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INTERIOR ESTIMATES FOR ELLIPTIC PARTIAL
DIFFERENTIAL EQUATIONS IN THE #%) SPACES
OF STRONG TYPE

AKIRA ONO

Introduction. Recently the LN spaces have been investigated by many
authors and the theory of these spaces has proved to be particularly
important for research in partial differential equations (see for example
[15], [16] and [18]).

The equations of elliptic type in these spaces were first studied by C. B.
Morrey [8], [9], who applied his well-known imbedding theorems, and
afterwards by S. Campanato [3], [4] with the aid of isomorphism theorems
and the so-called fundamental inequalities due to him.

On the other hand, G. Stampacchia introduced the K7 spaces of
strong type [17], the structures of which are more general and complicated
than those of LN spaces in the usual sense, and greater part of them
were characterized by him, L. C. Piccinini, Y. Furusho, the author and
others (see [5], [11]-[14], [16] and [17]).

Furthermore, M. Nakamura has given precise interior estimates for
elliptic partial differential equations [10] by using theorems due to S.
Agmon, A. Douglis and L. Nirenberg [1] and previous results obtained by
the author.

In this paper, we will deduce more precise estimates for the solutions of
elliptic partial differential equations in more general situations, that is,
including equations of integral form.

This paper is organized as follows:

In Section 1 relevant definitions, fundamental assumptions on the
equations and the first main theorems are stated. The proof of the
theorems are given in Section 2.

In Section 3 we prove the Schauder estimates, that is, the strong Holder
continuity of the solutions.

The main tools for the proof of these theorems are theorems and
techniques found in [1], [3], [4], [2], [7], [6], [12], [13], [14].

In Section 4 we apply the Morrey-Sobolev type imbedding theorems
proved in [12] to deduce the regularity of the lower order derivatives of the
solutions.

Additional comments on the above theorems are given in Section 5.

1. The strong #%Y estimates. Throughout this paper we denote by A,
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Dy, D, and D arbitrary fixed bounded domains in the Euclidean n-space
E" such that

AcAcD cD cD,CcDy,CD

and such that all have sufficiently smooth boundaries.

We always consider subfamilies of integrable functions on D and an
arbitrary subcube Q of the domain D with its sides parallel to the axes
(from now on, subcube means such a parallel subcube). Furthermore, we
denote the measure of a subcube Q by |Q| and the mean value of a
function u over Q by

Ugilp = ol ! /Qu(x)dx.

Definition 1. A function u € L9(D) is said to belong to the space
2,4M(D) (the LN space of strong type p), if the following inequality
holds for u:

A-l / 21l
1 A = su [ 1" u(x)—upldx)? |? < oo
() gy = sup | 211" o lutx)—ug['dv)

where 1 = p < oo, 1 = g < 0o, —00o <\ < ocoand S is the family of all

systems of subcubes {Qj: o Qj C D} of finite number, no two of which

have common interior point. Taking as the norm of the space o?’},"‘)‘)(D),
“u“,(/’},""\’(D) = [“]f‘p“’(m + HuHL"(D)

we obtain a Banach space.
Here, we note that the domain D is occasionally replaced by the
subdomain 4, Dy or D,.

Dfﬁnition 2. The Sobolev space H'P(D) is the completion of the space
C!(D) with respect to the norm

Nullyrpy = 2 1DPullipopy.
|Bl=!/

Now, we consider the following linear elliptic partial differential
equation:

(E) 2 agx)DPu = f(x), u € H*(D).
IBI=2m

Or, of the integral form:

(EY 2 DV[a'By(x)Dﬁu] _ 2 Dyf;(x), L e Hl.p(D)’
|Y|£‘27n[—/ Yl=2m—1
(! < 2m)
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under the fundamental assumptions for the equation (E):
(A) 244D L. The coefficients {ag} and the (/ — 2m)-th derivatives (/ =

[—2m n_A
2m) of the function f belong to the spaces C " (D) and £L4N(D)

