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Abstract
Let f bea C” (r > 0) map from the interval [0, 1] into itself and m be a positive integer. This paper gives
a sufficient and necessary condition under which the set of periodic points of period m disappears after a

certain small C"-perturbation.

1991 Mathematics subject classification (Amer. Math. Soc.): primary 58F20.

1. Introduction

In this paper, we denote by I the interval [0, 1], by C°(1, I) the space of all continuous
maps from [ into I, by N the set of positive integers and by <i the Sharkovskii’s order
of N:

3« 5Q---Q 2k+1< 2k+3<Q---
- < 2-3«4 2-54Q---« 22k+1) < 22k+3) < ---
- 23 4 2549.--4 22Qk+1 < 222k +3)<---

For f € C°(1,I) and k € N, f* is the k-th iterate of f defined as f° = id,
fl=f,....f¥ = f o f*! successively, where id is the identity. For p € I, if
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f*(p) = p but fi(p) # p for any positive integer i < k, then p is called a periodic
point of period k or k-periodic point of f. We denote by P(f, k) the set of all k-
periodic points of f and by P P(f ) the set {n € N; f has an n-periodic point}. One
of the most striking results in the theory of one dimensional dynamical systems is
Sharkovskii’s theorem.

THEOREM 1.1. Let f € C°(1,I). Ifm € PP(f)andm < n, thenn € PP(f).

This theorem, however, gives no information about the stability of periodic points.
On this problem, Block [B] obtained a remarkable resuit.

THEOREM 1.2. Let f € C°(1, 1) andm € P P(f). Then there is a positive number
&0 such that any map g € C°(I, I) with max,; |g(x) — f (x)| < & has an n-periodic
pointifm < n.

The case n = m is not involved in Block’s theorem. In fact, the conclusion no
longer holds in this case. If f,(x) = 1 —rx, x € [0, 1], r € [0, 1], for example,
then PP(f,) = (1,2} but PP(f,) = {1} for r # 1 though f, tends to f, on [0, 1]
uniformly as r — 1. '

Now, letm € N, r € {0,00j UN and f € C"(I, I). Suppose that P(f,m) #= 0
and let J be a component of P(f, m). If there exist a sequence {fnlc CU, I
and a relatively open subset V of I containing J such that f, s f asn — oo and
VN P(f,, m) =0 for all n, then we say that J is removable under C”-perturbation.
If there exists a sequence {f,} C C’"(I,I) such that f, S f asn — o0 and
P(f,., m) = 0 for all n, then we say that P(f, m) is removable under C"-perturbation.

Cc’ .
Here f, — f as n — 00 means that, if r < 00, then

If» — f llc-yy = max max £(x) —fP%)| >0 as n— oo,
O<i<r xel

and if r = 00, then for each ' < 00,
Wfs—fllcrqy = 0 asn— oo.

For a subset J of I, we always use the term neighbourhood of J to indicate any
relatively open subset of I containing J. This paper is to give a condition under which
the set of periodic points of a certain period is removable. The main results of this
paper are the following theorems.

THEOREM 1.3. Letm € N, r € {0, 0}UN, f € C"(I, 1) and let J be a component
of P(f, m). Then J is removable under C’-perturbation ifand only if: J # [0, 1] and
J has a neighborhood V; such that either f"(x) —x > 0on V;,, or f"(x) —x <0
on V,. Moreover, f"(x) —x >0o0n V,if0e Jand f"(x) —x <0o0n V;ifl € J.
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It follows from this theorem that J is removable under C”-perturbation if and only
if J is removable under C%-perturbation.

THEOREM 1.4. Let m € N, r € {0,00}UN and f € C'(I,I). Then P(f, m)
is removable under C'-perturbation if and only if every component of P(f, m) is
removable under C°-perturbation.

By Theorem 1.3 and Theorem 1.4, it is reasonable to replace the term removable
under C"-perturbation by the term removable.

2. Preparations

For simplicity, we denote by (a, b) any interval with endpoints a and b (a may be
larger than b).

LEMMA 2.1. Let f € C°(I, 1) and J be a component of P(f, m). Then J, f (J),
..., f™Y(J) are pairwise disjoint components of P(f, m).

