Appendix D

Computation of the holographic stress tensor

In this appendix we give some details of the computation of the holographic stress
tensor for the fluid metric discussed in Section 7.2. The basic tool is the rela-
tion (5.51) between the boundary theory stress tensor and the curvature of the bulk
metric whose derivation we reviewed in Section 5.3.2, and which we repeat here
for convenience:
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where g,,, is the induced metric on a constant-z hypersurface .. We will denote
its inverse by g"”. We shall henceforth denote (7*") by just 7#" as we have done
in Chapter 7 and as is standard in the hydrodynamic literature. In this appendix we
shall consider a bulk metric of the general form

ds* = N*dz* + g, (dx" + N"dz)(dx" + N'dx") (D.2)
where N and N* are functions that specify the explicit form of the metric. The

extrinsic curvature of a hypersurface of constant z is given by

K,y = (0.8,v — DuN, — D,N,,) (D.3)

2N

where N, = g,,N* and D,, is the covariant derivative associated with g, .

D.1 Holographic stress tensor for the AdS black brane

Before considering the fluid metric of Section 7.2, let us first consider a simpler
example as a warmup. Consider a diagonal metric with N* = 0 and
R? R?
gl“) = Z_zhl'“)(XM’ Z)a N2 = Z_an ’ (D4)
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meaning that the metric is now specified by the functions 4, and n. For a metric
with this form,
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and thus
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The AdS black brane metric dual to plasma at rest in thermal equilibrium with
temperature 7 is given by

R? 1 R
ds* = — (— fdr* + —dz’ + dxz) (D.7)
z f
with f(z) =1 — i—j and where z is related to the temperature by 7 = jzo. This
0
metric is therefore an instance of the general form that we have introduced above,
with
LI h + 808 (D.8)
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We thus find that
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(D.9)
which is indeed the stress tensor for the strongly coupled plasma at rest, in thermal
equilibrium, which we have derived for d = 4 in Eqgs. (6.6) in Section 6.1. (Recall
from (5.12) that for d = 4 we have R*/Gy = 2N?/x.)

D.2 Computation of the holographic stress tensor for the fluid metric

We now compute the stress tensor corresponding to the metric (7.26) discussed
in Section 7.2.1 that describes the hydrodynamic fluid in motion. Henceforth, we
specialize to d = 4. When we write the metric (7.26), in terms of the standard
representation (D.2) we find
2 2 2
N? = R—nz, n = —u,h"u,, g = I;—zhw, N, = I;—zuu, N" = h*y,,
(D.10)
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where h*" is the inverse of 4 ,,. Recall that in our convention u* = n*"u,. Note
that D,, is also the covariant derivative associated with £ ,,,,. From (D.3) and (D.10),

R 1 2
K, = —kuy, kyy = — ( hyy — —hyy + Dyuy + Dvuu) . (D.11)
Z 2n Z
We then find that
R3 oz /1
TMV = FGStMU, tuv = ll_I)l'(l) T Eazh,w + D(Mlxlv) — Ahuv , (D12)
where
1 e " 3
A= Eh 0:hyy + Dyut + z(n —1). (D.13)

In the discussion of Section 7.2, we write &, in a derivative expansion as
huy =h') +eh'l) +€h) +- - (D.14)
with 2(%) and its inverse given by
RO = — fuu, + Ay Ry = — 70+ AP (D.15)
and hf}g given by the expression (7.58). The inverse #"" has the expansion
R = hg) — €hfy) + -+, (D.16)

where /() is obtained from /() by raising the indices using A . We can then write
t,» in a derivative expansion as

o =10 +etl) + -0 (D.17)

Upon evaluating (D.12) up to zeroth order (i.e. no derivatives) we find

.z 1 | 3
19 = lim = (Eazhffg — A(O)hff,f) . A9 = —niga.n) + E(n“’) —-1.
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(D.18)
Using (D.15), we have
nO = 3, O:h) = =0, fuyu, =4T) Puuu, + O, (D.19)
and from these expressions we obtain
1
AD = —5 0 T)'2 + Oz (D.20)
which then yields
(xT)*
t;(t?)) = 2(71T)4uuuv + > Ny - (D.21)
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This is the zeroth order stress tensor describing a fluid in motion, which we stated
as Eqgs. (7.35) and (7.36) in Section 7.2. For a fluid at rest this reproduces the stress
tensor (D.9).

Now let us consider the contributions to the stress tensor that are first order in
derivatives. In the iterative procedure described in Section 7.2, there are two types
of contributions to t;(fv) One type comes from the expansion to higher order of
terms that are already present at zeroth order, i.e. terms that arise in tl(g))(T, uy)
ifwetake T = T©O 4+ eT® 4 ... and u, = ”;(?) + eufj) + --- and which can
therefore be absorbed into a redefinition of 7" and u,. It is straightforward to derive
the contributions of this type, and as they do not affect the structure of 7., they
are not what is of interest to us here. The second type of contribution gives new
first derivative terms which are not present in tl(g}. We will concentrate on these
contributions, which can be written as

-3 (1)
(O] < (1) O, (0) 0) (1) 17, 0) li ©0)
t) _1rr(1)n(0)( 39:h) + D{ul) — AVn() — AR ) (O);W, (D.22)
where
1 3
AN = S0k ) + DPuig, + ;n(l) : (D.23)

In these terms the differences between T, u,, and TO, uﬁ)) can be neglected since
these differences only contribute at higher order. For notational simplicity below
we can drop all superscripts on these variables. After some algebra we then find that

M _ (nT)?
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(D.24)

where 0, was defined in (7.3), which yields the result (7.59).
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