MAPS OF CERTAIN ALGEBRAIC CURVES INVARIANT
UNDER CYCLIC INVOLUTIONS OF PERIODS THREE,
FIVE, AND SEVEN
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1. Introduction. In earlier papers (4; 5; 6), certain space curves, invariant
under cyclic involutions of periods three, five, and seven, have been mapped.
Lucien Godeaux (2; 3) in 1916 mapped plane cubic curves, invariant under an
involution of period three, onto a cubic surface in ordinary three-space. Mlle.
J. Dessart (1) in 1931 mapped plane quintic curves, invariant under an in-
volution of order five, onto a fifth order surface in a space of four dimensions.

This paper concerns itself with the mapping of plane septimic curves, in-
variant under the cyclic involution

~ <2 ~7
T Xt xhxh = x 0 Exs: E'xgwhere E' = 1,
onto a linear space (S;) of five dimensions.

The general system of plane curves of order seven is, in general, non-invariant
under the transformation T'. It can be split up, however, into seven invariant

curves: 6

(1) Z A Ci = 0,
i=0

where

7 3 3 2 3 2 5 7 7
Co = vox1 + v1X1Xa%3 + 02X1%2X3 + U3X1X2Xs + vaXe + UsXs,

4 3 3 2 2 2 4 6 6
C1 = uoxX1xs + w1X1%2%5 + UsX1XX3 + UsX1Xe + UaXaX3,

C: = uoxixaxs + wixieins + 1oxins + wux1x§ + wsxis,
Cs = uoxixs + uyxixaxs + wsxiny + usvixan) + waxins,
Cs = uoxixaws + uixixs + upeiv] + waeons + 1axoxs,
Cs = umcfxg + upci‘xg + uzxfxgx‘; + ugxlxgxg + 144x3x§.
Co = woxtes + uyeies 4+ usxiesny + ugeixsxs + wexsxs.

The (1,1) correspondence between the «% curves of Cy and the hyperplanes
of S5 defines the transformation
Xo X1 Xz X3 _ {4 _ :X_’é

@ Xo_ &K, A X
~ 7 — 3 3 - 2 3 2 — : 7 7 .
X1 X1X9X3 X1X9X3 x;xg’xg X9 X3

By eliminating the x;'s from these equations, one gets for the new surface
F the equations

3)

Received September 25, 1952,

HX1 Xo Xy XoXs|| _

X, X; X, X}

92

https://doi.org/10.4153/CJM-1954-011-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1954-011-6

CURVES INVARIANT UNDER CYCLIC INVOLUTIONS 93
This surface F is the branch point surface in S; of the transformation.

2. Harmonic homology. A careful study of the invariant curves C,, shows
that the homography
Q Vit Y2l Y3 = Xz X2 X1
in the plane containing the involution I;, is a harmonic homology of centre
A(xs = 0,x1 + x3 = 0) and with axis ¢ (x; — x3 = 0). This homology trans-
forms 0, (1,0,0) into O; (0,0,1), O; into Oy, and 0. (0,1,0) into itself. Further-
more, the homology also transforms the totality of curves C, into Cy, C; into
Cg, Co into Cs, and C;into C..

This harmonic homology corresponds in S; to the harmonic homology

Xo _ X _ X Xy X4 Xs
Y5— Yl— Yz— Ya_ Y4—- YU

with centre at 4’ (X;1 = X; = X3 = X4y = 0, Xy + X5 = 0) and axis the
hyperplane a’ (X, — X5 = 0). This homology transforms the surface F into
itself.

Ql

3. Image curves. We will designate by T', the hyperplane sections of F,
which correspond to the curves C,. Likewise, I';, T';, T3, T4, T's, and T are
the curves on F, which correspond, respectively, to the curves Ci, Co, Cs, Cq,
Ca, and Ce.

By the indicated homology, then, these curves are transformed as follows:
T goes into itself, T'; into T, T'; into T's, and T3 into Ty.

It is observed that any curve from the system C; (: = 1, 2, . . ., 6) intersects
a curve from C, in forty-nine points, forming seven groups of the involution /5.
It follows, therefore, that T'; (z = 1, 2, . . . 6) will intersect T’y in seven points,
making the curves T'; of order seven.

