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CONDITIONS FOR THE SOLVABILITY OF SINGULAR
BOUNDARY VALUE PROBLEMS

X1yu Liu

Consider the singular boundary value problem (r(z')) + f(t,2) =0, 0 <t < 1.
We give necessary and sufficient conditions for this problem to have solutions. In
addition, a uniqueness result is obtained.

1. INTRODUCTION AND MAIN RESULTS

In this paper, we study the solvability of the following singular boundary value
problem of the second order differential equation:

(1.1) "("'(zl(t)))' = f(t, =()), te€(0,1)
with z satisfying the so-called Dirichlet boundary condition
(i) =z(0)==z(1)=0
or the mixed boundary condition (see [1]):
(i) =z(0)=é6z(1)+<2'(1)=0, §=0.
Equations of the above form occur in many mathematical models such as fluid theory
and turbulent flow of gas. Equation (1.1) is singular at t = 0, 1 and z = 0, for example:

(1.2) ft,2)=t1 -t) Pz +2%), o B,7>0.

We call a, 8, v the order of the singularities at t =0, 1 and z = 0.

When r(z) = z, it has been shown that for a < 1, § <1, ¥ > 0, problem (1.1)
and (i) has solutions, see [2]). Recently O’Regan (3] proved that when a, 8 <1, ¥ =0,
problem (1.1) with (i) or (ii) has solutions. So a natural question is what it is the
greatest order of the singularities for equation (1.1) to be solvable? In this paper, we
give an answer to this question. Our results show that this greatest order is a = 2,
B =2 (r(z) = z). In addition, a uniqueness result is given.

In the following, we call z a solution to (1.1) with (i) if z € C[0, 1] n C?(0, 1)
with z(t) > 0 for ¢ € (0, 1) and satisfies (1.1) and (i), while for (1.1) and (ii) we need
z € C[0,1]nC*(0,1]NC?(0, 1) and z(t) > 0 for ¢ € (0, 1).

We always assume r(z) is odd, strictly increasing and r € C*(R!) with r(c0) = co.
In addition, f: (0, 1) x (0, co) — (0, o0) is continuous. Our main results are the next
four theorems.
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THEOREM 1.1. Suppose the following conditions are satisfied:

(N) f(t,z) > a(t)g(z), t € (0,1), z € (0, c0), with a: (0,1) — (0, c0) and
g: (0, 00) — (0, o©) continuous while inf{g(z): z € (0, 1)} > 0.
(Ho) r(zy) > mr(z)r(y) for z, y > M, where M, m are positive constants.

Then the necessary condition for problem (1.1) and (i) to have solutions is

t

(1.3) ‘/; 7 1(|A(t)|) dt < oo, where A(t) = /1/2 a(s)ds

and for problem (1.1) and (ii) the necessary conditions are

1

(1.4) /1‘:2 a(s)ds < oo, /01 r71(A1(t)) dt < oo, where A;(t) = ‘/; a(s) ds.

THEOREM 1.2. Suppose f(t, z) is decreasing with respect to z, then problem
(1.1) with (i) or (ii) has at most one solution.

THEOREM 1.3. Suppose (Ho)(H,)(H:)(Hs)(H4)(Hs) are satisfied. Then prob-
lem (1.1) with (i) has solutions, where the conditions are:

(H1) f(t, 2) < b(t)h(z), t € (0,1), = € (0, c0) where b: (0,1) — (0, 00),
h: (0, o) — (0, c©) are continuous.

(Hz) ofr_1(|B(t)|)dt < oo, where B(t) = 1_/]'2 b(s) ds.

(Hs) r7Y(h(z))/z >0 as z — +o0.

(H,) 0j'(d::)/(r"l(h(:r:))) < o0,

(Hs) For any H > O there exists ¥(t) € C[0, 1] such that f(t,z) > ¥(t) >0,
te(0,1), z € (0, H], and

e 1
0</; P(s8)ds < o0, 0< - P(s)ds < o0

for € € (0, 1).