PROOF. It is clear that J, f(J),...,f™ ' (J) are components of P(f, m) and
J = f"(J). If fm(J)yn fm(J) # @ for some non-negative integers m, and m,
with m; < m, < m, then J N f™ ™ (J) # @, and then J = ™™ (J), which
implies that there is a point p € J such that f™ ™ (p) = p. This contradicts
p €J CP({f,m). O

LEMMA 2.2. Let f € C°(1,1)and J = (a, c) (a # c) be a component of P(f, m).
Ifc ¢ P(f, m) then m must be even and
(@) ce P(f,m/2);
(b) ae P(f,m);and
(c) there is another component J* = (b, c) of P(f, m) such that b € P(f,m),
J*NJ =@, f™*(J*) = J and f™*(J) = J*.

PROOF. Clearly f ™(c) = ¢, and then c is a periodic point of period m’, m’ is some
positive integer with m’ < m and m’ | m. By Lemma 2.1, J* = f™(J) is another
component of P(f, m) which does not join J, but J and J* have the same endpoint ¢
since f ™ (c) = ¢, and then we may assume J* = (b, c). On the other hand, it follows
from Lemma 2.1 again that f " (J*)NJ* = @ and f ™ (J*) is a component of P(f, m).
Thus f ™ (J*) = J, which implies f > (J) = J and m’ = m/2, and then (a) is proved.

Ifa ¢ P(f, m), then we have a € P(f, m/2) again. Thus, considering that f ™/? is
one-to-one on J, we have f "/2(J) = J, which is a contradiction. Thus a € P(f, m)
and, for the same reason, b € P(f, m). Hence (b) and (c) hold. O
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LEMMA 2.3. Let f € C°(I, 1), and J be a component of P(f,m). If a is an
endpoint of J and a € P(f, m) N (0, 1), then there is a sequence {a,} C I tending to
a such that f"(a,) #a,,n=1,2,....

PROOF. Without loss of generality, assume J = {a,b] and a € (0,1). Since
a € P(f, m), the points a, f (a), ... , f "~ '(a) are pairwise distinct. Thus every point
X near a is either an m-periodic point of f or f™(x) # x. But J is a component of
P(f,m), and then for every n € N, there exists a point a, € (a — 1/n, a) such that
f™(a,) # a,. This completes the proof. O

LEMMA 2.4. Let a and b be real numbers with a < b. Then there exists a sequence
{h,} C C®(R, I) such that

(@) h,(x)=0forx € R\ (a, b) but h,(x) > Oon (a, b);
) a <x+ h,(x) < bforx € (a,b); and
©) lhalley = Nhnllergasy < 1/n.

PROOF. Without loss of generality, assume [a, b] = [—1, 1]. Let

An 1 | <1

— €X £ X < ’
h,,(X)= 2 p x2—1

0, x| =1,

-1
A." - p
cr((-1,1D)

Then h, has the desired properties. O

where

LEMMA 2.5. Let T be a topological space. If T has a countable basis, then any
open covering of T has a countable subcovering [D].

3. Proofs of Theorem 1.3 and Theorem 1.4

By Lemma 2.2, it is easy to see that the sufficient and necessary condition in
Theorem 1.3 is equivalent to the following condition (i) or condition (ii):

(i) J is a semi-open interval and has a neighborhood V; such that either f ™ (x) —
x>0on V,,or f"(x) —x <0on Vy;

(ii) J is a closed interval, J # [0, 1] and has a neighborhood V; such that either
f"x)—x>0onV,,or f"(x)—x < 0on V;; moreover, if0 € J then f"(x)—x >0
on Vyandif 1l € J then f™(x) —x <0Oon V,.
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PROOF OF THEOREM 1.3. To prove the necessity, we assume that J is a component
of P(f, m) that is removable under C"-perturbation and show that J satisfies the
above condition (i) or (ii). By Lemma 2.2, J is either a semi-open interval or a closed
interval.

If J = [0, 1], then f = id. Since any map in C°(1, I) has at least one fixed point,
as a component of P(id, m), J can not be removable under C"-perturbation. Thus
J #10,1]

If J # [0, 1] and J does not satisfy (i) or (ii), then by Lemma 2.1 and Lemma 2.2
we can find two sequences {r,} and {r,} contained in [0, 1], such that each sequence
converges to an endpoint of J, that (f ™ (r,) —r,)(f "(r,)—r.) < Oandthat f ‘([r,, r’]),
i=0,1,... ,m — 1, are pairwise disjoint. By continuity, for any n € N and any
g € C°, I, if llg — f llcory is small enough, then g has at least one periodic point of
period m in (r,, r.) (note that f'(x) —x # Oon [r,, r)lforl =1,2,...m — 1), that
is to say, J cannot be removable under C°-perturbation. Thus J cannot be removable
under C"-perturbation, which is a contradiction.