The equations of T’y are

X1 Xo X35 XoXs (—usXs)
X, X3 X4 Xf (ll()X1+u1X2+u2X3+u3X4)

In the equations of the remaining T';, the matrices differ only in the last column.
For¢ = 2,..., 6 the last columns are, respectively:

(—usXs), WoX1 + wiXo + u:X3 + 43X5); (—urXo X1 — u2XoX5),
(X7 + waX 1 X2 + X oX1); (—usX 1 X5 — uaXoXs), X1 + wiX 1 Xz + u:X1X5) ;
(u1X0), (weX o + w2 X1 + usXo + usX3); (—uoXo), (X1 4 w2Xo + us X3 + uuXy).

o

4. Branch point O)’. To point O; on the plane corresponds on F the point
0,'(1,0,0,0,0,0). The singularities of this point will now be studied. Consider
the family (%) of curves from the system C,, passing through the invariant
point O;. The equation for this family of curves is
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(4) vixdeaxs 4 vairind 4+ vy + vaxg 4 vgxs = 0.
Applying to equations (4) the quadratic transformation

U X1t xh Kb =21 22 202

and simplifying, we get

(5) 21(01%5 + va2a%; + vszhzs + vazs) + vezhzs = 0.

This shows that to the point O; (the first order neighbourhood of O, on
x3 = 0), corresponds the triple point (2, = z; = 0) for the curves (5).

In order to obtain the points, infinitely near 0,’(1,0,0,0,0,0) on F, which
correspond to the points infinitely near the point (z; = 2z; = 0), it is necessary,
first, to project the surface F from the point O, onto the hyperplane X, = 0.
This gives the independent equations

Fy XiX3 = X5, XoX4=X5 Xo=0,

and the dependent equation
X1 X4 = XX

Itis noted that the plane X, = X, = X; = 0 satisfies the independent equations,
but not the dependent equation. Thus F; must be a cubic surface (1).

Second, apply the transformation U to the transformation (2) in which X, =
0 and obtain the simplified expression

Xl X2 X3 X4 X5

Since one is interested in approaching the point (2 = 23 = 0) from all
directions, let 23 = kz, and substitute in the last equations. Let 2, approach
zero, which implies that X5 = 0. Eliminating %2 from the resulting equations,
one obtains the cubic cone

(6) X X;=X5, XoXi=X35 Xs=0.
This cone intersects F; in a twisted cubic curve
(11) XiXs =X XoXe=2X3 Xo=2X5;=0.

This shows that the points of the first order neighbourhood of the point (z; =
z3 = 0), as well as the points in the domain of the first order neighbourhood
of Op., correspond projectively to points of this cubic curve. The points of
this curve are projections of the points infinitely near Oy’ and on the cubic
tangent cone to F at the point Oy'.

Applying now the quadratic transformation

2
14 X1 1 X5 x5 = 21 2923 : 2123
three times, successively, to the curves (4), one gets
21 14 3 5 7 6_10 7156
(7) 21 (V122 + vs33) + 0221 2223 + 03212223 + vaZa23° = 0.

This shows that to Oi333 in the third order neighbourhood of O; on x, = 0
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corresponds simply the point (22 = 23 = 0). Thus, the curves (4) pass simply
through Oi3, O133, and Oy333 on the line x, = 0.
Transforming the curves (7) of the z-plane to S; by (2) with X, = 0, we

obtain
Xl X2 X3 X4 X5
1T = TT33.8 = 75,10 = 715 = 91 -
21 2o 21 2923 212233 2933 21 33

Again substitute z; = kz, and allow g, to approach zero, obtaining
8) Xs=kX:, Xo=X;=X,=0.

It follows, therefore, that to the points infinitely near the point O;33; cor-
respond projectively on the surface F; the points on the straight line

(3.1) X0=X2=X3=X4=0.

This also means that the points infinitely near Q1333 correspond to the points
infinitely near the point Oy’ on F and lying in the plane

(9) X2=X3=X4=O.

This plane is tangent to F at the point Oy’.

We have now established the fact that to the invariant point O, of the in-
volution I, corresponds on the surface F a branch point Oy, which is a quad-
ruple point. The quartic tangent cone at this point has degenerated into a
cubic tangent cone (6) and the tangent plane (9).

Moreover, the cubic curve v, and the straight line ¢; have in common only
the point

X0=X2=X3=X4=X5=0,

which is designated by 0/'(0,1,0,0,0,0).
The cone (6) and the plane (9) have in common only the straight line

(10) Xe=Xs=X,=X;=0.
Hence, the tangent plane is also tangent to the cubic cone along this triple
line.

5. Images of curves C; at Oy. The curves of the system C; have triple
points at the invariant point O,. Each branch is tangent to the invariant
direction x3 = 0.

Applying the transformation U to the curves C; gives

7 3 2 2 3 4 6
11) 21 (%033 + 12233 + u23233 + usz2) + 42223 = 0.

