iji{ LRI TN TR S

Let (V, h) be an n-dimensional metric vector space. When Euclidean / is fixed, the abstract orthogonal
group O(n) is identified with the orthogonal group O(h) of linear automorphisms of V preserving #.
The action of GL(V) on V given by (g - x)' = xPg," induces the cogredient action on V* given
by (g - u) = (g7")i’up and these actions extend in the usual way to ®V ® ®'V*. By definition,
gi’ € GL(V)isin O(h) if and only if g;”g;,, = h;; or, similarly, (g7');/ = g/;. This implies the action
of O (h) commutes with taking traces. For example, for X € MC(V*)and g € O(h), p(g-X) = g-p(X),
80 MGy (V*) is an O (h)-submodule of MC(V*).

The space End(V) of linear endomorphisms of V is regarded as an algebra with multiplication o given
by composition. The adjoint involution oy, : (End(V), o) — (End(V), o) of the metric /4 on V is the real
linear antiautomorphism defined by i (o, (¢)x, y) = h(x, ¢(y)) forall x,y € V and ¢ € End(V). For a
metrized vector space (V, k), the subspace Sym(V, #) = Sym(End(V), 0p,) = {¢ € End(V) : o3, (¢p) =
¢} of h-self-adjoint endormorphisms is a Jordan algebra with the product ¢ ® ¢ = %(qﬁ oy +y o ¢) for
¢, € Sym(V, h). (When h is clear from context there is written simply Sym(V) for brevity.) There
holds @ o 8 = %[a,ﬁ] +a© B, wherea® 8 = %(Q/O,B+,8011).

Via metric duality, «;; € ®? (V*) is identified with the endomorphism x) = xta; of V, and the
composition of the endomorphisms of V determined by raising the second indices of a;;, §;; € ®*V*
is given by (@ o B);/ = apf,Bif’. These conventions are such that, for x, y, z,w € V*,

(x®y)o(z®w)=(Ww,x)z®y. 2.1

The pullback to ®>V* of the Lie bracket of endomorphisms yields the Lie bracket [ - , - | : ®*(V*) x
®%(V*) — ®2(V*) given by [a, 8] = @ o B — 8 o @. Similarly, the multiplication induced via metric
duality on ®V* by the usual Jordan product of endomorphisms is denoted by ®. The subspace A2V
is a subalgebra of (®2V*,[-, - ]) and (A’V*,[-, - ]) is isomorphic to the Lie algebra so(V, h).
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3. General results about commutative algebras

As explained in the introduction, the argument proving [31, Theorem 5] adapts almost without change
to the present setting to prove Theorem 3.1. For the reader’s convenience, it is reproduced here with
modifications appropriate to the current setting.

Theorem 3.1. Let (A, o, h) be a nontrivial finite-dimensional commutative algebra. If a connected
simple real Lie group G acts on (A, o) irreducibly by automorphisms, then (A, o) is simple.

Proof. Since the action is irreducible, a nontrivial G-invariant ideal equals A. Assume (A, o) is not
simple and letI ¢ A be a minimal proper ideal. Then g - I is again a minimal proper ideal for all g € G.
Since the sum of the ideals g - I as g ranges over G is a nontrivial G-invariant ideal, it equals A. For
8,8 € G, the ideals g - I and g - I either are equal or have intersection {0}, and it follows that there are
81,---,8 € G such that A = @_,g; - [ is a direct sum of vector spaces. Since the product of distinct
minimal ideals is the zero ideal, this sum is in fact a direct sum of algebras. If J] C A is a minimal
proper ideal not equal to g; - I for any 1 < i < r, then its product with each g; - I is the zero ideal, so
its product with A is the zero ideal. Applying the preceding argument with J in place of I shows that
the multiplication on A is trivial, contrary to hypothesis. The preceding shows that any minimal proper
ideal of (A, o) has the form g; - I for some 1 < i < r, and so G permutes the set {g; - I,..., g, - I}.
Since G is connected with simple Lie algebra, any proper normal subgroup of G must be discrete, so
this permutation action must be trivial. Consequently, each g; - I is a G-invariant linear subspace of A,
contradicting the G-irreducibility of A. O

Theorem 3.2. A nontrivial finite-dimensional Euclidean metrized commutative algebra (A, o, h) on
which a real Lie group G acts irreducibly by isometric automorphisms is exact and Killing metrized
with Killing form 1.(x, y) = tr Lo(x) Lo (y) equal to a nonzero multiple of the metric h.

Proof. Since G acts on (A, o) by automorphisms, the linear form x — tr L,(x) is G-invariant and
so, because A is G-irreducible, kertr L, = A. Likewise, 7, is G-invariant, and because both % and T,
are G-invariant, the endomorphism A € End(A) defined by 7.(x,y) = h(Ax,y) for x,y,€ A is G-
invariant as well. Because both 4 and 7, are symmetric, A is h-self-adjoint and so is semisimple with
real eigenvalues. Since A is G-irreducible and A is h-self-adjoint, by the Schur Lemma, A = «1dy for
some k € R, so 7, = kh. Because k dim(A) =trA = |,u|,21 where u(x,y,z) = h(x oy, z), were k zero,
then p would be identically zero. However, because (A, o) is assumed nontrivial there exist x,y € A
such that x o y # 0, so, by the nondegeneracy of 4 there is z € A such that A(x oy, z) # 0.

The following alternative argument shows « # 0. By [36, Lemma 2.1], a nontrivial finite-dimensional
Euclidean metrized commutative real algebra (A, o) contains a nonzero idempotent, for, if y is an
extremum of the restriction to the 4-unit sphere of the cubic polynomial /(xox, x), then e = h(yoy,y)~'y
is anonzero idempotent. By the invariance of 4, L, (e) is a self-adjoint endomorphism of A that preserves
the orthogonal complement of the span of e. Hence, it is diagonalizable with (possibly repeated) real
eigenvalues 1, y,...,4,_1,and 7o(e,e) =tr Lo(e)?> = 1 + Z;’z_ll /1% > 1. Since (e, e) # 0, it follows that
k="T.(e,e)h(e,e)”l £0. O

4. Action of metric curvature tensors on tensors

Let (V, h) be a metric vector space. Note that w;x; € W(V*) = {wiju € 4 V* W(ij)ki = Wijkl =
W(kD)ij» W(ijky = 0} satisfies wyy;j = w;jr and wg[;;); is antisymmetric in k and . A straightforward
calculation proves that the linear map 7~ : MC(V*) — MC(V*) defined by 7 (u)i jx1 = %uk[ml is an
isometric isomorphism with inverse given by 7! Vijk = _\%Vk(ij)b

It is convenient to abuse notation by identifying S2( A>V*) and $2(S2V*) with the subspaces {¥; ikl €
WV Wiy = Wijrr = Wi = Wijpen ) and {@jug € @V @y = @iy = Py = Pijirn -
As Wi € /\4V* satisfies Wizij = Wijkis /\4V* can be viewed as a subspace of SZ(/\ZV*) and,
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likewise, S*V* can be regarded as a subspace of S2(52V*). The Bianchi identity implies A*V* and
MC(V*) are orthogonal subspaces of S2(A?V*) with trivial intersection and, similarly, $*V* and
MEC(V*) are orthogonal subspaces of §?(S>V*) with trivial intersection. Comparing dimensions shows
SZ(AZV*) =~ MC(V*) @ A*V* and S2(S2V*) ~ MC(V*) @ S*V*.

For ¥ € S2(A\2V*), Wiijki] = Plijkq and the orthogonal projection M : SZ(A2V*) = ME(V*) is
given by M(W)ijur = Wijkr = Plijkqi 50 M & (Idga 290 =M) = SHAVT) - MC(V) & A*V is
an isometric isomorphism. Similarly, the orthogonal projection § : S2(S2V*) — ME(V*) is given by
S(W)ijkr = Wijki — ¥ijiyr 50 (T 08) & (Idg2 g2y —8) : S2(S7V*) — ME(V*) @ S*V* is an isometric
isomorphism, where, for w;x; € S*(S2V*),

(T 0 8)(w)ijki = %‘Uk[ij]l- 4.1)

Lemma 4.1. Let (V, h) be a finite-dimensional metric vector space and let k > 2. For a, 8 € ®*V*,
setting o(«,B) equal to the h-orthogonal projection M(n(a,B)) € MC(V*) of n(a,Babca =
(@, B)jab][cd] € SZ(N*V*) where

_ 1 U eeidpol Tpgleeds—] Dggl..od
lP(a, ﬁ)abcd - E Z ai]...ir,lbirﬂ..‘is,lcl'sﬂ...ikﬁ ! " la r+ N ld s+ K (42)
r#s

defines a symmetric O(h)-equivariant bilinear map o : ®V* x @*V* — MC(V*).

Proof. Tt needs to be checked only that o(8, @) = o(«, 8). The definition (4.2) implies ¥ (8, @)apca =
Y (@, B)padc and there follows

Y(B, @)[ab)[cd)

1 (Y (B, ®)abea — ¥ (B: Opaca — ¥(B. @avdc + V(B @padc)
1 (¥(@. Bvade — ¥ (@, Bavac — ¥(@, Bpaca + ¥ (@, Blabea)
=Y(a, Bavi(ca) = ©(@, Babed>

T (ﬂ’ a’)uhcd

(4.3)

so that p(B,a) = M(n(B,a)) = M(n(a,B)) = o(a,B). That o is O(h)-equivariant means that
o(g-a,g-B)=g-o(a,p) forall a,8 € ®V* and g € O(h), and this is apparent from the manifest
O (h)-equivariance of the construction of o. O

Because o is O (h)-equivariant, its restriction to W x W where W is any O (h)-submodule W ¢ ®*V*
takes values in some O (h)-submodule of MC(V*).

The symmetric group on k elements, S, acts on the left on ®*V* by (o - Qiy..ip = @iy i e
for o € . A filling of a k box Young diagram by distinct indices i1, ..., i} determines the submodule
of ®*V* comprising tensors antisymmetric in the indices in any column of the filled Young diagram
and such that there vanishes the antisymmetrization over a subset of indices comprising the indices in
any given column plus any index from any column to the right of the given column. The tensors in
such a submodule are said to have the type given by the filled Young diagram. By [40, Theorems 5.7.A
and 5.7.C], an O(n)-module of covariant trace-free tensors on an n-dimensional vector space having
symmetries corresponding to a Young diagram is nontrivial if and only if the sum of the lengths of the
first two columns is no greater than n, and by [40, Theorem 5.7G] all irreducible finite-dimensional
O (n)-modules correspond to some such Young diagram. For example, MCyy (V*) = ker p ¢ MC(V*)
corresponds with a filling of a 2 X 2 square array of boxes, so MCyw (V*) = {0} if dimV < 4. If
n=dimV > 4, MCy (V") is a nontrivial irreducible O (n)-module. When dimV = 4, it decomposes
as an SO(n)-module into two 5-dimensional submodules (see Section 9). A linear endomorphism is
said to preserve the type of tensors if it maps tensors with the symmetries determined by a given filled
Young diagram into tensors with the same symmetries.
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Lemma 4.2. Let (V, h) be a finite-dimensional metric vector space and let k > 2. The linear map
MEC(V*) — End(®KV*) associating with X € MC(V*) the operator X € End(®%V*) defined by

By _ 1
X(@y..ix, = % Z XP i @iy iy pirar i1 @i ik (4.4)

r#s

commutes with the action of Sk on @ V* and so preserves the type of tensors; is O(h)-equivariant,
meaning g - DC(a/) =g- DC(g @) forall @ € V* and g € O(h); and has image in the self-adjoint
endomorphisms, meaning Xe Sym(®%V*, (-, ) for all X € MC(V*).

Proof. That X preserves the type of tensors follows from 55(0' -a) = o - 56(0) for o € Sy and
@ € ®FV*. This is immediate from the definition (4.4) and the symmetries of X;;x;. The relation

g X(a)=g- X (g7! - @) likewise follows from a straightforward computation (for this relation to hold
it is necessary that g be orthogonal because the metric is used in (4.4) where indices are contracted). It
follows from (4.4) that

X(a),B) = (X, 0(a, B)) (4.5)

where o(a, ,8) is as in Lemma 4.1. By Lemma 4.1, o(«, ﬁ) is symmetric in @ and B8 and by (4.5) this
implies that (DC(a/) B) = {(a, I)C(,B)) forall @, € ®kV* so X is self-adjoint. O

When it is known that X preserves a subspace W ¢ ®KV*, §CW is written instead of X when helpful
for clarity. By Lemma 4.2, for X € MC(V*) and k > 2, X preserves /\kV* and S¥V*, so X pkye €

Sym(AXV*) and :X:Skv* € Sym(SKV*) are written for the restrictions of X to /\ V*, SkV* ¢ @kvr

By Lemma 4.2, Xgiy- (@) = (k — DXP i1, %, lk)Pq for @ € S¥V* and DCARV*(Q),I = (k-
1)Xp li1ia T s i pg = —%x li1iy@is....ix  pq TOT @ € /\ V*. In particular, when k = 2, DCSzV*(a/)ij =
aP4X;pq; and 56/\ v (@)ij = aP9X;pg; = 20’ 9X;jpq- For example, iCszV*(h) = p(DC) For oy €

®2V*, write (Sym O')U = 0(;j) and (Skew 0);; = o7;;1. For X € MC(V*), by Lemma 4.2, DC®2V (o) =
szV (Symo) + X A2y- (Skew o). This means that if ®2V* is regarded as the orthogonal direct sum
S2V* @ A*V* via 0y; = 0(ij) + 03], then Xgry- = Xgry- @ x/\ZV* is an orthogonal direct sum too.

Example 4.3. Because 1 ® h € MC(V™) satisfies g - (h ® h) = h ® h for g € O(h), when W is an
irreducible O (n)-submodule preserved by hoh h, it follows from Lemma 4.2 and the Schur Lemma that
7t ® hw is a constant multiple of Idw. For example, hoh Ay = —1d p2q..

Transferring the canonical isomorphisms End( A2V*) ~ A?V*® (A?V*)* and End(S2V*) ~ §2V* @
(S2V*)* via metric duality yields linear isomorphisms
#: ®2(/\2V*) ={¥iju € V" : Wikt = Plijia = Yijikn} — End(/\ZV*),

. . . 4.6)
f:®%(SPV*) = (@i € @V @1y = @ijyrr = Dijrry} — End(S7VF),

defined by sending ¥ € ®%(A2V*) to W# (a)ij =¥ pq and ® € ®%(S2V*) to ¥ (0)ij = @i jPl0pg.
Note that, for X € MC(V*), the tensor identified in this way with X 12 A2ye 18— zf)C, k1. Said otherwise, for
X viewed as an element of S2(A2V*), X¥ = —ZDCAzV*

Lemma 4.4. Let (V, h) be a Euclidean vector space. For ¥ € @2(\>V*) and ® € @*(S2V*), tr P# =
W¥pqP? and tr of = D, P9

Proof. For an orthonormal basis {E(I) E(")} of V*, {(E(a) AE® 1 <a<b<n}isan
orthonormal basis of A2V* and {V2E@ 0 E® : 1 <a<b<n}U{EWOE@ :1<a<n}isan
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orthonormal basis of $2V*, so

=1 3 (HE@ AED) E@ A ED)

I<a<b<n
AN (@) (b) (@) 12(b)
ijkl b b
:ZZTU Eian Eka El =\qupq’
a=1 b=1 (47)
rof=2 3 (OHEWE®)EWoEP)+ Y (OUEW 0EW) EW 0 EW)
1<a<b<n 1<a<n
n n
_ ki g (@) g (B) (@) (b)) _
=3 Y @HMEDEP EDEP = @,
=1 b=1
[m}

For example, Lemma 4.4 implies that tr X A2yr = % s(X) for X € MC(V*).

When m) preserves W ¢ ®*V*, Lemma 4.2 does not affirm that the linear map X — DACW is
injective. From (4.5) it is apparent that this is true if and only if {o(a, 8) : @, 8 € W} spans MC(V*).
Corollary 4.5 shows that X — X Azy- and X' — I)ACSzV* are injective. It is used in the proof of
Theorem 1.5. Note that viewing X € MC(V*) as an element of 7 (S2(S2V*)) yields 7~ 1(X)# =

_2x
\/§ SZV*‘
Corollary 4.5. Let (V, h) be an n-dimensional Euclidean vector space. For X, € MC(V¥),
tr(i/\zv* ° g/\zv*) = i(xa y>’ tr(iSZV* o gSZV*) = %Cx’ y> (48)

The O (n)-equivariant linear maps MG(V*) - Sym(/\zV*) ME(V*) — Sym(SzV*) and MC(V*) —
Sym(®2V*) given by X — ZDC/\z -xt X — szzvi = -7 10" and X — DC®2V* are isometric
with respect to the trace-norms on Sym(A*V*), Sym(S2V*), and Sym(&®*V*) and injective.

Proof. Via f}, the endomorphisms X A2y © g A2y+ and iszv* o gsz\,* are identified with the tensors
}‘xkll’%w e ®*(A*V*) and f)Ck(Pq)l‘éi(Pq)j € ®2(S?V*), so (4.8) follows from Lemma 4.4 and
Xi( jk)ﬂj’(f ol = §¢<x, Y). The injectivity follows from the nondegeneracy of the pairing (- , - ). O

5. Algebra structures on the space of metric curvature tensors

This section defines the multiplication * and derives its basic properties.

The injectivity of = 2. and ~ gy shown in Corollary 4.5 means that commutative algebra
structures %4 and x5 on MC(V*) can be constructed as follows. By the injectivity there are unique
X#x4Y e MC(V*) and X x5 Y € MC(V*) such that (X x4 1g})f‘ = —2X x4 Y A2y~ equals the orthogonal
projection on W)sz* of the Jordan product (—Zi\csz*) ® (—29sz*) = X* o Y¥ e Sym(A>V*)
and 7 1(X =g Y)# = —\%.’)C x5 Ygoy+ equals the orthogonal projection on MC(V*) g2y of the Jordan

product (—\%f’)\CSzV*) ©) (—\%gszv*) = (T o7 1 (Y)¥ € Sym(S2V*)). More precisely:
—~ —~ b 5 —~ —~ b
X #a Y = —2M ((xm,* © Yy ) : XxsY=-2T o8 ((:xszw ©Ys.) ) RENER)

where b is the inverse of §.

Lemma 5.1. Let (V, h) be a metric vector space. For X,Y € MC(V™), the commutative multiplications
x4 and xs on MC(V*) are given by

(:X: *A 1é)ijkl = _% ( 1éklpq + yl] xklpq - 2x[iquykl]pq) s (5.2)
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(X s Ylijrr = =3 (xk(pq)iléj(”q)l = Xie(pa)j 9i PV 1 + Xj(pgyi ¥ PV i - xi(pq)l’ék(pq)j) . (53

The Ricci and scalar traces are
p(X x4 Yij = 23X Yy abe s(X%aY) = $(X,Y),
P s )iy = =3XG Y pave + 5 (Xso (0())ig + T (0 (205 (5:4)
5(X x5 Y) = =5, Y) + 3(o(X), (V).