To prove the sufficiency, we only prove Proposition 3.1 which clearly implies the
sufficiency and will be used to prove Theorem 1.4. O

PROPOSITION 3.1. Letm e N, r € {0, oo}UN, f € C"(I, I) andlet J be a component
of P(f, m) satisfying (i) or (ii). Then there exist a sequence {h,} C C>*(I,I) and a
neighbourhood V; of J such that

@) h, lnv,=0, |hllcrgy < 1/n and h, + id bijectively maps V; onto a subset of
V,, where id is the identity;,

(b) for fn = f o (h, +id), if J satisfies (i), then f" has only one fixed point c in
V,, furthermore, c is an m/2-periodic point of both f,, and f ; and if J satisfies (ii),
then f™ has no fixed point on V;; and ‘

) P, 1H)CPHE™ 1), P(fa,m)C P(f, m) and each component J' of P(f,, m)
is a component of P(f, m) and satisfies (i) or (ii) for f, if J' satisfies (i) or (ii) for f .

PROOF. We first assume that J satisfies (i). Without loss of generality, we addition-
ally assume J = [a, ¢). Thus by Lemma 2.2, f ™?(c) = c and there exists a number
b > c such that J, = (c, b] is another component of P(f, m).

If a £ 0, then by Lemma 2.3, there exists a point @’ € [0, @) such that f "(a’)—a’ #0
and sgn{(f "(a") —a)(f"(x) —x)} = O, forall x € [d’, c]. Without loss of generality,
assume

3.1 f"d)>a and f"(x)>x, xe€ld,cl
Since a € P(f, m), by Lemma 2.1, we can chose a’ such that

(3.2) [d.c)nfild,c)) =@, fori=1,2,...,m—1.
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It follows from Lemma 2.4 that there exists a sequence {h,} C C*(I, I) such that
hi(x) >0 forx € (d',c), h.(x)=0 forxelI\(d,c), lhalloyy <1/n,

and A, (x) + x bijectively maps [a’, c] onto [a’, c].
Setting f,(x) = f (x + h,(x)),x € I, we have that f, € C"(1, I),

(3.3) o) = fF &) In@.o=0, and
fa([d' ¢)) = £ ([a. <))
Thus by (3.2) we infer that

[a',c)ﬂfj([a',c)):(b, i=12,...,m—1,

and then by (3.2) and (3.3), f/(x) = f'(x) for x € f([d, ¢)) (= fa(la,¢))) and
i=1,2,...,m— 1, which implies

fre) =" falx) = fmx + ha(x)), x€ld,c).
Hence it follows from (3.1) and the property of h, that
frx)=f"(x+h,(x)) >x+h,(x) >x for x¢€ [a’, c).

So, f," has no fixed point in [a’, ¢).

It follows from (3.2) and (3.3) that f, and f coincide on the set {c, f (¢), ...,
f™?%(c)}, and then ¢ € P(f,, m/2).

By Lemma 2.2, f "/2((c, b)) = (a, c), and then (3.2), (3.3), and Lemma 2.1 imply

fr*((c, b)) = f™?((c, b)) = (a, ),

which implies that f" has no fixed point in (c, b) since we have proved that " has
no fixed point in (@', ¢) (O (a, ¢)). Thus, putting V; = (a’, (c + b)/2), we obtain (a)
and (b), which imply (c).

If a = 0, the proof is just slightly different. By Lemma 2.4, for any n € N there
exists a map h, € C*(I, I') such that

ha(x) >0 forx €[0,c), h,(x)=0 forx €[c,1], |hallcrey < 1/,

and h,(x) + x bijectively maps [0, ¢] onto [h(0), c].

Repeating the argument in the case J = [a, c¢), one can prove that conditions (a)—(c)
hold for {k,} and V, = {0, (¢ + b)/2).