. n
respectively, where 0 < A <nand 0 < - — - < L.
P q
II. (Uniform ellipticity). There exists a constant E greater than unity

such that the following inequality holds:

2 ENPm = X apx)Ef = B vx e D
|Bl=2m

Or, for the equation (E)":
(A) gyen 1 The coefficients {ag,} and the functions {/,} belong to the

n_A
spaces CP 9(D) and Eﬁ,"'}‘)(D) respectively, where 0 < A < n and
o< Aoy,
P 4

II. (Uniform ellipticity). The leading coefficients satisfy the following
condition: there exists a constant £ greater than unity such that

Qy E '|gm = ’ Zl ag(x)EFTY = ElEgP" vx € D.
+y|=2m

Now, our first main results read as follows:

THEOREM 1. Under the condition (A) LN the [-th derivatives of the
solution u of the equation (E) belong to the space ip(")‘)(A) and the following
estimate holds for u:

3) > HDBMH,QW*)(A) C ( > bl LNy T HUHU’(D))
|BI=1 YI={—2m

where C is a constant independent of u.

THEOREM 2. Under the condition (A) 4D the I-th derivatives of the
solution u of the equation (E) belong to the space .,Sf’("}‘ (A) and the following
estimate holds for u:

4) E ||DBUH,?‘4\)(A) =C ( 2 I|fy||$§,q'>\)(D) + ||uHL”(D))

1BI=! l=2m—1
where C is a constant independent of u.

Here, we remark that throughout this paper we denote by the same
letter C constants possibly different but independent of the function « or
sometimes v.
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2. Proof of theorems 1, 2. Before proceeding to prove Theorem I, we
prepare some lemmas.

LEMMA 1. [1] Let u be a H*™?(D) solution of the equation (E) under the
condition (A) L. Then u belongs in fact to the space H'""(4) and we have

5 Mullptoay = C( > 1D\ pipy + ||U||1,P(D))-

YI={—2m

Here, we note that the space .S’l(,"*}‘)(D) is imbedded into the space
I7(D) and therefore the right hand side of (5) is finite (see Lemma 2
below).

Next, we make the following definition so as to state Lemma 2.

Definition 3. A function u € IF(D) is said to belong to the space Lip (a,
p, D), that is, to satisfy a Lipshitz condition of order « in I7(D), if the
following inequality holds for u:

6)  [ulLipap.n) =
_ _ _ 1/p
sup k| 4te (/DID“u(x + h) — D%(x) I”dx) < 0
xx+heD

where 1 = p < 00, 0 < a < co and a is the greatest integer less than a. We
define a norm |[ullpipp,p) DY

(]Lipap.py + llullzrp).
Endowed with this norm, the space Lip(a, p, D) is a Banach space.
Then, the second lemma which we need is the following:
LEMMA 2. [12]. The space E},"""(D) is isomorphic to the space
Lip(ﬁ — é, P, D) and we have
P 9

(M C Mullgyanpy = ||u”Lip(ﬂ_A,pyD) = C llull zevp)
P g

where p, q and X are arbitrary constants satisfying 1 < p < oo, 1 < g < oo,

A
—q<)\<nand0<ﬁ——<l.
P 9

Now, we are going to give the

Proof of Theorem 1. From the equation (E), we have

Y ap)DPu(x) = — X apx)DPu(x) + f(x)

|Bl=2m 1Bl=2m—1
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> aglx + h)DPu(x + h)
[Bl=2m

= — 2 apx + WDPu(x + h) + f(x + h)
BI=2m—1

Vx,Vx + h € D.
Hence, we have easily

> agx)DPu(x + h) — u(x))
1Bl=2m

= — D (aglx + h) — ag(x))DPu(x + h)
|BI=2m

— 2 ag)(DPulx + h) — DPu(x)) + f(x + h)
1Bl=2m—1

— J(x).