Proof. Each of (5.2) and (5.3) is just a matter of unraveling the notation in (5.1). Straightforward
computations using (5.2) and (5.3) show (5.4). O

Lemma 5.2. Let (V, h) be a metric vector space. For s,t € R and 5, = § %4 +t*g, the commutative
algebra (MC(V*), x5 ;) is metrized by (- , - ) and O (h) acts on it by isometric algebra automorphisms.

Proof. By (5.1), Lemma 4.5, and using 28 = _22A2V* and 7! (Z)tt = —\%iszv*,

(Xx4Y,2)=-2 <M ((i/\zv* @g/\zv*)b) ,Z> = 4<(§CA2V* @g/\zv*)b ,Zt;\zv*>

=2tr (i/\zv* o gAzV* o /Z\,/\zv* +9,\2V* o ic/\zv* o ,Z\,/\zv*) s
(5.5)

2 oY a b 4 By a b b
<x *g 15, Z) = _\/_§ TOS (xS2v* @%52vx) ,Z = 3 (xSZV* ©952v*) ’ZSZV*
= %tr (iszv* (] gs2v* o ZSZV* + gs2v* o :/X\:qu* o} /Z\'SZV*) .

The right-hand sides of (5.5) are completely symmetric in X, Y, and Z, and this shows the invariance
with respect to (- , - ) of =4 and *g and so also of any linear combination s *4 +t*g. That O (/) acts on
(MEC(V™), *4,) by isometric algebra automorphisms follows from the manifest O (/) invariance of the
construction of x4 and x*g. |

Because rescaling the multiplication of a commutative algebra yields an isomorphic algebra, the
products x , are best viewed as parametrized by [s : 1] € P(R).
For X, Y € MC(V*) define B;jx; = B(X,Y)ijxi € S*(®7V*) by

B(x, H)u = :/X\:®Zv* © 9®2v* = i/\ZV* © g/\Zv* + isZV’f © g52v*, (56)
the second equality by Lemma 4.2, so that

_ _ b
Bijii = BOGY)ijit = 2 (Xipjg e 19 + YipjqXiP 1) = (DC@ZV* ©9®2v*) . 5.7

ijkl

Lemma 5.3. Let (V, h) be a metric vector space. For X,Y € MC(V™), the commutative multiplications
x4 and xs on MC(V*) are given by

(X %4 Wijra = =2(Bijiat — Blijen) = =3 (2Bt — Brpij) + Blijeljn) » (5.8)

(X xs Yijur = =5 (Bepijie + Brikijin) = =5 (Blijikr + 2Bgijir = 3Bjijun)) - (5.9)

Proof. That B;jx; is contained in S?(®?V*) is equivalent to the symmetry Byj;; = Bjjk;, which is
apparent from (5.7). There holds

2Bjitk = Xjpig9i k! + Y jpigXi’ kT = Xigjp 99 1? + Yiqjp Xi¥ = 2Bijxi. (5.10)
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Hence, 2B ;j\xi = Bijki—Bjixi = Bijki—Bijik = 2B;j[i). It follows that 2B, ; (k1] = Bijki] = Bjifki] =
Byij1k1 — Brjiki = 2Byijjki- This means that B;jjx; = B[ijj(xi1 = Bij[ki) is the orthogonal projection
of Bjjx; onto SZ(A*V*). It follows that Bijkny = Bijki = Bijykiy = Bkij) is the orthogonal
projection of Bjjx; onto $%(5%V*). From the second equality of (5.7) it follows that (X #4 Y); ki and
(X x5 Y)ijr are given by applying —2M to By;jjx; and —%7’ o 8 to B(;jki, respectively, and doing
so yields the first equalities of (5.8) and (5.9). The second equalities of (5.2) and (5.9) follow from
3Byijki) = Blijikt + Brlij) = Bilk|ji- o

Since, by Lemma 4.2, the operator DCpreserves type, if X, Y € MC(V*), then DC(%J) ’ZJ(DC) e MC(V™).
Theorem 5.4 shows that, remarkably, X MY = ‘é( X), so that a commutative multiplication of curvature
tensors can be defined by X « Y = X(Y), and, moreover, * = 5 3 (54 + %5).

Theorem 5.4. Let (V, h) be a metric vector space. The bilinear map * : MC(V*)xMC(V*) — MC(V™*)
defined by X =Y = 5\C(H) Jor X,Y € MC(V*) is O(h)-equivariant and symmetric and so determines
a commutative algebra structure % on MC(V*) metrized by the pairing (-, - ) given by complete
contraction with h and on which O (h) acts by algebra automorphisms. Moreover, * = %(*A +xg) and *
equals that multiplication given by polarizing the quadratic term of the expression (1.2) for the evolution
of the curvature tensor under the Ricci flow.

Proof. Evaluation of DAC(H)U-H using (4.4) and o(X, Y);x; using (4.2) and (4.3) yields

4§C(H)ijkl =202k Y i pig — 29 kT X jpig +2XiP19Y jpg + 29 kX j picg
= XiiP"Y gkt = Xt? Y pgij = 40(X, Y)ijki, (5.11)

which is evidently symmetric in X and Y, showing that X « Y = fC(H) = g(DC) =Y % X. By Lemma 4.2,
Y is self-adjoint, so, for X, Y, Z € MC(V*),

(X*Y,2) = (Y(X), 2) = (0, Y(2)) = (X, Y * 2). (5.12)

This shows the complete symmetry of (X =Y, Z). That O(h) acts by algebra automorphisms follows
from (5.11) and the O (h)-equivariance of o established in Lemma 4.1.
From the symmetries of B;jx; = B(X, Y); it follows that

% (Xi;?"Y pgra +Yi;7X pgri)
= (X pig + Xpijq) YUP 1+ Y6PY) + (Yjpig + Ypijq) (XkP 1+ XiP9))
= Bijki + Bjiik — Bijik — Bjiki = 4Bijj[x1] = 4Bij[x1) = 4Bijki- (5.13)

Combining (5.11) and (5.13) shows
—(X % Y)ijki = Bijki — Bijik + Bikji — Bitjk = Bijki — Bjiki + Bikji — Bitjk- (5.14)

That * = %(*A + xg) follows from (5.8), (5.9), and (5.14). By [18, section 7] the polarization of the
quadratic term of the expression (1.2) for the evolution of the curvature tensor under the Ricci flow
equals the right-hand side of (5.14). O

Remark 5.5. It is not self-evident that the right-hand side of (5.14) determines an element of MC(V*).
Here this is seen as following from the construction of x*. It also can be checked directly using the
symmetries of B;;x; asin[17, 18]. The invariance of (- , - ) with respect to  is attributed to G. Huisken
in [2]. The proof given here is conceptually different than the usual proofs by direct computation or as
in [2, section 1].
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A metrized commutative R-algebra (A, o, &) is determined up to isometric isomorphism by the O (%)-
orbit of the associated homogeneous cubic polynomial, P4 o) (x) = (1/6)h(x o x, x), because P and the
metric & determine the multiplication o via polarization.

Corollary 5.6. The cubic polynomial of (MC(V™), ) has the form

Povtevy . (X) =tr ici\z +itr X, (5.15)
Proof. This follows from (5.5) in conjunction with Theorem 5.4. m|
Lemma 5.7. Let (V, h) be a metric vector space. For X, € MC(V™),
(X Y) = & (X (0 (W) + s (0(X)) S(X * Y) = (p(X). p(Y)). (5.16)
In particular, the subspace MCyy (V*) = ker p € MC(V?™) is a subalgebra of (MC(V¥), ).
Proof. The identities (5.16) are immediate from (5.4) and Theorem 5.4. ]

Lemma 5.8. Let (V, h) be a Euclidean vector space.

1. (Due to [32]) For all X € MC(V™), s(X = X) > 0 with equality if and only if X € MCyy (V*).

2. If X € MC(V*) is such that iCSzV* is nonnegative, then s((X = X) = X) > 0, with equality if and only
if p(X) € ker Xgoy-.

3. IfY e MCw(V*), then s((X *Y) « Z — X % (Y*2)) =0forall X,Z € MC(V*).

Proof. If X € MC(V™) satisfies s(X = X) = 0, then, by (5.16), 0 = s(X * X) = | p(X)|?, so p(X) =

and X € MCyy (V*). By (5.16), s((DC % X0) * DC) = (stv* (p(X)), p(X)), from which 2 follows. From
(5.16) and the self—adjomtness of DCSzV* and Z'SZV* it follows that 2s((X *Y) * Z — X = (Y * 2)) =
<xSZV* (p(2)) - Zszv* (p(X)), p(Y)) forall X, Y, Z € MC(V*). Claim 3 follows. O

In particular, Lemma 5.8 shows that, in Euclidean signature, if X X = 0, then X{ € MCyy (V™). That
is, a square-zero element of (MC(V™), %) must be contained in MCyy (V*). The first claim of Lemma
5.8 is an example of a claim that depends on the assumption that & have definite signature. In other
signatures the same proof shows only that p(X) is null.

Lemma 5.9. Let (V, h) be a Euclidean vector space and let T1 € End(V) be the h-orthogonal pro-
jection onto the subspace W C V. The linear map  : @*W* — ®*V* defined by 1(X)(A, B,C,D) =
X(IMA, 1B, IIC,I1D) restricts to an injective algebra homomorphism that maps (MC(W™), %) into
(MEC(V*), %) and (MCyw (W*), %) into (MCy (V*), %).

Proof. Straightforward calculations show that B(¢(X), «(Y)) = «(B(X,Y)) for X,Y € MC(W). Since
: ®@*W* — ®*V* commutes with permutations of the factors, this suffices to show ¢(X) #¢(Y) = (X *Y)
for X, Y € MC(W*). Similarly, p(¢(X)) = t(p(X)) (Where ¢ is defined on ®>W) and so t(MCry (W*))
MCy (V*). m]

Remark 5.10. As commented in Remark 1.1, there is no purely algebraic reason to prefer * to its
pullback =, via rescaling by ¢ € R*, as these algebras are isomorphic. In particular, there is no algebraic
reason to prefer = to —« = x_;. However, there are at least three aesthetic and geometric reasons for
preferring * to —x:

e (geometric) By Lemma 7.8, a positive multiple of the curvature tensor of the round metric on the
sphere is an *-idempotent.
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o (aesthetic) By Lemma 5.8, the scalar curvature of an *-square is nonnegative. (Morally, squares
should be positive.)
e (aesthetic) For the induced curvature operator on MC(V*), X * Y = Xpce v+ ().

When comparing with the literature, care has to be taken. For example, that some signs in [32] at first
glance appear inconsistent with those here is because [32] works directly with curvature operators,
essentially with what is here called X A2y-+» Which is the image under the map here called § of the tensor
—%DCi jki» Whereas here results are stated directly in terms of the tensor X; ;.

6. Calculation of products in (MC(V*), %)

There are two ways to construct curvature tensors from simpler objects, a commutative product @® of
symmetric two-tensors and a commutative product - of antisymmetric two-tensors. Lemma 6.1 records
the = products of curvature tensors obtained in these ways. They are used later in the construction of
idempotents in (MCyy(V™), x). Although the full strength of these computations is not needed in this
article, their proofs illustrate the use of x4 and *g in the computation of .

By straightforward computations using (4.2), Lemma 4.1, and (4.1),

(@ ® Blijki = —20(@. Bt = axiByy — Bk = V3 (T 0 8)(@ ® B+ B ® @), 4 (6.1
defines a symmetric bilinear map @ : S*(V*) x S?(V*) — ME(V*). When k = 2, ® is
half what is usually called the Kulkarni-Nomizu product. Again by (4.2), for o, € A2V*,

(e, Bijki = % (ak[iBjn — €iBjik)s so that, by Lemma 4.1, an O(h)-equivariant symmetric bilinear
map - : A2(V*) x A2(V*) = ME(V*) is defined by

a-B=-60(,PB)ijr = —-6M(n(e,B))ijri = =3 (k1B — @Bk — 2(ijBriy)
= (i + riPij) — (@ A Bij = IM(a ® B+ B ® @)iju. (6.2)

For a commutative algebra (A, o) define
Qo(x,y) =2Lo(x) © Lo(y) = Lo(x0y),  Qo(x) = Qo(x,%) = 2Lo(x)* — Lo(x0x).  (6.3)

For a Jordan algebra, Q.(x) is what is usually called the quadratic representation [23, 24]. For the
special case of @, 8,y € ®*V*,

Qo(@,B)(y) = 3(@0yof+Boyoa), Qo(a)(y) =aoyoa. (6.4)

The following identities relate Qe with®@ and [ - , - ].

Oo(a@®p) +106([a,B]) = $06(a 0 B) + 06 (B o a),

1 (6.5)
Qo(@ @) - 100([@,B]) = Qo(@) ® Qe(B).

Define tr : SKV* — S¥2V* by tr(w);, . ir, = Wi, _.ip_,p?. Fora € ®°V*, let o = (a, - ) € ®V, s0
that, in the notation of (4.6), 2(a © B)¥ = a ® B* + B ® oF, where © is the symmetrized tensor product
of elements of ®2V*. From the definitions there follow
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YO oy =Qe(y.0) - (yO o)t
(7 ) h)Sz\/*(T) =yOorT- %tr(T)y - %(7» T>h’ Y,0,T € Sz(V*)’

7O hgy (1) = T —tr(T)h,

(@ B) 2y = Osl@. ) ~ (@ ® B, o, p e NA(V),
YO 0 p2y =—06(y,0), T O hyy. (@) =-00a, v, 0 € SV*,
@By =300(a.B), @By (h) =3a 0, o B e N2V

By (4.5), (6.1), and (6.2), for X € MC(V*), y,0 € S2V*, and a,B e /\ZV*,

(y © 5, X) = =2(0(y, ), X) = ~2(X(y), ) = =2(y, X(o)),
(- B, Xy = —6{0(a, B), X) = —=6(X(a), B) = —6(a, X(B)).

For a, 8,7y, 0 € A2(V*), by (6.10) and (6.7),

(@ By o) =—6(Bpry.(¥),0)

=3 (@, Y)(B.0) +{@, 0)(B,y) +tr(@cyoBoo+aocoofoy)).

For a, B8, y, 0 € S>V*, by (6.9) and (6.6),

(@0 By ©o)=-2a® By (¥).0)
= (a»7><ﬁao'>+<01,0'>(ﬁa7’> _tr(ao'}/OBOO’+ﬁO’yoa00’).

For o, € /\ZV* and y, o € S*V*, by (6.8) together with (6.9) or (6.10),
(@B, y®Do)y==-3tr(yoaoocof+coaoyof).

Using (4.1) it is straightforward to check that, for o € S2V*and 1 € /\ZV*, there hold

Tipkony = 50 ® )iy = 2M((Qe(0)p2)") = o B 0,
TikTiy — Tk T = — (T Dijkts = —2M((Qo(T)p2y)") = 37
Ti(kT1)j = O(ikTLj) = ——T Yoo o), = _TTOS((Q@(O')SZV E %
Ti(kT])j = —?T Y )ik = —TTO 8((Qo(1)g2+)") = it

Lemma 6.1. Let (V, h) be a metric vector space. For a, B,y, o € S*(V*),

(@O B)*(y 0 o) =—3 (@, 7)B O T +{a,d)B Oy +(By)a® o+ (Bo)a®y)

+3 (@ © Qo(y, ) (B) + B ® Qoly, o) (@) +y © Qo(a, B)(0) + T O Qo(a, B)(¥))
—g(ay]-[B.ol+[a,c]- [ByD) -3 (@0y) ® (Beo)+(@00) O (50Y)).

For a, B € N\*V* and y, o € S%(V*),

(@-B)x(y®o)

~3 (@ Qo(y, ) (B) + B Qol(y,0)(@)) + 3 (¥ ® Qo(a, f)(0) + 0 ® Qo(a, B)(¥))
+3((@@y)- (Boo)+(@00)-(B0Y)) -5 (1,0l ® [0,B] +[0,a]l ® [v,B]) .
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For a, B,y,0 € N*(V*),

(@-B)x(y-0)=—3 (@B - c+{a.0)B-y+(B.y)a o+ (B.o)a-y)
+5(Qo(@.B)(y) - o +v - Qo(@. B)(0) + Qo(y,0) () - B+ - Qo(y.0)(B)) (6.20)
-3 ([e,y] - [B.o]+[B.y] - [0 +3 ((@@y) ® (Boo)+(Bey) ® (¢@0)).
Proof. Fora,p € S2V*, by (6.8), (6.6), and (6.5),
@D Ap2y. @B O Ppry. = Qol(@) ©Qo(f) = Qol@®p) — %Q@([a,ﬁ]) (6.21)
@0 agy ©B O sy = (Qol@) = (@ @ a)') @ (Qo(B) - (BB
= 0o(@©®B) = 1 Qo ([, B]) + (@, B) (@ © B)* = (Qo () (B) © B)* = (Qu(B)(@) @ )* . (622)
By (5.1), applying —2M to (6.21) and —%7‘ o 8 to (6.22), and using (6.2) and (6.14)—(6.17) with
o =a®pand 7 = [a, B] to simplify the results yields
(@®a)*a (BOP) =~(20p) O (¢0p) - Bl - [a.B],
(@®a)+s (BOP) =3 (@ ® Qo(B)()+B 0 Qo(a)(B) - (e, B)(a © B)) (6.23)
+3(@ep) © (@¢ep) - 5[a.p] - [ap].
Using * = 3 (#4 + *s) and (6.23) to evaluate (@ ® @) = (8 ® B) yields

(@@ a)*(BOP) =—(a.pla®B+ad® Qo(B)(a)+B D Qola)(B)

6.24
- e, Bl [@.B] - (@@p) ® (@0 p). 24
Polarizing (6.24) first in @ and then in g yields (6.18).
For @ € A*V* and y € S2V*, by (6.7), (6.8), (6.6), and (6.5),
T A p2y. ©7 O Y p2y- = (Qol@) = (@ ® @)*) © Qo(y) ©25)
= —0e(@@y) +106([a,¥]) + (Qe()(a) © @)F
T Ay ©7 O ysoye = 300(a) © (Qo(y) = (¥ @ y)* ©26)

=300(@©7) - 300([a,¥]) - 3 (Qo(a)(y) © ¥)*.

By (5.1), applying —2M to (6.25) and —\%‘T 08 to (6.26), and using (6.2), (6.1), and (6.14)—(6.17) with
o = [a,y] and T = @ © y to simplify the results yields

(@-@)sa(y®y) =-30-0(¥)() - $(@®Y) - (@ ®y) - {[a.y] ® [, ¥].

| (6.27)
(a-a)*s (y ©y) =2y © Qola)(y) +(@@y)  (@@y) - z[a,y] O [a,y].

Using * = %(*A + xg) and (6.27) to evaluate (a - @) * (y @® ) yields

(@-a)*(y D y)=-a-0(y)(@) +3y ® Qo(a)(y) + (@0Y) - (¢ ®y) - 2[a,y] ® [a,7].

