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1. Introduction

Coburn [1] has derived the intrinsic form of the characteristic relations,
for the steady, supersonic, three-dimensional motion of a polytropic gas.
The purpose of this paper is to obtain a generalized form of these relations
and to apply them to obtain two classes of complex-screw motions [2].

The generalized characteristic relations are derived by the use of the
substitution principle [3]. This principle has been used by Neményi and
Prim [4], Hansen and Martin [5] to study the geometrical properties of
plane flows. Smith [6], [7] has studied the intrinsic properties of spatial
flows and some properties of magnetohydrodynamic flows by the use of
this principle. In this paper the equations of motion, continuity and energy
are transformed to the reduced system by the substitution principle, and
it is shown that the reduced system and the original system have the same
cone of normals.

The generalized characteristic relations are obtained by expressing the
reduced system of equations governing the flow in terms of a set of char-
acteristic variables.

The classes of fluid motions to be studied are characterized by the fact
that the right circular helices form the normal congruence to co! character-
istic surfaces. Two distinct classes of flows are obtained; one for which the
bicharacteristic direction is along the binormal to the characteristic curve
(normal to the characteristic surface), and the other for which bicharacter-
istic direction is along the radius of the cylinder. These classes of flows are
rotational. The stream lines of the first class of flows are right circular
helices; and the stream lines of the second class of flows lie on a right
circular helicoid [8].

2. Basic equations

Let 27 (j =1, 2, 3) denote a Cartesian orthogonal coordinate system
in E3, a three dimensional Euclidean space, and let us denote the partial
derivative by the symbolism
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In E3 covariant and contravariant quantities are equivalent. However,
in order to use the summation convention, we shall write the indices in
covariant and contravariant positions. Let g,; denote the fundamental
tensor of ES.

The equations governing the flow of a stationary polytropic gas,
neglecting viscosity and thermal conductivity, are

(2.1) 0;(pn’) = 0,
(2.2) pw d,u,+8,p = 0,
(2.3) wdm =0,
(2.4) p = P(p)Sn),

where #; are the components of the velocity, p is the density, p is the pressure,
1 denotes the specific entropy and

(2.5) P(p) = ',

y being the adiabatic exponent. For a polytropic gas the equation of motion
(2.2) can be written {9]

(2.6) Y 0,5+ B (pc?) = 0.
Here, ¢ is the local sound speed defined by
0
(2.7) = (_]5) _.
op 7 P
In addition we shall use as the energy relation, the Bernoulli equation
. c? u?
2.8 70, —] =0
(2.8 we, (S + %) o

where # is the magnitude of the velocity. The above condition is equivalent
to the fact that the entropy remains constant along the stream line.

By definition, the characteristic manifolds of the system (2.1), (2.6)
and (2.8) are the surfaces along which the discontinuities of the derivatives
9;p, 0¢, 0;u, can occur. By eliminating p between (2.1) and (2.6) and then
eliminating ¢;¢2 in the resulting equation by use of (2.8), we obtain the
following relation

(2.9) (4 w*—c?g™*) 0, u,, = 0.

For supersonic flows it can be shown that the above equation is hyperbolic.
If
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(2.10) a’™® = wuF—clg,

then the characteristic manifolds of (2.9) are determined by the cone
(2.11) a’*n;n, = 0,

where #; is the unit vector along the normal to one of the characteristic
surfaces [10]. From the theory of the characteristic manifolds it is known
that for supersonic flows, the velocity vector lies along the axis of the
normal cone and is given by [1]

(2.12) w = cen? b, ‘

where ¢/ is a unit vector along the bicharacteristic curves, b and ¢ are positive,
and

(2.18) b = u?—c2

3. The characteristic manifolds of the substitute flow

Using the substitution principle [3], we can define new velocity com-
ponents u}, density p,, entropy %, by

(3.1) wdy =, pe—otp,  Slnu) = a2S(),
« being a scalar function remaining constant along a stream line, that is,
(3.2) Wo,u =0 o0

The pressure remains invariant under this transformation. The equations
(2.1), (2.6) and (2.8) of the flow F by virtue of (3.1), now become

(3.3) d;(pxtiy) = 0,

(3.4) VP*%:: 35“*k+3k(P*C=2k) =0,
) c2 u?

(3.5) “s :(y_l T

Here #, is the magnitude of the reduced velocity # and c, is the reduced
sound speed defined by

(3.6) C = oCy.

