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Abstract

The topologies of the density type in Euclidean space of dimension higher than one are introduced.
Definitions are based on a notion of density point connected with a set of sequences of real numbers.
Our purpose is to study properties of these topologies and connections between them.
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Following an observation that the notion of a density point (see [6]) of a measurable
subset of the real line can be described by using a fixed sequence {n},en, Filipczak and
Hejduk [1] introduced the notion of a density point of a measurable subset of the real
line with respect to a fixed unbounded and nondecreasing sequence of positive reals.
They proved that this notion coincides with that of a classical density point if and only
if the sequence in question tends to infinity not too fast.

We wish to investigate a similar notion, but on the plane and in Euclidean space
of dimension higher than two, where, even in the classical case, the situation is more
complicated (see [5, 6]). We shall use differentiation bases consisting of intervals of a
special type.

We begin by recalling some basic definitions. Let £, stand for the family of all
Lebesgue measurable sets on the plane and let 1, stand for two-dimensional Lebesgue

measure.
We say that a point (xg, yo) € R? is an ordinary density point of the set A € £, if
and only if
. A(AN([xo — h, xo + h] X [yo — h, yo + h]))
lim =1.
h—0t 4h2

We say that a point (xg, yo) € R? is a strong density point of the set A € £; if and
only if
i 2AN0(x0—h. xo+h] x [yo—k. Yo+ kD) _

1.
h—0+ k—0+ 4hk
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Obviously if (xg, yp) is a strong density point of A then it is also an ordinary density
point of A, but the converse need not be true.

As usual, let ®y(A) denote the set of all ordinary density points of a set A € £, and
let ®;(A) denote the set of all strong density points of A € L.

For brevity, let R((x, y), a, b) stand for the rectangle (x —a, x +a) x (y—b, y+b),
where x, y e R, a, b e R4, and S((x, y), a) := R((x, y), a, a).

Let S be the family of all unbounded and nondecreasing sequences of positive reals.
Sequences {s;, },en € S are denoted by (s). We divide S into two sets:

S = {(s) €S : lim inf —" :0}

n=>00 Sptl

and

Sp =8\ S = :(s) €S : liminf -~ >o}.

n—oo S71+1

DEFINITION 1. Let (s), (t) € S. For A € £, we define an operator

. MANRNx, y), 1/s,, 1/t,))
P (4= {(x’y) €R%: lim = Z/synzn : 21}'

It is well known (see [6]) that the fact that (x, y) belongs to ®¢(A) is equivalent to
the fact that

li kz(AﬂR((X»)’), hnakn)) _
im =
n— 00 4h,k,

for each pair of sequences of positive numbers {%,}, N, {kn}nen tending to O and for
which there exists a number « € (0, 1) (called the parameter of regularity) such that
o < hyk;! <a”! foreachn e N.

With the latter we introduce a relation between sequences from S.

Let (s), (t) € S. We say that (s) is regular to (¢) (written (s) reg (¢)) if there exists
anumber « € (0, 1) such that ¢ < s,,tn_1 <a ! foreachn € N.

Here are some elementary properties of this relation.

1

PROPERTY 2. The relation reg is an equivalence relation in S.
PROPERTY 3. If (s) € S; and (t) € Sp then (s) cannot be regular to (z).

PROPERTY 4. Let (s), (t) € S, (s) reg (¢) and put k;,, = max(s,, t,) for n € N. Then
(k) reg (s).

Just from the definitions and the condition equivalent to the definition of an ordinary
density we get the following proposition.

PROPOSITION 5. For any A € L5,

[ P (A) = Do(A).
(s),(r)eS

(s)reg(r)
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COROLLARY 6. Forany A € L, and for any (s), (t) € S such that (s) reg (t),
D(A) C DPs)(r) (A).

Let (n) denote the increasing sequence of all natural numbers.

PROPOSITION 7. Forany A € L»,
D (ny(n) (A) C Do(A).

PROOF. Let A € £5 and (x, y) € ®()(n)(A), that s,

. M(ANS((x,y), 1/n))
m =
n— 400 4/n?