Now we assume that J = [a, b] is a closed interval and satisfies (ii). If a # 0 and
b # 1, then by condition (ii), we can assume that there exist a point a’ € [0,a) and a
point b’ € (b, 1] such that

(34) fr"x)—x>0, xel(d,b).
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Since J = [a, b] is a component of P(f, m), it follows from (3.4), and Lemma 2.1
that @’ and »’ can be chosen so that

3.5) [@.0|nfi([a.b])=0, i=12...,m-1

By (3.4) and (3.5), and using similar argument as in the case J = [a, ¢), we can
construct a sequence {h,} C C®(I, I) such that V; = (d’, b’) and {h,} satisfy (a)—(c).
If a = 0 or b = 0, similarly to the case of J = [a, b] witha # 0 and b # 1 and to
the case of J = [a, ¢), we can prove the existence of k, and V,. So (a)-(c) hold in
any case. This completes the proof. d

PROOF OF THEOREM 1.4. The necessity is obvious.

To prove the sufficiency, suppose that every component of P(f, m) is removable
under C°-perturbation. Then by Theorem 1.3, every component of P(f, m) satisfies
condition (i) or (ii).

We first assume that r < oo.

By Proposition 3.1, every component J of P(f, m) has a neighbourhood V; such
that to any positive number & corresponds a C*-map h, € C*(I, I) such that g, =
f o h, satisfies the following (V,, f, £)-conditions:

M @ —Ff)lnv,=0and g - fllcuy <&
(2) P(g.,m) C P(f, m)and any component J' of P(g,, m) is also a component of
P(f, m) and satisfies (i) or (ii) for g, and V,; and
(3) If J satisfies (i), then g has only one fixed point ¢, in V,, which is an m/2-
periodic point of both g, and f ; if J satisfies (ii), then g™ has no fixed point in V.
The union of all Vs is an open covering of P(f, m). Since I has a countable basis,
the covering has a countable subcovering according to Lemma 2.5. Thus there exists a
sequence {J;} of components of P(f, m),i = 1,2, ...,suchthat| 2, V), D P(f, m).
Fix a positive number ¢ arbitrarily and put V, = [ay, b;]. Without loss of generality,
assume that J; and V), satisfy condition (i) if i is odd and satisfy condition (ii) if i is
even.
Forn € Nand k € N let

Vi =Vo.\(cn, —1/ncp +1/n) and V] =V,

Then there exists a map f, € C"(I, I) satisfying (V,,, f, €/2)-conditions. By conti-
nuity, f, also satisfies the following condition (P;):
(Py) There exists a positive number £, < /2, such that for each g € C'(1,I), g™
has no fixed point in V) if | f1 — glic-ay < €1
For the same reason, there is a map f, € C'(I, 1) satisfying (V,,, f, &/2)-
conditions (if £, has no m-periodic point in V;, then define f, = f,) and the following
condition (P,):
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(P,) There exists a positive number €, < €,/2, such that foreach g € C"(I1,I), g™
has no fixed point in V; U V] ifllf2 — gllcay < &2
Now, repeating the same argument, we can successively obtain a sequence {€,}3,
of positive numbers and a sequence {f,}32, C C"(I,I) such that g,,, < &,/2,
Ifns1r — Falleay < €a/2, fat satisfies (V;,,, fn, €,/2)-conditions and

(P,) For each g € C'(1,1), g" has no fixed point in V} U vty u v if
Wfrn—glecw <&mn=12,....

Clearly, f, s f*forsome f* € C"(I,I)anditiseasytoseethat||f*—f llccy < &
and ||f* — fallcray < €n,n = 1,2, ... Thus by condition (P,), f * has no m-periodic
pointin V;'U VJ"Z_l U---UV, forevery n € N, which implies that f * has no m-periodic
pointin | J;2 (Vi U V.U U VI = { U, Vi) \ {en, | k € N}. On the other
hand, (V,,,,, fa, €./2)-conditions, n = 1, 2, ..., imply that

i —f)|1\(U:°=, Vi) = 0

and that {c,, , | k € N} C P(f*, m/2). Hence f* has no periodic point of period m
inI\{Uy, V;,} and {c,,_, | k € N}, and then f * has no m-periodic point in /. Thus
the sufficiency is proved in the case r < co.

If r = 00, then the above g, is of class C*°. Thus foreach k € N, repeating the above
arguments, we can construct a sequence {f+} C C*(I, I) suchthat ||f — fillcey <
1/ 2k, | fnk — frrrallemeay < 1/(2"+1k) for each n, lim,_, o0 || frx — f;"ck(l) = 0 for
some f; € C*(I,I) with P(f},m) = @. Clearly, |f — f¥llccay < 1/k and then

fi S f as k — oo. This completes the proof. U
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