The substitute flow F, given by the equation (3.3)—(3.5) has the same
stream line as the original flow F. If F, is irrotational, F in general is
rotational. If M and M, denote the Mach numbers of the two flows, we
find from the first equation of (3.1) and (3.6) that

(3.7) ——=Z_M,.
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Therefore the Mach number remains invariant under the substitution
principle [3].

To obtain the generalized characteristic relations, we define the
generalized characteristic manifolds of F.-system (3.3)—(3.5), to be those
surfaces along which the discontinuities of the derivatives of 9,p4, 0;c4,
0;U4; can occur. By eliminating p* between (3.3) and (3.4) and then by
eliminating 9,c% in the resulting equation by use of (3.5) we obtain

(3.8) (wh v —cag") 0 1443, = O.

If the symmetric tensor 4 is defined by

(3.9) ay = upuy—cig”,

then the characteristic manifolds of (3.8) are determined by the cone
(3.10) Al N ;Mg = O,

where %), is the unit vector along the normal to one of the generalized
characteristic surfaces. Since (3.8) reduces to (2.9) by virtue of the first
equation of (3.1), the equation (3.8) is also hyperbolic. The velocity uj lies
along the axis of the normal cone and is given by

(3.11) Wy = Cymlt-byt.

Here £, is a unit vector along the bicharacteristic curves of the equation
(3.8), b4 is positive and

(3.12) b2 = ul—ck.

Let us now compare the geometric properties of the characteristic systems
F and F,. From (3.9), (3.6), the first equation of (3.1) and (2.10), we find
that

(3.13) a’* = «2alf,
and from (3.10) and (3.13),
(3.14) AUy Ny = 0.

From (2.11) and (3.14) we see that ), lies on the characteristic cone of
the system F. From (2.12), (3.11), and the first equation of (3.1), we find
that

(3.15) w = el bt

Since 7} lies on the characteristic cone of F, we may take
(3.16) ny = W,

and (3.15), (3.16) and (2.12) now imply that
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(3.17) H=£,.

Therefore, the bicharacteristic curves of F and F, coincide. Hence we have
the theorem: The substitute flow has the same cone of normals, characteristic
manifolds and bicharacteristic curves as the original flow.

4. The generalized characteristic relations

Since the characteristic manifolds and bicharacteristic curves of the
two flows F and F, coincide, let #7 denote the unit vector along the normal
to the characteristic manifolds and # be the unit vector along the bichar-
acteristic curves. Let s/ denote a unit vector which is orthogonal to both
# and #/, so that s?, # and #’ form an ordered orthogonal right handed triple
at each point. The curvature vector of the #’ congruence will be denoted by
v, the curvature vector of s’ congruence will be denoted by o/ and the
curvature vector of # congruence will be denoted by 77 so that

o 08 O

1) nT g BT BTy

Here 0/on denotes the directional derivative operator along #?, d/ds denotes
the directional operator along s’ and 0/d¢ denotes the directional derivative
operator along #'.

Following Coburn [1] we shall express the basic relation (3.8) in terms
of the characteristic variables. In (3.8) we substitute for #} from (3.11) and

decompose g% in the form

gik — t"t"—{—n"n"+s"s'°,

and get

oc ob ob -
42)  cuby (G + 52 +h—2dd) T b e)—AN = 0.
Here M is the mean curvature of the characteristic manifolds given by
(4.3) 7 = g59,,

£,; being the second fundamental tensor of the characteristic manifolds.
The relation (4.2) is the desired intrinsic form of the basic relation (3.8).
To express intrinsic conditions for rotational (or irrotational) motion
in terms of characteristic variables, we shall consider the following Bernoulli
equation, which is the consequence of (2.2), (2.3) and (2.4)
8(?)

(4.4) w42 St = a?,

where a is the ultimate velocity magnitude and
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? dx y
45 = [ S (7—1)/7‘
(4.5) gt = | 505 =3
The equation (4.4) by use of (3.1) becomes
(?)
46 u2+2 g = a2
o) U Sme) T

where a, is the ultimate velocity magnitude in the reduced system.
If e** denotes the permutation tensor, then the vorticity vector w? is
defined by

(4.7) wt = "% 9, u,.

Substitution for #, in the above equation from the first relation of (3.1),
(4.7) yields

(4.8) W = awh 7% (0;0) gy,

where w%, is the vorticity vector of the flow F,. The Lamb vector

(4.9) A= ety w,

transforms to

(4.10) A = A+ u?0,(In o),

where 1}, is the Lamb vector in the F,-system. For a complex-screw
motion, that is, if the flow has . parallel to %, then 4 is zero and the
above relation becomes

(4.11) A = u20,(In a).