Applying Lemma 1 we obtain the following estimate for u(x + h) —
u(x):

llu(x + h) — u(x) |lgtra)

= C{ WZ IDY{ (ap(x + h) — ap(x))DPu(x + h) Y llnp,)
=2m
[YI=[—2m

+ . > ID{ag(x)DPu(x + h) = u(x)) } o,
=2m—1
ly|=1—2m

+ 2 DS (x + h) — fO) o,

YIS[—2m

+ Jlu(x + h) — H(X)”U’(D.)}

for an arbitrary vector & with norm sufficiently small such that x € D,
and x + h € D,.
This means that the following inequality holds:

lu(x + h) — u(x)) llytoa)

=C { IBIE [IDY(ag(x + h) — ag(x)) Iz~ (p,) - ullpop,)
=2m
lYI=[—2m
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+ 2 laglle mpy - lu(x + B = w(x) it 1o,
IBI=2m—1

+ If(x + h) = fO) g 2mopyy + llu(x + h) — “(X)HU'(D,)}-
Here, applying Lemma 2 to f, Poincaré’s inequality to
llu(x + ) — u(x) 19y

and afterwards Lemma 1 to

HUHI{/*"(Dz)a

we have
= ¢ {W( S lagct oy + 1)l
|Bl=2m
+ |hl ( > llagllct-2m-apy + 1) ull 17 (D)

1Bl=2m—1

+ (lhl + 'hlu)( 2 HHBHC/ vau(D)
Bl=2m

) S e

[YI=(—2m

+

n A
= a2 1D gy + il ) (a == = =).
! p

YI=/—2m q

Applying Lemma 2 again to the left hand side, we can conclude that the
following estimate holds:

S 10l = C (S 10 Ny + Il ).
IBI= yI=1—2m

This completes the proof of Theorem 1.

Next, by calculations which are similar to but need more precision than
those of the proof of Theorem 1 we give the

Proof of Theorem 2. For this purpose, we need the following lemma
instead of Lemma 1:

LEMMA 3. [1] Let u be a H"P(D) solution of the equation (E) under the
condition (A )’_(44. v. Then, we have

8)  Mullgoqy = C ( > 1Moy + ”u”LP(D))-

YI=2m—1
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Now, from the equation (£) we have

> DYag(x)DPu(x)) = — WE/ DY(ag(x)DPu(x) )
1Bl=1 =/-1

YI=2m—1 [yI=2m—1

+ X DY)

lyl=2m—1

D¥(ag,(x + h)DPu(x + h))
B=1

YI=2m—1

= — X D¥ag/(x + h)DPu(x + h))
BI=I-1
yl=2m—1

+ X Dffx+h) VYx,Vx+heED

YI=2m—1

and therefore

43\2—/ D¥{ag(x)DP(u(x + h) — u (x))}
lyI=2m—1

= — IBI2<I DY{ (agx + h) — ag(x))DPu(x + h))}

lYI=2m—1

— |/3|<2/ | D¥{ag(x)DP(u(x + h) — u(x))}
i=2m—1

+ 2 D(filx + h) = fx).

lYI=2m—1
Applying Lemma 3 to u(x + h) — u(x), we have

w2</ IDP(u(x + h) — u(x)) )

=C { 2( Il (agy(x + h) — aBy(x))DBu(x + ) i,
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£ 2 NPt + b = w0l
|y|§_2m—l

+ X WA(x + k) — f,00) e,

yI=2m—1
+ llu(x + h) — u(x) “LP(D.)}-

Using condition (A4)gen I for the coefficients {apg,} and applying
Poincaré’s inequality to u(x + h) — u(x), this is

