
BOOK REVIEWS COMPTES RENDUS CRITIQUES 

Foundat ions of Modern A n a l y s i s , by J . Dieudonné. Academic 
P r e s s Inc. , New York , i 960 , xiv + 361 p a g e s . $ 8. 50. 

This v e r y i n t e r e s t i ng book develops what , in the a u t h o r ' s 
judgment , eve ry young m a t h e m a t i c i a n should know of the i n d i s ­
pensab le background of a n a l y s i s , a con t ro l l ing l imi ta t ion being the 
amount of m a t e r i a l that can be cove red in a s ingle y e a r ' s c o u r s e for 
f i r s t y e a r g radua te s tuden t s . 

A rough idea of i t s contents m a y be ga the red f rom the c h a p t e r 
h e a d i n g s , which a r e a s fol lows: E l e m e n t s of the t heo ry of s e t s ; 
Real n u m b e r s ; M e t r i c s p a c e s ; Addi t ional p r o p e r t i e s of the r e a l l ine ; 
N o r m e d s p a c e s ; H i lbe r t s p a c e s ; Spaces of cont inuous funct ions; 
Different ia l c a l c u l u s ; Analyt ic functions (Appendix: Appl ica t ion of 
ana ly t ic functions to plane topology); Ex i s t ence t h e o r e m s ; 
E l e m e n t a r y s p e c t r a l t heo ry . Of t h e s e e leven c h a p t e r s and one 
appendix , five a r e long, a v e r a g i n g roughly 50 pages ( C h a p t e r s 3, 8, 
9, 10, 11), and the r ema in ing seven a r e sho r t , a v e r a g i n g about 15 
p a g e s . The book is comple te ly se l f -con ta ined , except for an a s s u m e d 
f a m i l i a r i t y with s t anda rd ca l cu lus and some v e c t o r space theory . 

The f i r s t four c h a p t e r s a r e r e l a t ive ly s t anda rd . The set t heo ry 
is i n fo rma l and the r ea l n u m b e r s a r e p r e s e n t e d ax ioma t i ca l ly . The 
n e c e s s a r i l y long c h a p t e r on m e t r i c spaces d i s c u s s e s c o m p a c t n e s s , 
c o n n e c t e d n e s s and c o m p l e t e n e s s , and the fourth c h a p t e r t r e a t s the 
spec ia l o r d e r p r o p e r t i e s of the r e a l n u m b e r s . Although l i t t le out of 
the o r d i n a r y has been c o v e r e d h e r e , t h e r e a r e many i n t e r e s t i n g poin ts 
of de ta i l , such a s the au thor 1 s non-d iagona l proof of the uncountabi l i ty 
of the r e a l n u m b e r s y s t e m , and h is d i r e c t cons t ruc t i on of the 
l o g a r i t h m function. 

The spec ia l f lavor of the book is due , it s e e m s to the r e v i e w e r , 
to two a s p e c t s of the r ema in ing c h a p t e r s . The f i r s t i s the de l ica te 
job of t igh t rope walking the au tho r does in C h a p t e r s 5-7 in o r d e r to 
p r e s e n t enough, but not too m u c h , Banach space t h e o r y . And the 
second is the cons i s t ency with which the d i f ferent ia l m a t h e m a t i c s in 
C h a p t e r s 8-10 i s p r e s e n t e d in a Banach space se t t ing . 

G e n e r a l m e a s u r e and in t eg ra t ion theo ry i s beyond the scope of 
the book. Nor does it d i s c u s s the comple t ion of a m e t r i c space o r 

p 2 
the dual i ty t h e o r y of Banach s p a c e s . The L. s p a c e s , including L, , 
a r e thus not ava i l ab le a s ob jec t s of study and app l ica t ion . However , 
the au tho r does have n a t u r a l l y ava i l ab le c e r t a i n Banach s p a c e s : the 
r e a l n u m b e r s y s t e m by hypo thes i s and, consequen t ly , the s p a c e s of 
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bounded continuous real or complex-valued functions; also, the 12 

model of a Hilbert space. These spaces are briefly studied, 
along with a c e r t a i n amount of s t anda rd g e n e r a l t heo ry in C h a p t e r s 
5-7 . Many of the " m e a t y " t h e o r e m s of Banach space theo ry (Hahn-
Banach , c losed g r a p h s , e t c . ) wil l not be found h e r e ; but n e i t h e r a r e 
they needed for the app l i ca t ions the a u t h o r h a s in m i n d . 