1. (1)
Let {h, },en be a nonincreasing sequence tending to 0. Set
1 1 — 1 1
h,=max{—-:keNA-<h, and h,=min{-:keNA->h,
k k k k

for n € N. Then the quotients %,/ h, and hy/hy tend to 1. Since

) —
b ma(ANS((x, y), k) 2 (AN Sx y), ) hy 22(A NS, Y)a))
hi 4n’, B 4 T 4,

n n

)

Equation (1) gives

i M (AN S((x, y), h))
1m =

1. O
h—0+ 4h2

COROLLARY 8. Forany A € L),
Do (A) = Py (A).
PROPOSITION 9. For every (s) € S, (u) € S and for every A € L»,
D (5y(5) (A) C P yy(uy (A).

PROOF. Let (s) €Sy, (u)eS, Ae Ly and (x,y) € Pyy)(A). Denoting the
complement of A by B, we assert that lim,,_, ; 5o A2(B N S((x, y), l/sn))/(4/s,%) =0
and lim inf,, s 4 o0 Sy /Sn+1 =g > 0.

Let € > 0. There exists ng € N such that for every n € N, n > ng, we get

A (BN S((x, y), 1/sn)) g’ sn g
<e€- Z and >

4/5% Sn+1
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such that s, < uy < s,41. Thus

A (BN S(x, ), V) _ 22(B N S(x, ), 1/sn))

There exists ko € N such that s, < ug,. Fixk € N, k > ko. There exists n € N, n > ny,

4/uf - 4/(sn41)?
 aBNS( ), ) (sar) | g2 4
= 3 . < €.+ — - _2 — E,
4/s5 Sn 4 g
S0 (X, ) € Puyu)(A). 0

COROLLARY 10. For every (s) € S4, (u) € Sg and for every A € L5,
D 5y(5) (A) = Do (A) C D yy(uy (A).
COROLLARY 11. Forevery A € L5,

[ Py (A) = Po(A).
(s)eS

PROPOSITION 12. Let (s) e S. If ®(5)(A) = DPo(A) for every Ae Ly then
(s) e S+.

PROOF. Let (s) € So. By [3, Theorem 3] there exists ¥ C R such that O is not a
density point of Y and

li MY O (=1/sq, 1/54))
m =
n——+o0o 2/sp

1.

Define

A= |J @y y)x[=y, yDU A=y, y] x {=y, D).

yeYN[0;+00)

By [3, Corollary 2.7] the set A cannot have 0 as its ordinary density point on the plane.
Analysis similar to that in [3, proof of Theorem 2.6] shows that (0, 0) €
q)(s)(s) (A). Od

Summarizing, we have the following theorem.

THEOREM 13. Let (s) € S. The set of ordinary density points of A is equal to
D (5y(5)(A) for every A € L, if and only if the sequence (s) belongs to S,.

We are led to the following stronger version of Corollary 11.

PROPOSITION 14. For every A € L5,

[ Ps)is)(A) = Po(A).
(s)€So
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PROOF. One inclusion comes from Corollary 10.
To show the second one, suppose that there exists a point (x,y) €

ﬂ(S)ESo CI><S>(S)(A) \ CD()(A). Then

lim i A (AN S((x,y), h))
im inf <

1,
h—0t 4h2

hence there exists a sequence (s) € S such that

1. )\Z(AHS((xv }’)7 l/sl’l))
m <

1.
n—-+00 4/s,%

We choose a subsequence (f) C (s) such that (t) € Sg. Thus

)VQ(A N S((X, )’), l/tn)) <1
n—-+00 4/t,%

’

50 (x, y) ¢ ®sy(s)(A), which is a contradiction. O

We wish to investigate whether we obtain something different by considering
rectangles described by sequences.

PROPOSITION 15. For every (s), (t) € S; such that (s) reg (t), @y (A) C Po(A)
for every A € L».

PROOF. Let A € Ly, (s), (t) € Sy, (s) reg {t). Put k, = max(s,, t,) for every n € N.
It suffices to prove that @) (A) C Py (A), since Properties 4 and 3 show that
(k) € S and D 4y (k) (A) = Pp(A), by Theorem 13.

Suppose that there exists a point (x, y) € @)1 (A) \ Py (A). Let B:= R? \ A.