(6.28)
Polarizing (6.28) first in @ and then in 7y yields (6.19).
For a, B € /\ZV*, by (6.7), (6.8), and (6.5),
T p2y. @ Ppry. = (Qo(@) = (@ @ @)F) © (Qo(B) - (B HF) 629

= Qo(@®B) - 106([a, B]) + (@, B) (¢ © B)* - (Qo(B) (@) © @)* - (Qo(a)(B) © B)*,

https://doi.org/10.1017/fms.2021.69 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.69

18 Daniel J. F. Fox

@ g2y © - Bsoy- = 900(@) © Qo(B) = 900(a © B) - $006([a. B]). (6.30)
By (5.1), applying —2M to (6.29) and —%7’ o 8 to (6.30), and using (6.2) and (6.14)—(6.17) with
7 = [, B] and o = @ ® B to simplify the results yields
(@-a)*a (B-B) =% (a-Qo(B)(a) +B-Qo(a)(B) - (@ Ba - B)
~(@0p) 0 (@0p) - 5[a.p] - [a. ], (6.31)
(¢-a)*s (B-B)=3(a0p) ® (¢0p) - jla.pl - [a.B].
Using * = 3 (#4 + *s) and (6.31) to evaluate (a - @) = (8 - B) yields
(@-a)*(B-B)=—(a,B)a-B+a-Qo(B)(a)+ B Qola)(B)
+3(a@p) ® (€0 p) - j[e.f] - [a.B].
Polarizing (6.32) first in @ and then in B yields (6.20). m|
Remark 6.2. Taking 8 = a € SZV* in (6.24) yields

(6.32)

(a®a)*(@®a)=—leffa®a+2a® (@doaoa) - (aoa)d (aoa). (6.33)
Taking y = a € $?V* and o = 8 € S?V* in (6.18) yields

(@®p)*(adp)=-1alBop-1Bla®a-ie,B)a 0B+ i[ep] [ap]

+a® (@@ (Bop)+B 0 (Bo(aoa)) -3 ((@ca)® (Bof)+(a@pf) O (¢0p)).
(6.34)

The identities (6.33) and (6.34) suggest that, with further conditions on @ and 8, *-idempotents can
be constructed from o ® a, § ® B, and @ ® B. This is shown to be the case in Lemma 7.4. Similarly,
takinga ==y =0 € AZV* in (6.20) yields

(@-a)*(@-a)=—|a’e-a+2a (doaoa)+3(aoa)® (¢oa). (6.35)

The identity (6.35) suggests that with some further condition on e, the element a - @ or its trace-free part
tf(@ - @) might be a =-idempotent. Corollary 7.5 and Lemma 10.1 show that this works. In this regard,
see also Lemma 7.3, which uses (6.32) and (6.35) to construct square-zero elements in (MCyy (V*), )
when / has indefinite signature.

7. Simplicity of (MCy (V™), ) and fusion rules for (MC(V™), %)

Lemma 5.7 shows that the Weyl curvature tensors constitute a subalgebra of (MC(V*), ). The first
part of the section is dedicated to constructing idempotents in (MCyy (V*), %). This is used in the proof
of Theorem 1.3 and to show the nontriviality of the subalgebra (MCyy(V*), ), which in turn yields
Corollary 7.6, showing the simplicity of (MCyy(V*),*) when dimV > 4, but is also interesting in
its own right, as experience with Jordan and axial algebras suggests that detailed information about
idempotents and the spectra of their multiplication endomorphisms is useful for understanding the
internal structure of an algebra such as (MCyy (V*), ).

Next, explicit formulas for products in (MC(V*), %) are deduced and these are used to deduce the
main result of this section, Theorem 7.12, that describes the interaction of the subspaces MCg(V*),
MCx (V*), and MCyy (V*) with respect to .

Lemma 7.1. Let (V, h) be an n-dimensional Euclidean vector space. For an O(n)-module of ten-
sors W, let tf € End(W) denote the orthogonal projection onto the O(n)-submodule Wy Cc W
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comprising trace-free elements. Define S(z)(V*) = {a € S2(V") : tra = 0}, MCx(V") = {h® «a :
a € Sé(V*)} c MC(V*), and MCg(V*) = Span{h ® h} c MC(V*). The orthogonal projections
Pxr,Ps € End(MC(V*)) on MCx (V") and MCg(V*) are given by
PR(X) = =325 po(X) ® h, Ps(X) = ~ 5y SO O h, (7.1)
where p,(X) = p(X) — % S(X)h, and the trace-free part t(X) of X € MC(V™) is given by
tH(X) =X+ =25 p, (X) ® h+ L 5 s(0h® h=X+ 2 p(X) ® h- m s()h® h. (1.2)

Proof. For a, 8 € S>(V*), computations using the definitions show

pla®p)=a0p-itr(e)p-Ltr(Pa, s(@ ® B) = {a,B) - (tra,tr B), (7.3)
pla® h) = —a -5 tr(a/)h s(a®h)=(1-n)tra, (7.4)
p(h® h)=(1-n)h, s(th® h) =-n(n-1). (7.5)

When n > 2, MC(V*) = MCyw(V*) & MCx(V*) & MCg(V*) is an orthogonal decomposition into
irreducible O (n)-modules (although MCyy (V*) is trivial if dimV = 3). By (7.4), if n > 2, the map
a — h ® « is a linear isomorphism from S(Z)(V*) onto its image in MC(V™), which is MCx (V*). The
expressions (7.1) and (7.2) follow from (7.4) and (7.5). O

Example 7.2. For a, 8 € S?V*, taking X = a ® 8 in (7.2) and using (7.3) yields
a0 p) =a®pf+s (2a © B —tr(@)B - tr(B)a + = (tr(a) tr(B) — (@, B)) h) Oh  (16)
Similarly, by (7.2) and (7.7), for @, B € A*(V*),

pla-B)=3a0p,  s(a-p)=-3ap), 7.7
tha-B)=a-B+53:25(@0B) O h+ G (@ BYh O h. (7.8)

Since, by (6.9), (X, h ® h) = =2 s(X) forany X € MC(V*), by (7.7) there holds (@B, h ® h) = 6{a, B).
Alternatively, this is a special case of (6.10) or a special case of (6.13).

Lemma 7.3. Let (V, h) be a metric vector space of dimension n > 3. If h has indefinite signature with
minimal inertial index k > 1, then (MCyy (V¥), %) is spanned by square-zero elements and contains a
trivial subalgebra of dimension n — 2k — 1.

Proof. By assumption there are a nonzero h-isotropic w € V* and a unimodular A-orthogonal basis
{z(® : 0 < @ < n—-2k -1} of a codimension 2k subspace of V* orthogonal to w and on which &
has definite signature. Concretely, there is € € {1} such that 2(w, z(®) = 0 and h(z(®,z(®) = € for
0<a<n-2k—1.Forl <a < n-2k-1,thetensor Z® = (wAz@).- (wAz D)= (wAz(®)-(wAz(®)
is nontrivial. Suppose 1 < @ < 8 < n—2k—1.Because (WAZ(®)o(wAz(¥) = —ewew = (WAZF)®
(wAz®), by (7.7), p(2(?) = 0,50 Z(® € MCw (V*). Because (wAz(D)o(wAz(@)o(wAz(®) =0
and (w@w) ® (wew) =0,by (6.35), (WAZ) @ (wAZ )« (wAzl )@ (wAz®)=0=
(WAZPY® (wAZP))) x (wAZzP) @ (wAzP))) and, because (w Az(P) o (wAzB)) =0, by (6.32),
(WAZ)Y@(WwAZ@) s (WAZP) & (wAzP))) =0,s50 2@ 5 2@ =0and 2(® « 2B =0. Tt
follows that Span {Z(® : 1 < @ < n — 2k — 1} is a trivial subalgebra of (MG (V*), *).

Since (MCw(V*),*) contains a nonzero square-zero element Z, the span of the O(h)-orbit of
Z is a nontrivial O (h)-invariant subspace of the irreducible O (h)-module MCyy (V*) and so equals
MCyy (V*), and hence MCy (V*) is spanned by square-zero elements. o
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Let Idem(A, o) denote the set of idempotent elements in the algebra (A, o). Two idempotents
e, f € Idem(A, o) are orthogonal if eo f =0 = foe.

If @ € Idem(S*V*,©), then tra = |a|? is the rank of the orthogonal proejction a;7, so tr « is said
to be the rank of . If @, B € Idem(S?V*, ®) are orthogonal idempotents, then @ o 8 =0 = 8 o a, for

adof=aoaofBof=Bofoaoa=Foa=—-aof.
Lemma 7.4. Let (V, h) be an n-dimensional Euclidean vector space. For orthogonal idempotents
@, B € Idem(S?V*,®) with a = tra and b = tr 8 there hold

(BOP) * (ﬁ®ﬁ)=(1—b)ﬂ®ﬂ, (@op) (@D B =-s@dp)-Fava- 5808,
BoOP*BOa)=5Lanp, (@da)«(BOB) =0

Moreover, |B® B> = 2(b — 1)b, so BO B # 0 if and only if b # 1. In this case llb,B@ﬂ €
Idem(MC(V*),*). Ifa # 1 and b # 1, then - b,B ® B and 1—a ® a are orthogonal idempotents in
(ME(V7), *).

Proof. That |8 ® B|> = 2(b — 1)b follows from (6.12). (Note that » = 1 if and only if 8 = u ® u for a
unit norm 1 € V*, in which case 8 ® g = 0.) Specializing (6.18), (6.33), and (6.34) yields (7.9) and the
remaining claims. O

(7.9)

Corollary 7.5. Let (V, h) be a Euclidean vector space of dimension n > 2. If orthogonal idempotents
@, B € Idem(S?V*,0) satisfya =tra # 1 and b =tr 8 # 1, then

B(a,p) = lab(a e a+HBOL- 2a®ﬂ) (7.10)

is an idempotent in (MCyy(V*), %) satisfying |B(a, B)|> = m%. In particular, if b ¢

{l,n- 1},ﬁ= h—p, and b =tr,é, then

B(B) =B(B,h—-p) = " 1)2(_nn1 - (ﬂ@ﬁ—z(bq)ﬁ@fH%h@h)
= o 1B O B) = mtf(ﬁ@ﬂ)

(7.11)

is an idempotent in (MCyy(V*), ) satisfying |B(B)|> = %

Proof. That B(a, 8) defined by the first equality of (7.11) is an idempotent follows from (7.9). That
p(B(a,pB)) = 0 follows from (7.3). The claimed value of |B(a, 8)|* follows from (7.10) and (6.12)
by straightforward computations. Because (h — 8) o 8 = 0 and tr(h — 8) = n —tr 8, that (7.11) is an
idempotent in (MCyy (V*), ) with | B()|? having the claimed value is a special case of the preceding.
The first equality of (7.11) follows upon substituting 4 = & — /8 in (7.10). Specializing (7.6) yields the
second equality of (7.11). Finally, tf(8 ® 8) = t{(8 ® ) because B3O B=B O B+ (h—-2B8) ® h. O
Corollary 7.6. Let (V, h) be an n-dimensional Euclidean vector space. If n > 3, then MCy (V™) =
MCyw (V*) = MCw (V*), and if n > 4, then (MCwyw (V*), *) is a simple algebra.

Proof. By Lemma 5.7, MCy(V*) is a subalgebra of (MC(V*),*). Let x,y € V* be orthogonal
unit norm vectors. Because 8 = x ® x + y ® y satisfies S o § = B and tr 8 = 2, by Corollary 7.5,
IB(B)|? = L ) # 0, so B(p) is a nontrivial idempotent in (MCy(V*), %). If n > 3, this shows

(n—1)(n-3)
(MCw (V™), *) is a nontrivial algebra and MCy (V*) * MCy(V*) is a nontrivial O(n)-submodule

of the irreducible O(n)-module MCyy(V*) and so must equal MCyy (V*). If n > 4, SO(n) acts on
(MCy (V*), %) irreducibly by automorphisms, so, by Theorem 3.1, (MCyy (V*), %) is simple. O

Lemma 7.7. Let (V, h) be a metric vector space. For X € MC(V*) and a € S*(V*),
X*(a®h)=%(56(a)®h+a® p(f)C)), Xx (h o h) = p(X) O h. (7.12)
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Proof. Fora € §?V*and X,Y € MC(V*),

(@ ®h)*XY) = (@ hX*Y) = =2(a, X Y(h)
= ~2(a. p(X xY)) = (@ X(p(¥)) +Y(p(X))) (7.13)
= ~(X(@). () + (a. Y(p(X)) = 3(X(@) © h+a ® p(X).Y),
the first eﬂuality by the invariance of (- , - ), the second equality by (6.9), the third and fourth equalities
because Z(h) = p(Z) for any Z € MC(V*), the fifth equality again by (6.9), and the last equality by

(5.16). By the nondegeneracy of { - , - ), (7.13) implies the first equality of (7.12). Because iC(h) = p(X),
taking o = h in the first equality of (7.12) yields its second equality. O

Lemma 7.8. Let (V, h) be an n-dimensional metric vector space. For a, B € S*(V*),

(hoa)s(hop)=a0p+1 (a@ﬁ ~ (@) - L tr(Ba - %(a,,B)h) o h, (7.14)
(hoa)x(hoh) =5 a-3tr(@)h® h, (7.15)
(hoh) s (h®h)=(1-n)ho h (7.16)

Proof. Taking X = 8 ® h in (7.12) and simplifying using (7.4) and (6.6) yields (7.14), and (7.15) and
(7.16) are special cases of (7.14). Alternatively, (7.14)—(7.16) are special cases of (6.18). ]

Lemma 7.9. Let (V, h) be a Euclidean vector space of dimension n > 4. Let

Wi =Span {(x ©y) ® (zOw) : x,y,z,w € V* are pairwise orthogonal},
Wy =Span {a ® B:a,B € S§V*, a0 B =0},

W3 =Span {(x Ay) - (zAwW) :x,y,z,w € V* are pairwise orthogonal},
W4 =Span {a-B:a,p€ /\2V*,a©,6’=0}.

(7.17)

Then MGW (V*) = Wl = Wz = W3 = W4.

Proof. By (7.3) and (7.7), W, W, € MCyw(V*). By (6.11) and (6.12), |(x @ y) ® (z @ w)|? = 1/4
and [(x A y) - (z Aw)|? = 12, so W and W3 are nontrivial. If x, y, z, w are pairwise orthogonal, then
X0y,z0w € S(Q)V* satisfy (x © y) o (zOw) = 0,50 W, € Wy, and x A y,z Aw € AZV* satisfy
(xAy)o(zAw)=0,s0 W3 c Wy. Since W and W3 are nontrivial O(n)-submodules of the O (n)-
irreducible module MCyy (V*), they equal MCyy (V™). O

Theorem 7.10. Let (V, h) be a Euclidean vector space of dimension n > 4. If X € MC(V*) satisfies
X+«Y=0foraly e MC(V"), then X = 0.

Proof. Because X *Y = f’)\CM@(V*)(‘A), an equivalent claim is that the map ~ye(vs) @ MC(V*) —
End(MC(V*)) is injective. If X «Y = 0 forall Y € MC(V*), then 0 = (X Y, Z) = (X, Y = Z) for all
Y,2Z e MC(V*). WithY =Z =h ® h,by (7.16) and (6.9) this yields 0 = (X, h ® h) = =2 s(X). Taking
Y=hOhandZ=a ® hfora € S(Z)V*, by (7.15) and (6.9) this yields 0 = 2(X, (h ® h) * (¢ ©® h)) =
Q2-n,a®h)y =2(n- 2)(5\6(h),a) = 2(n — 2){p.(X), a). Since @ € S(Z)V* is arbitrary, this
shows p(X) = 0, so X € MCyw(V*). Finally, if a,8 € S%V*, then, by (7.14) and the preceding,
0=4(X, (@ ® h)«(BO h)) =2-n){X,a ® B). Because the set W, of Lemma 7.9 spans MCyy (V*),
this shows that X is orthogonal to MCy (V*), so X = 0. O

Lemma 7.11. Let (V, h) be an n-dimensional Euclidean vector space. The projections onto the O (h)-
irreducible summands of MC(V*) of X, Y € MC(V*) satisfy

Ps(X) * Ps(Y) = xS0 s(Dh © h = Ls()Ps(Y) = £ s(DPs (). (7.18)

https://doi.org/10.1017/fms.2021.69 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.69

22 Daniel J. F. Fox

Ps (X) * P () = =555 $(X) o (¥) © h = 50025 5(X) P (), (7.19)
tf(X) = Ps(Y) =0, (7.20)
tH(X) * P (Y) = :szaf(x) “Y), (7.21)

Pr(X) * Pr(Y) = 55 (0o (X) © po (1)) + 52 PR (0o (X) O po () +Ps(po(X) © po(%»)(7 ”

Proof. The identities (7.18)—(7.20) follow from (7.12), (7.15), and (7.16) and the definitions (7.1)
of P and Pg. By (7.1) and (7.12), tf(X) * Px(Y) = ﬁtf’(ff)(po(y)) O h. By (5.16), 2 p(tf(X) =
Yy = (X)) (p(Y)) = tH(X)(p,(Y)), the last equality because tH(X)(h) = p(tf(X)) = 0. Combining
the preceding observations yields (7.21). Finally, (7.22) follows straightforwardly from (7.14), using
Po(Po(X) © po(F)) = (0. (X) @ po(¥)) and s(p,(X) ® p,(Y)) = {po(X), po(¥)). o

An irreducible O (n)-submodule of ® V* comprises the completely trace-free tensors of a given type
(this statement is false for even k = n if O(n) is replaced by SO (n)). By Lemma 4.2, if G € O(n) is a
Lie subgroup and U ¢ MC(V*) and W ®kV* are G- submodules then U(W) is a G-submodule of

®kV* forif g € O(n), X e Uand Y e W, g - DC(%}) =g- DC(g Y) e U(W) In particular, because X
preserves type, if Uy, Uy ¢ ME(V*) are G-submodules, then 0, (Uy) is a G-submodule of MC(V*).
By Theorem 5.4, UZ(UI) =U,«U; =U; %0, = UI(UZ) For example, Corollary 7.6 shows that
U(U) UxU =U for U = MCyw(V*). Theorem 7.12 describes completely the submodules U; * U,
for U, U, among the O (n)-irreducible summands of MC(V*).

Theorem 7.12. Let (V, h) be an n-dimensional Euclidean vector space. The products of the O(n)-
irreducible submodules of MC(V*) satisfy:

MEs (V*) % MCs(V*) = MC(V*), ifn> 1, (7.23)
MEx (V*)  MCs (V*) = MCx (V*), ifn> 2, (7.24)
MECryp (V*) + MEg (V*) = {0}, (7.25)
MECryp (V*) # MCx (V*) = MCx(V*), ifn> 3, (7.26)
tH(MCx (V) * MCx(V*)) = MCw(V*), ifn >3, (7.27)
MECyp (V*) # MCyw (V') = MCw(V*), ifn > 3. (7.28)

Proof. The containments in (7.23)—(7.27) of subspaces are consequences of polarizing (7.18)—(7.22).
The equalities require further justification. The product (7.25) is immediate from (7.20). By (7.15),
multiplication by i @® h, which spans MCg(V*), is invertible on MCx(V*) when n > 2 and on
MCg(V*) when n > 1, and this suffices to show the equalities (7.23) and (7.24).