THEOREM 1.4. Suppose (Ho)(H,)(H3)(Hs)(Hs)(Hs) are satisfied. Then prob-
lem (1.1) with (i) has solutions, where (H; ) is:

1 1 1
/ b(s)ds < o0, and / r~1(Bi(t)) dt < oo, where By(t) = / g(s) ds.
1/2 0 t

CorROLLARY 1.5. Consider the equation

(1.5) ~(r(")) = b(t)h(z)
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where (Hy)(Hs)(H,) are satisfied, b and h are positive and continuous and inf{h(z): z €
(0, 1)} > 0. Then (1.5) is solvable if and only if:

1 t
/ — (I/ b(s) ds') dt < o0, for boundary condition (i);
0 1/2
1 1 1
/ b(s)ds < oo, / Pt (/ b(s) ds) dt < oo, for boundary condition (ii).
1/2 0 i
ExaMPLE 1.6. Eguation (1.6)

(1.6) (2P ") +8(5)a™" =0, =(0)=2(1) =0

where 8 > 0, v > 0 has a unique solution if and only if

/01 (]/1:2 b(s)ds ”B) dt < co.

REMARK. If b(t) =¢~%(1 —t)”® and B = 1, then the above condition becomes o < 2.

PRrROOF OF THEOREM 1.1 AND THEOREM 1.2

We shall prove Theorem 1.1 in two steps. First we consider problem (1.1) and
(). Choose to € (0, 1) so that z(t¢) = max{z(t): t € (0, 1)}, hence z'({,) = 0, and
z'(t) < 0, for ¢t € (to, 1) whereas z'(t) > 0 as t € (0, o). From condition (N) we have
¢ > 0 with cg(=(t)) > 1, t € (0, 1). Then integration yields

At) < —¢(r(='(t)) - r(="(1/2))).-

We can assume without loss of generality that z'(f) » —oo0 as t — 1.

Hence r(z'(t)) » —co as t — 1 and for some #; >t
A(t) < 261'(_2,(0)’ te (tla 1)'

By (Ho) we get
A(t) < r(—r7H(2¢/m)e'(2)).

Hence

/ L (A dt < 7 (2¢/m)z(to).

1

The estimate on (0, ¢¢) is just the same, and hence (1.3) is true.
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Next we consider (1.1) with the boundary condition (ii). Let z € C|[0, 1]nC* (0, 1]n
C?(0, 1) satisfies (1.1) and (ii). Similarly to the first step we get ¢ > 0 with

tz
r(z'(t1)) —r(2'(2)) > (l/c)/ a(s) ds.
t
So by letting ¢; — 1 we get

/1 a(s)ds <oc, t; €(0,1).

t

And

Ay (t) < er(2'(2)) + er(62(1)).
Assume z'(t) — 400 as t — 0 without loss of generality, then we get t3 € (0, 1) with
A1(t) < 2¢(r(2'(t))). The same reasoning as in step one will yield (1.4). So the proof
is complete.

Next we turn to prove Theorem 1.2. Let z and y be solutions to (1.1) and (i)
with maxz(t) > 0, where z(t) = z(t) — y(t). Thus we can choose £, € (0, 1) such that
2(to) = max{z(t): t € (0, 1)} and #o € (%3, t2) with 2(t) > 0 for t € (1, t2). Evidently
2'(tg) = 0 and so we have for t € (¢, ¢o) that r(2'(¢)) < r(¥'(¢)), hence 2'(¢) < 0. As
a result we can let £; = 0, in contradiction to the boundary condition (i).

Finally we consider boundary condition (ii). In this case to € (0,1]. If § = 0 we
have z'(tp) = 0. Thus we can get the desired contradiction. If § > 0 and ¢y = 1, then
2'(1) > 0 in contradiction to 2'(1) = —62(1) = —é2(ty) < 0. Thus t, € (0, 1). The
rest of the proof is similar to the case of boundary condition (i).

3. APPROXIMATE PROBLEMS

In order to prove Theorem 1.2 and 1.3, we need to consider the following approxi-

mate problems:
(3.1) (rz' (1)) + Malt, z(2)) =0, 0<t<1,X€(0,1]

where fn.(t, z) = f(t, max{z, 1/n}). Define the functional H{(e, A, z) by:
1
H(e, A, z) = / 77 (e — A Fu(s, z)) ds
0
where e € R!, z € C[0, 1] and

Fu(s, z) = /1 ;2 falt, o(8)) dt.
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We shall work in the space C[0,1]. Let P = {z € C[0,1]: z(¢) > 0, ¢ € [0, 1]}. Then
from (Ho)(H,)(H2) we have:
(3.2) |Fn(s, )| < C|B(s)|
where C = max{h(z): ¢ € [1/n, z]}. From (H,) we have

rH(zy) Smar T (@) (y), zy > My,
where M;, m; are positive constants. Hence,

(3.3)
rHzy) KCA+r7Hz)+ 7 (y) +r (=)' (y)), =z,¥>0,C = constant.

