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Abstract

Let u(x,t) be a smooth function in the domain @ = Q x (0, L], Q in R”, let Du be the
spatial gradient of u(x,t) and let Vu = (Du, u,). If u(x,t) satisfies the parabolic equation
F(u, Du, D*u) = u,, we define w(x, ) by g(w) = |Vu| 'G(Vu) (g is positive and decreasing,
G is concave and homogeneous of degree one) and we prove that w(x, ¢) attains its maximum
value on the parabolic boundary of Q. If u(x, t) satisfies the equation Au + 2A(g*)u;u Ui =
u,(q* = |Dul’, 1 + 2¢°h(q*) > 0) we prove that gf () takes its maximum value on the
parabolic boundary of Q provided f satisfies a suitable condition. If u(x, t) satisfies the parabolic
equation a‘f(Du)u,»,» — b(x,t,u, Du) = u, (b is concave with respect to (x, ¢, u)) we define
Cx,y, t,t) = u(z,0) —au(x,t)y — u(y, 1) O < a0, 0 < B,a+ B =1,z = ax + By,
6 = at + Bt) and we prove that if C(x, y,#,7) < Owhenx, y,z € Q and one of ¢, 7 = 0, and
whent, 7 € (0, L],and one of x, y, z, € 32, then it is C(x, y, ¢, T) < 0 everywhere.

1991 Mathematics subject classification (Amer. Math. Soc.): 35 B 50.

1. Introduction

For elliptic and parabolic equations various maximum principles have been
known for a long time [11]. In recent years some maximum principles have
been obtained for expressions involving the gradient of solutions. In [12] it is
proved that if u is a smooth solution of the elliptic equation F(«, Du, D*u) =0
in a bounded domain 2 of R" and v is a fixed direction, then the angle between v
and the gradient Du (assumed to be non-vanishing) takes its maximum value on
the boundary of 2. The previous result has been extended to parabolic equations
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(defined in 2 x [0, L] C R" x R) in [13} in case Du = (uy, ..., u,) (the spatial
gradient), and in [1] in case Yu = (uy, ..., u,, u;). Here u;,(i = 1,...,n) is
the derivative of u with respect to x; and u, is the derivative with respect to ¢,
t e, L]

In [10] the elliptic equation Au + 2h(g*)u,u su;; = 0 is investigated. Here
A is the Laplace operator, the summation convention (from 1 to n) is in effect,
g = w;u; and h(g?) is a smooth function satisfying 1 + 2¢*h(g%) > 0. In
[10] it is proved that if u is a smooth solution of this equation in a bounded
domain 2 then the function ¢f (u) takes its maximum value on the boundary
of Q provided f satisfies a suitable condition. Similar results were previously
obtained in [7, 9, 8] especially for harmonic and p-harmonic functions. (If
h(g?) = (p — 2)/q* then the previous equation reads as (g°~2u;); = 0 and its
solutions are the usual p-harmonic functions.)

In Section 3 of this paper we consider a solution # of the equation u, =
F(u, Du, D?u) and we define a function w(x, t) by pg(w) = G(uy, ..., U, u,),
where p = | v ul, g is a smooth positive decreasing function and G is a smooth
concave function, positively homogeneous of degree one. We prove that w(x, t)
assumes its maximum value on 8Q. If v is a fixed directionin R"™, G = v - vu
and g(w) = cos(w) then we obtain the result of [1]. This maximum principle
may be used to investigate the shape of the level sets of u(x, t).

Furthermore we extend the result of [10] to a parabolic equation. Namely, let
u satisfy Au + 2h(q*)u,u ;uij = u,, where the left hand side acts on the spatial
variables x,, ..., x, only and ¢ = {Du|. We prove that if u(x, t) is a solution
of this equation in Q = Q x (0, L] and f satisfies a suitable condition, then
qf (u) takes its maximum value on the parabolic boundary of Q. We also prove
a maximum principle for g f (v) where ¢ and f are the same as before, whereas
v is a solution of an associated parabolic equation. As an application we find a
new estimate for the gradient of a solution to the classical heat equation.