Let @ € S2(V*). If X € MGy (V*), then ter(a) = (p(X),a) =0, s0, by (7.12), 2X * (@ ® h) =
5\C(a/) ® h € MCx(V*). This shows the containment of O(n)-modules, MCyy (V*) * MCx(V*) C
MCx (V*). By the irreducibility of MC (V*), to show equality it suffices to exhibit a nonzero element of
MCy (V*) MCx (V*). Letu, v € V be such that |u|> =2 = |v|> and (u,v) = 0. Thena = uov € SéV*
satisfies || = 2,20 00 = u®u+v®v, (¢,¢oa) = 0, and @ o @ o @ = . From these and

~4a ® a = (uAv)® (uAv) there follow p(a ® @) = aoa, |p(a ® @))? =2, | p,(a ® a)> = 2("n_2),

and s(e ® @) = |e|> =2.By (7.6), e ®a) =a D a+ 2(@oa) ®h - m'“' h ® h, and
by (6.6) and the preceding observations, tfm)szv*(a/) = —"—:3(1, s0, by (7.12),
thla ® a) (@ ® h) = tf(a@a)(a)@h—z(n 1)a®h (7.29)

which shows that MCyy (V*) x« MCx (V*) is nontrivial if n > 3 and so proves the equality in (7.26).
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Table 1. Fusion rules for (MC(V™), %)

)
* 1 0 2(':’71)
1 n 0 (85
0 0 0} ()
n-2 n-2 -2 -2
(n-1) {st=p} s} {10, 555}

Suppose dim V* > 3. Let x, y,z, w € V* be pairwise orthogonal unit norm vectors. Thena =x 0y
and S =z Ow are in S(%V*, soa® h,B 0O heMCx(V*). Because « ® 8 = 0 and (a, B) = 0, by (7.14),
4 h)y*(BOh)=2-na®B.By(73),pla®p)=0,504adh)«(BOh)=2-nadpe
MCy (V). Since, by Lemma 7.9, MCyy (V*) is spanned by elements of the form @ ® S, this shows the
equality in (7.27). The equality (7.28) is Corollary 7.6. O

Remark 7.13. Lemma 7.11 and Theorem 7.12 give fusion rules (in the sense of [16]) for (MC(V*), *).
Precisely, for the idempotent JH = ﬁh ® h, the subspaces MCg(V*), MCx (V*), and MCyy (V*) are
the eigenspaces of L. () with eigenvalues 1, 2(’;—21), and 0. Lemma 7.11 shows that their products

satisfy the fusion rule x : ® X ® — 2% indicated in Table 1, where ® = {1, 5=~ 1) 1 ,0}. A subset of @
indicates the sum of the eigenspaces corresponding to this subset and an entry in the table means that
the = product of the eigenspaces corresponding with a, 8 € ® is contained in the sum of the eigenspaces
corresponding with elements of a x S.

Note that Theorem 7.12 gives more information than Table 1 because it asserts the equalities of the
products of subspaces, rather than mere containment relations.

As an application of Lemma 7.1 1 there is given a simple proof of [2, Theorem 2]. For @, 5 € R define
an O (n)-equivariant endomorphism @, g € End(MC(V*)) by

D, 3(X) = tH(X) + BPR(X) + aPs(X) = X+ (B~ 1)Px(X) + (@ — 1)Ps(X). (7.30)

For example, (7.22) can be rewritten as (2 — n) PR (X) % P (X) = ©2_,2(0,(X) ® po(X)).

Note that @ | = Idyie(v+). Because @, g o @ A= =D, BB ®, g is invertible if and only if & # 0
and B # 0, in which case @~ 1/3 =@, g1 lfa=1+2(n-1)aand g =1+ (n-2)b, then @, g equals
the endomorphism called /, ; introduced by C. Béhm and B. Wilking in [2]. The reason for working
with the parameters « and f is that the map (a, 8) € R* xR* — @, 3 € End(MC (V")) is an injective
group homomorphism.

The key point of Theorem 7.14 for its applications is that (7.31) does not depend on tf(X).

Theorem 7.14 (C. Bohm and B. Wilking [2, Theorem 2].). Let (V, h) be an n-dimensional Euclidean
vector space. If a, 8 € R\ {0} and D, g(X) = @;{ﬁ (@ap(X) % @o (X)) — X % X, where ®op €
End(MC (V™)) is defined in (7.30), then

iy _ n-2)(ar—
Do p(X) = S5 1(po(X0) © () + P (22 p, () @ po (20 + L2 ()X

+P5 (5 = 1) p.(0) © po(X) + 4L (0
(7.31)

_32 -
= 5 t(p.(0) © po () + 1L 11 (p,(X) © po (X)) © h

+ 28 5(0) (0 © h+ (552501 po(OF + =25 5(0) ) h @ b,
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Proof. Straightforward calculations using (7.18)—(7.22) yield

@a.p () + 0 (D) = D) £ ) ~ L (0, (X) © pa(20))
+ P (=25 po(X) © po(X) +2BH(X) + X + 2B ()X (7132)

+5 (B2 po(X) © po(X0)+ % s(0)X) .
The special case @ = 1 = 3 yields

X5 X0 = () * H(X) = 75 t(p,(X) B po(N)) +Ps (pooo o po(X) + L s(0)x)
(7.33)

+ P ( 22 0.(X) ® po(X) +2HH(X) % X + & s(x)x)
Combining (7.32) and (7.33) yields (7.31). After rewriting (7.31) in terms of the parameters a and b
and a bit of computation it can be seen that (7.31) recovers the conclusion of [2, Theorem 2]. |

8. Characterization of (MC(V™), *x) when dimV =3

If dimV = 2, the 1-dimensional algebra (MC(V™), ) is generated by A ® h and, by (7.106), it is
isomorphic to the field R of real numbers by the map sending —# @® h to 1 € R. This section identifies
(ME(V*), *) in a similarly explicit manner when (V, /) is a 3-dimensional Euclidean vector space.
Pulling the multiplication * back via an O(3)-equivariant linear isomorphisms ¥ : S?V* — MGC(V*)
yields an O(3)-equivariant commutative multiplication ¢ on S?V*. By Lemma 8.1, requiring that the
associated map a € S?V* — ZQT(E)AzV* € Sym(A2V*, (-, -)) be a Jordan algebra isomorphism
determines ¥ uniquely, and this determines a standard model (S?V*, o) of (MC(V*), %) realizing it as
a deformation of Jordan product ® on S?V* by terms built from the metric and the trace. Most of the
section is devoted to formulating and proving Theorem 8.5, which specifies algebraic conditions that
characterize the resulting algebra (S2V*, ¢) up to isomorphism.

Because S?V* = S(Z)V* @ Span {h} and MC(V*) = MCx(V*) & MCg(V*) are decompositions
into O(3)-irreducible submodules, by the Schur Lemma the most general O(3)-equivariant linear map
S2V* — ME(V*) has the form ¥, (@) = ¢p (@) ® h for some p,7 € R and ¢, , € End(S>V*)
defined by ¥, - (@) = p(a + 5= (tr @)h). Because ¥, - oY p s = ¥pp rs, Yp, is invertible if and only
if pt # 0, in which case l//p’.r =Yp1 - and Wy oz =¥y 7. By (7.3),

p(¥p (@) =5 (a+ S (a)h) =y ppac(@),  s(¥pr(@)=-2prra, (1)

so, if pt # 0,

Yo (0) = =2 (p(0) + 15

) = =2 (po(0) + 132 S(OR) =02 1jsr (p(0). (82)

That ¥, o5 7 = ¥p5,-+ means that the pullbacks of * via any ¥,  with pt # 0 yield isomorphic
algebras. Lemma 8.1 shows that certain natural conditions determine a unique choice. For its statement,
observe that V'),  determines alinear isomorphism S2V* — Sym(/\zv*, (-, - Nbya — m)/\zv* ,
so it makes sense to say that ¥, - maps rank one elements to rank 1 elements if m) A2y has rank
1 whenever a has rank 1, where the rank of an element of S2V* means its rank as a bilinear form.

Lemma 8.1. Let (V, h) be a 3-dimensional Euclidean vector space. For an O(3)-equivariant linear
isomorphism W : S>V* — M@(V*), the following are equivalent:
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1. ¥ has the form ¥y _y>.

2. W is isometric, ¥ maps h to an idempotent in (MC(V™), x) and ‘f‘z-\)sz* : §2V* — Sym(A%V*)
maps rank 1 elements to rank I elements.

3. Z‘IT('\)AzV*  (S2V*,0) — Sym(/\zV’*, (-, -)) is aJordan algebra isomorphism.

Proof. For a, B € S?V*, by (6.12),
<\PP,M (@), \Pp,ﬂ L)) = <l//p,‘r(a’)a l/’p‘r(ﬁ)) +tr wp,‘r(a) tr 'v[/p‘r(ﬁ)

= 7 ((@.p + (5 watep). 83)

from which it follows that (¥}, ,(a),¥p .(B)) = {(a,B) if and only if p,27 € {+1}. As ¥, . (h) =
pth ® h, by (7.16), ¥, - (h) is idempotent in (MC(V*), *) if and only if 2p7 = —1, in which case ¥
has the form ¥ _;» or W_; 2.

For a € S2V* define o* € End(V*) by a(u); = aiPup foru e V. If u,v € V", thena ® (u Av) =
La*(u) Av+u A ab(v). By (6.8), B® hpay. = —Lo(p) for B € S2V*, s0

¥, o (@) p2y = —p(Lo(@) + T tr(a) 1 \2y,.) (8.4)
and, hence,
m)/\zv*(u Av)=-5 (aﬁ(u) Av+uAadt(v)+ 2(73—4) tr(a)u A V). (8.5)

Let {uy, uy, u3} be an orthonormal basis of V* comprisi%nvectors of o with respective eigenvalues
M1, H2, and p3. By (8.5), up A uz is an eigenvector of W), - (@) p2y,. With eigenvalue —%((27’ + 1) (u2 +
u3) + (2t —2) ) and similarly for permutations of the indices. If a/ia_s&nk 1, then it can be supposed
that pp = u3 = 0 and p; # 0 and it results that the eigenvalues of TP,T(Q)MC —13—7(‘1' — 1)u; with
multiplicity 1 and —£ (27 + 1)u; with multiplicity 2. Consequently, that ¥, - (@) 52y, have rank 1 is

possible if and only if 7 = —1/2, and in this case ‘P,T_—l/z\(a/) A2y~ has rank 1 for any a € S%V* having
rank 1, for any p # 0. This completes the proof of the equivalence of 1 and 2.
Because dimV = 3, tf(a ® B) = 0 for a, 8 € S*V*, so, by (7.6),

= (—z(a ©p) + (tra)B+ (trfla - L(tra)(r )k + %(a,ﬁ)h) o h. (8.6)
By (6.8) and (8.6),
2Lo(@) © Lo(B) + Lo(@ ® B) = —a O B2y, +2LO(a © B)

8.7)
= Lo (tr @)+ (trf)a - Ltra) (tr B)h + %(a/,ﬁ)h).
Combining (8.4) and (8.7) yields
m)/\w* @ lE,TW)/\ZV* - %‘PP,’T(—CB,B)/\ZV* (8.8)

= G 1 (@) + (Bl + 22 tr(a) (B + S ) ).

It follows that Q‘I?T(\-)sz* - (82V*,©) — Sym(A2V*, (-, - )) is a Jordan algebra isomorphism if
and only if 7 = —1/2. This shows the equivalence of 1 and 3. O

Lemma 8.2. Let (V, h) be a 3-dimensional Euclidean vector space. The pullback of = via ¥ -1, yields
on S?V* an O (3)-invariant commutative multiplication o having the form

aof=a0f-1((ra)+(trB)a+ (a, p)h— (tratr B)h). (8.9)
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Proof. Let p,7 € R satisfy pt # 0. Write ¥ = ¥, . Using (7.14), (7.15), (7.16), and (8.6) yields

Y(a) =« ¥(B)

8.10
= 1 (008 (22) (ra)p+ (o) + (2= o) e p) - 2w p)) 1) o O
By (7.4) applied to (8.10),
p(¥(a) = P(B))
(8.11)

=5 (00~ (22) (ra)p+ (rpa) - (1. py + (EZED ) ra)( p)) h).

Tracing (8.11) yields s(¥(a) = ¥(B)) = ‘DTZ ((a,,B) + (%)(tra) (trﬂ)). Substituting this and (8.11)
in (8.2) shows that the pullback ‘I’;}T(‘PP,T(a) * ¥, +(B)) equals

(a/oﬁ @r) ((tra)ﬁ+(trﬁ)a+ ((a/ B) + 4x=L ltratrﬁ) )) (8.12)

Specializing (p, 1) = (1, -1/2) yields (8.9). O

Lemma 8.3. Let (V, h) be a 3-dimensional Euclidean vector space. The multiplication o on S*V*
defined in (8.9) is not unital. In particular, o is not isomorphic to the Jordan product on S*V*.

Proof. Werea € S2V* a unit, then 4h = daoh = a+ (tr @) h. Tracing this yields tra@ = 3,s04h = a+3h,
implying that @ = h. However, h is not a unit, for, if 8 € S§V*, then ho B = 1B. o

Remark 8.4. If & € S?V* satisfies o @ = @ and tra = 1, then, by Lemma 7.4, —(h — a) ® (h — @)
is idempotent in (MC(V*), *). By the proof of Lemma 7.4, a ®a@ = 0,50 —(h —a) ® (h — a) =
200 h—h®h =Y _2(2a), so, by Lemma 8.2, 2« is idempotent in (S2V*, ). This observation
motivates motivates formulating a Characterization of (MC(V*), %) in terms of rank 1 idempotents
in S2V*.

Theorem 8.5. Let (V, h) be a 3-dimensional Euclidean vector space and let O(3) = O(h). On S*V*
there is up to algebra isomorphism a unique commutative multiplication O satisfying:

1. O(3) acts on (S*V*,0) by algebra automorphisms.

2. (8%V*,n0) is metrized by an O(3)-invariant inner product.

3. (8%V*,0) contains no nonzero square-zero element.

4. There is an idempotent in (S*V*,0) having rank 1.

5. Any idempotent in (S*V*,0) not a multiple of h has rank 1.

6. For a rank 1 idempotent e in (S°V*,0), 1/2 is a multiplicity 3 eigenvalue of Lo(e).

The algebra (S*V*,0) is isomorphic to (SV*, o), where o is defined in (8.9).

Proof. Let g be an O(3)-invariant inner product on S?V*. By the Schur Lemma, an O(3)-invariant
bilinear form on SZV* has the form k(a, 8) = A{a, 8) + Btr(a) tr(B) for all a, B € S?V*. It is positive
definite if and only if A > 0 and A + 3B > 0. A calculation shows

KWp.e (@) p.2(B) = p* (A ) + (T2 4 + 7B tr(e) r(B) ). (8.13)

Taking p*> = 1/A and 72 = A/(A +3B) yields k(¥ p, - (@), ¥ .- (B)) = {a, B). Hence, it can and will be
assumed that the O (3)-invariant inner product metrizing (S>V*,0) is (-, - ).

Decomposing S?(S?V) ® S?V* into its irreducible components, it can be seen that the most general
0(3)-equivariant commutative bilinear map 0 : S*V* x S?V* — S?V* has the form

adB=raoB+s(r(a)B+tr(B)a) +t{a, BYh + u(tratr B)h, (8.14)
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for some r, s,t,u € R. Because (@O, y) — (a, BOy) = (s—1)((tra){B,y) — (try){a, B)), the invariance
of (-, - ) with respect to O is equivalent to ¢ = s.

By assumption, O (k) stabilizes hOh so there is ¢ € R such that 100k = ch. The assumption that there is
no nonzero square-zero element implies ¢ # 0. By (8.14), ch = hOh = (r+6s+3t+9u)h = (6+95+9u)h,
sor+9s+9u =c.

Suppose there is a rank 1 element of S?V* that is a O-idempotent. Then there is o € S?V* satisfying
cgoo =o,tr(c) =1=|c|? and cO0 = Ao for some A € RX (so the rank 1 idempotent is 1~' o). For
op=0 — %h, there holds

Aoy + %h =Adoc =000 =(c+2s)c+ (s+u)h=(c+2s)op+ %(c + 55+ 3u)h, (8.15)
S0 ¢ +2s =1 =c+5s+3u, which imply s = (1 —¢)/2 and u = —s. This shows O has the form
abyf=ca®pB+5E ((ra)f+ (tr fa + (o, BYh — (tratr B)h). (8.16)
Pulling O back via the dilation by ¢! yields the product 0, = Ty, on S>V* defined by
amB=a0p+5 ((ra)f+ (trfa+ (., BYh - (tratrf)h), a,pB e SV (8.17)

This establishes that if (S2V*, O) satisfies conditions 1—4, then there is A € R* such that ($*V*,0) is
isomorphic as an algebra to (S2V*,0,). For example, A = 1 yields the usual Jordan algebra structure
o1 = ©. However, a nontrivial ®-idempotent can have rank 1, 2, or 3.

For an h-orthonormal basis {u1, us, uz} of V*, define y = (24—1) (u; ®ui+ur ®uz)+(1-2) (u3®u3).
Observe that y does not have rank 1 provided that 21 # 1 and y is not a multiple of & provided
that 31 # 2. A straightforward calculation using (8.17) shows that yo,y = (342 — 31 + 1)y. Since
312 -31+1>1/4 > 0forall A € R, this shows that (S>V*, 0,) contains an idempotent that is neither
rank 1 nor a multiple of 4 provided that (21 — 1)(31 -2) # 0.

Next it is shown that for 1 € {1/2,2/3} the algebra (S>V*,0;) contains no nonzero square-zero
element and satisfies 5. Suppose (@g + zh)0, (g + zh) = €(ag + zh) for € € {0, 1} and @ € S(%V* and
z € R. Separating (ag + zh) o (ap + zh) — €(ag + zh) into its trace-free and pure trace parts yields the
equations

@p o ag — %|ao|2h +(Bl-Dz-€)ap=0, Z>-—e€z+ %IQOP =0. (8.18)

If e = 0and A > 1/3, the second equation of (8.18) implies z = 0 and ag = 0; this shows (S2V*,0,)
contains no nonzero square-zero element if 1 € {1/2,2/3}. Henceforth assume € = 1. There are
h-orthonormal uy, u;,u3 € V* and x1,x, € R such that @y = xju; ® uy +x2uy ® up — (X1 +x2)u3 ® u3
and |ag|* = 2(x? + x5 + x1x2). Contracting the first equation of (8.18) with each of u; ® u; and us ® u,
yields the equations

0=x7 —2x5 — 2x1x2 +3((31 = 1)z — D)xy,

s s (8.19)
0=-2x7 +x5 = 2x1x2 +3((32 - 1)z — D)xy.
Appropriate linear combinations of the equations (8.19) yield
(x1 =x2)(x1 +x2+(31-1)z—-1) =0, (2% +x1)((3A-1)z—1-x1) =0, (8.20)
while the second equation of (8.18) becomes
0=2"—z+ 3L (7 +x3 +x1x2). (8.21)

If x| = x, the second equation of (8.20) yields x; ((32 — 1)z — 1 — x1) = 0, so either x; = 0, in which
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case z € {0, 1} and y is a multiple of A, or x; = (34 — 1)z — 1. In the latter case, (8.21) yields

0=22—z+(BA-1x}=(B1-1 +1)z> = 2BA- 1)+ D)z+ (31— 1)
= 91322 =321+ )22 +3(64> =44+ 1)z +31 -1 (8.22)
= (3322 =31+ 1)z - (31-1))(31z - 1).