= (Clh)® {( 2 HaBy”C"(D)) Null e p,)
=/
iy||£|2m—l

s (3 laple ) Il

=/
YI=2m—1
n A
l_
+ X I/ llLipap.py + 1A HuHH”’(DZ)} (a =- - —)
S2m—1 r 4

= Clh)* ( > WA Lip(ap.0 + HHHH’W(DZ))~

ly|=2m—1

Furthermore, applying Lemmas 2 and 3 to the first and second terms
respectively, we have

| B|2<[ IDPu(x + h) — u(x)) |4

= Clh ( > I Allztenpy + llullirpy )

YI=2m—1

Applying Lemma 2 again to the left hand side of this inequality, we
have

: ng , IDPull g4

= C( > Il ianpy + Hulle(D))~

lyI=2m—1

Hence, the proof of Theorem 2 is complete.
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3. Schauder estimates. We begin this section with the following:

Definition 4. We say that a function u € CK7%(D) belongs to the space
J/ﬁ”(D) (the Holder space of strong type p with exponent k + «) if the
following condition is satisfied:

/p
[l opy = sup (2 E [DPu) C“(Q)) < o0
{Q}es Y j IB=

where k, a, p are constants such that 0 = k = integer, 0 < a < 1,1 <p
< oo and in addition S is the family of all systems of subcubes of D
considered in Definition 1. We ensure that the Space )i”l’§+“(D) is a Banach
space by taking as the norm

lledll ot opy = [uloet oy + max lu(x)|.
xe

Now, in place of the fundamental condition (4) eh on (E) or (A) gian
on (E) we propose the following:

(A)y 1. The coefficients {ag} and the function f belong to the space
.%pl —2m +a(D)

II Same as the condition (4 )_(g(q v I1L

(A)yu I. The coefficients [a,gy} and the functions {f,} belong to the
space ¢ “(D)

I1. Same as the condition (4 ),_(/L an 11

Then, the strong Holder continuity of the derivatives of the solution
read as follow:

THEOREM 3. Under the condition (A) -, the H*™P(D) solution u of the
equation (E) is in fact # I’,“‘(A) solution of (E) and the following estimate
holds for u:

O Mulloes cocay = CCNS Mt 2 apy + Hullzzpy )-

THeOREM 4. Under the condition (A) s the HY(D) solution u of the
equation (E) is in fact ) a4 solution of (E) and the following estimate
holds for u:

(10) Ml et +acay = C( > I Aespy + ||uHLP(D))-

ly|I=2m—1

For the proof of these theorems we prepare the following lemmas:

LEMMA 4. [1] Let u be a H*™P (D) solution of the equation (E) under the
condition (A )s. Then, u is in fact a C'"%(A) solution of the equation (E) and
we have

A1 Nlullerreqy = CCSllet-2meepy + lullrpy )-
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LEMMA 5. [1] Let u be a H'" (D) solution of the equation (E) under the
condition (A) s Then, u is in fact a C'T(A) solution of the equation (E)
and we have

(12) Nl oqy = C( > 1Al py + HuHU’(D))-

lYI=2m—1

LEMMA 6. The space .)fl/,’L"(D) is isomorphic to the space Lip(l + a +
ﬁ, p, D) and we have
P

(13)  C M lullyt oy = i'ullLip(/+a+£.p.D) = Cllullset - op)
where
I<a<l, 1 <p<oo and e+ L =1
p

We can prove this lemma by a procedure analogous to the proof of
Theorem 1 in [12] and with the aid of the following:

LEMMA 7. (—q < A < 0[2,7; A =0[6]; 0 < A < n[14]). The space

A

" )(D) and we have

LN(D) is isomorphic to the space 3’5

(14)  C ' bl gganpy = [Dllgyiamypy = IVllgv

where X is an arbitrary constant indicated above and p, q are constants

satisfying
A _n
l=p<oo, 1 <g<oo and - = -.
q P
In particular, for the case of —q < X\ < 0 we may take # (D) in place of
A
chfé;q)(D); where 0 < a = — N/q < 1, and an analogous inequality to (14)
olds.