These curves have a triple point at z, = 33 = 0, and the tangents to the
curves at this point have the equations

3 2 2 3
U023 + U12223 + U22323 + uszy = 0.

Thus, the point Oy,, in the first order neighbourhood of Oy, is triple. Hence,
there are three simple variable points in the first order neighbourhood of Oi,.
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To approach the point (22 = 2z; = 0) along the curves (11), one substitutes
23 = k2, into their equation and allows 2, to approach zero. It follows that

7, 3.3 2 3 3 3 6_10
z1(uok 2y 4+ wik"2s + uskzs + wuszy) + usk'zs = 0,
or

si(uok’ + wik® + sk + uy) + usk’zy = 0,

and hence
(12) uok® 4+ Wik + usk + uy = 0.

One has learned earlier that the points in the first order neighbourhood of
012 project into the points of the twisted cubic curve 1. Any one member of the
system C; has three points in the first order neighbourhood of O;s, and their
projections on F; are therefore on the twisted cubic curve v;. The three values
for k, found by solving equation (12), will locate the three points on v;.

Assume that the roots of (12) are ¥, £/, and &’"’. The three points then have
the coordinates:

(Ql) (Oy k’ay k,zt k’y 1» O)
(Q-) 0,7 k" k" 1,0)
(Qs) O, %" K" k" 1,0).

So the equation of the plane, 0:10Q:Q3, can now be written as
wolX1 + nXo + X3+ u3Xs =0, Xo=Xs=0.

These results show that the images, designated by T, of the curves C,
mapped upon the surface F, have a triple point at O/, and the tangents to the
curves at this point are the intersections of the cubic tangent cone (6) with the
hyperplane

woX1 + urXo + uXy + 13Xy = 0,

When the curves T'; are projected from Oy’ upon the cubic surface F,, the
equations for the curves, now designated by I'y’, become

X1 Xg Xg (_u4X5)
X Xy X, (u0X1+111X2+1L2X3+11?X4)

X0=0y

-0

and are of order four.

The same general procedure is then applied to the remaining systems of
curves Cy, C3, C4, Cs, and Cs to complete the study of the behavior of these
curves at the branch point Oy’.

The existing harmonic homology permits one then to deduce the behavior
of the same curves at the branch point O3 (0,0,0,0,0,1).

To analyse the systems of curves C; (: = 0, 1, 2, . . ., 6) at the branch point
04(0,0,0,0,1,0), it becomes necessary to project the surface F onto the hyper-
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plane X, = 0 from the point O4'. New quadratic transformations must be used,
and they are

2
w, X1: X2 : X3 = 2133 22 . 2933
and

2
R, X1: Xg ! X3 = 2132 : %2 Z1%3.

6. Summary. The results of this paper show that the image of a plane
cyclic involution of period seven may be taken as a surface of order seven in a
linear space of five dimensions. The surface has two quadruple branch points,
whose tangent cones are formed by a cubic cone and a plane. The surface has
also a third branch point, which is a binode infinitely near to two binodes not
on the surface.

There exist on the surface six linear systems (=*) of twisted septimic curves.
One system, T';, passes triply through one of the quadruple points, with the
three tangent lines lying on the cubic cone; T'; also passes simply through the
other quadruple point, with the tangent lying in the tangent plane at that
point. Finally, T'; passes simply through the binode, with its tangent line in
one of the two tangent planes at this point.

A second system, T'¢, has the same characteristics as I';, only the roles of
the two quadruple points and the two tangent planes at the binode are
reversed.

A third system, T, passes triply through one of the two quadruple points,
with two tangent lines on the cubic cone and one on the tangent plane. It
passes simply through the other quadruple point, with its tangent line on the
cubic cone at that point. Finally, Ty passes simply through the binode, with
its tangent line the line of intersection of the two tangent planes at that point.

A fourth system, T's, has results analogous to T's, except that the roles of the
two quadruple points are reversed.

A fifth system, I's;, passes doubly through one of the two quadruple points,
with the two tangent lines lying on the cubic cone. It passes doubly through the
other quadruple point, with one tangent line on the cubic cone and the other
on the tangent plane. Finally, T'; passes simply through the binode. It has
for its tangent line the line of intersection of the two tangent planes at this
point.

A sixth and final system TI'y has the same properties as T';, with the roles of
the two quadruple points reversed.

When the systems of curves, T'; and T, are projected from one of the two
quadruple points onto a hyperplane, two new systems result, which are twisted
quartic curves.

When the systems T'; and TI's are projected from the binode, and when the
systems I's and Ty are projected from the line connecting this point with its
adjacent binode, O3, both onto respective hyperplanes, twisted quintic curves
result.
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