(3.4) ri(z+y)<SC(A+rz)+r (y)), z,y>0,C = constang.
And from (3.2) we know

v~ (lel + C|B(s)])

[*='(e — A Fa(s, z))| <
< CQA+r7(le]) +r71(IB(s)D)

(3.5)

where C is dependent only on n and the bound of ||z||, and may vary when it appears
at different places. Hence H is well defined.

LEMMA 3.1. H(e, A, z) is continuous in all its variables and strictly increasing
with respect to e for A € (0, 1].

PROOF: Suppose e — ep, A — Ag, £ — z9. Then we have

H(e, A, z) — H(eg, Ao, 2o) = /0 ('r_l(e —AF,(s, z)) — 17 (eo — Ao Fu(s, 20))) ds

e l1—e 1
AT
0 4 1-¢

And from (3.5) we can deduce

r

Hence from ( H, ) we know

<2C /02(1 +772(le]) + 7 (leo] + 71 (| B(8)])) ) ds.

14 e
/ — 0, — 0, ase — 0.
0 1

-
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But on the interval [e, 1 — g] F, is continuous so we get
1—¢
/ — 0, ase—eg, A > Ay, T — o
[4

and the results follows. 0
LEMMA 3.2. H(e, A, ) = 0 has a unique root e = e(}, z).

PRooF: It is obvious that F,(s, z) is strictly increasing with respect to s, hence
H(e, A\, z) —» 400 as e — +oo provided AF, is bounded from above. Otherwise
AF,(s,z) = +oo as s = 1. Choose e = A F,(t, 2). Hence e — +00 as t — 1 and we

can assume ¢t > 1/2. Se we have

tr'l(e —AF,(s, 2))ds > 2 r~ (e — A Fu(s, ))ds
/ J

0

1/2
> / P~ (A Fu(1/2, 2) — A Fa(s, ©)) ds > 0.
[1]

But since e > 0 we also have

[ e -rmts i) = [ 0 Ealer2) - ey

g/t r1(A Fo(s, z)) ds < c/t »=1(|B(s)]) ds — 0.

So we get H(e, A, ) > 0 for e large. Similarly H(e, A, ) < 0 for —e large enough,
and the proof is complete. 1

LEMMA 3.3. Suppose (Ho)(H:1)(H;) are satisfied. Then the functional H,(e, A, z)
is continuous in (e, A, z), strictly increasing in e, and H(e, A, ) = 0 has a unique

root e = e1(A, z), where

1 1
Hi(e, M\, z) =r"(e) + 5/ 71 (e + A/ fal2, z(t))dt)ds.

0 s
PROOF: We only list the following inequalities and omit the details.

1
/ falt, (1)) dt < CBi(s)
1

r! (e + /\/ fal(t, z(t)) dt) < C(1+r7Ylel) + 7 (Bu(s)))

1
|Hi(e, A, 2)| <771 (e) + 6/ r~}(CAB;y(s))ds, for e <O0. 0
0
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REMARK 3.4. From the proof of Lemma 3.1 and Lemma 3.2 we know that the continuity
of H and H, is uniform for A € [0, 1], e and z in bounded sets.

LEMMA 3.5. e:(0,1] x C[0,1] — R! is bounded and uniformly continuous for
A €[0,1] and z in a bounded set.

PRrROOF: First we shall show that e is bounded. Otherwise we would have e, =
e(Am; Zm) — +oo while z,,, is bounded. Since F, is increasing with respect to s and

1
/ r-l(em —AmFa(s, 2m))ds =0
0

there exists t,, € (0, 1) such that e, = AnFyu(tm, zm) and t, — 1. Let e, > 0,
hence from (3.5) ‘

1

tm
/ r_l(em — AmFn(s, zm))ds = / r_l(z\mF,.(a, Zm)—em)ds
0

m

1
< / T‘_I(Aan(s, zm)) ds - 0 as m — co.
tm

But when ¢, > 1/2 we have

tm 1/2
/ r7 (em — AmFn(s, zm)) ds > / r_l(em — AmFn(s, z))ds
0 0

1/2
> / =1 (em — C|B(s)]) ds — oo,
1/4

Hence we get a contradiction. Next we shall show that e is uniformly continuous. First
let el <R, 0<A<K1,e>0, |z]| £ R, where R > 0 is a constant. Then