If z = 1/(32) there results a + zh = A~ u3 ® us, which has rank 1. If z = % there results

@y +zh = m (22 =) (1) @ uy +upr ® up) + (1 — Duz @ u3). (8.23)

As observed before, this element is idempotent, but it has rank 1 if A = 1/2 and is a multiple of 4 if
A1=2/3.

If x| # xp, the first equation of (8.20) yields (34 — 1)z = 1 — x| — x, and the second equation of
(8.20) becomes 0 = (2x; + x1) (2x; + x2). Without loss of generality, it can be assumed that x, = —2x;
(otherwise, interchange the indices 1 and 2), in which case (31 — 1)z — 1 = —x| — x; = x1. As in (8.22),
in (8.21) this yields

0=2-z+ N +dnd —x]) =2 -2+ (Ba— 1)}

(8.24)
= (332 -3+ 1)z—- (31— 1))(31z - 1).

If z = 1/(31), there results x; = —1/(31) and x5 = 2/(3) so that g+zh = A~ up ®u,, which has rank 1.

Ifz = % and A = 1/2, then z = 2/3, x; = —2/3, and x, = 4/3, which yields ag + zh = 2us Q uy,

which has rank 1, while if A = 2/3, then z = 1, x; = 0, and x, = 0, which yields ag + z& = h. This shows

that 0O, satisfies 5 for A € {1/2,2/3}.

For an h-orthonormal basis {u, u, u3} of V*, define e; = u; ® u; € S*V* and finj = V2u; © uj €
S(Z)V*, where distinct indices take distinct values from {1,2,3} and i A j is the complement of {i, j} in
{1,2,3} so 1 A2=3andi A (i A j) = j). Then {e;, f; : 1 <i < 3} is an orthonormal basis of S>V*.
Calculations using (8.16) show

_ _ 12 _ A=l
e;Oye; = dej, eiOpe; = =einj, ei0afi = 5 fis

2 2 1 1 (8.25)

ei0afj =73/, fiBafi=gh—zei fibaf; = 55 ins-
By (8.25), the basis e;, f}, finj, €j + €inj, fi, and e; — e;»; comprises eigenvectors of of LDA(/I’le,-)
having respective eigenvalues 1, 1/2, 1/2, %, %, and % The four values 1, 1/2, %, and %
are pairwise distinct if A ¢ {-1,1/3,1/2}. The 1/2 eigenspace always contains f; and fi;, and the
multiplicity of the eigenvalue 1/2 is greater than 2 if and only if (1 —2)/(24) = 1/2, which occurs if and
only if 4 = 1/2. The eigenvalues of Lp, , (2e;) are 1 with eigenspace spanned by e;; 1/2 with eigenspace
spanned by f;, firj, and e +e;x;; and —1/2 with eigenspace spanned by f; and e; — e;» ;. Because any
rank 1 idempotent is in the O (3) orbit of a multiple of ey, this proves 6 and completes the proof. O

Remark 8.6. That 1/2 is an eigenvalue of multiplicity at least 2 of Lg,(17'e;) is a consequence of
the O (3)-invariance of 0,. Differentiating along a one-parameter family of rank 1 idempotents passing
through 17 'e; shows that a vector tangent to the O (3)-orbit passing through A~'e; is an eigenvector
of Lg,(A7'e;) with eigenvalue 1/2. The content of 6 of Theorem 8.5 is that, for 1 = 1/2, the 1/2
eigenspace of Lg, , (2¢;) has an extra third dimension.

Remark 8.7. The conditions in Theorem 8.5 are all necessary and serve to exclude certain particularly
symmetric O (3)-invariant algebra structures on S>V*.

As mentioned in the proof, the algebra Sym(V, &) satisfies conditions 1—4 of Theorem 8.5 but fails
5 (and also 6) because it contains rank 2 idempotents.
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Consider S?V* with the O(3)-invariant multiplication
axB=a0©p - % (tr(e)B+tr(B)a + (a, BYh) + g tr(a) tr(B)h. (8.26)

It can be checked that (S2V*, X) is exact and Killing metrized with 75 = %( -, - ), sothat Aut(§?V*, X) =
0 (3) (modulo inconsequential scalar factors, this algebra is what is in [ 10] called the conformal extension
of (Symy(V, ), x)). That (S>V*, X) contains no square-zero element can be checked directly or follows
from results in [10]. However, (S?V*, X) contains no rank 1 idempotent, for if o € S*V* has rank 1,
then 360-%o = 6tr(c)o + tr(o)?h.

As the proof of Theorem 8.5 shows, 6 excludes (S>V*, 0O, /3), which is an interesting algebra because,
in addition to satisfying 1-5, it is Killing metrized, as follows from Lemma 8.8.

Lemma 8.8. Ler (V, h) be a 3-dimensional Euclidean vector space. For A € R, let O, be as in (8.17).

1. (S7V*,0,) is simple if A ¢ {1,1/3}.
2. There holds tr L, = %(k - Y. In particular, O, is exact if and only if A = 1/5.
3. Forall a, B € S>V*, there hold

4(50 = D)tr Lo, (@0a8) +4(A = D)t Lo, (@) tr Lo, (B) = (54 = 1)* (32 = 1)(e, B),

4(50 = 1)1, (a, B) = 4A(32 = 2) tr Lo, (@) tr Lo, (B) = (51 — 1)*(64% — 42 + 3){a, B). (8:27)

In particular, (S*V*,0,) is Killing metrized if and only if 1 = 2/3.
4. If X # 1/5, the automorphism group Aut(S>V*,0,) is isomorphic to SO(3) in its induced action on

52V,
Proof. Suppose I c S?V* is a O -ideal and there are o € S%V* and z € Rsuchthat 0 # g + zh € L.
Suppose A ¢ {1, 1/3}. Then 341 g +zh = hoa(ap+zh) € Lso 3(1-A)zh = hoy(ao+zh) + 52 (e +
zh) € L If z # 0, this implies & € I. Otherwise, there is 0 # g € I N SéV*. As 4h0y (o0, a0) =
231 - 1)&()E|,10’() - (/l - 1)(3/l - 1)|a0|2h, in this case, (l - /1)(3/1 - 1)|a/0|2h = 4hD,1(a()D,1a/0) +2(1 -
31)ap0,aq € 1. Because |ag|? # 0, this implies 4 € 1. In either case, because Lg, (h) is invertible, that
h € Iimplies I = S?V*. This shows (S*V*,0,) is simple if A ¢ {1,1/3}. (When A = 1/3, Ly, ,(h)
annihilates SSV*, so h generates a proper ideal, while when 4 = 1, 0; = @ and S%V* is a proper ideal.)

Claims 2 and 3 can be proved by straightforward through tedious calculations using (8.25). Their
principal relevance here is to prove 4. An alternative approach is the following. Identify SZVE‘) ® R with
S%V* via the map (g, a) — ao+ah. With respect to this identification the multiplication endomorphism
L, (@, a) has the block form

34-1

34-1
Lyc(ao) + 25t aldgey. Lo

Ly, (@, a) = (8.28)

%<QO7 . > a '

in which X is the trace-free Jordan product ag X By = ap © By — %(ao,ﬁo)h. Claim 2 follows by
tracing (8.28), while (8.27) follow by straightforward computations using (8.28) and the fact that
1« (@, Bo) = %(m),ﬁo), which is proved in [10].

Suppose A # 1/5. By 3, an algebra automorphism ¢ of 0, preserves (- , - ). By 2, %(gb(h), -y =
tr Lo, (¢(h)) =trLlg,(h) = 5’12—_1<h, - ), s0 ¢(h) = h. It follows that 0 = ¢(a@)O,0(B) — ¢(aO,B) =
¢(a) @ p(B) — ¢p(a©® B), so that ¢ is an automorphism of the Jordan algebra (S?V*, ®). Every automor-
phism of (S?V*, ®) is given by the action of an element of O (3) [24, Theorem VII.13]. This proves 4. O

Remark 8.9. The 4 = 1 case of 2 and 3 of Lemma 8.8 recovers identities for the Jordan algebra
(Sym(V, h),®) that can be found in [9, Proposition I11.4.2 and Lemma VI.1.1].

Corollary 8.10 summarizes the result of combining Theorem 8.5 and Lemma 8.8 for <.
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Corollary 8.10. Let (V, h) be a 3-dimensional Euclidean vector space. The map ¥ : (S?V*,0) —
(ME(V*), ) defined by ¥ () = (a— % tr(a)h) ® h) is an algebra isomorphism, where the commutative
multiplication o on S?V'* is defined by

aoB=a0B- i (tra)B+ (rrB)a +{(a,BYh — (tfratr B)h) (8.29)

and is characterized as the unique, up to algebra isomorphism, commutative multiplication on S*V*
satisfying:

. 0(3) acts on (S*V*, o) by algebra automorphisms.

. (S2V*,0) is metrized by an O (3)-invariant inner product.

. (8%V*, o) contains no nonzero square-zero element.

. There is an idempotent in (S>°V*, ) having rank 1.

. Any idempotent in (S*V*, o) not a multiple of h has rank 1.

. For a rank 1 idempotent e in (S*V*, ), the spectrum of L (e) contains 1/2 with multiplicity 3.

AN AW =

Moreover, the multiplication ¢ has the following properties:

1. An idempotent in (S*V*, o) distinct from h has the form « = 2u ® u for a unit norm u € V*.

2. For an idempotent a as in 5, the eigenvalues of L.(«) are 1 with multiplicity 1, 1/2 with multiplicity
3, and —1/2 with multiplicity 2.

. (SZV*, o) is simple.

4. Forall a,B € 2y,

(98]

s (tr Lo(aop) - trLo(a) trLo(ﬁ)) = (. B) = & (ro(@. B) +tr Lo(@) tr Lo(B)).  (8.30)

5. The full automorphism group of (S*V*, o) is O(3) in its induced action on S*V*.

The idempotents in (S?V*, ) are parametrized by the disjoint union of a point, corresponding with
h, and a projective plane, corresponding with the O (3)-orbit of a rank 1 symmetric bilinear form having
norm 2.

9. Characterization of the subalgebra of anti-self-dual Weyl tensors when dimV =4

This section proves Theorem 1.5, that shows that, when dimV = 4, the subalgebra of anti-self-dual
Weyl tensors is isomorphic to the space of trace-free endomorphisms of a 3-dimensional vector space
equipped with the trace-free Jordan product. The proof is conceptual in the sense that it relies on the
description of * in terms of curvature operators. On the other hand, the approach is special to dimV = 4.
Lemma 10.8 yields an alternative proof that, while more computational, is based on an approach viable
in all dimensions.

Let (V, h) be an n-dimensional Euclidean vector space. Let ¢;,_;, be the volume n-form determined
by choice of orientation of V and evaluating to 1 when paired with the wedge product of the vectors of
an ordered h-orthonormal basis consistent with the chosen orientation. The polyvector €/1*= obtained
by raising indices satisfies €, _,x,...x pe-il"'jpk""k"-P = pl(n = p)!6p;, V16,72 ... 6,-1,7,1'1’-16%]«"')].

n—

Suppose dim V = 4. Then this yields the identities

eabcdfade =4, Eiabcejabc = 661'/,

©.1)
Eijuhfklab — 46[1‘ [k6j]l], €ijkp6abcp — 66[i[a5jb(5k]c].

The Hodge star operator x € End(A?V*) is defined by (*a)ij = %eij”qapq. By (9.1), % o x = 1d 2y,

so A2V decomposes into the two 3-dimensional x-eigenspaces /\iV*, denominated the self-dual and
anti-self-dual two-forms on V. Note that, with the conventions used here, @ A % = %(a/, Be.
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Lemma 9.1. Let (V, h, €) be an oriented 4-dimensional Euclidean vector space.

1. Ifa,B € /\EV* ora,B e \>V*, then (¢ ® B) = —%(a/,ﬁ)h.

2. Fora,B € N*V*, [*a,*B] = [a, 8] and *[a, B] = [*a, B]. In particular, [/\EV*, A2V*] = {0}
and (/\EV*, A2V*) = {0}. Under the identification of (\>V*,[-, - 1) with s0(4), the subspaces
/\%_,V* are commuting Lie ideals identified with commuting ideals of s0(4) isomorphic to s0(3).

Proof. For a, B € \*V*, using (9.1) yields

((*ﬂ) ° (*a))ij (*CK)]” (*B)pkhk] = __Elub Ekcdpa'abﬁ dhkj

[k 9.2)
= -361%6,65 M Beahij = -1, BYhi; — (@ o B)ij.

Symmetrizing (9.2) in @ and S yields 1. Antisymmetrizing (9.2) in @ and S yields [xa, x8] = [, B].
Because * is self-adjoint and ad(a) = [a, - ] is anti-self-adjoint, for any y € A\?V*,

<*[a’,,3],7> = <[a’ﬁ]’*7> = _<ﬁ9 [(Y, *7]> = _<ﬁ’ [*a’ 7]> = <[*a’ﬁ],7>, (93)

showing that x[a, 8] = [*a, B]. It follows that /\%_,V* are commuting Lie ideals in A?V*. This shows
the first part of 2. The claimed isomorphisms with s0(4) and so(3) follow from standard representation
theory and are omitted. O

Lemma 9.2. Let (V h, €) be an oriented 4-dimensional Euclidean vector space. For X € MCyy (V*),
define (xX);jx1 = 6,1 abC pxi. Then (*X)ijxr € MCyw(V*), and * : MCyw(V*) — MCw (V") is a
linear involution satisfying EC/\ZV* =%o0 f’)\C/\zV* = 5\6/\2\/* o *.

Proof. By definition (%X);jx; = (*X)[ij1k1 = (xX);jk1], s0 *X € SZ(A2V*). To show *X € MC(V*)
it suffices to show that (*X)[;jx); vanishes. For X € MCyy(V*), if n = dim V, tracing X;; [“bdk]c] in
k and c yields a multiple of (n — 4)X; j“b. Since this vanishes if n = 4 and, by [40, Theorem 5.7.A],
an O(n)-module of covariant trace-free tensors on an n-dimensional vector space having symmetries
corresponding to a Young diagram for which the sum of the lengths of the first two columns is greater
than # is trivial, when dimV = 4,

X[ij[abé‘k]c] =0 (94)

for any X € MCy (V*). (The identity is sometimes called a Lovelock identity because similar identities
generalizing it are discussed in [25].) Contracting (9.4) with €abct yields 0 = eqper X j[“bék]cl =
—2(*X)y[ijk]» 0 *X € ME(V*). There holds p(xX)jx = 3€;7Xappr = 3€;°P Xjabpix = 0, s0
*X € MCyy(V*). For a;; € A*V*,

(*x/\ZV* (a'))l] ez] :’X\:/\ZV* (¥)ab = _%eijabapqxabpq

~ 9.5)
= _Eap (*:X:)iqu = *x/\zv* (a)ij'

That *X E MGW(V*) implies (*X);;x; has all the other symmetries that this inclusion implies; for
example, 1 5€i° b bkt = (*X)ijkr = xX)rij = 1ekl bxab,, It follows that

7 1 b 1 _ab 1 b
Xpoye (k@)ij = =3 (x@) P Xijap = =3P apgXijab = =3 €pq ™" Xabij 9.6)
1 b ’
=—7a"7€;"" Xappg = —ja T *xX)ijpg = *DCsz*(a/),j,
which, with (9.5), shows that x/\zv* ox = *xw* =%o0 DC/\zV*. m]

For a 4-dimensional oriented Euclidean vector space (V,h,¢€), define MC3,(V*) = {X €
MCyw(V*) : X = £X}. Because (xX,Y) = (X, *Y), MC,(V*) and MC,(V*) are orthogonal
complements.
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Lemma 9.3. Ler (V, h, €) be an oriented 4-dimensional Euclidean vector space. Write « = o™ + a~ for
the decomposition of « into its self-dual and anti-self-dual parts a* € /\iV*. Fora,B € \*V*,

tf(xa - %B) = th(a - B) = * t((*a) - B), ti(a® - %) =a* - B - 1(@*. BYh ® h. 9.7)
In particular, H(a* - B*) € MG, (V¥), th(a@™ - B7) € MCy, (V*) and tf(a* - B7) = 0 so that
at-B=-3(a"@B7) ®heMCx(V"). (9.8)
Proof. By (6.10) and Lemma 9.2, for X € MCyy(V*) and @, 8 € \2V*,

(tf(ka - *B), X) = (ka - xB, X) = —6(X (%), xB)
= —6(xX(a), xB) = —6(X(a), B) = (@ - B,X) = (tf(a - B),X),

— 9.9
(xtf((xa) - B), X) = (tH((ka) - B), *X) = ((ka) - B, *X) = —6(ka, xX(B))
= —6(xa, xX(B)) = —6{a, X(B)) = (@ - B. %) = (t(a - §),X),
which show (9.7). By (7.2) and (7.7),
ta-B)=a-B+3(@®p) ® h+3{a,fYh ® h. (9.10)

By (9.10) and Lemma 9.1, a* @ 8* = —%(a*,ﬁi)h, and in (9.10) this yields (9.7). By (9.7), x tf(a - B) =
tf((xa) - B) = tf(a* - B*) —tf(a™ - B7), and it follows that tf(a* - B*) € MC3,(V*) and tf(a* - 87) = 0.
Substituting the last identity in (9.10) yields (9.8). ]

Example 9.4. Given an oriented 4-dimensional Euclidean vector space (V, /1, €), let w € AZV* satisfy
wow = —h, so that w;7 is a compatible almost complex structure and (V, i, w) is a Kihler structure.
Then w € /\iV* as %a) A w = +€ and, by Lemma 9.3, the idempotent S(w) = %(h ODh—-w-w)=
—tf(w - w) € MCw(V*) defined in (10.2) satisfies 8(w) € MC3, (V*).