Now, the proof of Theorem 3 is analogous to and simpler than that of
Theorem 4 and therefore we give only the

Proof of Theorem 4. By the same calculations as in the proof of Theorem
2 and applying Lemma 3 to u(x + k) — u(x), we have

lu(x + h) — u(x) llgeea)

=C { II% I (agy(x + h) — ag,(x) )DBMHLP(D,)
=/

yll=2m—1{
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+ 2 lag)DPux + hy = u(x)) o,
+ 2 A+ ) = S0 oy

lyl=2m—1

+ flu(x + h) — u(X)HL"(Dl)}~

Furthermore, utilizing Poincaré’s inequality and Lemma 5 to u this is

MIA

C(llullerop,) - m2</ llag,(x + h) — ag,(x) iz,

lYlI=2m—1

-+

Al lull et acpyy - > llagyllrrp,)
BI=/—1
YI=2m—1

+ 2 A+ R = [0 i,y + A uller oy )-

lyI=2m—1

Applying Lemma 5 to ||ul|c+« again we have

Cl { > fllewy + ||u||u’(D)}

lyl=2m—1

IIA

X { > llagy(x + h)— apg,(x) llprp))
=/
|y|£l2m—/
+ |A| ( > llagyllzrp,) + 1)}
BEI-1
ly|=2m—1

+ 2 A+ R = £ oy )

lyl=2m—1

Applying Lemma 6 to {ag,} and {f,} taking account of the condition
(A) s 1, this is

= C{( > l”fy”C"(D) + ”uHI!’(D))

YI=2m—
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X ( 2 Ha,37||UP(a+;.p.Dz) * 1)

BI=!
[y|=2m—1{
2 ot
+ Villen( o\ VT,
yl=2m—1{ v 1p(”‘+l7~l7v02)

Applying Lemma 6 to the last term again, and furthermore noting that

{”fy”(“(D) }M§2m~l

are obviously majorized by

LAy = m—1:
we obtain the following inequality:

lu(x + k) — u(x) ”H"”(A) =

a+l
(3 Wl + i) 17

yI=2m—1

Hence, we can conclude that u belongs to the space Lip (/ + a + ﬁ,

p, A) and therefore to the space 9?,’,*“(A) by Lemma 6, and the estimate
(10) holds for wu.

The proof of Theorem 4 is complete.

4. Applications of Morrey-Sobolev type imbedding theorems. We have
proved the following theorem:

LEMMA 8. [12]. Let v be a function such that the derivatives v, belong to
the space gl(f"}‘)(A ), where p, q and N are constants such that 1 < p << oo, 1

A
<q<oo,0<}\<nand0<f~—-<l.

p 4
Then, the following estimates hold for v:
(1) ¢ < A; v belongs to the space Z‘,"'}‘)(A) and

(15)  Pleangy = Clvillena,

1

where — = — — — and r is an arbitrary constant greater than nq/\.

q
(i1) ¢ = A; v belongs to the space LI0A4) and

Q| =

(16)  Dlenowy = C llvilleenia)

where r is as in (1).
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_A
(iii) ¢ > A; v belongs to the space %’: 9 (A) and
(7)) Dler vy = C ||V,\»|'$;,4~M(A)
where r is as in (1).

Here, we remark that throughout the remainder of this paper, we denote
always by G the constant defined in (i) of this lemma.

Combining this lemma and Theorems 1, 2, we can deduce the
following:

THEOREM 5. Let u be an H(D) solution of the equation (E) or (E) under
the condition (A) 2y or (4 )’g;} o respectively. Then, the following estimates
hold for u:

(i) g < A; the derivatives {Dﬁu}wg/,l belong to the space ,?ﬁ?’*)‘)(A) and
we have

as ;H 1 DBul| a4

= C( > 1D |l anpy + ||u||LP(D))
YI=l—2m

in the case of (E), or

=C ( > ”fy“,sf’},‘?-'\)(b) + “u”LP(D))

ly|=2m—1

in the case of (E), where G, r are as in (i) of the preceding lemma.
(i1) ¢ = A; the derivatives {Dﬁu}wg,] belong to the space £'"(4) and
we have

(19 X HDBqu(rLO)(A) = the right hand side of (18)
IBI=(—1

where r is as in (1).
_A
(ii1) ¢ > A; u belongs to the space éf: 9 (A) and we have

(20) ||ull pt-var 4y = the right hand side of (18
, (4)

where r is as in (1).

