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Abstract. We study Gevrey classes of holomorphic functions of several variables
on a polysector, and their relation to classes of Gevrey strongly asymptotically
developable functions. A new Borel-Ritt-Gevrey interpolation problem is formulated,
and its solution is obtained by the construction of adequate linear continuous extension
operators. Our results improve those given by Haraoka in this context, and extend
to several variables the one-dimensional versions of the Borel-Ritt-Gevrey theorem
given by Ramis and Thilliez, respectively. Some rigidity properties for the constructed
operators are stated.
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1. Introduction. A holomorphic complex function z+ f(z) on a sector S in the
complex plane with vertex at 0 admits s-Gevrey asymptotic expansion, given by the
(formal) series Y . a,,z™, as z tends to 0 if and only if the derivatives of / are subject to
s-Gevrey type bounds on proper subsectors of S. In this case, a,,, = lim._,¢ %f "(z), sO
that Y > a,z™ is an s-Gevrey series. Conversely, for sectors Sy of suitably small
opening 6, the Borel-Ritt-Gevrey theorem (see [11], [8], [1, 2.2.1]) guarantees the
existence of s-Gevrey holomorphic functions on Sy having an arbitrarily prescribed s-
Gevrey asymptotic expansion. Thilliez [13] has obtained a similar result, which may be
seen as a linear continuous version of the Borel-Ritt-Gevrey theorem, by constructing
an extension operator from the space of Gevrey series into the space of functions whose
derivatives admit Gevrey-like bounds uniformly on all of Sy (see Section 3).

Regarding functions of several complex variables, the concept of strong asymptotic
developability given by Majima [6, 7] resembles the one-variable definition in the sense
that, for a function f holomorphic on a polysector S C C" with vertex at 0, to be
strongly asymptotically developable amounts to the boundedness of the derivatives
of f on proper subpolysectors of S (cf. [S, 12]). The asymptotic behaviour of f is
determined by the family TA(f), consisting of functions obtained as limits of the
derivatives of f when some of its variables tend to 0. Haraoka [3] studied this concept
for Gevrey functions of several variables, and gave two interpolation results starting
from Gevrey data of the same type as

FA(f) = {fa = lim iD"‘f(z)} C TA()).

oaeN"
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However, in general, for a function f strongly asymptotically developable the
knowledge of FA(f) does not allow one to recover TA(f). Therefore one should
consider an interpolation problem taking as initial datum a family F of the same type
as TA(f) and subject to natural conditions that ensure there will be a function f with
TA(f) = F. As far as we know, no such problem has been studied in the case of Gevrey
functions.

The main purpose of this paper is to give the solution for a new interpolation
problem of the said nature by means of the construction of linear continuous
extension operators. Theorem 3.4 extends the result of Thilliez for one variable
functions [13, Theorem 1.3] to the case of several variables. Though our statements
remain valid for polysectors in R”, where R is the Riemann surface of log(z), we restrict
our attention to polysectors in C”.

After giving some notation (Section 2), the problem and its solution are stated in
Section 3. For o € (0, 00)", s € (1, 00)", a polysector Sg C C" of opening 0 € (0, 27 )"
and a Banach space E, we consider the space W3 (Sg, E) of holomorphic functions
f:Se — E such that

Iflle == sup ID%/ ()N < +0o0

zeSg, aeN” (a!)so-a

Its relation to spaces of functions s-Gevrey strongly asymptotically developable is
studied. For f € W3 (Sg, E), we denote by TA°(f) the family consisting of those
elements of TA(f) in n — 1 variables. TA°(f) uniquely determines TA(f), satisfies
certain coherence conditions, and their elements are subject to special Gevrey-type
bounds. This leads us to define the appropriate data space G2.(Sg, E), so arriving at
the main result in this paper, Theorem 3.4.

Section 4 is mainly devoted to the proof of this theorem. We first obtain a
result (Theorem 4.1), similar to that of Thilliez [13, Theorem 1.3], for vector valued
functions of one variable. The technique, elementary and completely different from
that of Thilliez, is based on Ramis’ one [11, 8], which allows a suitable study of the
bounds; it is also amenable to the determination of the behaviour of the interpolating
function in the special case where the space E in which it takes its values is of the
type W3(Se, E) (Lemma 4.3). Now, the fact that the spaces W((Z’:})(Sg x Uy, E) and
WE(Se, WE(U,, E)) are isomorphic (Proposition 4.2), combined with a repeated
application of Theorem 4.1 and Lemma 4.3, lets us apply a recurrent argument
on the number of variables to obtain Theorem 3.4. As another consequence of
Proposition 4.2, we give, in this context, a linear continuous version (Theorem 3.3)
of the first interpolation result proven by Haraoka [3, Theorem 1.(1)]. See Section 3.

We emphasize that the consideration of vector valued functions in this paper
makes no difference as to the difficulty of the proofs; it is only due to the need for the
isomorphism just mentioned.