Lemma 9.5 gives another expression for X * Y that is used in the proof of Lemma 9.6.
Lemma 9.5. Let (V, h) be a metric vector space. For X,y € MC(V™),
(X Wijrr = =4B(X, Dijik — 2B(X, Dpij + 6B, Wijra

= =3 (X" TY pgrr + i X pgrt) + 3 X1, Yki1pg — 2B Yepigi-

Proof. The first equality of (9.11) follows from (5.8), (5.9), and Theorem 5.4. The second equality of
(9.11) follows from (5.13). O

©.11)

Lemma 9.6. Let (V, h) be a 4-dimensional Euclidean vector space. For X,Y € MCyy (V*¥),

XY jyabe = (6 Y)hij, (9.12)
2B Y)ijiet = 5 (" Y pakt + i7" X pgr) = 2B(X, Piefie + 20 Y (h @ h)ijr. 9.13)

(X Yijrr = =2 (XY pgrt + Y179 X pgrr) + 1K Y€ ks + 50U (h © h)ijra. (9.14)
Proof. By (9.4),0 = XpeiP X5 (kb 5 p]c]. Lowering the index k and simplifying this expression yields
Xii P9 pgki = =2Xipig X i1+ 2% pig XiP i + X1abe X ;4P hik — Xiabe Xi P hji. 9.15)
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Tracing (9.15) in jI and relabeling the result yields xia,,cx,-abc = %|DC|2hl-j. Polarizing this yields
(9.12). Substituting (9.12) into (9.15) and using (5.13) yields

4B, X)jijjar = XijP9X pgra = =2Xipiq Xi? 19 + 2% pig Xi? i9 + S1XP hyepih

- 9.16)
=4B(X, X)i(ijyr + 71X1°(h © h)ijr-

Polarizing (9.16) yields (9.13). Because dim /\4V* = 1, X;;?9Yx11pq = cé€ijis for some ¢ € R.
Contracting this equality with €% yields 24c = 2(xX,Y), so that 12X[; ;7Y x1pq = (*X, Y)€i k-
Substituting this and (9.13) into (9.11) of Lemma 9.5 yields (9.14). ]

Lemma 9.7. Let (V, h, €) be a 4-dimensional oriented Euclidean vector space. There hold

Y05 Y oy = X o @ Ypzge = 30X pzy 0 Ypay)Praye i XY € MEF(V),

XoYpoge =0 if X € MEL,(V*),Y € MCyy (V*), O47
where P AZys € End(A2V*) are the orthogonal projections onto /\%_,V*. Consequently,
MCTy (VF) = MEC, (V) = MEF, (V7), MET, (VF) = MEC, (V) = {0}. (9.18)
Proof. For X,"J € MCyy(V*), rewriting (9.14) in terms of ~52,. and using Corollary 4.5 yields
3X Y p2y. = DAC/\ZV* © g/\ZV* - %tr(a/\zv* ° gAZV*) * =g tr(DAC/\ZV* ° g/\zv*) Idp2g. . 919

Because, by Lemma 9.2, ¥ commutes with f)C and Y, . 19) implies the equality X * xY = X « Y, which
shows MG;’N(V*)*MGW (V") = {0} Since *DC/\zV* = DC/\zV* ox, if X = X*+X~ with X* € MC, (V*),
then f)C/\ (@) = f)C* A2y (@) +X- A2y« (@) where @ = a* +a~ isthe decomposmon ofa € /\ZV* into

its self-dual and anti-self-dual parts. In particular, X+ A2y annihilates /\iV* and X* A2y and ‘j A2ye
anticommute. In (9.19) these observations yield (9.17), which implies the containments in (9.18).
Because, by Example 9.4, each of MC7,, (V*) contains a nontrivial idempotent, the SO (4)-submodules
MEC3, (V¥)*ME5, (V*) are nontrivial SO (4)-submodules of the irreducible SO (4)-modules MC3,, (V*),
so equality holds in (9.18). O

Remark 9.8. Reversing the orientation of V interchanges the subspaces MGy, (V*), but the orthogonal
decomposition remains; all that changes is the labeling as + or —. Hence, the relations (9.18) make sense
independent of any choice of orientation, in the sense that MCyy(V*) decomposes as an orthogonal
direct sum of two 5-dimensional %-subalgebras whose product is {0}.

Lemma 9.9. The deunitalization (Symg(3,R), X) of the 6-dimensional rank 3 simple real Euclidean
Jordan algebra Sym(3, R) is simple and contains no nontrivial square-zero elements.

Proof. Consider the representation of Sym(3,R) as trace-free 3 X 3 symmetric matrices. Let D C
Sym, (3, R) be the 2-dimensional subalgebra comprising the diagonal matrices. First it is shown that
the subalgebra (DD, x) is simple. Let y1 = E11 — E33,¥2 = Ex» — E33,¥3 = E33 — Eq1 € D where E;;
is the matrix with 1 in the ij component and O in all other components. Then {y; : 1 < i < 3} are
idempotents satisfying y; o y; = —y; — ;. Let I be an ideal of D and let a = ay; + axy> € 1. Then
axyi+a=Qa;—ay)yanda Xy, +a = (2a; — ay)y,. If 2a; = a; and 2a; = ay, then 4a; = ay, so
=0and ay =0, so a = 0. Otherwise, if 2a; # a, then y; € I, in which case y, = y; +y1 X y2 €],
so I =D, while, if a; # 2a;, then y, € I, 80 y; = y2 +y1 X y2 € I, so I = D. This shows D is simple.
Now let I be a nonzero ideal in Sym,(3,R, X). By the principal axis theorem, every element of
Sym, (3, R, X) is equivalent via an automorphism of (Sym;(3, R), X) to an element of D, so it can be
assumed that I contains a nonzero element. Since E;; + Ej; —2Exx € DC L E;j + Ej; = (E;jj + Ej;) X
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(Ei; +Ejj —2E) €lforalli # j € {1,2,3}. Since together D and the elements E;; + E;; withi # j
span Sym, (3, R), this shows I = Sym(3, R).

By the principal axis theorem, any square-zero element of (Sym;(3,R), X) is equivalent via an
automorphism to an element of D. If a = a;y; + axy; € D is square-zero, then a|(a; —2a;) = 0 =
as(ay — 2ay) and the unique solution is a; = 0 = ay. O

Remark 9.10. Essentially the same argument shows that the deunitalization of a simple real Euclidean
Jordan algebra of rank at least 3 is simple. However, that there are no nontrivial square-zero elements is
true if and only if the rank is odd. See [10] for details.

Proof of Theorem 1.5. Let (V, h) be a 4-dimensional Euclidean vector space. By Lemma 9.2, for any
X € MCw(V¥), *DC/\ 2ye = (*DC)A 2. = DCAz %, so, if X € ME},(V*), then X preserves /\QV*
and annihilates /\2 V* and so induces a symmetrlc endomorphlsm of /\ZV* By Example 9.4, if
w € N*V* satisfies w o w = —h, then w € /\iV* as 2w Aw = e, and 8(w) € MC3,(V*). By
6.7), w-w @ p2y- (w) = -Sw, so 68(a))/\ e (W) = hoh h g2y (W) = @@ p2y. (W) = 4w. Since this
shows that S(w) A2y- acts nontrivially on /\iV‘ it follows from the Schur Lemma that the SO (4)-

equivariant map ¥ : MC3,(V*) — Symo(/\iV*,h) sending X € MECJ,(V*) to 3x/\3v* is a linear
isomorphism. It follows from (9.17) of Lemma 9.7 that ¥ : (MC3, (V*), %) — (SymO(/\EV*, h), X) is
an algebra isomorphism. By the definition of G and Corollary 4.5, for X, Y € MG;LN (V),¥*(G)(X,Y) =
9G(§C, 9) =3 tr(5\C o 9) = %(fXZ, Y). That the trace-form 7, is the stated multiple of % follows from the

corresponding statement in the algebra (Sym;( /\iV*, h), %, 4G) and the fact that ¥ is an isometric
isomorphism. That (M€Y, (V*), %, (-, - )) is simple and contains no square-zero elements follows from
the preceding in conjunction with Lemma 9.9. O

10. Idempotents in the subalgebra of Weyl curvature tensors

In this section some idempotents in (MCyy(V*), %) are constructed and some of their products are
calculated. This provides more detailed information about the internal structure of (MCyy (V*), %) and
yields an alternative proof of Theorem 1.5 along lines viable when dimV > 4.

Let (V,h) be a Euclidean vector space of dimension n > 2. A subspace W C V determines
g € Idem(S5%V*, ®) such that W equals the image of the endomorphism g;/, in which case tr g = dim W.
The space of orthogonal almost complex structures on W is identified with

OC(W,h) ={ae A\>°V':aqoa=—-g,a0g=a=goa}. (10.1)

By construction, @ € OC(W, h) satisfies dimW = trg = |g|> = |a|?. It will be said that @ € OC(W, h)
determines an orthogonal almost complex structure on W.

For even r satisfying 2 < r < n, there is r-dimensional W c V such that OC(W, /) is nonempty.
Let {e(1),...,e(n)} be an h-orthonormal basis of V* such that {e(1),...,e(r)} spans W* and
{e(r+1),...,e(n)} spans the h-orthogonal complement W*~*. The endomorphism associated with g =

Y €(i)®e(i) € S%V* is the orthogonal projection on W and o = Zr/z €(2i—1) A e(2i) € OC(W, h).

Lemma 10.1. Let (V, h) be a Euclidean vector space of dimension n > 2. Let r be even and satisfy
2 <r < n letW CV have dimensionr, let @« € OC(W, h), and let g = —a o a.. The elements of MC(V*)
defined by

HEQ=15808 K()=-5(a-a+gdg),

(10.2)
§7(@) = 5 (g 0 g-a-a) =X (@) - H(g),
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are idempotents in (MC(V™), %) that are nontrivial and linearly independent when r > 4, while, when
r =2, 8 (a) is trivial and K*(«) = H(g). They satisfy the relations

K@)+ H(Q) =H(g),  K(@#8(@)=8 (),  §(@*H=0, (103
(X" (), 8’<a>>=|8*<a>|i=%, X ()l = B, 10
(X7 (a), H(2)) = 1H(2)I; = 25, (87 (@), H(g)) =

Moreover:

1. 8" (@) € MCyw(V*), while IK’ (@) € MCw (V*) because p(X" (@) = g
2. Ifre{n-1,n}, 8 (a) = tf(a - a).

Proof. By (6.35), (6.19), and Lemma 7.4,

r+2

(@-a)*(a-a)==(r+2)a-a+3g 0 g, (@ -a)x (gD g)=-3¢gDg,

(10.5)
(g0 (g0 =(1-rgdg.
Combining the identities (10.5) yields
(Aac-a+Bg D g)*(Aa-a+Bg D g)—(Aa-a+Bg D g) (106)

=—A(r+2)A+Da-a+((1-r)B> = (6A+1)B+3A%)g 0 g.

That (10.6) vanish yields the equations A%(r +2) = —A and (r —1)B? + (6A + 1)B - 3A2 0. These
equations have the three nontrivial solutions (0, 1= r) (=5 +2, ) +2) and (-~ +2 Tho 1)(r o ——=——) for (A, B)
that yield, respectively, the idempotents H(g), K" (w), and 8§ (w). The relations (10.3) follow from
(10.5) by computations similar to those showing (10.6).

By (7.7), p(a-a) =3aoa = -3g,and by (7.3), p(g ® g) = gog —tr(g)g = —(r — 1)g, from which
there follow p(8" (a)) = 0 and p(K" (@)) = g, so that 8" (@) € MCyw (V*) but K" (@) ¢ MCy (V™).

From (6.11), (6.13), and (6.12) there follow |« - a|;21 =6r(r+1),(a-a,g®g)=06r,and |g ® g|* =
2r(r—1), which yield (10.4). By (10.4), H(g), X" (@), and 8" (@) are nontrivial and linearly independent
when r > 4, while when r = 2, 8?(a) is trivial and K?(a) = H(g).

A straightforward computation using (7.8) shows

~ta-a)=-a-a+-S5g0h- hoh=(r+2)8 (a) + 2 g(g), (10.7)

(n- 1)(n 2)
where H(g) is as in (7.11). If r = n, then h = g and H(g) = 0, so if r € {n — 1,n}, by (10.7),
(r+2)8 (a) = -ti(a - a). O

Remark 10.2. From Lemma 5.9 it follows that, if W* is a subspace of V*, the inclusion of an idempotent
of MCy (W*) is an idempotent in MCyy (V*). In particular, the r < m cases of Lemma 10.1 follow
from the r = m case of Lemma 10.1 in conjunction with Lemma 5.9.

Lemma 10.4 shows that when dim V* = 2n > 4, certain of the idempotents produced by Lemma 10.1
constitute an orbit of O(2n) acting in MCyy (V*) that can be identified with the space of orthogonal
complex structures on V inducing a given orientation on V. The proof uses Lemma 10.3.

Lemma 10.3. Let (V, h) be a Euclidean vector space of dimension n. Let r be even and satisfy4 < r < n.
Let W C V have dimension r, let « € OC(W, h), and let g = —a o a.
with

1. The eigenvalues of _S”(a\) A2y- are with I-dimensional elgenspace spanned by «;

r=2 1
(r-2) r— 1’ > 1-r’
r(r— . . . ® r—4
——-dimensional eigenspace contained in AZW*; T with T-dtmenszonal eigenspace

contained in N*W*; and 0, with eigenspace equal to N\*W+* & W+* A W*,
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2. The nonzero eigenvalues of m Azye are 1, with 1-dimensional eigenspace spanned by a, and

r . , . , , pJ—
- +2, with "2 -dimensional eigenspace contained in \*W*.

Proof. Writt A = Qo(a) € End(A\%V*). By (6.5), A% = Qo(a) ® Qo) = Qo(g) and A3 =
Qo(@) © Qo(g) = Qo(a@) = A. By (6.7) and (6.8),

§7 (@) p2y. = =15 (a @af - A - A%, (10.8)
Since A (@) = —a, by (10.8), S’(a)/\ 2y (@) = a/ Because 8" (a) z2y. is self-adjoint, it preserves

the orthogonal complement (@)* c A2V*. Because (A (y), @) = —(a,y), A preserves (a)* as well.
A straightforward computation using A> = A shows that the minimal polynomial of the restriction
mmw is x(x + r—ll)(x m) It follows that ~ 2 has multiplicity 1 as an eigenvalue of
m A2y-- 1t is convenient to identify W* and W+* W1th orthogonal subspaces of V*. If v € W+*,
then vPg,; = 0, so vPap = v gpqozq = 0, and it follows that, for all u € V*, A(u Av) =0,
so A\ZWL* @ (WL* A W*) C ker 8 (a) (@) g2y Because it commutes with g;/, the endomorphism «;/
preserves W and its restriction to W is an almost complex structure compatible with the restriction
of h to W. Consequently, both A and m A2y Dreserve /\2W* and their eigenvalues on /\2W* are
nonzero. In addition to forcing the equality A\2W** @ W-* A W* = ker 8’ (a) Ay
implies that the nonzero eigenspaces of _STZOT) A2y~ ON A*W* N (a)* are the +1-eigenspaces of A on
AYW* N (a)*. The dimensions of these eigenspaces can be computed using the observation that these
subspaces comprise the real parts of forms of type (2,0) and (1, 1) with respect to the almost complex
structure given by a;/ (see [11] for details). This proves 1. Claim 2 follows from the preceding and
m Aly+ = ST(?) AZy- T m A2y~ Purther details are omitted. O

this observation

For a Euclidean vector space (V, i) of even dimension n = 2m, the space OC(V, h) = {w;; € AZV*
w[”wpf = —¢;/ } isidentified with the homogeneous space O (2m) /U (m). The action of O (2m) on AZV*
preserves OC(V, h). Given w € OC(V, h) with associated almost complex structure J;/ = w;’ there
exists an orthonormal basis of V of the form {ey,...,e,,J(e1),...,J(en)}, and this suffices to show
that O (2m) acts transitively on OC(V, k). The stabilizer of w € OC(V, h) is U(m) = O(2m)NSp(n,R),
where Sp(n,R) is the symplectic group fixing w and U(m) the unitary group preserving (4, J). Thus,
OC(V, h) is identified with O(2m)/U(m) for any w € OC(V, h).

Since O(2m) has two connected components, comprising orthogonal transformations preserving
opposite orientations of V, and U(m) is connected, the space OC(V, k) has two connected components
OC*(V, h), each identified with SO(2m)/U(m), and the complex structures of OC*(V, h) induce the
orientation opposite that induced by the complex structures of OC™(V, ). If w € OC(V, k) is fixed and
F € 0(2m) is the orthogonal reflection through the +1 eigenspace of the endomorphism w;/, then the
action of F interchanges OC*(V, h). Let U(m) c O(2m) be the subgroup generated by U(m) and F.
Then O(2m)/U(m) is identified with the quotient space OC(V, h)/~ where w ~ —w = F - w. Since
U(m) and FU (m) lie in different connected components of O (2m), this quotient space is identified with
SO(2m)/U(m).

Lemma 10.4. Let (V, h) be a Euclidean vector space of even dimension n = 2m. The map 8
OC(V, h) - Idem(MCyy (V*), x) € MCw (V™) defined by

S(w) = ——5 th(w - w) = - ( Shoh-w- a)) (10.9)

n+2 n+2

is an O (2m)-equivariant double cover of its image S(OC(V, h))) = {S(w) : w € OC(V, h)}, injective
on either connected component OC*(V, h) =~ SO(2m)/U(m), with image equal to O(2m)/U(m) =~
SO (2m) /U (m), realized as the O (2m) orbit of $(w) for any w € OC(V, h), and spanning MCy (V™).
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Proof. Because the map tf and the product - are O (2m)-equivariant, so is the map 8. By Lemma 10.1,
for g € O(2m), 8(g - w) = g - S(w) is an idempotent in (MCy(V*), %), and so 8 is a map from the
homogeneous space O (2m)/U(m) ~ OC(V, h) to the O (2m) orbit of S(w) in MCyy (V*) whose image
comprises idempotents. By definition, S(—w) = 8(w). If 8(g - w) = 8(w) for g € O(2n), then, by
Lemmas 4.2, and 10.3 and the O (2n)-equivariance of S,

(@) g2y (8- @) = 8(g - @) oy (g - )

[ _ (10.10)
=g 8(w) a2y (8- W) = 8 8(W) g2y (W) =

n-2
i g w.

By Lemma 10.3, w spans the "‘% -eigenspace of S’(J)sz*, so (10.10) shows g - w is a multiple of
w. Since (g - w) o (g - w) = —h, this forces g - w = +w, and hence g € U(m). It follows that § is
two-to-one, with image equal to the O(2m) orbit of §(w) for any w € OC(V, k), and that this orbit
is identified with O(2m)/U(m) in such a way that 8 maps either connected component OC*(w, h)
onto it bijectively. By the O (2m)-irreducibility of MCyy (V*), because the O (2m)-invariant subspace
Span {S(w) : w € OC(V, h)} € MCyy (V) is nonempty, it equals MCyy (V*). O

Lemma 10.5. For m x m anti-Hermitian complex matrices A and B such that A> = —I = B?,

a1

—2m <2m-4trA©B A® B =-2tr(ABAB) = —2m +1r [A, B] [A, B] < 2m, (10.11)

with equality in the upper bound if and only if A and B anticommute and equality in the lower bound if and
only if A and B commute. In the latter case there is q € Z such that 0 < g < m such thattr AB =2qg—m
with tr AB = +m if and only if B = £A; moreover, if A and B are real matrices, then q must be even.