C h a p t e r 8 deve lops the d i f fe ren t ia l c a l cu lu s in the sp i r i t of 
m o d e r n d i f fe ren t ia l g e o m e t r y . The se t t ing i s cons i s t en t ly that of 
Banach s p a c e s w h e r e , of c o u r s e , the d i f fe ren t ia l of a m a p can be 
v iewed a s be tween the s a m e p a i r of s p a c e s a s the m a p i tself , and 
i s s imply the l i n e a r m a p of c l o s e s t fit. Also d i s c u s s e d in C h a p t e r S 
i s the theory of i n t eg ra t i on of B a n a c h space va lued functions of one 
r e a l v a r i a b l e , to the extent n e c e s s a r y for c o m p l e x i n t eg ra t i on , 
Tay lo r 1 s fo rmula with r e m a i n d e r , and one o r two o the r a p p l i c a t i o n s . 
The i n t eg ra l i s s imply the ex tens ion to the comple t ion of S unde r the 
un i form n o r m of the obviously defined i n t e g r a l on the space S of s tep 
funct ions . 

C h a p t e r 9 p r e s e n t s the e l e m e n t a r y theo ry of ana ly t i c f u n c t i o n s - -
B a n a c h space va lued , of c o u r s e . All of the s t a n d a r d t heo ry i s inc luded: 
power s e r i e s , ana ly t ic cont inuat ion , Cauchy i n t e g r a l f o rmu la , L a u r e n t 
s e r i e s , r e s i d u e s . M o r e o v e r , the t r e a t m e n t i s for functions of s e v e r a l 
c o m p l e x v a r i a b l e s as fa r a s p o s s i b l e . The append ix app l i e s t h e s e 
ana ly t i c too ls to plane topology, and inc ludes a proof of the J o r d a n 
c u r v e t h e o r e m . 

The power of the a b s t r a c t me thod is d i sp layed by the app l i c a t i ons 
d i s c u s s e d in the final two c h a p t e r s . In C h a p t e r 10 the d i f fe ren t ia l t heo ry 
i s appl ied to v a r i o u s con tex t s of the e l e m e n t a r y con t r ac t i on fixed point 
t h e o r e m to obtain a whole a r r a y of e x i s t e n c e t h e o r e m s of local type , 
including the imp l i c i t function t h e o r e m , the b a s i c t heo ry of o r d i n a r y 
d i f ferent ia l equa t ions , ( including dependence on p a r a m e t e r s and in i t i a l 
v a l u e s , and ana ly t i c i ty r e s u l t s ) , and the F r o b e n i u s t h e o r e m on to ta l 
d i f fe ren t ia l s y s t e m s . 

C h a p t e r 11 caps the book with a beaut i fu l set of app l i ca t ions 
t a i l o r - m a d e to the stand the a u t h o r h a s taken on Banach space theo ry 
in C h a p t e r s 5 -7 , n a m e l y , the t h e o r y of c o m p a c t o p e r a t o r s and i t s 
app l i ca t ion to the F r e d h o l m equat ion with cont inuous k e r n e l and the 
solut ion t h e r e b y of the S t u r m - L i o u v i l l e p r o b l e m . 

In conc lus ion it need only be said that the book i s overf lowing 
with s t imu la t i ng , t e s t i ng p r o b l e m s , g e n e r a l l y a r r a n g e d in g ro u p s 
which w o r k up to s ignif icant add i t ions to the t ex tua l m a t e r i a l . 

Lynn H. L o o m i s , H a r v a r d U n i v e r s i t y 
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