In terms of the Lamb vector, the equations of motion (2.2), by use of
(3.1) and (3.2) can be written in the form

gl
(4.12) 2hgi+ 0,0l + (a2 —ul) < 9;p = 0.
For a complex-screw motion admitting a constant Bernoulli function
a,, the equation (4.12) implies
(4.13) ai—ul = Dg

where D is an arbitrary constant. Substituting this result in (4.6) we find
that the motion is isentropic in the F,-system. In the F-system (4.13)
implies

(4.14) u? = o2(al—Apr-1I7)
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where A and a, are constants. Since 4}, and «;, are orthogonal, multiplying
(4.12) by the right hand side of (3.15), we obtain

0 0 g 0 0
(4.15) (C* P + b a) wy+ (ak—uy) 3 (C* n + by gt) p=0.
To express (4.12) in the intrinsic form, we take the scalar product of

this relation with #, »’ and s* and follow a method very similar to that of
Coburn [1] to get

oul g op oc ob .

(416) -a—t* —f—(ai—u ) —g" 3— = 2¢ ('a—t* — 'a—;: '—b*ijtth_c*tk'Vk) )
oul 0 oc ob )

(4.17) _a;* +(a 2—14*)%55 — (—87* — a—: —b*.Q,kt't"—c*t"vk),
oul 0 Oy

(4.18) —* + (a2 )%3—]5 = 2uy —2(b2 T +CRv,)s*

— 20, by ns*(0;8,— 0, 1;).

Evidently (4.17) is a consequence of (4.15) and (4.16). The equations (4.15),
(4.16), (4.18) and (4.2) are the desired intrinsic form of the generalized char-
acteristic rvelations. If o =1, the equations (4.2) and (4.15) reduce im-
mediately to two of the characteristic relations derived by Coburn [1].
The relations (4.16)— (4.18) can be expressed in terms of entropy and
enthalpy in the case when « = 1, and therefore these relations also reduce
to the characteristic relations derived by Coburn [1].

5. A class of space flows

Here we shall consider the case that the normals to the characteristic
curves #’ are along a family of circular helices, and the bicharacteristic
curves are along the binormal direction of the #? congruence and s’ along
the principal normal direction of the #/ congruence.

We introduce the cylindrical coordinates, 7, 0, z and write

n; = 0,sin B+2z, cos B

(5.1) S; = —7;

t;, = —0,cos f+z;sin g

where 0, and 2, are unit vectors along the increasing 0 and z direction re-
spectively, and 7; is the unit vector along the radius of the cylinder; g is
the angle of the helices and is in general a function of 7.

Since helices form a congruence of parallel curves on the cylinder,
M = 9,n* = 0, [11]. We are assuming that there exist co! family of surfaces
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orthogonal to the congruence #,. This condition implies that
e*n,d;n, =0,
which can be written in the form

P L
os ot
Substituting for #*, n* and s* from (5.1) into the above equation we find that

d_ﬂ_}_sinﬂcosﬂ=

0,
dr r
or, on integration,
(5.2) cot f =r[¢§
where £ is a constant. We also find that
2 2
"’k=_SII;ﬂ7k’ o =0, Tk‘—“_cos ﬂ‘”k.
(5.3) Q05 = omiitt =0, M=o,
. , sinficosf 2&
W ¥ (08— Out;) = B'— ’ = ey’
¢ sing @ 0
5-4 -_— = —— R |
(5.4) on r 00 +Cosﬂ32
0 0
5.5 — = =
(5:5) 0s or
] cosf @ ) 0
5.6 S < A
(5.6) ot ;a6 TPy
When these are substituted into (4.2), (4.15), (4.16) and (4.18), the latter
become
oc,  0Oby 0b,
5.7 by |l— + — 2__9c2) *
(3.7) o4 *(ﬁt + 6n) + (uye—2c3) o 0,

2 2 g/ @ 2
(5.8) (0* o T 5};) upt (@i —ui) z (C* o, o= 515) p=0

g op deu OBy
59) _u) L g (% D
(5.9) Py + (@ —uy) g ot Cx (3t 3%)
oul ) ou 2 )
(5.10) 3—1* + (a%—ul) % a—f = 20y B—r* - (b3 cos? B+c2 sin? )
+4cy by 5
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where 0/on and d/0¢ are given by (5.4) and (5.6). From (3.11) and (5.1) the
stream lines are given by the equations

dr rd0 dz
0 Cy Sin B+b, cos ﬂ —Cy €0s B+by sin g ’

Therefore the stream lines lie on the cylinders. sin § and cos § in the equa-
tions (5.7)—(5.10) are given by (5.2). As » changes from zero to infinity,
f changes from =/2 to zero.