Proof. By taking v, = {D'Bu}' g—: and applying the preceding lemma the
conclusion is immediate with the aid of Theorems 1, 2.

Next, we shall prove that analogous results to Theorem 5 hold under
weaker conditions than the condition (4) R0 ILor(4 )’g},qm I
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For this purpose, we make at first the following condition on (£)
instead of the condition (4 )an It

A .
A ) 'l = 2m + 1, T2 and the coefficients {ag} =2, and
p q

I=am+2 A
the functions {D'f},=,—2, belong to the spaces C " 9(D) and

ZL4N(D) respectively.

Although the condition (4 )zian T is of the same type as the condition
(A4) JZR I, these two conditions are essentially different: namely,

LEMMA 9. The condition (A )g(gm I’ means the following:

. A on A :
() g <A and% < ; < :]7 {aﬂ}\ﬁiébpz and {Dyf}|Y|§I72m*l belong to
the spaces

[—2m—14+8 A

C P 4(D) and LIN(D)

respectively and we have

@21 2 DY lggvpy = C 2 DY Il

lY|=1-2m—1 lY|=[—-2m
(i) ¢ = A; {ap}ipj=am and {D" [}y =1—2m—1 belong to the spaces

DY and Z09(D)
respectively and we have

(22) 2 ||Dyf||$<10)(D) =C E ||D‘Yf||;f})q‘)\)(D)

YISl=2m—1 YIS[—2m
(iii) ¢ > X; {ag}p=am and f belong to the spaces

+1—= )\) 2m7A

C"z"’_H( (D) and #, " (D)

p

respectively and we have

(23) Sl -2m-ovapy = C > 1D llten ).

[Y|=[—2m

Proof. We note at first the following equality:
A A
1—2m+f——:1—2m—1+(f——+1)
4 q p q
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=/—2m—1+ in the case of (i)

0>

=/-2m—1+ in the case of (ii)

ST T ST

and afterwards we refer the following theorem for the proof of the
inequalities (21)-(23).

LEMMA 10. [12] Let v be a function such that the derivatives v, belong to
the space D?;,"’}"(D), where p, q and \ are constants such that 1 < p < co,

A
l < g<oo,0< A< nand 1 < (—] Then, the following estimates hold
p

for v:
A n A (M)
(i) ¢ < Aand — < — < —; v belongs to the space £, (D) and we
q p q
have

(24) [V]g(qm(D) C “‘)XHE’“’M(D)
(i1) ¢ = A; v belongs to the space 3},“0)(D) and we have

(25) Dleyopy = C lvalletonpy.

_A
(i) ¢ > A; v belongs to the space Qi”[l, 4(D) and we have
(26) [l waypy = C lvillegen p).
Now, our last main result is the following:

THEOREM 6. Under the conditions (A )eyen I and 11, H?(D) solution (I Z
2m + 1) u of the equatzon (E) satisfies the Jollowing estimates:

A A _
(i) g <A andé < ]—) < 5; {Dﬁu}m‘g/_] belong to the space K},"'M(A)

and we have

Q7 X bk ullgang = C ( > DY flletonn) + ||u||U’(D))-

Bl=1—1 [YI={—2m

(i) ¢ = A; {Dﬁ u}|pi=i—1 belong to the space ,2”},'*0)(A) and we have
28) X IDPullggiou = the right hand side of (27).
IBI=/—1

A
(i11) ¢ > A; u belongs to the fpl 9(A) and we have

(29) lull gt -ovoray = the right hand side of (27).