Finally, some rigidity properties for the different extension operators are stated in
Section 5. Annihilation conditions are given on the extending functions that assure the
initial data are null. We adopt the setting of the problem from the work of Thilliez [13]
and obtain similar results for functions of several variables. While Thilliez’s method
rests on a theorem of Paley-Wiener type dealing with Schauder bases, this does not
seem to apply here, and the main result in this Section, Theorem 5.2, is based on the
direct proof that a certain operator is invertible (Lemma 5.1).
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2. Notation. For neN={0,1,2,...}, n>1, put N={1,2,...,n}. Let
a=(x,a,...,0,), B=(B1,B2...,6:) € N" be two multiindices, m € [0, 00),
t=(t1,t,...,t,) €[0,00)" and z = (21, 22, ..., z,) € C". We set

a+B=(a;+Bi,a2+ B, ....an+ By, mt=(mt;,mty, ..., mt,),

) = ) +ar + -+ - + ay, al=olay! !,
a<fB&a <BVjeN, a<fB&a <pVjeN,
()
1=(,1,...,1), e=@0,...,1,...,0),
|29 = |2]% = |z1]"" |z2]* - - - |2] ", z*=z'z oy,
PLe glel
(a7

a2 0z{1025% -+ 3z
If J is a nonempty subset of N, the number of elements of J will be #J.

Consider, for j=1,2,...,n, an open sector S; in C with vertex at the origin,
given by

S;={zeC:0; <arg(z) <0y} (0 <6y —01 <2m).

Any cartesian product S = ]_[]'4’:1 S; C C" of open sectors in C with vertex at 0 will
be called an (unbounded open) polysector in C" with vertex at 0.

We say a polysector 7" in C" (with vertex at the origin) is a proper subpolysector
of Sif T =[], 7y with 7; C S;U{0},j = 1,2, ..., n. For convenience, polysectors of
the form

04
Sg:{z=(zl,...,zn)e(C”:|Arg(zj)| <5",j=1,...,n}

will be mostly considered. We say that 8 € (0, 27)" is the opening of Sg.

If J is a nonempty subset of N and z € C", we write z, for the restriction of z to J,
regarding z as an element of CV. Let J and L be nonempty disjoint subsets of N. For
zy € C’ and z; € CL, (z;, z1) represents the element of C’V. satisfying (2, z1); = 2,
(zy, z1)L = zr; we also write J/= N — J, and for j € N we use j instead of {j}’. In
particular, we shall use these conventions for multiindices.

Finally, if S = [}, Sy, is a polysector of C", then Sg, = [];.; Sy, C C’.

3. Preliminaries and results on extension operators. Let (E, ||||) be a complex
Banach space, 8 € (0, 27)", s € (1, 00)" and o € (0, c0)". Denote by W3 (Sy, E) the
complex vector space consisting of the holomorphic functions f: S¢ — E such that

e s D@L

zeSg, aeN? (a!)SUa

W2(Se, E), |I-lls) is a Banach space. For instance, we note that, in the simpler case
E = C, non-constant polynomial functions do not belong to any W3 (Se, C), while
functions such as ¥, given by

() =Texp (=),
j=1

belong to W2(Sg, C), for suitable o, whenever 6 < (s — D)x.
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Let f € W2(Se, E). Since all its derivatives are bounded on Sg, Barrow’s formula
implies that they are Lipschitzian. Hence, for ¥ # J C N and a; € N/ (respectively, for
J =N and ay = a € NV = N") we can define a function from Sg,, to E (respectively
a constant in E) by

] D(es.0y) D=
Jfo,(zy) = lim 7f(z) resp. fo = lim /(z) (1)
z;—>0 ay! z—0 o!
ZJESQJ ZESQ

The limit is uniform on Sg, whenever J # N, which implies that fo,, € W5 (Se, , E).
If we adopt the convention that W5, (Se,., E) = E, we also deduce that for every
@ +#J C N and oy € N/ we have

Vo loy < (s)* o511 fllor- 2)
In this way we may associate with f a family
TAo(f) = {fa, ;0 #J C N, ay e N},

that we call the derived family for f. The limits in (1) being uniform, we obtain the
following result.

PROPOSITION 3.1. (Coherence conditions.) Let f € W3 (Se, E). Then, for every pair
of disjoint nonempty subsets J and L of N, ay € N’ and o € N,

e P CT))

z.—0 OLL!
ZL€S3L

Zf(aj,a,_)(z(JUL)/); 3)

the limit is uniform on Se,,,, whenever J U L # N.

JUL)Y

Hereafter, we shall say that a family

F={fa, e W (Se, . E):0 #J CN, ay e N},

oy

or briefly F = {f,,}, is coherent if it satisfies (3).
Denote by A2 (Sg, E) the complex vector space of the holomorphic functions
f:Se¢ — E such that there exists a family

TA(f) = {fa,;0#J CN, ay e N},

where fo, is a holomorphic function from Sy, to £ when J # N, and f,, € E when
J = N, satisfying the following condition: if we define

Apa(TANE) = Y (DT Y~ fa,(z0)2, aeN', zeS,,

g#ICN BreN’
Br=say—1;
then
If (2) — Appa(TA()))(2)]
Mo(fy= sup VEZApTANEN @
zeSg, acN" (a) o%|z|
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TA(f) turns out to be unique, and will be called the total family of strongly asymptotic
expansion associated to f. The subfamily {fo, =fa € E:ax € N"} C TA(f) will be
denoted by FA(f).

We note that when n =1, given s > 1 and 0 € (0, 2r), we have /' € A’ (Sy, E) if
and only if there exists a family TA(f) = FA(f) = {a, € E: m € N} (or, equivalently,
a formal power series Z,C;o:o a,z™) such that

lr@ - X0 a0

zeSy, meN (M!)‘Y710m|z|m

< 4+00.