1/2
H(et+e A, z)—H(e, A, z) 2 / (r"ie+e—AF,)—r"(e— AF,))ds.
1/4

But we have from (3.2)

le~AF,| < R+C|B(s)| < C1
where C; is dependent only on n and R. Hence
(3.6) He+e, Ay z)—H(e, \,z) 2 B

where 48 = min{r~!(s +¢€) —r7(s): s € [-Ch, Ci1]} > 0 and depends only on R, €.
Let € > 0 and X € [0, 1], |z] £ R. From the first part of the proof we have |e(}, z)| <
K = constant. Hence from (3.6)

3.7 H(e(A, z)+£e,2) 20 >0,
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where 8 = B(R, €). From Remark 3.4 we get 7 > 0 such that

H(e(X, z) + €, Ao, o) >0, |A ~ Xo| < 7, ||z — 20| <.
Similarly we can obtain

H(e(A, z) — €, Ao, 20) <0, |A—=Xo| <, ||z — zo]| <7

Hence |e(A, z) — e(Ao, zo)| < €. The proof is complete. 0

Now we come back to (3.1) with boundary condition (i). We always suppose
(Ho)(H1)(H2)(Hs)(Hs) are satisfied. Define the integral operator N by:

(3.8) N(A, 2)(t) = /o 71 (e(X, z) — A Fu(s, 2)) ds.

Denote A,(z) = N(1, z), where z € P, ¢(), z) is determined by Lemma 3.2. Obvi-
ously N(A, z)(0) = N(A, z)(1) =0. Let X € (0, 1], then from the definition of e(}, z)
there exists ¢o € (0, 1) such that

e(A, z) = A-/l/: fa(t, z(t)) dt.
And for t € (o, 1) we know
to
e(A, z) < A[/z a2, z(2)) dt.

Hence

N(A z)(1)=0< /(; r71(e(A, ) = A Fy(s, 2))ds = N(A, z)(2).

Similarly we can prove N(A, z)(¢) > 0 for ¢t € (0, ¢9). Hence N: [0,1] x P — P and
for A € (0,1}, t € (0, 1), N(A, z)(¢) > 0. It is easy to show that N is continuous and
bounded. And if z belongs to some bounded set, then from (3.6) we have

IN(A, z)(t2) — N(X, 2)(t1)] < C’/; ’ (1 +772(le(A, 2)]) + 7 (IB(5)])) ds.

Hence from Arzela’s theorem, N is compact.

LEMMA 3.6. Suppose (Ho)(H,)(Hz2)(Hs)(H4)(Hs) are satisfied. Then the ap-
proximate problem (3.1) and (i) has solutions for any n € N .

PROOF: Let A € (0,1] and z € P with z = N(JA, ). Then z satisfies (3.1) and
(i) while z(t) > 0 for =z € (0, 1). Let z(t) assume its maximum at o, € (0, 1). Then
for t € (0, to) we have from (3.1) by integration that

(3.9) r('(t)) < -/; ’ b(s)h(max{1/n, z(s)}) ds.
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We can assume without loss of generality that ty < 1/2. In the following we use C to
represent any constant independent of A, z and ¢. From (Hjs) we have M > 0 such
that h(z) < r(ez) for z > M. Hence there exists C(e) > 0 such that

(3.10) H(z) < C(€) + r(ez), for z > 1/n.

So from (3.9), (3.3), (3.4) we get:

1/2
r(2'(t)) < /t b(s)(C(e) + (e +ellzl])) ds

2'(t) <7 (1B (C(e) + (e +ell=l)))
2(t) <C A+ (IB@)) +r7(Cle) + e +ell=])
+r7 (IB@))r~(Cle) + (e +€l=l])))
Izl <C(1+C+r7(C(e) + (e +el=ll)
+ Cr7H(C(e) + (e +e]l=l1))
C1+771(C(e) + (e +e]l=l))
CL+r7H(C(e) +¢ +ellzll)-
By letting eC < 1 we have ||z|| < K where K is a constant independent of z and X.
If we choose R > K and put Bp = {z € C[0,1]: ||z|| < R}, then ¢ # N(J, z) for
A €(0,1], ||z|| = R. Therefore
i(N(X, z), PN Bgr, P) =i(A,, RN Bg, P)
= i(N(0, z), PN Bg, P) =1

<
<

where ¢ denote the fixed point index on P. Hence A,, has fixed points. The proof is
now complete. 0
In the following we turn to problem (3.1) with boundary condition (ii), that is,
z(0) =0, éz(1)+2'(1) = 0. We shall assume (Ho)(H;)(H3)(Hs3)(Ha)( Hs) are satisfied
throughout. Instead of the operator A, and N, we shall use the following:

(3.11) N, 2)(t) = Atr_l(el(l, z)+)\/.l Fus, z))ds.