In order to investigate the convexity of the solutions of certain parabolic
equations, the following concavity function is introduced in [5]:

(1.1) C(x,y,t) =u(z,t) —au(x,t) — Bu(y, t), z =ax + By,

where x,y,z € Q,t € (0, L], and B are positive real numbers satisfying
a+ B =1 If Qisconvex and C(x, y,t) < Oforallx,y € Qandt € (0, L]
then the function u(x, t) is convex with respect to x. In [6] it is proved that if
u(x, t) is a smooth solution of the parabolic equation

(1.2) a’(Du)u;; — b(x,t,u, Du) = u,,
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where 0b/du > 0 and b is jointly concave with respect to (x, ) then, if
C(x, y,t) is anywhere positive, its maximum value is attained at some point
(x,y,t) satisfying: + = 0 or one of x, y,z € 92 (the boundary of Q). Con-
sequently, if C(x, y,t) <Owhenx,y,z € Q,and¢ = 0 and when ¢ € (0, L],
and one of x, y, z € 92 then necessarily C(x, y, t) < 0 everywhere.

In Section 4 of the present paper we consider the equation (1.2) where b
is jointly concave with respect to (x, ¢, u), and, for a solution u(x, ¢) of this
equation we define the (more general) concavity function

Cx,y,t, 1) =u(z,8) —au(x,t) — Bu(y, 1),
(1.3) z =ax + By,
0 = at + Br.

We prove that if C(x, y,¢,7) < Owhenx,y,z € Q,and one of t, T = 0, and
whent, t € (0, L], and one of x, y, z, € 32, then necessarily C(x, y,¢,7) <0
everywhere. We remark that no use of the condition 3b/du > 0 is made.

We close this introduction with some examples of problems described by
the equations involved in the present paper. Equation u, = F(u, Du, D*u) is
a general autonomous evolution equation, and u, = Au + h(gH)u;u jUij 18 a
special case of it. When F(u, Du, D’u) = K Au (K a positive constant) we
obtain the classical heat equation for a homogeneous medium in the absence
of heat sources [3, p. 41]. If F(u, Du, D*u) = A@u™), m > 1, the corres-
ponding equation describes the flow through a porous media [4, p. 121]. If
F(u, Du, D*u) = Au + ug(u*), where g is a suitable smooth function, we find
a parabolic dissipative equation [2, p. 26]. Equation (1.2) includes also some
non-autonomous equations. This is the case of the heat equation in presence of
heat sources {3, p. 41]. The population genetic equation is a special case of (1.2)
{3, p. 43]. More examples may be found in [3] and [2].

2. Notation and preliminary results

Throughout this paper we denote by Q a bounded domain of R", by 9Q
its boundary, by QO the domain Q@ = © x (0, L] and by (x, ¢) a point in Q.
Subscripts denote partial derivatives; for example, u; is the derivative of u with
respect to x;. We use the convention that the sum from 1 to n is understood over
the repeated indices i, j and k. For the indices r and s we use a slightly different
convention: u, means the derivative of u with respectto x, if r = 1,...,n,
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and u, if r = n + 1. The same convention is used for the index s. The sum
over repeated indices r and s is extended from 1 to n + 1. As usual we denote
Du = (u19‘--’un)’ vu = (uls ""un,ut)'

Now we state three lemmas for later use.

LEMMA 2.1. If [a"] is an n x n symmetric positive definite matrix and [b"*]
isan (n + 1) x (n + 1) negative semidefinite matrix then, for any (n + 1) x n
matrix [§"'] we have

Eriaijgsjbr: < 0.

PROOF. The result is well-known. It can be proved easily be diagonalizing
the matrix [a”/].

LEMMA 2.2. Let [a”/] be an n x n symmetric positive definite matrix, and let
u be a C*(Q) function. If g* = u,u;, then

2.1 a’uiu; > a'quq;.
Furthermore, if p* = u,u, then
2.2) a’uu,; > a’ pip;.

PROOF. Let us recall that the sum with respect to i, j and k is from 1 to
n, whereas, the sum with respect to r is from 1 to n + 1 (consequently, p*> =
q* + u,u,). This lemma is also well-known. For completeness let us prove (2.2)
(the proof of (2.1) being similar). Let A denote the matrix [a”], let H be the
(n + 1) x n Hessian matrix [u,;] and let HT be the transposed matrix of H.
Since A is symmetric and positive definite, the matrix HAHT is symmetric and
positive semidefinite, and its trace is the left hand side of (2.2). The right hand
side of (2.2) can be written as a”u,;u,;(u,/p)(us/p); but this is the quadratic
form associated to HAHT and computed at the unit vector vu/p. Hence (2.2)
is true.