—_—

Proof. The equalities in (10.11) are always valid. If A @ B = 0, then tr [A, B] [A, B] = —tr[A, B]? =
—4tr(ABAB) = 41tr(A?B?) = 4m, so equality holds in the upper bound in (10.11). It is immediate that
equality holds in the lower bound in (10.11) if and only if A and B commute. In this case, iA and iB
are commuting Hermitian matrices and so are simultaneously unitarily diagonalizable. If m — ¢ is the
dimension of their joint 1 eigenspace, then —tr ABtr(iA)(iB) = (m —q) — g =m —2g andtr AB = +m
if and only if g € {0, m}, in which case B = +A. If A and B are, moreover, real, then their eigenvalues
+i have the same multiplicities, so ¢ must be even. Now suppose A and B are anti-Hermitian and
A? = -] = B?. There is an m X m unitary matrix U such that C = UAU" is diagonal with diagonal
entries ¢y, . .., cm € {*i}. Define D = UBU'. The components of [C, D] with respect to a basis satisfy
[C, D]ij = (Ci - Cj)Dij anchj = —(Cl' - Cj), SO
0 <tr[A, B] [4,B] =t [C. D] [C.D] == Y \(c; - ¢))*|DyI?
i#]
< zZ(|c,-|2 +le;PIDij? < 42 |Dij|> < —4tr D* = —4tr B* = 4m.
i£] i#)

(10.12)

By (10.12), tr [A,B]t[A,B] = 4m if and only if (¢; +cj)|Dl-j|2 =0foralll <i#j<mandD;; =0
_—

forall 1 <i < m. Thismeans c¢;+c; =0orD;; =0forall1 <i # j < m,sotr[A,B] [A,B] =4m

if and only if (¢; + ¢;)D;; = O forall 1 < i, j < m. Equivalently, tr [A, B]t [A, B] = 4m if and only if
CD + DC = 0 or, similarly, if and only if A and B anticommute. O

Lemma 10.6. Let (V, h) be a Euclidean vector space of dimensionn. Let W C 'V have dimensionr € 27Z
satisfying 4 <r <n, leta, € OC(W, h) and let g = —a o @ = — o 8. There holds

(S (@),8 (B) = 55 (@ B+ (@0 foacf) - ) 2 — b, (10.13)
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so that

8" (@),8" r—
|<S*<(3))||sr(5a)>>| = 56 (W’ﬁ)z +tr(@oBoaop)—r(r+ 1)) +1> -1 (10.14)

1. There holds equality in the lower bounds in (10.13) and (10.14) if and only if ¢ o f+ Boa = 0.

2. If [a,B] =0, then there is k € {4p —r : 0 < p < r/2} such that {«, B) = —k and (8" (@), 8" (B)) =
(rfir]()r(;g)z + (ff;)z. Moreover, k = +r if and only if B = +a. In particular, ($*(«), $*(B8)) = 0 if and
only ifr =4 and B #+ +a.

Proof. Let B € OC(V, h) and note that this means 8 o 8 = —g. By (6.11), |a - a|}21 = 6r(r +1) and

(@-a,B-B)=6(,p)* +6tr(aoBoaocp). By (6.12),|g ® gl; =2r(r —1) and

B-B.gDg) =—-6trfogoBog=—6trfogofog=-6trfoB=06trg=0r (10.15)

and, similarly, (@ - @,g ® g) = 6r. There result the equality in (10.13) and (10.14). Equality holds
in the lower bounds of (10.13) and (10.14) when @ o 8 = —f8 o a because in this case {(@,8) = 0
and tra o foao 8 = —r. By Lemma 10.5 applied to the matrices of @;/ and 8;/ in some basis,
2r —2tr(@ o BoaoPB) = —tr([a,B] o [a,B]) < 4r, with equality if and only if @ ©® 8 = 0, so that
tr(a o B o @o B) > —r, with equality if and only if @ ® 8 = 0. There follow the lower bounds in
(10.13) and (10.14), with equality if and only if « © 8 = 0. If [a, 8] = 0, then @ o S is self-adjoint
and xoBoaofB =g, s0—(a,B) =tr(a o B) is an integer k such that —r < k < r. By Lemma 10.5,
k=4p —rforsome 0 < p < r/2.In (10.13) this yields 2. O

A hypercomplex structure on a real vector space V is a pair of anticommuting almost complex
structures 1, J € End(V) such that K = I o J is an almost complex structure. Because it is a module over
the quaternions, a hypercomplex vector space has dimension divisible by 4. A hyper-Kdhler structure on
a Euclidean vector space (V, i) equipped with a hypercomplex structure {7, J, K} and a metric & such
that each of 1, J, and K is compatible with /. By definition this means that a;; = I;” hy;, Bi; = JiP hp;,
and y;; = K;Php; are symplectic forms. Given a subspace W C V, it will be said that an ordered
pair (@, 8) € OC(W, h)? determines a hyper-Kihler structure on W if & and 8 anticommute, meaning
@®pB = 0. In this case, y = @ o § € OC(W, h), W is the image of the endomorphism g;/ where
—§=aoca=Bof=yoy,aog=a=gog, fog=F=gof,andyog=7y=goy, and
trg =Igl* = lal* = |B* = dim W,

Lemma 10.7. Let (V,h) be a Euclidean vector space. Let W C V be a subspace of dimension
r divisible by 4, suppose (a,B) € OC(W, h)? determines a hyper-Kdihler structure on W and let
8" (@), 8" (B), 8" (y) € MCw(V*) be the idempotents defined as in (10.2) (where y = a o B).

1. There hold the relations

§"(a) * 87 (B) =~ (87 (@) +87(B) = 58" (7)),

8" (a) (@ p) = 30 . 8 (a) = (B-y) = =758 7.
(@B + (@-B) = (r+2) (LS (@) +8(8) - 38" (),
(@ B)=(a-y)=-"p-y

and those obtained from them by permuting «, 3, and vy.

2. (8" (@), 8" (B)) =(8"(B), 8" (y)) = (8" (v), 8" (a)) = —(H;ﬁ, so the cosine of the angle between
any two of 8" (a), 8" (B), and 8" (y) is 1/(2 —r).

3. The elements a- B, B-y, and y -« are pairwise orthogonal of norm +/3r(r + 2) and each is orthogonal
to Span {8" (@), 8"(B), 8" (y)}.

4. Let B = Span {8*(a),8*(B),8*(y),a - B,B - v,y - a}.
@) Ifr =4, 8*(a) +8*(B) +8*(y) =0, and B ¢ (MCy(V*), ) is a 5-dimensional subalgebra.

(10.16)

(10.17)
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(b) Ifr > 8, B is a 6-dimensional subalgebra of (MGW (V*), =).

5. For X € Span{8" (), 8" (B),8" (y),B- v,y - a,«a - ,8} f)C/\ 2y preserves Span{a, B, y} C AZV*,

6. For X = —x18"(a) — x28"(B) — x38"(y) - r+2 W1B -y +way - a+wsa-f), the matrix of
DACS,,M (a.B,y} With respect to the equal-norm orthogonal basis {a, B8, y} is

(2—r)x1+x2+x3

r—1 w3 w2

w3 nHZorhtx " . (10.18)
2_

" Wi x1+x2:—£] r)X3

Proof. The two-forms «, 3,y are pairwise orthogonal. Specializing (6.20) yields (10.17) and the iden-
tities obtained from them by permuting «, 8, and y. By (6.18), (6.19), and (6.20) there hold

(x-a)«(B-B)=a-a+B-B-5y 7,
(@-a)*(B-y)=6B-7, (a-a)*(a-B)=-2B-y, (10.19)
(v-a)x (gD g)=-3gDg, (@-B)x(g0g=0

and the identities obtained from them by permuting @, §, and . The identities (10.16) follow from
(10.19). By (10.16) and (10.4),

(87(a),8"(B)) = (8" (a) *§" (@), 8" (B)) = (S (@), 8" (a) * 8" (B))
= — 518" (@) = 25 (8" (@), 8" (B)) + 35(87 (2), 8" (7)) (10.20)
= — s+ 5 (87 (0), 87 (B)),

so that (8" (@), 8" (B)) = 6—) Combined with (10.4) this shows that the cosine of the angle

r+2)(r-1
between 8" («) and 8" (B) is 1/(2 —r). The preceding claims remain true when «, 3, and y are permuted

cyclically. The identities (10.19) show B as in 4 is a subalgebra. By (10.4) and 2,

or((r— 4—)(c +c +L2)+(L )2+ (cr—c3) 2+ (c3—c1)
187 (@) + 28 (B) + 38" ()] = Drleiarsemeresal) - (1021)

It follows that ¢18" (@) + ¢28" (B) + ¢38” () = 0 for ¢; not all zero if and only if r =4 and ¢; = ¢ = ¢3.
Together with (10.4), 2, and 3 this implies both claims of 4 straightforwardly.

By (6. 7) and (6.8), there hold @~ @ 2. (@) = —(r+1)a, (gﬁ(y\g/\zv*(a) = —a, m/\zv*(a) =

—r£2 =P, (a/ “B) A2+ (¥) = 0, and the identities obtained from these by permuting a, B,andy. Combining

these identities with the definition of 8(«) yields S(a) Ay (@) = la and S(B) x2 Ay (@) = == la/
Claims 5 and 6 follow from these identities. m]

Lemma 10.8 identifies the 5-dimensional subalgebra of (4a) of Lemma 10.7.

Lemma 10.8. Let (V,h) be a Euclidean vector space of dimension at least 4. Let W C V be a
4-dimensional subspace and suppose (a, ) € OC(W, h)? determines a hyper-Kiihler structure on W.
Define 8(a) = 8*(a),8(B) = $*(B),8(y) = 8*(y) € MCyw (V") as in (10.2) (where y = a o ).

1. For X contained in the 5-dimensional subalgebra B = Span {8(«),8(B),8(y),a-B,B v,y - a}, X
preserves U = Span {a, B,y} € \*V*.

2. The map ¥ : B — End(U) defined by ¥(X) = 3§CU is an isometric algebra isomorphism
Sfrom (B, %, h) to the deunitalization (Symy(U, h), X, £G) of the 6-dimensional rank 3 simple real
Euclidean Jordan algebra (Sym(U, h),®), in its realization as the trace-free symmetric endomor-
phisms of U equipped with the product X equal to the traceless part of the usual Jordan product ©
of endomorphisms and the metric G(A, B) = % trAoB.

3. The Killing form 7. 5 (X, Y) =tr L. s (X) L. 5(Y) on (B, %) satisfies T.p = %( c, )
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4. The subalgebra (B, *, h) is simple.
Proof. By 4 of Lemma 10.7, 8(y) = =8(a) — 8(B). In (10.16) and (10.17) this yields the relations

8(a) *8(B) = -8(a) - 8(B), 8(a)* (S(B) —8(¥)) = =(8(B) - $(¥)).
(@ y)=(B-y)=-3a-B, (a-p)=(a-p)=27(5(a)+8(p)), (10.22)
8(a) = (a-B) = 1a-B, S(a)* (B-y)=-B"7,

and those obtained from them by permuting @, 8, and y. By 6 of Lemma 10.7, for
X = (2x1 +x2)8(@) + (x1 +2x2)8(B) — 5 (1B - ¥y + 2@ -y + 30 - ), (10.23)
the matrix of 5CU with respect to the equal-norm orthogonal ordered basis {a, 8, v} of U is
X1 23 22
X=|z3 x2 Z1 € Symy (U, h). (10.24)
22 21 —X1 —X2
From (10.24) it is apparent that ¥ : B — Sym, (U, /) defined by ¥(X) = 3§CU is a linear isomorphism.
Because * and X are commutative, by polarization, to check that ¥ is an algebra homomorphism it

suffices to check that ¥ (X = X) = ¥(X) x ¥(X). By (10.22),

X x X = =3(2x1x2 + X3 + 21 — 23)8(@) = 3(2x1x2 +x7 + 25 — 23)8(B)

(10.25)
— (12 + (x1 +x2)z3)a - B+ (2223 —x121)B - ¥ + (2123 — X222) Y - .
Comparing (10.25) with
2_ 9,2 _95,2,,2,.2
x7—2x5 2x1§2 2z7+z;)+23 Z]Z2 + (X1 +XQ)Z3 2123 — X222
EXX =1 ziz0+ (x1 +x2)23 2 le;wz 254G 2273 — X121 (10.26)
Z . —x x12+x§+4x1xz+zlz+z§—2232
123 — X222 2223 — X121 3
shows that ¥ (X # X) = ¥(X) x P(X).
By claims 2 and 3 of Lemma 10.7 with r = 4,
N3 _ 1 _ A3y Loy.qg Lq.
{25 (8(2) +8(8)), ~325(8(2) = 8(B)). 5B 7. Ly - o, L5 ) (10.27)

is an orthonormal basis of B. By definition of G, (10.24), and the orthonormality of (10.27) (used to
compute the norm of (10.23)),

W (G)(X,X) = L r w02 =31rx2 =6 (xf xR z3) 3|2, (10.28)

Slightly tedious calculations using (10.22) show that the matrix of the restriction to B of L. 5 (X) with
respect to the ordered orthonormal basis (10.27) is

=3 (x +x2) —\/7§(X1—X2) %1 gzz V323

V3 3 3 3
-5 —x2) 3(x1+x1) -321 322 0
M = \/7§Z1 _%Zl —%Xl %23 %Zz : (10.29)
V3 3 3 3 3
3 22 322 223 —%zxz 5 5<1
-V3z3 0 522 521 5(x1+x2)
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Comparing (10.29) with (10.28) shows

To, =1 Ly g (X)Lop(X) =trM? = 4 (x% Fx AR+ 4 +z§) = 2|2, (10.30)

That (B, *, &) is simple follows from 2 and Lemma 9.9. O

11. Subalgebra of Kéhler—Weyl tensors and the 4-dimensional case revisited

A 2n-dimensional Kdhler vector space (V, h, J, w) is a Euclidean vector space (V, ) of dimension m =
2n equipped with a compatible complex structure J;/, meaning that J;”J ;9 h,, = hi; and w;; = J;Php;
is a symplectic form. When a Kéhler vector space is fixed, the abstract unitary group U(n) is identified
with the unitary group U (4, J) of linear automorphisms of V preserving /4 and J.

Lemma 11.1. Let (V, h, J, w) be a 2n-dimensional Kdihler vector space. The U(n)-submodules
MGJ{(V*) = {DC € MG(V*) : Jia.ljbxabkl = xijkl} = {x S MG(V*) : J[i"x,-],,k, = O} (ll.l)

of curvature tensors of Kdihler type and MCgx w(V*) = MCqx (V*) N MCw(V*) of Kdhler-Weyl
curvature tensors are subalgebras of (MC(V™), ) on which U(n) acts by automorphisms.

Proof. Let X,Y € MCqy (V*). Write Bijri = B(X, 9)l~jkl. By (5.13),

8J:0; " Bapray = JiJ; P (XanP Y pgit + Yab?I X pgir)

(11.2)
= XY pgrr + Yi ;P X pgrr = 8Bij[ki-
Similarly,
2001 Biakr = 01" Xipag9iP v + T Y pag Xi” 7
= J ToiXipja 9Pl + T, Tp1Yipja Xk PP
=0 o911 a9 71" = I3 T Yipja Xk P 1° (-3
= Xipip 9Pt +YipjpXi”1? = 2Biju.
Together (5.14), (11.2), and (11.3) yield
T TP (X % W aprr = J:T;7 (=2Bapixi) — Bakbi + Baikp) (11.4)

= =2B;jk1) = 2Bijkjin = (X * Y)ijri-

This shows MCq(V*) is a subalgebra of (MC(V*),*). By Lemmas 5.7 and 11.1, MCq yw(V*) =
MCq (V*) N MCyy (V*) is a subalgebra of (MC(V*),x). That U(n) acts by automorphisms on these
subalgebras follows from the containment U(n) € O(2n). O

A Kihler vector space is canonically oriented by the Euclidean volume form € = %w”. Lemma 11.2
shows that, for a 4-dimensional Kiahler vector space, the space of Weyl curvature tensors anti-self-dual
with respect to the orientation determined by the complex structure coincides with the space of Kéhler—
Weyl curvature tensors. As is explained subsequently, this has the consequence of showing that the
subalgebra (MCg w(V*), *) is nontrivial whenever dim V* > 4.

Lemma 11.2. Let (V, h, J, w) be a 4-dimensional Kchler vector space oriented by € = %w A .

1. Fora,B € A2V, K(a,B)=a B+ (@ow) ® (Bow) is contained in MCqy (V™).

2. Ifa,B e N2V, thentf(a - B) = 31 K(a, B) € MCoc w(V*).

3. Ifa e AZ (V) satisfies |cx|fl =4, then 8(a) = —é tla-a) = —% tt K(a, @), where 8(a) is as defined
in (10.2), is a nontrivial idempotent in (MCaqc w (V*), ) satisfying 18(a)|? = %.

4. MCygc,w (V") = MCL, (V7).
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Proof. The operator * € End(/\*V*) can be expressed * = %eﬁ = %(w ® w)f + Qo(w) (recall from
(4.6) the isomorphism # and its inverse b). It follows that a € /\2V* is contained in /\%V* if and only if
(@, w) = 0 and Qo(w)(a) = —a. The latter condition is equivalent to @ o w = w o @ € S?V*, and this
shows that the element K (a, B) of 1 is correctly defined.
Suppose @, 8 € A Substituting %(a/, *B)e = a A B into (6.2) yields the alternative expressions
a-f=3(a®@B+p®a)- Ha. *Be=3(a®B+LOa) - t{a, *f)w A w. (11.5)
Taking @ = 8 = w in (11.5) yields
w-w=3w®w—%w/\w=3w®w—e. (11.6)
—b
By Example 4.3, ZId';\ZV* ==2h® hp2y- =h O h, so
(Qo(w) o)’ =—w@w+2Id,,  =~wO®W+h D h. (11.7)

Combining @ A B = %(a, *)e with (11.7) and noting (e A B)* = (@ ® B+ B ® )¥ +4Q0(a, B) yields

b b
L) (@®w—h o h) = 5@ xB) (Qo(w) o ] = = (Qo(w) o (a 1 )]

(11.8)
=~ (Qo(w) (@) ® B+a ® Qo(w)(B)) — 4 (Qo(w) 0 Qo(a. )"
Now suppose a, 8 € /\%V*. In this case, by (6.8),
~Q0(w) © Qo(@. ) = ~(Qo(@ 0w, fow) = (@0 w) O (Bow) 2. (11.9)

—_ b
and, because —2(a o w) O (B o W) a2y = (@ 0o W) ® (B o w), substituting this into (11.8) yields
(@ow)® (Bow)=3(@®@B+LRa)+ (. ww—h h). (11.10)
Substituting (11.5) and (11.6) into (11.10) and simplifying the result using (11.7) yields

K@, p)=a-B+(@ow)® (fow)=21a- B+ 5(a,flw w—ta,fYh ® h

(11.11)

:2(01®,8+,8®01)+%<a,,8> (e+w@w—-ho®h).
A straightforward calculation using the last equality of (11.11) shows Qs (w) o K(a, B)* = -K(a, B)*,
so K(a, B) € MCqy (V*). By (11.11), (7.8), and | of Lemma 9.1,

2K (a,p) =th(@-p)=a-f+3(@0p) O h+Ha.p)hOh=a-B- Ha.pYh O h. (11.12)

This shows 2. If @ € A2(V*), then @ A @ = —a A xa = —1|e?0 A w, so if |@]? = 4, then @ A @ =
—w A w. Hence, 0 = (@ A+ w A 0 (w) = 4(06(a)(w) + w), $0 @ 0o wo @ = —w. This implies
doa =-@owowoa =—-@owoaow = wow = —h, showing « satisfies the hypotheses of
Lemma 10.1. Taking 8 = @ in (11.12) yields 3.