In this situation we write f ~ > 0" a,z".

Some remarks are in order. The concept of strong asymptotic developability was
established by Majima [6], and Haraoka [3] adapted it to the case of Gevrey functions.
In the present context, Haraoka’s definition would read as follows: a holomorphic
function f: Sg — E is s-Gevrey strongly asymptotically developable as z tends to 0 in
Se (we write f € A%(Sg, E)) if the suprema in (4) above, when taken over each proper
subpolysector T of Sy and for a suitable o = o(T), are finite (and depend on 7).

With a similar change in the definition of the space W3 (Sg, E) we obtain a new
vector space, W*9(Sg, E). Haraoka [3, §1, Proposition 3] proved that the following
statements (with £ = C, but this makes no difference) are equivalent:

(1) f € A%(Se, E);

(i1) f € W*(Sp, E) and [ is strongly asymptotically developable as z tends to 0 in
Sg (in the sense of Majima).

Indeed, the assumption in (ii) that f be strongly asymptotically developable is
removable, as it can be easily deduced from Theorem 3.2 in [12]. In our situation we
immediately obtain the following result.

PROPOSITION 3.2. (a) W3 (Se, E) C AZ(Se, E) and, for every f € W3 (Se, E), we
have TA(f) = TAo(f) and Mo (f) < |flls. Also, for every @ #J C N and oy € N/,
Ja, € AZ (S, , E); moreover, by Proposition 3.1,

TA(fo) = TAv(fo}) = {fiarp: 9 # L C J', B C N*).

(b) For every ¢ € (0,00)" with ¢ <0, denote by R,f the restriction to S,

of functions f defined on Sg. Then, there exists ¢ = (cy,...,c,) € (1,00)", where
¢j = ¢j(0;, @), such that R, (AL(Se, E)) C W, (Se, E) and, for every f € AZ(Sq, E),
[Rof llce < Mo (f). Here, co means (101, .. ., Cy0p).

For n > 1, let us define

S - ldal
FU(E) = { a = {da}aen: Vol(a) = 21:11\?" W

< ~|—oo} .
(T2(E),vs) is a Banach space. Note that whenever [ € W3 (Sg, E) we have
FA(f) e T2(E) (we trivially identify families and multisequences), and the map
J:W3(Se, E) = I'S(E) sending f to FA(f) is linear and, by (2), continuous, with
|71l < 1.1Incasef € A*(Se, E) we have FA(f) € I'2(E) for some o € (0, c0)".

The following interpolation problem arises: given a € I'S.(E), find a holomorphic
function f: Sg — E that belongs to some of the Gevrey spaces considered and such
that FA(f) = a.
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Forn = 1, Ramis[10, 11, 8] (see also [1, Proposition 2.2.1]) showed that, whenever
6 < (s — 1)m, the problem is solvable in A*(Sy, C). Haraoka generalized this result to
higher dimensions [3, §2, Theorem 1.(1)], as follows.

If 6 < (s — )7, then for every a € I'S(C), there exists /" € A®(Sp, C) such that
FA(f) = a. Their methods rely on the use of the one- or multi-dimensional finite
Laplace transform; no explicit information is given on the relationship between o and
the constants o7 in (4) corresponding to each proper sub(poly)sector 7" of Sy.

Also, for n = 1, Thilliez [13, Theorem 1.3] proved thatif 6 € (0, 27),0 < (s — 1),
then for every o > 0 there exist constants ¢ = ¢(0,s) > land C = C(0,s,0) > 0,and a
linear operator T, 9: 'S (C) — W2 _(Sp, C) such that forevery a € I';(C), T T, 0(a) = a
and || T,.6(@)|lcs < Cvy(a). The reason why 6 < (s — 1)7 in this result is that bounds
for the derivatives of the solution need to be uniform on all of Sy. The technique now
rests on results on continuous extensions in ultradifferentiable classes of functions;
see [2].

We shall obtain the following generalization for functions of several variables.

THEOREM 3.3. Let s € (1,00)" and 0 € (0, 27)" with 0 <0 <(s — 1);t. Then there
exist ¢ = c(s,0) = (ci(s1,01), ..., cu(sn, 0n)) (1, 0)", C=C(s,0)>0 and, for each
o €(0,00)", alinear map Ty 9:T5(E) - W5 _(Se, E) such that, for every a € T3(E),
we have

j(Ta',Q(a)) =da, ” To’,@(a)”ca < Cva(a)'

As we said before, regarding functions of several variables, one should consider
the following question: is it possible to interpolate starting from the whole
family TA(f)? As far as we know, the only result of this type was proven by
Haraoka [3, §2, Theorem 1.(2)]. Under the additional hypothesis that a € T'2(E)
satisfies some convergence conditions which make it possible to obtain a whole family
F = {fo,} by means of the relations

By
fa/(z-/') = Z a(alvﬁj’)z‘]’J ’

By eN

the existence of a function f € 4%(Sy, C) such that TA(f) = F is proven.
We now give the framework needed to answer the previous question in the
affirmative. For n > 1 and /' € W2(Se, E) we call