LEMMA 2.3. Let [a"] be an n x n positive semidefinite matrix. Then the
2n x 2n matrix - 3
[a7] [a"]

(@] [a]

(2.3) B =

is positive semidefinite.
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PROOF. For a given vector ¢ € R* let & be the vector of R" defined by the
first n coordinates of £, and let n be the vector defined by the last n coordinates
of &. Then, the quadratic form (B¢, £) can be written as

(B¢, 8) = aijfié'j +a'&n; +a'ni& + a“’h”?j =a’(& +n)E& + nj).

The lemma follows.

3. Maximum principles involving the gradient

THEOREM 3.1. Let u(x, t) be a smooth solution of the parabolic equation
3.1 F(u, Du, D*u) = u,

in Q, where F is a smooth function, Du is the vector of the spatial derivatives
[u;] and D*u = [u;;]. If a" denote the partial derivatives of F with respect to
u;; we assume that a = a’* and that for every & € R" and some v > 0 the

condition.

(3.2) a’ &t > vE§;.

holds. If g(t) is a smooth positive decreasing function and p* = u,u, we define
w(x, t) by

(3'3) g(w)p:G(ul,'-'9un’ut)v

where G(ny, - .., Nay1) is @ sSmooth concave function satisfying

3.4 n,dG/on, = G.

IfG(uy, ..., u,, u,)and p are positive corresponding to the solutionu(x, t) then

the function w(x, t) defined by (3.3), takes its maximum value on the parabolic
boundary of Q, that is on Q2 x [0]U 92 x [0, L].

PROOF. Recall that we sum from 1 to n with respect to the repeated indices
i, j,k and from 1 to n + 1 with respect to r, s. By (3.3) we derive

(3.5) gpw; + gpi = 9G/dn,u,;,
(3.6) gow, + gp, = 0G /o, u,,,

where ¢ is the derivative of g. By (3.5) we obtain

3.7 gowi; + (gp)jw; + goiw; + goi; = b uyius; + 0G/0nu,;,
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where [b"*] isthe (n + 1) x (n + 1) Hessian matrix of G. Since G is concave, the
matrix [b"*] is negative semidefinite. By (3.2) the n x n matrix [a"/] is positive
definite; hence by Lemma 2.1 we have a”b"u,;u;; < 0 and (3.7) implies

(3.8) gpaijwij +b'w; + gaijpij =< 3G/377raijurf,',

where b’ = a’ ((gp); + &p;).
Since p? = u,u, we have

(39) PP;i = UrUy, PP = Urlyy,
(3.10) PPij = Urillyj — PiPj + Urlyij.

By (2.2) a”u,;u,; — a” p;p; > 0. Hence (3.10) implies
(3.11) paijpij > u,aiju,ij.
This inequality and (3.8) imply
(3.12) gpa’w; +b'w; < 3G/, —u,g/p)a’u,;.
By equation (3.1) we derive, forr =1,...,n + 1,
aijui,-, =u, — Fu, —u;;0F/0u;.
By inserting the last equation into (3.12) we obtain

T ; JdF aG IF dG
—gpa’wy —b'w, > gp, — gpF, — gpi— — Uy — + GF, + ujy —
Au; on, ou; on,

where (3.9) and (3.4) have been used. Finally, (3.3), (3.5), (3.6) and the last
inequality lead to

(3.13) a’w;; +d'w; > w,

where d' = b'/(gp) + 0F/0u;. Now the theorem follows by the well-known
maximum principle for parabolic inequalities {11, p. 173].

REMARK 3.1. If F, = 0 in equation (3.1), then condition (3.4) can be omitted
in Theorem 3.1.
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THEOREM 3.2. Let u(x, t) be a smooth solution of the equation

(3.149) Au + 2h(q2)u,-u,-u,~j =u,

in Q = Q x (0, L), where A is the Laplace operator, q* = u;u; and h(t) is a

smooth function satisfying 1 + 2q*h(q?) > 0. We define T(q?) = 1 + 2q*h(q?)
and assume there is a finite y such that

(3.15) 14+4¢°T/T <,

where T is the derivative of T with respect to q*. If f(t) is a smooth positive
function satisfying

(3.16) ff™° =0,

then the function

(3.17) Q(x, 1) =qfu)

takes its maximum value on 2 x [01U 32 x [0, L].