Proof. (i) By taking I — 1 (Z 2m), § in place of I, ¢ in Theorem 1
respectively, we can easily verify the following inequality:
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2 nDﬁuug;,a.m)éc( 2 DY gy + ||u||,m))).
Bi=i—1 I=i=2m—1

And applying Lemma 9 (i) to the first term of the right hand side of the
above inequality, we can conclude that the estimate (27) holds for u, which
completes the proof of the case (i).

By similar arguments as in the proof of the case (i), we can deduce the
estimates (28), (29) for the cases (ii), (ii1) respectively.

Hence, the proof of this theorem is complete.

Moreover, we can assert that there holds the following:

PROPOSITION 1. Let u be an H(D) solution (I = 2m + 1) of the equation

no A

(E) under the condition (A )g;q.)\) with — = —. Then, the estimates of the
p q

same type as in Theorem 5 hold for u.

Proof. Let r be an arbitrary constant greater than p = nq/A. Then, using
Theorem 6, the estimates (27)-(29) hold for u with r in place of p.
Hence, the conclusion follows directly by using the well known
inequality (see [17] ):
1D llganpy = ||Dyf||,9’;,qv*>(D)-
Remark 1. This proposition asserts that Theorem 5 concerning the
A A
equation (E) (/ Z 2m + 1) holds as long as — = LA 1, that is, it
q P

q
is still valid for the limiting case.

Now, we terminate this section by showing a proposition concerning the
limiting case of the equation (E)" as follows:

PROPOSITION 2. Let u be an H'P(D) solution of (EY (1 = | = 2m) under
the condition (4) g(an with p = nq/\. Then, the following estimates hold for
u:

1) g = A {DBu}|B|§/A1 belong to the space Q?(g:’A)(A) and

C( > I Allztanpy + ||u”L/’(D))
!

yI=2m—

lIA

(B0) X IDPullgg

IBI=(—1
where p1, q, and q| are constants such that
ng Ap;

1<PI<P=T,(11=7>1 and

_A
(ii) ¢ > A; u belongs to the space %’;II 9(A) and

https://doi.org/10.4153/CJM-1984-024-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1984-024-8

INTERIOR ESTIMATES 401

(1) lull, vvancqy = the right hand side of (30)
where p| and q, are as in (1).

For the proof of this proposition, we make use of the following
lemmas.

A
LEMMA 11. [6]. Let v be a function belonging to the space .fp(l"’ )(D)
(p = nq/\). Then, in fact v belongs to the space 17\(D) for any constant such
as 1 < py < pand

(32) [Wllzrpy = C [Vllgttovayp).

LeEmMA 12. [11]. The space J,S{’"”_p‘)(A) is isomorphic to the Sobolev
space H'P' (A) and
(33) C~l||V||H1‘P|(A) = ”v”gp(lpIJI’PI)(A) = CHVHHIJN(A).

Proof of Proposition 2. We give the proof for the cases (i) and (ii)
simultaneously.

As the functions { f,}y/=2,, belong to the space /' (D) by Lemma 11,
the following estimate holds for ¥ by Lemma 3:

> IDPull 174y = C( > Ao + ”uHLP'(D))-

1Bi=! Al=2m—1

This means that the functions {DB u}|p=/—1 belong to the Sobolev space
H'#' (4) and therefore to the space ,?l(,{’"" “P(A) by Lemma 12. Here, we
note that p is equal to nq;/A (1 < ¢q; < ¢q) and therefore

g’(){hvn-m)(A) = gp(ln_)\qi’ﬂ%(;\l - ) )(A)

= Z@N(4) in the case of (i)

or
-2
=, 9 (A) in the case of (ii).