TA(f) = {fon, € Wi (Se,. E):j € N, m € N}

the first order family associated to f. It consists of those elements of TA(f) inn — 1
variables. For convenience, we write f;,, instead of f,,,. TA(f) is coherent and so T4°(f)
satisfies the following first order coherence conditions.
For every L C N consisting of at least two elements, every a; € N* and every
j, £ € L, we have
- D(O‘L*V’*OL’)]‘ja,(z/) _ i D(OLL—(HaOL’)ﬁW(ze,).

b
zr (=0 aL_{j}! zry—0 O(L_{@}!
zL’(/)GSeL—(/) zL_(g)ESQLi(“

the limits are uniform on Sg,, whenever L # N.
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TA°(f) determines TA(f) uniquely. Conversely, if we consider a family
F* = {fim € W3, (Se,. E):j € N, m € N}

under the first order coherence conditions (we shall say that F° = {f,,} is a coherent
first order family), we may construct in a unique way a coherent family F = {f4,}
whose first order subfamily is F°. (For details, see [12].)

Moreover, for f € W3 (Sg, E) we have from (2) that

Uimloo € Ta(Wal (So,. E)). vo,({fimboo) < I1fle (€ N).

Thus, we are led to define the space GZ(Se, E) consisting of the coherent first
order families G = {f;»,} such that, for every j € N, G; = { f;im}3°, € F?}Z(Wﬁj’/ (Se,, E)).
Setting No(9) = supjey v5;,(G)), (G5(Se, E), No) is a Banach space, and the map
J1:W2(Se, E) — G2(Se, E) sending f to TA®(f) is linear, continuous and || J;] < 1.
As a converse, we shall obtain the following linear continuous version of the generalized

Borel-Ritt-Gevrey theorem for functions of several variables.

THEOREM 3.4. Given s € (1, 00)" and 0 € (0, 27)" with 8 < (s — 1)x, there exist
a constant vector ¢ = c(s, 0) = (c|(s1,61), - .., cu(Sy, 6y)) € (1, 00)", a constant C =
C(s, 0) > 0 and, for each o € (0, 00)", a linear operator

Us,0: G5 (Se, E) — W, (Se, E)
such that, for every G € G2.(Se, E), we have

x7l(U0',0(g)) = g and ” Ua,G(g)”ca < CNO'(g)

4. Proofs for results in Section 3. We recall that in the one-dimensional case the
families TA(f) and FA(f) coincide.

THEOREM 4.1. Let s € R, s > 1, S={z € C:|Arg(2)| <min(zw, (s — 1)3)}, and E a
complex Banach space . Then, for every o > 0 there exists a linear operator T,: T3 (E) —
A*(S, E) such that, for every a € T3(E), we have TA(T(a)) = FA(T,(a)) = a; for every
0 € (0,2m)with6 < (s — l)m, there exist c = c¢(s,0) > 1 and C = C(s, 0) > 0 such that,
Jor every 0 > 0, Ty 9 = Ry o T, maps T'S(E) into W, (Sy, E), J o T, is the identity
map on T'S(E) and

ITo6(@llee < Cvo@)  (a € TH(E)).

In the above Ry denotes restriction to Sy.

Proof. The technique being well-known, we only sketch the procedure and the way
bounds may be determined.

Take k= (s—1)"! > 0. From Stirling’s formula, including Binet’s function
[4, Theorem 8.5b], and the inequality ¢ < d?e'~?, where t,d >0, one obtains
constants cy(s) = co(k) > 1 and ¢;(s) = ¢1(k) > 1 such that

(p!)l/k

1+ 2
r(1+2) LUD ey pen. @

< co(k)(kl/kez”)p, W <
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Given a = {a,}%_, € '3 (E), the series Y . r(laj;m)zm is seen to converge for |z| <
13

Ry = ﬁ, and it defines there a holomorphic function ¢; we take R = 2E%Rg < Ry
and define the function 7, (a) by

R
n@@=§/¢@ww#wz@e&
0

T,(a) is holomorphic from S to E (principal values are considered).

The equality
ka]:o #:_Ié)e’k/zktkl di=2z" (peN),
and the splitting
mel
M@=§Fﬁfgf+WW@(mzu
=

lead to the following decomposition:

m—1

To(a)2) = ) a2 = fi(2) = fo(2),

p=0

where

k R k sk
ﬁ@=;£€4“WHWMﬁ

m—1

k% kg 4p
fr(2) = —/ ey <4t1’ dt.
2 Zk R I; r (1 + %)

Standard estimations, together with (5), show that, for every 6y € (0, 27r) with
0o < (s — 1) and for every z € Sp,, we have

2CO(k)Cl (k) €4HU " s—1ym
Mmsmwamew)W)mmm

and

2@ =

2C0(k)€1(k) ( 2@4710'

" s—1 m
cos(kfy/2) (COS(kGO/z))l/k) (m!)* 2| s (a).

Hence, we obtain

m—1
To(a)(2) = Y apy’

< 4C0(k)61 (k) ( 2@4”0'
p=0

m - i
~ cos(kfy/2) (cos(k@o/z))l/k) (M) |z|"vg (@)
= C(s, Bo)(ca(s, Bo)a )" (m)* 2| v, (a),

so that T (a) € A%(S, E), TA(T;(a)) = a, Tsq,(a) € A7, (S, E) and M), (T, 6,(a)) <
C(s, Oo)vs(a).
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Given 60 €(0,27) such that 6 <(s— 1)z, it suffices to take 6=
%(9 + min(27, (s — 1)7r)) and apply part (b) in Proposition 3.2 to conclude that there
exists c3 = ¢3(6y, 0) = c3(s, 0) > 1such that, if we put ¢ = ¢(s, 0) := ¢(s, 6y)c3(s, ) and
C = C(s,0) := C(s, 6p), then

Ta,G(a) € ng(SOv E) and ” Ta,@(a)”z,’a =< Cva(a)s

as desired. O

Explicit expressions for ¢(s, 6) and C(s, 8) may be given.