Then
5 A(B N S((x, y), 1/ky))
im sup 5 >
n— 400 4/ k;

so there exist y > 0 and a subsequence {k,, };en of {k,} such that

M (BN S((x, y), 1/ky))
m =
I—+00 4/k,2”

07

From this there exists /g € N such that for every [ € N, [ > [,

J2(B NS ). 1/kn)) _ ¥
4/k,%l 2"
Hence
b2(B O R, ). s Yiw)) | 3a(BOSW 3. k) o 5 Y32
4/ (S tn;) 4/ ks, kn,  kn,
and (x, y) ¢ @) () (A), which is a contradiction. O
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COROLLARY 16. If (s ) € St and (s) reg (t), then ®o(A) = P 5y (1)(A) for every
A e L.

PROPOSITION 17. Let (s), {t) € Sy or (s), {t) € So. If D511y (A) = Po(A) for every
A € L5, then (s) reg (t).

PROOF. Let (s), (t) € Sy or (s), (t) € Sp. Assume that (s) reg (¢) fails, that is, for
every o € (0, 1) there exists n € N such that (s, /1) <« or (s, /t,) > (1/a). Therefore
there exists a subsequence {n}ren such that {s,, /#, }ken tends monotonically to
+00 or to zero. We will assume that the second case holds, for the first case is
analogous. We will assume additionally, by choosing a subsequence if necessary, that
Snper > 28n-

Define a function f : (0, 1/2s,,] — R, where f(1/2s,,) =1/t,, forn e N and f
is linear and continuous on the intervals [1/2s,,,, 1/2s,, ], k € N.

Since for every x € (1/2s,,_,, 1/2s,,) the quotient f(x)/x is between

SA/25n) _ Zsme g S A/ 2sn0) 28,

’

2sn, — tn, /28,4, Injesr
it follows that
fim £ _o.
x—0t X
Set
A=[—1, 1P\ {(x, ) :x € (0, 1/25,)) Ay € (0, f(x))}.
Then
M(ANI=h P 302+ hh=f0) | f)
4h? 4h? B 4h

for h — 0%, so (0, 0) € ®o(A). However,

1 1 1
A ((R2\ A) N RO, 0), 1/sn, 1/t)) = = - — - —,

2 Sp My

therefore (0, 0) ¢ ®5)()(A). Thus we have found a set A for which @ (A) #
Dp(A). O

Summarizing Corollary 16 and Proposition 17, we have the following theorem.

THEOREM 18. Let (s), (t) € Sy. The set of ordinary density points of A is equal to
D (5y(1)(A) for every A € Lo if and only if (s) reg (t).

PROPOSITION 19. For every A € L5,

[ P (A) =D5(A).

(s).(r)eS
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PROOF. Let A € £,. By the Heine definition of limit, each point of strong density
of A belongs to ® ) (A) for every (s), (t) € S.

Suppose that there exists a point (x, y) belonging to ﬂmmes D (5y(1) (A) but which
is not a strong density point of A. Hence there exist decreasing sequences {k, },cn and
{hn}nen tending to O such that

M(ANR((x,y), hn, kn)) <
n— o0 4h,ky,

Thenfor s,=1/hy, t,=1/k,, n€N, we obtain (x,y) & Py (A), which is a
contradiction. O

1.

PROPOSITION 20. For every (s) € S there exists (t) € S which is not regular to
(s) and there exists a set A € Lo such that the difference ® y()(A) \ )1y (A) is
nonempty.

PROOF. Let (s) € S. Define t, := s,% for n € N. Then (t) is not regular to (s). Set
A:={(x,y):y>x>Vy<—x?}. Itis clear that
M(ANR(O0,0), 1/sy, 1/52) 2
4/s3 KR
50 (0, 0) ¢ P5)(1) (A). o

(0,0) € P(A) C Dy5)5)(A) and

PROPOSITION 21. For every (s) € S there exists (t) € S which is not regular to (s)
and there exists a set A € Lo such that the difference ® 51y (A) \ ®o(A) is nonempty.

PROOF. Let (s) € S. Define t,, :=n -s, for n € N. Then (t) is not regular to (s).
Moreover, (t) € Sy if and only if (s) € So. We choose a subsequence {t,, }xen C
{tn}nen such that 7, | > 21y, . Set

A=[-1, 117\ (11 /28, 1/1,, 1P

keN

and denote by B the complement of the set A.
We now consider two cases. If 1/t, € (1/2t,,, 1/t,,) then

,\BmR(OO)11 <1 1+1 Ly
2 T s, ty Tty 2y, th 2y,
< 1 1 )(1 1 )
+ e —_
tnk l‘nk I 2tnk
11 N 1 1 2+ 1 /1 1
tn 2y, th 2t 2t \In 2t

Y

It 1/t, € (1/tn,,,, 1/2ty,) then B N R((0, 0), 1/s,, 1/1,) C [0, 1/1,1%.