Then Bpz = N1(1, z), where e; is determined by Lemma 3.3. It is straight forward to
show that the integral is well defined in (3.10). Hence for z € C[0, 1], Ny(}, z) € CJ[0, 1)
and satisfies the boundary condition (ii). Write y = N,(A, ). Then for X € (0, 1] and
t € (0, 1), (r(¥'))’ <0, and as a consequence y'(t) > 0 provided § = 0, and furthermore
y(t) > 0. When § > 0, the boundary condition yields y'(1) = —éy(1). If y(1) = 0, then
y'(t) >0 for t € (0,1). If y(1) > 0, then ¥'(1) < 0, but r(y') is strictly decreasing, so
we know y is concave and y(t) > 0 for ¢t € (0, 1). The next Lemma is just parallel to

Lemma 3.3.
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LEMMA 3.7. The functional ei(}, z) is continuous and bounded.

LEMMA 3.8. Suppose (Ho)(H:)(H3)(H3)(Hy)(Hs) are satisfied. Then problem
(3.1) with (ii) has solutions for any integer n.

PRrOOF: From Lemma 3.3 and Arzela’s theorem, N; is compact. Let A € (0, 1),
z € P and z = Ny(), z), then z satisfies (3.1) and (ii)). When § = 0, then integration
of (3.1) on [t, 1] and (3.10) will yield:

r(z'(t)) s]; b(s)h(max{1/n, z})ds

[C(e) + (e + [l=l)]Ba(2)

C 1+ 771 (Ba(t)) +77H(C(e) + r(e +e12])))

+ 171 (Ba(t)r 7 (Cle) + (e +ell=z]])))

lll < C(1+7r71(Cle) + (e +eizl)))
SC@A+r71C(e)) +e +el=).

<
(3.12) z'(t) <

When 6 > 0, z(t) will assume its maximum at ¢y € (0, 1). Integration on [¢, 5], then
on [0, to] will also yield (3.12). The remainder of the proof is just the same as in the

proof of Lemma 3.6. 0

4. PROOF OF THEOREM 1.3 AND 1.4

In this section we shall complete the proof of Theorems 1.3 and 1.4.

LEMMA 4.1. Let (Hy)(H1)(H:)(Hs) be satisfied. Then there exists a constant
R > 2 independent of n such that for any solution z to problem (3.1) and (i) the
following estimate holds:

0<=z(t)<R-1, telo,1)

PROOF: Let z be a solution which assumes its maximum at t, € (0,1). For
simplicity we assume z(to) = ||z|| > 1. Choose t; € (0, ty) such that z(t;) =1 and
z(t) > 1 for t € [t1, to]. From (Hs) we have C(c) > 0 independent of n such that

(4.1) H(z) < C(e) + (e, z), forz > 1.

Upon integration of equation (3.1) on (¢, t] we have: (where C denotes some constant

independent of n and ¢ and may vary at different appearances)

to
r(2(1)) < / b(s)h(2(s)) ds
< B(s)(C(e) + (e ||z]|))
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provided £y € 1/2. If ¢y > 1/2, we can integrate on [to, t] and obtain
—(#'(8)) < Ba)] (C(e) + r(e el
In both cases we get
lzll < C(L+771(C(e)) + ll=ll)-

Choose e C <1 and Lemma 4.1 is proved. 0

Now let R > 2 be determined by Lemma 4.1. Replace h(z) in (H;) by h(z) +1
if necessary and we can assume h(z) > 1 for = € (0, c0). Define

D(z) = sup{h(u): z < u < R}

® du
)= J, oty

It is straight forward that D € (0, R], h(z) < D(z) and D is decreasing. In addition
T € C[0, R] by (Ha). Let 4 be determined by (Hs) for H = R, and suppose & is a
solution to (3.1) and (i) with z(Z9) = ||z||. Then we deduce

to

r(z'(t)) 2 P(s)ds

t

(4.2) z(t)zlotr-l( uto ¢(s)ds)du, for t € (0, o)
(4.3) :c(t)z[ r! (/tou¢(s)ds)du, for t € (o, 1).