We note that one can obtain a linear continuous version of the classical Borel
theorem for Gevrey C* functions on R by applying Theorem 4.1 (once or twice,
according to whethers > 2or 1 < s < 2) on sectors of suitably small opening. Although
this version has already been given by Petzsche [9, Theorem 2.1], our solution has the
particular feature that the extension operator provides functions analytic on R — {0}.

The next result is not difficult to obtain and will be decisive when it comes to going
from the one-variable problem to the case of several variables.

PROPOSITION 4.2. Let Sg and V., be polysectors of C" and C™, respectively, E a

Banach space, o, 7 € (0, 0)", and s, t € (1, 00)". Then, the map

FeWE (So x V. E) —> f* € Wi(Se. We(Vep. E)).

(o, T
defined for every z € Sg by [*(z) = f(z, -), is an isomorphism. We have |f*(z)|+ <
I o, m) If*lle = Ifllo,) and, for every o € N", B € N™,

DPf(z,w) = DP(Df*(2))w) (2, w) € Sp x Vo). (6)

As a first application of this result we shall prove Theorem 3.3.

Proof of Theorem 3.3. We apply induction on the number of variables n. The case
n = 1 has been already solved. Suppose the result holds for n — 1 variables, n > 2. We
take o € (0, 00)" and a = {aq}aen € TE(E).

Fix m € N and consider a,, = {a(n.p)} gey - We recall that 1" = {2,3,...,n}. It is
clear that a,, € I'5!,(E) and

Vo, (am) < (M)~ 07"vg (a). (7)

By the induction hypothesis, there exist ¢ = (ca(s2, 62), - . ., calsu, 0,)) € (1, 00)",
Cy = Cy(s, 0) > 0 and a linear map
Ty 0, T3 (E) — WEI, (S, E)

Ccyoy

such that

j(Tal/,Ol/(am)) = Um; ” To-]r,O]r(am)” <Cy Valr(am)~

cyoy

Put £, = Wcsl‘,'al, (Se, , E); taking into account (7) we see that

b={Ts,.0,(am)} ., € T3 (E1) and vy, (b) < Crvg(a).
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The one-dimensional result ensures the existence of ¢; =c(s1,60;) > 1, C =
Ci(s1,61) > 0 and a linear map 7o, 6,: [J1 (E1) — W, (Se,, E1) such that

€101

\7(T(rl,(91 (b)) = b, || Tmﬂl (b)” = Cl Vo, (b)

c oy —

If we take ¢ = (c1, ¢1/), we have by Proposition 4.2 that Wels, (Se,, E1) and W3 _(Se, E)
are isomorphic. We define T, g(a) € W2_(Se, E) as the function corresponding to
T5, .0,(b) via that isomorphism, so that

I To.6(@llco = | To.0,)| . < Civg,(b) < C1Crvg(a) = Cvy(a).

c1op —

Finally, observe that TA(7, ¢(a)) is coherent and (6) holds, so that for every a =
(m, B) € N x N we may write

D*(Ts .1 . DTy, 0,
lim D¥Tool@)z) _ lim —DP( lim —( 0 (0) ) (z1)
z—0 a! zy—0 ! z1—0 m!
. D'B(Tc 0 /(am))(zl/)
as desired. We conclude that 7 (T, g(a)) = a. O

Before proceeding to the proof of Theorem 3.4, we need some information on the
behaviour of the one variable solution when it takes its values in a Banach space of the
type W3 (Se, E).

Let E be a Banach space, n > 1, s € (1, 00)", o € (0, 00)" and 8 € (0, 2)" with
0 <(s—Dm;letz>1,7>0and p € (0,27) with p < (t — 1)m. Suppose that for
every u € N we are given a function f,, € W3 (Sp, E) in such a way that = {fﬂ}fzo €
I OW3(Se, E)). Take £ = (1 — 1)~!, R = (2¢*"t£!1/%)~1. By the proof of Theorem 4.1,
we know that the function H* = T, ,( f): S, = W3 (Se, E), given by

H*(w) = i/R ifi“ﬂ‘ e 1 = gy,
ot Jo = r(1+%)

belongs to W;(t_p)r(sp, W2(Se, E)), for sui.table ot,p) > 1, and J(H*) = {fu:pn €
N}. Hence the function H:S, x S¢ — E given by H(w, z) = H*(w)(z) belongs, by

Proposition 4.2, to W(t;(st,p)rsa)(Sp x Sg, E) and, for every a € N”, we have

DY H(w, z) = D*(H*(w))(2)
_ b4 R > Do‘fﬂ(z) |
== /0 ,; mz“ e L. )

LEMMA 4.3. If, for every m, u € N, and j € N, we have

}/IE}) D"¢if,(2) =0 uniformly on Se,

ZJES(.)].
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then, for everym € Nandj e N

lirr}) DOme) H(w, z) = 0 uniformly on S, x Se, .
Z‘/{ESU/-

Proof. By (8) we have
DO H(w, z) = D"/(H' (@))(2)