IA
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Therefore
}(BNRO.0). sy /1) _ (/1) _ 1

4/sptn — 4/spty 4n’

SO (0, 0) € CD(S)(t)(A).
The point (0, 0) is clearly not an ordinary density point of A since

1
(BN S0, 0), 1/t,,)) > Z(l/tnk)?

This concludes the proof. O

After a slight modification of the last proof we can obtain the following proposition.

PROPOSITION 22. For every (s) € Sy there exists (t) € S, which is not regular to (s),
and there exists a set A € Ly such that the difference ® 5y (A)\ P5y(5)(A) is
nonempty.

PROPOSITION 23. For every (s) € So there exists (t) € S, such that (s) reg (t) and
there exists a set A € Ly such that the difference ® (5)(5)(A) \ @ s)(r)(A) is nonempty.

PROOF. Let (s) € Sp. Define ¢, := 2s, for n € N. Then (s) reg (¢). Let {s,, }ren be a
subsequence of (s) such that

lim —m 0.
k—+00 Sp;4+1

Set

1 1 2 1 1 2
B = U — s X — , — U , .
keN Snp+1 Sng+1 Snp+1 Snp+1 Snp+1 Snp+1

Let € > 0. There exists ko € N, such that for any k > ko we have s, /sp,+1 < V€/2.
Set k(n) :=min{k € N :s,, > s,} and choose ng for which k(ng) > ko. Then for every
n > no,

22(B NSO, 0), 1/5n) _ 8(1/sngg 1)’ _2( i )2 .
4/s2 - 4(1/s,,k(n))2 '

so, denoting by A the complement of B, we get (0, 0) € @5y (A).
Since for every k € N,

snk(n)-i-l

1 1

M (BN RWO0,0), 1/sppv1, 1/tn41)) =2+ ,
Snp+1 Ing+1

then
i A2(BNR(0,0), 1/sp, 1/12))
im sup > 0.
n—+00 4/sptn
Therefore (0, 0) ¢ @ (5y(1)(A). O

PROPOSITION 24. For every (s) € So there exists (t) € S such that (s) reg (t) and
there exists a set A € Ly such that @ 5y, (A) \ Psy(5)(A) # 0.
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PROOF. Let (s) € Sp. Define 1, := (1/2)s, for n € N. Then (s) reg (¢). Let {5, }ken
be a subsequence of (s) such that limg_ o0 Sp; /Sn,+1 = 0.
Set

1 1 1 1 1 1
¥ (e er o] B (Bt erd Ml Evertiwrd ) ).
keN Snp+1 Sng+1 Snp+1 2Snk-i-l 2snk+1 Snp+1

and let A be the complement of B.
For every k € N,

A (BN SW0,0), 1/sp+1) = 2/sp,+1,
hence
i A (B NS0, 0), 1/s,))
im sup >

2 O’
n—+00 4/5,,

$0 (0, 0) ¢ @ 5)() (A).

Let e > 0. There exists ko € N such that for any k > ko we have (s, /sp;+1) < v 2€.
Set k(n) = min{k € N:s,, > s,} and choose ng for which k(ng) > ko. Then for every
n > no,

}2(B O RO, 0). 1/sw, 1/1) _ 4+ (U sngiD)? 1 ( Sn(k) )2 .

4/spty 8/s2 2\ Snggm+1

Therefore (0, 0) € @ 4y(1)(A). O
We have considered connections between operators ® () depending on sequences

(s), (t) € S. Now let us mention general results on such operators.

PROPOSITION 25. Forevery (s), (t) € S and for every A € L; the set ® ) )(A) is an

Fys set.