The last isomorphism relations follow from Lemma 7.
Hence, the proof is complete with the aid of the following inequality
(see (32) ):

> 1A llrpy + Null oy
lY|I=2m—1

=C ( > [”fylLf},"‘M(D) + ullrrp) )

[yI=2m—
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Remark 2. If we take the strong Morrey space L“/}‘)(D) (p = ng/A; for
the definition see [16] ) instead of space J(" )(D) then we can obtain
slightly stronger results than those of Proposmon 2, which are closely
analogous to those of Theorem 5; namely, the following estimates hold for
u:

(i) g < A {D'Bu}‘mg/_] belong to the space 3;‘7')‘)(A) and

(34 X ||Dﬂu||y;ﬁ~“(A) = C( > I Moy + ||u||LP(D))-

BI=i—1 lYI=2m—1

(i) ¢ = A; {Dﬁu}wé/,, belong to the space $},'*O)(A) and

(35) 2 |IDPullgion, = the right hand side of (34).
IBl=i-1

A
(iit) ¢ > A; u belongs to the space)f/ 9(A) and
(36) ||u||x“ w4y = the right hand side of (34).

Actually, the space L¢N(D) (p = ng/M) is isomorphic to the space
LP(D) (for the proof, see [16] or [17] ) and the conclusion is immediate by
applying Lemmas 3, 12 and 7 successively, as in the proof of Proposition

2.

5. Comments on the theorems.
1. According to [3], we make the following:

Definition 5. Let X be a normed function space. Then, a function { is
said to belong to the multiplicator space on X:M(X), if the following
inequality holds for an arbitrary function v belonging to the space X:

BT 18 vllx = Clblly.

Therefore, we take the multiplicator spaces fairly wide so as to deduce
the preceding theorems as follows:

TueoreM 1. X = {u; {DPu}ig=; € LLN(UA) ) M(X)
A
_ CI—2m+g~a(D)‘
n_A
THEOREM 2. X = same as Theorem 1; M(X) = C? 9(D).

THEOREM 3. X = 2,1 %4); M(X) = #},~ 2" (D).
THEOREM 4. X = same as Theorem 3; M(X) = H#}(D).
THEOREM 5. the same type as Theorems 1, 2.

THEOREM 6. the same type as Theorem 1.
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Here, we make the following:

Remark 3. If —q < A < 0 in Theorems 1, 2, then we may set
A
a=— O<a<]
q

and therefore
I—2m+a+2

M(X)=C (D), C*'P(D) respectively.
On the other hand, in Theorems 3 and 4 M(X) = .}ff,‘z"’J""(D) and

H5(D) which are isomorphic to the spaces Lip(/ — 2m + a + g p. D)
and Lip(a + E, p, D) respectively by Lemma 6. Obviously, these spaces
p

. [=2m+a+l +4 ) )
are wider than the spaces C e 7(D) and c P (D) with their corre-

sponding norms respectively. Hence, Theorems 3, 4 give more precise
estimates for negative A than Theorems 1, 2 because of Lemmas 4-6.

n A, . .
2. If - — — is equal to or greater than unity, then we can improve some

of the preceding theorems as follow:

THEOREMS 1, 2. The solution u belongs to the Sobolev space H'* (4 and
we have

(38)  [ull 1oy

= C(Ifllgtmopy + llullrpy)
for the equation (E) or

= C( > A llatopy + “uHL”(D))
YI=2m—1
for the equation (EY .

THEOREM 5. (1) ¢ < A; the derivatives {D'Buhmg /— belong to the space
LIN(A) and we have

39) > IIDBuIIg;;‘.M(A) = the right hand side of (38)
BI=l-1

where p* is the Sobolev’s exponent; that is,
1 1 _ A

1
P p n g
(i) g = A; the derivatives {D'Bu}wg/ﬂ belong to the space EAJ’O)(A) and

we have

(40) > HD'BuII_%I,O)(A) = the right hand side of (38)
BI=i—1
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where p* is as in (1).
A
=4
(iii) ¢ > A; u belongs to the space #}« (A) and we have

(41) ||ullfp*/ “Wayqy = the right hand side of (38)
where p* is as in (1).
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