L[S 2 ) et v,
0
o Jo \*3 T (1+%)

Given ¢ > 0, there exists o € N such that, for every u > ug, every z € Sg and every
t € [0, R], one has

DL

< €.
"
W=1o r (1 + l)
Since
Zliir}) D"%f,(z) =0 (u=0,1,..., 00— 1),
;//ESQ/
uniformly on Sg/_,, there exists § > 0 such that whenever z = (z1, 22, ..., z,) € Sg and

zj € Sp, N Ds(0) we have

r(1+4%)

3
ID"fu@ < — = =01 o = D).

Hence, for every z € S with z; € S, N Ds(0) and every o € S,, we have

R | ||Ho—1 ;
| DO H(w, 2)| < ﬁ /0 Y DuE)

Tty
i Dmef'fp_(z) i

1
— exp (—t‘&)’t (—)) Lt
i T+ ) ] o'
¢ (R o (] -1
<2 — exp| —t'N| — 1 dt
lwl® Jo o8

14 o0 Lo/2
< 2¢ —e/ exp (—tZ%p/)) =V dr
lwl® Jo 2]

2¢ ¢ /OC o —u'\ p 2¢
=—— — | u U= ————,
cos(tp/2) 1ol Jy P jalf cos(€p/2)
and the proof is complete. O

Proof” of Theorem 3.4. Let G ={fju:je N, meN}eG5(Se, E) be given.
We know that G = {f1,,}°°, € Fj‘](Wf,"(Sgl,,E)). By Theorem 4.1, there exist

m=0 v

+
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Ccl = Cl(Sl, 91) > 1 and Cl = Cl(Sl, 91) > 0 such that

To‘1 ,01 (gl) = HP]* nglm (Se] ’ 0'1’ (Sel/ ’ E))
oo
HY ~ > fiZy and  [HY| < Crvg, (G)).
m=0

By Proposition 4.2, the function HU given by HU(z) = HI™(z))(21/) belongs to
WE o1 oy(So. B), and [HW |, ) = [H M [leio,. Put Ji(HU) = (i)} for every

(cro1,0p
zy € S, we have

Wz = tim 2R

z21—0 m!
ZIESgl
(=) @)
~ i ULLEED
z1—0 m!
Z|ES91

Let us consider the function ng* given by
HW(22)(z2) = H(z2, 20) (22 € Sp,. 22 € So,).

By Proposition 4.2, Hy]* € W,2(Se,s Wicio1,0,5)(Se,» E)) and

Hgl]* Z h[l m

m=0

From the coherence conditions for G and 7, (H!!) we have that, for every m, k € N,

Do (o — ) (z2) Dk (fi — K1) (z10)

lim = lim =0.
z1—=0 m! 23—0 k!
Z1 ESgl ZZESQZ

Since g € G2(Se, E), we have Go = {fom}or_, € T (W;i’/ (Se, , E)); on the other hand,
(L) er2OW? (Se,, E)). Hence

2mIm= 0 (c1o1,07( 2y)

{f2m h[ ] } ery (W(ii,m,o'n,z)’)(sez' ’ E))’

and we can apply Theorem 4.1 to obtain constants ¢; = ¢y(s2,6;) > 1 and C; =
C5(s2, 02) > 0 such that the function

177 ,0 ({me - 2m}m:0) = ng Wclzm (ng, W(sc*;/al O1,2y (SGZ/ ’ ))’

and

HEF ~ Z Som — WD)z | HE oo, < Covan({ Fom =3} ). )

m=0
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Proposition 4.2 implies that H[Z], given by HZ(z) = H¥(z,)(z2), belongs to
w3 )(Se, E), and [|H®|(10,.c00. = ||H[2]*||C2,,2. Observe that if we put

(c101,0202,0 {1 7)/
Ji(H?) = ]m} by the previous Lemma and (9) we have

o1 y)

h[2]

1m

=0, h[zzrly, =f2m h[ ]

2m

(m € N).

2]
1, we have

Now, FPI = gl + HP is in Wiior.ca00.011 ,(Se, E) and, if Ji(f) = {;

c

Sim 2l = fjm, for j = 1,2 and m € N. Consider the function F; 2 defined by
J

ngl*(23)(z3/) = FP(z3, z3) (23 € Sp,, 23 € ng,).

According to Proposition 4.2, ng]* € W;;(Sgg, W(C]m,6202,0“'13),)(593,, E))and

2]* Z f32] m

From the coherence conditions for G and J; (/') we have that, for every m, k € N and

forj=1,2,
D"e; _ [2] = Dkez m . Z
N VT (GO Bl 0/ /1) (O NN
z;—0 m! z3—>0 k!
€Sy 23€Sp,

As G € GJ(Sg, E), we have Gz = {fan}on, € '3 (Wﬁi’,(SgB,, E)); on the other hand,
{fé,ﬂ}m 0 € 1"53 (WS3/ )(Sgg,, E)) so that

(€101,0202,07 5 3y

{fém _f3[fr1 }Z‘lo:() € F:Ti (W(i‘:;,ﬂl,(‘gﬂa o2, 3,/ (Sei’ ’ )) :

We can apply Theorem 4.1 and obtain constants c¢3 = c3(s3,603) > 1 and C;3 =
C3(S3, 93) > 0 such that

‘73 03 ({f3m - }m 0) H[3 Wgzo'z (S93’ W(i?/al,(3202,0'(],2,3,/)('593/ ’ E))’

and
o0
[3] {2] [3]
HY ~ 3 (S =S A NH |y < Cova({fon = finlo)- (10)
m=0

Again by Proposition 4.2, the function H¥ given by HUl(2) = HY™(23)(z3) satisfies

[3] [3] [3]*

H € W(Sclﬂl36262»6’3033(1‘2‘3)')(Se’ H ||(¢]o'1 €202,0303,07(1 2 3)) “ ||¢;a3'

If 7y(H®) = (4]}, then the previous Lemma and (10) imply that

jm

=0 (j=1,2, meNy;

Jm
A = fi =B (m e N).