PROOF. We first observe that

o 0

A AﬂR s ,1 n’l " 1
o= UN :(x, yy R2ANRC D), Vs 1))y _}
k=1

4/sntn =k

m=1 n=m

for every (s), (t) € S and every A € L.
Since for a fixed n the function
AM(ANRW(x, y), 1/sp, 1/1,))
4/spty

is a continuous function of (x, y) the set

= A (ANR((x, y), sy, 1/t 1
ﬂ{(x,y): 2( ((Z/sy)t /sn> 1/ ))21__}

n=m

is closed, so @5y (A) is an Fy5 set. O
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THEOREM 26. For every (s), (t) € S and for every A, B € L;:
(1) @) =0, Dy (R?) =R?;

Q) Py (AN B) = D5y (A) N Dyiry (B);

3) A~B = O\ (A) =Dy (B);

4) A~ (A),

where A ~ B means that \o(A A B) =0.

PROOF. (1), (2) and (3) are obvious. (4) is a simple consequence of the inclusion
D (A) C D51y (A) (Proposition 19) and the fact that the operator ®; is a lower
density operator (which means it satisfies conditions (1)-(4)). d

We now recall results presented in [4]. Let (X, S, I) denote a measurable space,
where S is a o-algebra of subsets of X and [ is a proper o-ideal of S-measurable sets.
The space (X, S, I) is said to have the hull property if whenever A C X, there is a set
BeSsuchthat ACBandif ZeSand AC Z,then B\ Z € 1.

For every lower density operator ® on Slet 7 :={A €S: A C ®(A)}.

THEOREM 27 [4]. Let (X, S, I) be a measurable space having the hull property.
Then for every lower density operator ® the family Ty is a topology on X.

For every (s), (1) € S we define a family 7(5) () :={A € L2 : A C ®5)()(A)}. Since
the assumptions of the last theorem are fulfilled 7)) is a topology on the plane.

For a deeper discussion of properties of this type of topology following from the
properties of the operator, we refer the reader to [2].

We will need only one additional property of general lower density operators.

THEOREM 28. Let ®1, @, be lower density operators in a measurable space
(X, S, I). Then Te, = To, if and only if &1 = P,.

PROOF. Sufficiency is obvious.

Suppose that 7o, = 7, but that there exists a set A €S such that ®1(A) \
®,(A) =0. Since P is a lower density operator, ®1(A) belongs to 73, and, by
our supposition, belongs also to 7¢,, which means that ®;(A) C ®(P1(A)), but
AADI(A)el, so Pr(A) = DPy(P1(A)). Therefore ®1(A) C P(A), which is a
contradiction. O

By virtue of the above theorem and the properties shown earlier we get relations
between topologies 75y, (s), (t) €S.

THEOREM 29.

(D Nesy.wves Tisywy = To, where To denotes the ordinary density topology on the
(s)reg(r)
plane.

@) Nisyes, Zisrs) = To-
(3) Forevery (s) € S, Ti5)(sy = 1o if and only if (s) € S4.
(4) Forevery (s), (t) € St Ti5y(y = 1o if and only if (s) reg (t).
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(5) ﬂm’ nes Lisywy = Ts, where T denotes the strong density topology on the plane.

(6) For every (s) € S there exist (p), (t) €S which are not regular to (s) and such
that Tis)(s) \ Tisy(e) 7 ¥ and Tis)ip) \ Tisyis) 7 9.

(7) For every (s) € Sy there exist (p), (t) €S such that (t)reg (s), (p)reg (s),
Zisyis) \ Lisyiey 7 0 and Tisyp) \ Tisy(s) 7# 9.

Here are some natural properties of the 7 () topologies. Property (5) from the
next theorem makes property (2) from the previous theorem more interesting since the
topology 7y is invariant under similarity but, as we will see, 7(s)(s) for (s) € Sp is not.

We will use the following notation: for A € R? and x, y € R, write A + (x, y)
for {(a+x,b+y):a,be A}, —A for {(—a, —b):a,be A} and (x,y)-A for
{(xa, yb) :a, b € A}.

THEOREM 30. For every A € Ly and for every (s), (t) € S:

(1) foreveryx,yeR, if A €Ty then A+ (x,y) € Tisyiry;

2) ifA € Ts)(t) then —A € ,T(s)(t);

(3) foreverym, p € R, suchthat |m| > 1and|p| > 1,if A € Ti5y() then (m, p) - A €
Lisy ey

(4) for every A € Lo and for every (s), (t) € S; such that (s) reg (t) and for every
meR \ {0}, ifA € TS)(,) then (im, m) - A € Zs)(t)f

(5) forevery (s) € Sy there exists a set A € L, A € Ti5)(5) such that for everym € R,
Im| < 1, the set (m, m) - A does not belong to 1) s).