LEMMA 4.2. Suppose (Ho)(H.)(H:)(Hs)(H4)(Hs) are satisfied, and let = be a
solution of (3.1) with boundary condition (i), which assumes its maximum at t2, that
is, z(t2) = ||z||. Then there is a constant 7 independent of n such that n < 1% < 1—1.

PROOF: Assume the contrary we would have a sequence of solutions z, with
corresponding maximum points ¢ satisfying t§ — 0 or 1. For convenience we suppose
t2 — 0 and t) < 1/2. Thus from (4.3) and (Hs) we know

1 u
el =2@) > [ ([ v auo

1/2
But ||z,|| is bounded from Lemma 4.1 and as a result we can set

(4.4) [lza]l = co > 0, as n — oo.
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Since z, increases as t € (0, t?,), we obtain for ¢ € (0, t‘,’l) that

0

0< r(::;(t)) < ‘/; " b(s)D(max{1l/n, z,(s)}) ds
< D(zw(t)) / " b(z) ds < D(za()) [B(2)]
0 < 24,(t) < C (1 + v~ (D(2a(®))) + +~ (1B + r~*(D(zn(t)))r(IBE)]) -

Define z,(t) = T(2n(t)), then z,(0) = 0 and evidently D(z,(t)) > D(R) > 0. Hence
r~1(D(zs)) 2 v~} (D(R)) > 0 and

(45) 0 < z,(t) <C(L+r7(IB(®)))

where C is independent of z,,. Thus integration on (0, t?,) yields

24
za(t) < C/ (X ++7()B(t)])) dt > 0, as n — co.
0

Hence T(cp) = 0, a contradiction to (4.4). The proof of lemma is complete. 0

PRroOOF OF THEOREM 1.3: We now complete the proof of theorem 1.3. Let z,, be
an approximate solution to (3.1) and (i) and put 2,(t) = T(zn(t)). Thus 2z, is bounded
in C[0, 1]. We again use t), to denote the maximum point of ,. Hence for t € (0, t2)

0 < r(2y (1)) < D(zn(t))(w(tn s [ b(a)ds) < CD(za(9))(1 + 1B

2n(t) S C {1+ 77 (za(t)) +r7 (X +B(A)]) + 77 (za(t))r ™ (1 + |B(2)])}
< C {1477 (za(t)) +r 7 (IB®)]) + 7" (za(2))r (IB(1)])} -

As a result we have for ¢ € (0, t%) that
(4.6) 0 < |zl < {1+ (IB(2))}-

(Note that the above C’s may be different.) Similarly we can prove (4.6) is true for
tc (tg, 1) . Thus using the well known technique and Arzela’s theorem, 2, has CJ[0, 1]
convergent subsequences. For simplicity we set z, — z and z = T71(z). Therefore
z, — z and z(0) = 2(1) = 0. From (4.2) and (4.3), for t € (0, n):

Z2a(t) > /0 Cpt ( /., " ¢(a)ds)du.
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But z,(t) > z,(n) for t € (0, to). If we define z* by:

z'(t):/otr'l (/:¢(s)da)du, for t € (0, 1)

a:*(t)=min{/onr—l ([:p(.;)a)m, /l;r—l( lin(a)ds)du}.

for t € [n,1 -7, and

1 u

z*(t) = / 7! ( P(s) ds) du, fort €[l -n9,1].
t 1—9

Then z,(t) > z*(t) > 0; hence z(t) > 0 for t € (0, 1). From (4.6) z},(1/2) is bounded;

hence z,(1/2) is bounded and we can assume z!,(1/2) — p. Then (3.1) yields:

t

2(t) — 2a(1/2) = /1 /2r-1[r(z;(1/2))— /1 RS

t

o) -2(1/2)= [ +lri)- [ ROCLE

1/

Thus (r(z'))’ = —f(¢t, z) for t € (0, 1). The proof is complete. 1]

Finally we turn to the proof of Theorem 1.4. Since it is essentially the same as the
above steps, we only list the following lemma and omit the details.

LEMMA 4.3. Suppose (Ho)(H,)(H;)(Hs)(Hs)(Hs) are satisfied. Then there ex-
ists a constant n € (0, 1) independent of n such that t2 > n, where t? is the maximum
point of z, the solution of (3.1) with (ii).
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