3m
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Hence FP* = FI 4 HPlbelongsto WS, . o o 12y (Se. E),and if we put 7 (f Bl) =
];[3]} we have ];Ef) =fim, for j=1,2,3 and m e N. After the necessary steps,
we would obtain a function F = F"l = U, ¢(G) solving the problem. Indeed, the
construction shows U, g is linear and sends G5(Sg, E) into W3_(Se, E), with

c = (ci(s1,01), - .., cn(Sy, 6,)) € (1, 00)"; moreover, J;1(Us.0(G)) = G. Finally, we can

write
”H[I] Hco- — ”H ! ”(clal o) = ” [l]* Hq(rl
< C1vy,(G1) < CINs(G);
||H[2] || co = || H[Z] ”(qal 202,07, 2) || 2]* ||c’2<72

=G UU2({f2m - [1] }m O) G (vm(g2) + Vg, (‘_7(1‘1[1]*)))
< (N (9) + ||H[1 leor.on) < (1 + CHCNG(G);

and inductively,

j—1
H [I] H((lal ..... OO,y ql_[(l + Ck) No’(g)
k=1

Hence, we have

i K

k=1

|| ”(clal ..... ¢joj, o1 ”)

k=1
J k—1
<Y GJJ0+CoNe©)
k=1 =1
J
= <H(1 +C) ) #(9)
k=1

and, in particular,

1Us.0(@lco = |F™M],,,

< (1‘[(1 +Cy) - 1) No(G) = C Ny (9),
k=1
where C = C(s, 0) > 0, as desired. O

5. Rigidity properties. In order to study the rigidity of the operator T,
constructed in Theorem 3.3, we shall depart from the setting in Thilliez [13, §2].
Letn>1,s e (1, )", o € (0,00)", and define

F;O(E) = {a = {ta}aen: o € E, lim ﬂ — 0} )

lal—oo (al)s~ 1o
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Obviously we have I'; ((E) C I'5(E), and (I'] ((E), vs) is a Banach space. For 0 €
(0,27)" with 8 < (s — l)n consider

H3(Se. E) = [/ € W, (Se, E): T(f) € T'; o(E)},

where ¢ = (c¢(s1,01), - - -, cu(sn, 6,)) € (1, 00)" is the constant vector in Theorem 3.3;
on this space we define the norm

If1l5 = fllee + va (T ().
(HZ(Se, E), |I-lI5) is a Banach space, and its subspace

Fy(Se. E) = {f € Hy(Se., E): T (f) = 0}
is closed, so that the quotient space L2 (Se, E) = H5(Se, E)/F2(Se, E) is a Banach
space, with norm

Iflo = inf |If+glls = vo(T(f)+ inf I Felleo

geF5(Se E) gers(Se,

o

Let 51 H3(Se, E) — L (S, E) be the canonical map. It is clear that the map J
induces a well-defined map J: L3 (Se, E) — I'] ((E), which indeed is an isomorphism,
with inverse 7, o Ty 9. Foreverya € I'? o.0(E) we have

1T o = |75 0 To 0(@)lo < 1 To0(a)ll;
= To.0(@co + Vo (T To0(a) < (14 C)ve(a),
so that | 7|l < 1 + C, where C = C(s, 6) € (0, 00) is the constant in Theorem 3.3.
The map P,: HZ(Se, E) > H3(Se, E), defined by Py = T5 90 J, is linear and
continuous.

Suppose that, for every o € N”, we choose zo = (z(l) cee z(a")) € Sp. Consider the
map K: L2 (Sg, E) — E' given by

K(f) = { DX (Pof )(za)}

aecN!

K is well-defined. Under suitable conditions on the points z, we shall prove that K is
“sufficiently close” to 7.

LEMMA 5.1. Suppose that there exists k € (0, 1) such that
k

j:ZI \Zg)|(0[] + I)S/CjO'j < m (O{ (S N”)

Then the range of K is contained in T'® S(E)and K admits a continuous inverse.