For XX € MCqc(V*), pairing J;?X k1 = J;PXiprs with Al yields wP9X py 56 = —20P9X kg =
ijp(DC)pk, SO, because X € Meg{’w(v*), (*x)ijkl = (%wijwab - J,-“Jj”)xabkl = —DCl-jkl. This
shows that MCqc w(V*) € MC3, (V*). Since both M€y v (V*) and MC3, (V*) are SU(2)-modules
and MC, (V*) is an irreducible SU(2)-module, to prove equality it suffices to show that MCgc v (V*)
has dimension at least 1. By the preceding paragraph there exists @ € A2V* such that tf(e - @) is
nontrivial and is contained in MCgy vy (V*). This proves claim 4. O

https://doi.org/10.1017/fms.2021.69 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.69

Forum of Mathematics, Sigma 43

Theorem 11.3. Let (V, h,J, w) be a Kdhler vector space of dimension m = 2n > 4. The subspace
MCqc,w (V™) is a simple subalgebra of (MCyy(V*), ¥) that is exact and Killing metrized, with Killing
form equal to a positive multiple of the metric (- , - ) and on which U(n) = U(V, J, h) acts irreducibly
by automorphisms.

Proof. The group U(n) acts irreducibly on MCx v (V*) [39, Theorem 6.4]. It is straightforward to
check that when, in the setting of Lemma 5.9, V is equipped with a Kéhler structure and W Cc Vis a
Kihler subspace, the map ¢ of Lemma 5.9 is an injective algebra homomorphism from (MCqgc (W*), )
and (MCqc w (W*), %) to (MCqc (V*), ) and (MCqx w (V*), %), respectively. Consequently, by Lemmas
5.9and 11.2, (MCg,w(V*), *) contains a nontrivial idempotent, so its multiplication is nontrivial. The
group U(n) acts on (MCqg w(V™), *) by isometric automorphisms because it is a subgroup of O(2n),
which acts on (MC(V™), %) by algebra automorphisms. By Theorem 3.2, (MCqc 19 (V*), *) is exact
and Killing metrized, with Killing form equal to a positive multiple of the metric (-, - ). Because
every finite-dimensional irreducible representation of U(n) restricts to an irreducible representation of
SU(n), MCy w(V*) is irreducible as an SU(n)-module. Since the action by automorphisms of SU (n)
on MCqc w(V*) is irreducible, the simplicity of (MCgc w (V*), *) follows from Theorem 3.1. O

12. Examples related with idempotents

This final section shows the viability of making explicit computations in (MCy (V*), %) and describes
some relations among the idempotents constructed earlier that are suggestive both with respect to the
structure of (MCyy(V*), ) and in the context of developing a structure theory for commutative al-
gebras metrized by a trace-form. It is indicated how this yields an alternative proof of Theorem 1.5.
Theorem 12.3 shows that (MCyy(V*), ) contains many 2-dimensional unital associative subalgebras
isomorphic to the paracomplex numbers and exhibits zeros of its cubic polynomial. The final Ex-
ample 12.5 shows that when dimV > 6, (MCyw(V™), ) contains subalgebras isomorphic to Matsuo
algebras.

Lemma 12.1. Let (V, h) be a Euclidean vector space. For x,y,z,w € V¥,

0=x0yY)B® ZoOW)+(YOz) D (xOw)+(z0x) ® (yOw),

(12.1)
0=@xAY) - ZAW)+ (A -(xAW)+(zAX)- (Y Aw),
Rxoy)®d(zow)=xAz2)-WDAW +(YAZ)  (x Aw), (12.2)
xAY) - (zAW)=4x02) D (YOwW)—4(y0z2) O (xOw). (12.3)

Proof. The identities (12.1) follow from the definitions (6.1) and (6.2); precisely, summing (x ©® y) ©
(zOw) and (x A y) ® (z Aw) cyclically over x, y, and 7 yields elements in ker 8 and ker M, respectively.
By the definitions, (6.1) and (6.2),

-12(x0y)® (x0y)
=3((x+y)0(x+y) —x0x-y0y) O ((x+y) O (x+y) —xOx -y QYy)
=3xQx+y®y) O (x®x+y®y)=6(x®x) ® (y®y)
=3(xAY)®(xAY)=(xAY) - (XAY).

(12.4)

Polarizing (12.4) first in x and then in y and using (12.1) yields (12.2). Using (12.2) and (12.1) to
evaluate the right-hand side of (12.3) yields the left-hand side of (12.3). )

Example 12.2. Let (V, h) be a Euclidean vector space. Let x, y € V* be orthogonal unit norm vectors.
Leto=xAy,sothatc oo = —@ wherea =x®x+y ®y. Then a satisfies @ o @ = @, tra@ = 2 and, by
(12.4), 0 -0 =3a ® a, so that 48>(x A y) = 3a ® a — o - o = 0. On the other hand, by (6.35), Lemma
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10.1, and (12.4), H(a) = —a ®a = —(x A y) ® (x A y) = X2(o) is an idempotent in (MC(V*), *)
satisfying p(@ ® @) = a. Similarly, if {x, y, z, w} C V* is an orthonormal set,

(AN @ @A (YA ®(YA2)=~3(x ") ® (xA2),

(xAY)®(xAY)*((zAW)®(zAW))=0. (12.5)

These are most easily computed using (6.18) or (6.20) in conjunction with (12.4). By Corollary 7.5, as
the idempotents = x ® x +y ® y, =z ® 7+ w ® w € Idem(S?, ®) are orthogonal,

B(x,y,z,w):B(a,ﬁ):—% (xAY)®(xAY)+(zAW)® (zAW))

12.6
+3 (AR XAD+EXAW)®(XAW) +(YAD)®(YAZ)+ (Y AW)® (y Aw)) (120

is an idempotent in (MCyy (V*), *) satisfying |B(x, y, z, w)|> = 16/3. The symmetries B(y,x,z, w) =
B(x,y,z,w) = B(x,y,w,z) = B(z,w,x,y), evident from (12.6), show that (12.6) yields only three dis-
tinct idempotents, namely, B(x, y, z,w), B(y, z, x, w), and B(z, x, y, w). From (12.6) it is apparent that
B(x,y,z,w)+B(y, z,x,w)+B(z,x,y,w) = 0. This shows —B(x, y, z, w) — B(y, z, x, w) is idempotent,
which implies

B(x,y,z,w) *B(y,z,x,w) = B(z,x,y,w) = =B(x,y,z,w) = B(y, z,x,w). (12.7)

This shows B(x, y, z, w), B(y, z, x,w), and B(z,x,y, w) span a 2-dimensional subalgebra isomorphic
to the algebra E>(R) called the simplicial algebra in [10]; it is the unique 2-dimensional metrized
commutative algebra with automorphism group S3.

Theorem 12.3. Let (V, h) be a Euclidean vector space of dimension n > 4. For an h-orthonormal set
{x,y,z,wh V7,
E=E&(x,y,z,w) = %(x AY)-(z Aw) € MCw (V") (12.8)

is a zero of the cubic polynomial Pye., (v+),« that satisfies:

1. Ex(ExE)=Cand €+ & = B(x,y,z,w) is idempotent.
2. The subspace Span {&, & « £} € MCyw (V™) is an associative subalgebra isomorphic to the algebra
R[?]/(t? = 1) of paracomplex numbers via the linear map a& * & + b& — a + bt.

Proof. The two-forms a*(x,y,z,w) =a* =x Ay+tzAwsatisfyatoat=—gforg=x®x+y®
y+z®z+w®wand [a",a”] = 0. Because (¢",a”) = 0and a* oca” oca* oca™ = g, by (10.13),
(8*(a*),8*(a™)) = 0. Define 8*(x, y, z, w) = 8*(a*). By (12.4),

AY) - (xAY)+(@ZAW) - (ZAW) = (xAZ)-(xAZ) = (Y AW)-(YyAw),
=-12(x0Y)0 x0y)+zow)B® (zow)—(x0z2)® x0z)—(yow)d (yow)), (12.9)
=6(x@x—-woew) ® (YQy—-2®2).

By (12.2), (12.3), and (12.9),

68 (x, 7,2 w) = F2(x AY) - (2 AW) = F (X AY) - (xAY) +(zAW) - (A W)

(12.10)
+3((XAD) - XA +GAW) - (VAW +(YAZ) - (YA + (X Aw) - (x Aw)).
Comparing (12.6) and (12.8) with (12.10) shows that
8 ()C,y,Z,W)'l'S_(X,y,Z,W)ZB(X,y,Z,W), (1211)

8 (x,y,z,w) =8 (x,y,z,w) = E(x, v, z, w).
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Write 8* = 8*(x,y,z,w) and B = B(x,y,z,w). Because 8%, 87, and B(x, y, z,w) are idempotents
in (MCyw (V*), =), (12.11) implies 8* * 8~ = 0 and (8*,87) = 0. By (12.11), €« & = 8§ + 8+ = B.
This shows & * € is idempotent and (€, & * £) = (8~ — 8%, 8™ + 8*) = |87|?> — |8*|*> = 0, the last
equality because |8$*(x, y,z, w)|?> = 8/3 by Lemma 10.6 or direct computation using (12.10). Finally,
Ex(ExE)=ExB=(8 —8%) (8 +8%) =8 — 8" = &. The final claim follows. O

For an h-orthonormal set {x, y,z, w} € V*, by (12.10) and (12.1),
8§ (x,y,z,w) +8*(y, z,x, w) + 8*(z,x,y, w) = 0. (12.12)

The symmetries 8*(x,y,z,w) = 8*(z,w,x,y) = 8*(y,x,w,z) = 8*(w, z,y,x) and 8*(y,x,z,w) =
87 (x,y,z,w), evident from (12.10), show that, under the action of S4 permuting {x, y, z, w}, (12.10)
yields only six distinct idempotents, namely, 8*(x, y, z, w), 8*(y, z,x, w) and 8*(z, x, y, w). By (12.12),
-8*(x,y,z,w) — 8*(y, z, x, w) is idempotent, which implies

8*(x,y,z,w) *8*(y,z,x,w) = =8 (x,y,z,w) = 8 (¥, 2, x, w) = 8 (2, x, y, w). (12.13)

(Alternatively, (12.13) follows from Lemma 10.7.) This shows 8*(x,y,z,w), 8*(y,z,x,w), and
8*(z,x,y,w) span a 2-dimensional subalgebra isomorphic to E?(R). Computations using (6.11)-
(6.13), as in the proof of Lemma 10.1, or computations using a*(x, y,z,w) ® a*(y, z,x,w) = 0 and
[a*(x,y,z,w),a (y,2,x,w)] = 0 and those relations obtained from them via the action of S4 on
{x,y,z, w} together with (10.13) of Lemma 10.6, show that 8*(x, y, z, w) is orthogonal to the span of
8¥(x,v,z,w)and 8¥(y, z, x, w) while |$*(x, y, z, w)|* = 8/3 and ($* (x, y, z, w), 8*(y, z,x, w)) = —4/3.
The last identity gives an example where equality holds in (10.13).
Define Y(x,y,z,w) = (xAz)-(zA2) = (y Aw) - (y Aw). By Lemma 10.8 the element

CE(x,y,z,w) = a*(x,y,z,w) - a*(y,2,x, W)

. N (12.14)
=Y, z,w,y) £Y(y,w,x,z2) =a (z,y,x,w) - @ (y,x,2, W)

and its cyclic permutations in x, y, and z are orthogonal eigenvectors of L.(8*(x,y,z,w)). By def-
inition 8*(x,y,z,w) = 8*(a®), 8*(y,z,x,w) = 8*(B*), and 8*(z,x,y,w) = 8*(y*), where a* =
a*(x,y,z,w), B* = a*(y,z,x,w),and y* = a*(z, x, y, w). There hold a*oa® = f*of* = y*oy* = —¢
and a® o B* = y* = —B* o @* and its cyclic permutations. Computations using a* c @™ = @~ o a™ =
—X®X—Y®Yy+z®z+ww;aToBT = fFoa* =2x0z£2yOw;aT oy =y oat =2y0z-2x0Ow;
that, by (6.28), (a*-a®) x (g ® g) = -3¢ ® g and (a* - BF) * (g ©® g) = 0; (6.32); (12.4); and (12.2)
yield (@ -a®) x (" -a@7) = -3¢ O g, (" -a’) = (B~ -p7) = -3g O g, (" -a) x(a” - p7) =0,
(at-at) =« (B -vy) =0, (- B")*(a -B7) =0, and (a* - B) = (@~ - y~) = 0. Together
these imply 368*(a*) *8*(a”) = (g g—a" - a") * (g® g—a -a”) =0, 368*(a™) + $*(87) =
(gDg—a"-a")x(g®g—p -B7)=0,68"(a") *C (x,y,z,w) = —(a* -a*) x (@~ - 7) = 0, and
68*(a*) * C™(y,z,x,w) = —(a* - a*) * (8~ - y7) = 0. In particular, $*(x, y, z, w) * 8~ (y, z,x,w) = 0.
It follows that

B* = Span {8*(x, y,z, w), 8 (v, z, x, w), € (x, ¥, 2, w), C* (v, z, x, w), C*(z,x, y, w) } (12.15)

are orthogonal 5-dimensional subalgebras of (MCyy (V*), %, h) that satisfy B* =« B~ = {0} and each of
which is as in Lemma 10.8. The two nonisomorphic structures of a C/;-module on V are represented
by the hyper-Kihler structures determined by the pairs (a*, 8*) € OC(V, h)?.

Example 12.4. Let (V, k) be a Euclidean vector space of dimension n > 3. Let x, y € V* be orthogonal

unit norm vectors. Since @« = x ® x + y ® y satisfies @ o @ = @ and tra = 2, by Lemma 7.5, B(a)
2

defined by (7.11) satisfies |B(a)|> = %. Let @ = h — « and write & = Z’(';:zl 7(® © 7(® where

{z™M, ..., z"2} is an orthonormal basis of the orthocomplement of Span {x, y}. (Note that n > 3 is
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assumed because @ ® & = 0 if n = 3.) By (7.6),

B(a)=ﬁ—:§tf(a®a)=Z—ja®a—n%a®@+m&®&

:Z_:%(X/\)’)@(X/\y)‘Fm Z (DA B @ (2@ AP
I<a<B<n-2
N (12.16)
_ ﬁ Z ((x A Z(a)) ® (x A Z(a)) + (v A Z(a)) ® (y A Z(a)))
a=1

= (n—1)3(n_—3) Z B(x,y,2'Y,z#P).

I<a<B<n-2

By Corollary 7.5, if n > 3, B(a) is a nontrivial idempotent in (MCyy (V*), *).

Let (V, h) be a metric vector space of dimension n > 4. In accord with [7, Definition 1.2], a nonzero
X € MCw (V™) is maximally degenerate if the stabilizer O (h)[x) in O(h) of [X] € P(MECyy (V")) has
maximal dimension among subgroups of O (h) stabilizing a point in P(MCyy (V*)). Equivalently, the
O (h)-orbit of X has the minimal dimension possible among nontrivial O (h)-orbits in MCyy (V*). By
[7, Equation (3.2)and Appendix B], when % is Euclidean, if n = 5 or n > 7 the tensor B(a) of (12.106) is
maximally degenerate with dim O (1)[5(a)] = (";°) + | and O (n)-orbit of dimension 21 — 4. Moreover,
by [7, Theorem 1.3], if n > 7, any maximally degenerate element of MCyy (V™) is in the O (n)-orbit
of a nonzero multiple of B (@) and any element of P(MCyy (V™)) stabilized by dim O (n);5 ()] equals
[B(a@)] (this gives an alternative proof that some multiple of B(«) is idempotent, for [B(a) * B(a)]
is stabilized by dim O (n)[5(e)] and so must equal [B(a)]). The cases n € {4,5,6} require special
treatment; if n = 5, there are maximally degenerate tensors not orthogonally equivalent to a multiple of
B(a), while if n € {4, 6}, B(«) is not maximally degenerate. In these cases the maximally degenerate
tensors can be built from Kéhler—Weyl tensors; see [7].

If both inertial indices of & are least 2, there are x and y spanning a 2-dimensional 4-null subspace of
V*, and it follows from (6.35) that (x A y) ® (x A y) is a nontrivial square-zero element in (MCyy (V*), ).
By [7], any maximally degenerate Weyl tensor is in the O (/) orbit of a nonzero multiple of this tensor.
Its stabilizer in O (k) has dimension (";2) +4.

If 1 has negative inertial index 1, for Z(®) as in the proof of Lemma 7.3, Z4 = ¥ ,c4 Z(®) is square-
zero for any nonempty subset A € {1,...,n—3}. The elements 24 and 22 are orthogonally equivalent
if and only if A and B have the same cardinality, and by [7, Theorem 4.2], Z1-~"=3} is maximally
degenerate having stabilizer of dimension (";%) +2.

Example 12.5. This example shows that, when dimV > 6, (MCyy (V*), %) contains subalgebras iso-
morphic to 3-dimensional Matsuo algebras.

Straightforward computations using (6.12), (6.18), and (7.10) show that if @(1),@(2),a(3) €
I[dcelm(SZV*,(@) are pairwise orthogonal idempotents of ranks aj, as, and a3, each at least 2, and
Bij = B(a(i),a(j)) for 1 <i < j <3, there hold

2(ay+a; —1)(a+az —1)Bp =By
= (as(a1+ax = 1)Bia+az(ay +az — 1)Biz —ai(az + a3 — 1)Bos, (12.17)
(B12,B13) = e

(artax-1) (ar+az—1)(a1-1)

Note that there must hold n > a + a; + a3 > 6.

Suppose that a; = a, = a3 = 2. Then (12.17) becomes By, = B3 = 1(Byz + Biz — Bo3).
Using this relation it is straightforward to check that the elements ey = %(Blz + Bz + Br3),
e = %('312+‘B]3 - %'323), ey = %('B]z - %'313 +323), and e3 = %(—%312+Bl3 +Bz3) are idempotents
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satisfying 3(e| + e + e2) = 4ep and the relations
ey *e; =e;, ei*ejzé(ei+ej—ei,\j), 1<i#j<3 (12.18)

where i A j is the unique element of {1, 2, 3} distinct from i and j. From (12.17) it follows that (B, ;, B;x) =
16/9 and so, for 1 < i # j < 3, |eg|* = 48/5, |e;|*> = 64/15 = (e, e;), and {e;, e;) = 32/45. These
norm calculations together with the relations (12.18) show that the subalgebra Span {ei, es,e3} C
(MCy (V*), %) is the 3-dimensional algebra based on the Fischer space with one line {1,2,3} and
having parameters y = 512/15 and § = 2/3 defined by Matsuo in [26, Sections 3.2and 3.3]?; this
algebra is denoted M ({1, 2, 3}, %, R) in the notations of [15].
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