PROOF. Properties (1)-(4) follow from the definition of the topology 7 () and
Theorem 29 point (4). We give the proof only for (5).
Fix (s) € Sp. Let {sy, }xen be a subsequence of (s) such that

Sny

lim =0.

n—oo Sl’lk+1

Let

o0 1 1
X = U[ , :|
k=1 Snp+1 A/ SnpSnp+1

As was mentioned at the beginning, the one-dimensional version of a density
topology with respect to a fixed sequence was considered in [1]. The definitions of
the operator @) and the topology 7, for the fixed sequence (s) are analogous to
those in the two-dimensional case so we omit them.

The set ¥ := (R \ X) U {0} belongs to 75y (see [1, proof of Theorem 3]).

Define

A= =y, y) x[=y, YD U A=y, ¥] x {=y, y})).

yeV\R_

An analysis similar to that in [3, proof of Theorem 2.6] shows that A € T(y)(s).
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For m = 0 it is obvious that (m, m) - A & T(5)(s).

Without loss of generality we assume now that m € (0, 1).

Let ko be a positive integer such that /sy, /sy, +1 <m for k > k. Then the set
m - Y,,, where

o0 1 1
Yo =R\ X,)U{0} and X, := |: , i|,
m \ m m kL:_go Snp+1 /SniSni+1

does not belong to 75 (see [1, proof of Theorem 4]) and, again following ideas
from [3, proof of Theorem 2.6], we get that the set

(m, m) - [ U =y y x =y, yD U=y, y1 x {-, y}))]

ye¥\R-

does not belong to 7(s)(s), so neither does the set (m, m) - A. a

The next theorem expresses the connection between 74 (;) and the product topology
Zisy x Ty

THEOREM 31. For every (s), (t) € S the product topology Tisy x Ty is contained
in Zs)(@)-

PROOF. Let (s), (t) €S and let E € 75 x Tyyy. Fix any point (xp, yo) € E and
a subsequence {ni}xen of the sequence of all natural numbers. Define Ry :=
R((x0, y0), 1/snys 1/tn;).

Since E € Ty x 1y, there exist sets A, BCR, suchthat Ax BCE, xpe AC
@y (A) and yp € B C ®;)(B). Therefore for every € > 0 there exists ko € N such
that for every natural k, k > ko,

M ((=1/sni, 1/sp) \ A) -
2/snk

M1/t Vtn) \ B) €

and .
2/5n, 2

NS EQ

Since
PNE C ((=1/sns 1/sn )\ A) X (= 1/t 1/10))
U(=1/$ues /) X (=1/tn, 1/ty )\ B),
it follows that

2 2 2 2
MRN\E) <5 — =+ = 5. 2 = (R,
2 Sup by S 2ty

Hence (x9, y0) € ®(5)¢) (E). O

THEOREM 32. Forevery (s) € Sp and (t) € S the topologies Tisy x Tiyy and T5) ) are
different.
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PROOF. Let (s) € Sp and (t) € S. Then 7(5) C Ty (see [1]). Define G := R\ A)U
{(0, 0)}, where A = {(x, x) : x € R}. Then G € Ty is a set of full measure. If G €
sy x iy then there exist sets A € 75y and B € 7y such that (0,0) € A x BCG.
Let C:= AN B. Then C is nonempty and C is open in 7, so C \ {0} cannot be
empty. Then (C x C\ {(0,0}) N A #0, but C x C C G, which is impossible, so
G € Tty \ Tisy < Tr)- O

For the sake of simplicity we have presented all results in R? but they can be easily
generalized to Euclidean spaces of dimension higher than two. In R™ we consider

sets of m sequences from the family S: {(s?): p € {1, ..., m}}. For such a set we
can define a density operator which for measurable set A C R™ is the set of all points
(x1, ..., x;) for which

A (AN ey — 1/sh, xp + 1/s)) X oo X (o — 1/sp, X + 1/500))

I.
n—+00 am gl .. gm

Following Saks (see [5]), a set of sequences {{s”) : p € {1, ..., m}} will be called
regular if there exists a positive number o such that
)4

min ¢ 1,...m} Sn
mitgetmn

Having defined these notions we can prove theorems analogous to the two-dimensional
case. The same line of reasoning applies to higher-dimensional versions.
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