PROOF. By (3.17) we derive:

(3.18) O =qf+qfu, P =qf+qfu,
(3.19) S =qijf +qifuj +q;fu; +qfuiu; +qfu;.

We set a”/ = 8" + 2h(q*)u;u;, where 87 is the Kronecker delta. The matrix
[a”] is symmetric and its eigenvalues are 1 and 1 + 2¢%h(g?). Hence it is
positive definite by virtue of the assumption 1 + 2¢%h(g®) > 0. With this
notation, equation (3.14) reads a”u;; = u,, and (3.19) implies

(3.20) a'®; = fa'lq; +2fa qu; + qfa’uu; +qfu,.
By the definition of ¢ we derive
(3.21) qq; = UWilly;, 44, = Uil

and
qqi; = WUy, 4iq; + Ugliyij

The last equation and inequality (2.1) of Lemma 2.2 imply

(3.22) qaij(Iij = ukaijukij-
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By the equation a”u;; = u, we derive
ukaiju,-jk = Uyl — uka,';ju,»j = Ul — 2uk(2hqqku,-uj + huju; + huug)u;;.
The latter and equations (3.21) give
(3.23) upa’ uye = qq, — 24 (2h(quu)* + 2hq;q;).

By using (3.23), (3.22) and the last of equations (3.18), (3.20) gives
(3.24) aijQDij >®d, —2fq (2h(q,-ui)2+ 2hq,~q,~) + Zfaijq,»uj + qfaijuiuj.
By (3.18) it follows that

(3.25) qiui = [ O — 7' £,
aqi = ' ®iqi — qf ' fqiu;
(3.26) = [T —af P f o+t S
aijqiuj =a" (f_1<1>,~ — f'lfqui) u;
(3.27) = f'a"®u; — ' fga'uu,.

Insertion of (3.25), (3.26) and (3.27) into (3.24) leads to

aij<1>,-j+bid>i > &, -2f' g (2hq2+ 2h)—2f'1fzqaijuiuj+qfaijuiuj,
(3.28)
where b’ are expressions depending on f, k, a"/, u;, q; and ®; (but not on ®,).
Since 2hg® 4 2h = T and a”u,u; = q*T, (3.28) can be rewritten as

(329)  a"®,; + b0, > ®, +¢°T (f =27 f2(1 +¢°T/T)).
Since, by assumption, 1 4+ ¢?T/T < y, inequality (3.29) implies
aijq)ij + bid)i _ q>' > q3T (f _ 2}/f-1f2) = q3Tf2y (f‘f—2y) . > 0’

where assumption (3.16) has been used in the last step. The theorem follows by
the maximum principle for parabolic equations.

THEOREM 3.3. Under the same notation and assumptions of Theorem 3.2, if
h <0andy = 1, then the function
(3.30) Ox, 1) =qf(v)

artains its maximum value on 2 x [0]Ud2 x [0, L]. Here q and f are the same
as in Theorem 3.2, whereas v is any solution of the equation.

(3:31) Av + 2h(@P)uu vy = v,.
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PROOF. Arguing as in the proof of Theorem 3.2 we obtain
(3.32) aijd>ij >, —2fqg [Zfl(q,-u,-)2 + thiqi] + 2faijqivj + qfaijvivj.
Our assumption y = 1 implies 2hg® + 2h = T < 0. This inequality, together
with the Schwarz inequality (q;u;)* < giq;uu; and the assumption & < 0,
makes the quantity between square brackets in (3.32) non-positive, hence it can
be deleted.

On the other side, by (3.30) we derive

g =f"0 —qf " fu,
hence (3.32) implies
aij(bij +bd; — P, > qaijvivj (f - 2f_1f2) = qaijvivjf2 (ff—z) " >0,

where b' = —2f~! fa'/v; and condition (3.15) (with y = 1) has been used in
the last step. The theorem follows.

COROLLARY 3.1. Let u satisfy u, = Auin Q = Q x [0, L withq(x,t) =0
on 32 x [0, L], and let v be a positive solution of v, = Av in Q withv(x,t) =1
on Q x [0]. Then we have

q(x,1) < q(x,0)v(x, 1)
forall (x,t) € Q and some x € Q.