Proof. Fix a € N" and feLs (S, E). The a-coordinate of J(f) equals
D"‘(P £)(0), so that for the distance d, between it and the a-coordinate of

lC(f ) we can write

da

1
—1P%(Pof)(za) = D*(P/ )OI

1 'S 4
=— / E:D‘”ef(Paf)(tza)z(o{)dt
(8 4] 0 <
J=1
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< Lo/ lea ”Po-f”ccr Z| (])|(a+e)'s(ca_)a+e,

IA

aC(s, O, (Tf)a!®(co)™ Z |2g)|(aj + 1)¥¢jo;

j=1

n
> 2l + D70 | @t 1o o

j=1

IA

By the hypotheses we find that do, < (1 + C)"'k(a!)* o™ |f|(,, so that

Ao
ve (Kf — Jf)—jlgl}g (o Tga = 1Jrclfl

It is now clear that IC(Lj(Sg, E)) C TZ(E), and that K: L2 (Sg, E) — T'2(E) is linear
and continuous with
1 1
< p .
I+C 7 17

. . k
K—-J| < <
l I < s
The Banach isomorphism theorem lets us conclude that K admits a continuous
inverse. O
We shall now give a result about the rigidity of the extension operators 7 g.

THEOREM 5.2. Suppose that there exists k € (0, 1) such that

" - k
D] (e S < — n
jEZI |Zo/( |(Ol] + 1)V¢j0; < C 1 Opcm (a e N,

Ifa € T3 ((E) is such that D*(T4 pa)(za) = 0, for all « € N", then a = 0.

Proof. Observe that the conditions on @ amount to Ky o T -.0(a)) = 0; by the
previous lemma, this implies that 7, o T g(a) = 0, and so

a= \7 9] To-,e(a) = j(ﬂa o TU,B(a)) = 07
as desired. O

When n = 1 the theorem reads as follows.

THEOREM 5.3. Let s > 1,0 > 0and 0 € (0, 2n) with6 < (s — ). Suppose that we

are given a sequence {z,,}°_, of points in Sy such that there exists k € (0, 1) with

k
<
Il = e T Oy & Tyen

(m e N).

Then, if a € T'; ((E) is such that (T, 9@)"™(z,,) = 0, for every m € N, we have a = 0.

As a consequence we obtain the following result.
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COROLLARY 5.4. Let s, 0, 6 and {z,,}5_, be as above and ¢ € [(s — 1)m, 21). Suppose
that a function f € Wi(S,, E) satisfies

JfeTSW(E)  and  (TopTf)™(zm) =0, foreverym e N.

Then, we have f = 0.

Proof. By the Hahn-Banach Theorem, it suffices to prove that ¢ o f = 0, for every
¢ € E'. The previous result implies that 7 = 0 and so the same holds for the complex
function ¢ o f € W;(S,, C). Watson’s lemma implies that ¢ o /' = 0. O

We come to the study of the rigidity of the operators U, g. Let n > 1, s €

(1, 00)", o € (0,00)" and 0 € (0, 2)" with 6 < (s — 1)z. Define G, ((Se, E) as the
set consisting of the families G = {fj} € G2.(Sg, E) such that
lim Il]3"’”'&:0 (Gj=12,...,n);

m—00 m!sj_lo'jm

equivalently, G = {fin} € G5 ((Se, E) if and only if G is a coherent first order family
and, foreveryj=1,2,...,n, we have

G = {fimbpmo € T2l ¢(Wer: (So,.» E)).

In the following result we use the same notation as that in the statement and proof of
Theorem 3.4.

THEOREM 5.5. Let G € G ((So. E) and let HY HRCHW be the successive
Sfunctions obtained on constructing Uy o(G). Suppose there exists a set of complex
numbers {Zjm}jeN men such that

(i) for everyj € N and every m € N, z;, € Sy,

(i1) there exists k € (0, 1) with

k
o, Ci(1+ Cm + 1y

(je N, meN),

|ij| =

(iii) for every j and m, D€ (HV)(z;, -) is identically zero on Se,. Then, G is the null
Sfamily.

Proof. Recall that HU(z) = H'™(z))(21),V 2z € Sp, where H\'™ = T, 4,(G)). For

j = 1,and according to (6) in Proposition 4.2, condition (iii) means that (H 51*])’”)(2 Im) =

0. Conditions (i) and (ii) allow us to apply Theorem 5.3 to conclude that G, is the null
family. 7, 5, being linear, we have H\'"* = 0, and also HJ = 0 = H.', 50 that we have

in fact h[zlfll =0, for every m. Then,
1
{me - h[z,l,};o:o = {me}fy;() = g27
and ngl* = Ty, 0,(G2); we may repeat the preceding argument to obtain G, is the null
family, and so on. O

The following lemma will readily lead us to an easy corollary of the previous
result.
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LEMMA 5.6. Let s and o be as usual and let ¢ = (@1, . .., ) € (0, 27)" be such that
there is j € N with ¢; > (s; — D). If f € W3(Sy, E) and J1(f) is the null family, then f
is identically zero on S,.

Proof. It suffices to fix an arbitrary element 2 € Sy, and show that the function
f(-, zy) admits the null series as 5;-Gevrey asymptotic expansion at 0 following S,,. The
opening of this sector being large, we may apply Watson’s lemma to conclude that this
function is identically zero. O

COROLLARY 5.7. Let s, o and 0 be as usual and let o = (¢, ..., ¢,) € (0, 27)" be
such that @ < o and there exists j € N with ¢; > (s; — ). Suppose that f € W2(S,, E)
satisfies conditions (a) and (b).

(a) Its restriction to Sg, sayf, is such that .71(/;) € G2 ((Sq, E).

(b) Let HM HPI _ HM pe the successive functions obtained on constructing

Uy o(T (/; ). There exists a set of complex numbers {zjm}jeN men Satisfying conditions
(1), (i1) and (iii) in Theorem 5.5.
Then, f is identically zero.
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