PROOF. The function f(v) = v~! satisfies (3.16) with y = 1, hence, by
Theorem 3.3, the expression gv~! attains its maximum value on  x [0]U 32 x
[0,L]. Butg =00nd2 x [0, L]and v = 1 on 2 x [0] by assumption. The
corollary follows.

4. A maximum principle for the concavity function

If o and B are positive real numbers satisfying ¢ + 8 = 1, if A is a real
number, and if u(x, ¢) is a function defined in Q, let us define

d(x,y,1, 1) = *[u(z, 0) — aulx, 1) — Bu(y, 1)),
“4.D z =ax + By,
0 = at + Br,

forall x, y suchthatx, y,z € Qand forall¢, r € (0, L}.
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THEOREM 4.1. Let u(x, t) be a smooth function defined in Q and satisfying
equation (1.2). Suppose that the n x n matrix [a” (Du)] of (1.2) is positive
semidefinite for any vector Du, that the function b(x, t, u, Du) is jointly concave
with respect to (x, t, u), and that the derivative db/du is bounded from below.
Then the function ¢ defined in (4.1) with ) satisfying

4.2) ob/ou— A >0
has no positive maximum for x,y,z € Qandt,t € (0, L].

PROOF. Assume to the contrary that (x, y, ¢, T) is a positive maximum for ¢
withx,y,z € Qandt, t € (0, L]. At this point we have

(43) (I)xi = aek@ [uz.' (Z’ 9) — Uy, (x, t)] =0,
(4.4) @, = e [u,(z,0) —u, (y, V)] = 0.

Equations (4.3) - (4.4) imply that the spatial gradient Du is the same at the three
points (z, 0), (x, 1), (¥, ). We also have

&, = rad + € [oug(z, 0) — au,(x,1)] > 0,
®, = ABD + " [Buy(z,0) — Bu.(y, )] > 0,
from which it follows that
(4~5) A'q)+e)‘6 [ue(zs 9)_aur(x7 t)_ﬂut(y9 T)] ZO-

At the maximum point (x, y, ¢, 7), the Hessian matrix

[q)x,x,] [d)foJ]
[q)y:'xj] [(D)’in]
is negative semidefinite. By Lemma 2.3, the matrix B defined in (2.3) by using
the matrix [a”/ (Du)] of the equation (1.2) (computed at any of the points (z, 6),

(x, 1), (¥, 1)) is positive semidefinite. Consequently, the matrix B H is negative
semidefinite and its trace is non positive. Hence

H =

(4.6) 0>a"®,,, +d'®,, +a’®,, +a’'®,,.
By (4.1) we derive

Dy = € [0us;, (2, 0) — At (x,1)]
d>x,-yj = q)y,-xj = ekeaﬂuz,vzj (z,0),
@, = [Bu,, (z,0) — Bityy, (v, )]
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Insertion of the last equations into (4.6) leads to
0> e [(a + B)au,;(z,0) — aa’uy, (x, 1) — Ba'uy,, (v, 1)].
The latter inequality and the equation (1.2) give

4.7 0> e“’[b(z, 0,u) +uy(z,8) —abx,t,u) —aou,(x,t)
- ﬂb(ya 7, u) - ﬂur(yv T)],

where Du(z,0) = Du(x,t) = Du(y, t) are suppressed in the expression of b.
Using the concavity of b and inequality (4.5), (4.7) implies

4.8) 0> ew[b(z, 0,u(z,0)) —b(z,0,aulx,t) + Bu(y, t))] — 1D
= (3b/0u — 1)P.

Since, by assumption, 9b/du—A > 0 and the value of ® at the point of maximum
(x, y,t, T) is positive, (4.8) is a contradiction. The theorem is proved.

COROLLARY 4.1. With the notation and assumptions of Theorem 4.1, if the
concavity function C(x, y, t, T) defined in (1.3) is non-positive when x, y, z, €
Q,and one of t,T = 0,and when t, Tt € (0, L], and one of x, y,z € 0S2, then
Clx,y,t, 1) <0forallx,yinQandt, t in (0, L].

PROOF. Since the inequality C(x, y, ¢, ) < 0 implies ®(x, y,#,7) < 0 and
vice versa, the corollary follows by Theorem 4.1.
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