In particular, if the flow is complex — screw and if #, is a function of
r only, then the equations (5.7)—(5.9) are identically satisfied and (5.10)

reduces to
Py B2 cos? 2 B)+ 26 * )=o
Uk 5 —~( cos? B4-ck sin? B) + 2By ¢y ) =0
which from (5.2) becomes
d 1
(5.11) we X D b, ke,

* dr 7(82-f7r%)

and the pressure is given by (4.14). A number of flows can be found to
satisfy the above equation. The velocity vector, from (3.11) and (5.1) can be
written

(5.12) w = (x4 sin B+by cos B) O+ (by sin fB—cy cos B)z%.

Since
Wy = €70 1y,

the vorticity vector w by use of (3.11) and (5.1) becomes

(6.13) we = [(c* sin* § — d—cf) cos f— (b—*ﬁ db*) sin ﬁ:l

r dr 7 dr
2 <2
_ [(c* sin? B dc*) smﬂ—}—( b, cos /3) cos :I .
4 dr 7

Let us now transform u}, c,, @} to the F-system. Since « is constant along
the stream line, it satisfies

(5.14) [c* (su;ﬁ o +cos g ) (__ (B:_ﬂﬁ +sin )J o=

The velocity components of the flow F are

i i
U = oy

where a is given by (5.14) and #} are given by (5.12). The vorticity vector
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w* is given by (4.8), (5.13) and (5.14). The class of flows are rotational.
In particular if b, = ¢, and a* is a constant, we find from (5.11) and
(56.12) that

2
(5.15) ul = 2A4r exp [— T tan—l(r/é')] = 2c2,
and

i Cx . i i
M= s (EN 0 421

where 4 is a constant. The pressure is given by (4.14). From (5.14) « now

satisfies the equation
1 0 4 3) 0
_— - —_— o = N
(7 080 0z

(5.16) o« = f(z— Or).

the solution of which is

In the F-system the components of velocity are given by

ACy
T VEtr
where ¢, is given by (5.15) and « by (5.16). From (4.14) and (5.15) the
pressure is given by

[(E—7) 0"+ (§47)2]

ui

(5.17) POV = 42 —al.

The entropy in the F-system now becomes

1
(5.18) Sin) = " Sk,
where S, is a constant. In (5.17) and (5.18) %, and « are given by (5.15)
and (5.16) respectively. For a polytropic gas, the equations of motion and
continuity assume the form

Sprruw d;u+0,p = 0,
0;(pY7u;) = 0.

Transforming the above equations into polar coordinates, we find that the
above components of velocity and the above pressure and entropy satisfy
the transformed equations. From (5.13) the vorticity vector can be obtained.
Other classes of flows can be obtained by assigning appropriate func-
tions to either b, and c, in the equation (5.11).
Now let us consider the case when #, the bicharacteristic direction,
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is along 77 the radius of the cylinder, so that #, # and s’ form a right-handed
triple at each point. That is, let

#n; = 0,sin B2, cos
(5.18) L, = —7,;
s; = — 0, cos B4z, sin B.
We find the following relations hold:
1n2 2
”kz-sm ﬂ’k» 7 = 0, ak____COS ﬂ"k,
7 r
(5.19) Q1 = d,m itk = 0,
1 s*(0;6,— Ot;) = 0,
and
0 sinf @ 0
5.20 . 2 9.
(5.20) =y Ty
o 0
a o
Vij cos 3 0 ) 0
5.21 g < 9.
(5.21) s PR R >

By virtue of the above relations, (4.2), (4.15), (4.16), and (4.18) now reduce
respectively to

dc db b
(5.22) 4 by (— —a—r*- + —a;*) — (u2—2¢2) a—: +c2b, = 0,
0 0 g d d
ou g op oc ob sin? B
5.24) — —F (2 42\ L — g (- _ T _ )
(5.24) or * ) g or *( or on * oy
&% _

(5.25) (a2—ud)

where 9/0n and 0/0s are given by the relations (5.20) and (5.21). The last
result shows that the pressure does not vary along the s’ direction. From
(3.11) and (5.18) the differential equations of the streamlines are

dr rd0 dz

(5.26) - = — = .
by cyxsinf  cgcosf

In this case also sin g and cos § are given by (5.2). As r changes from
zero to infinity § changes from =/2 to zero.
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In particular, if the flow is complex-screw and if #, is a function of
7 only, then the equations (5.23) and (5.25) are identically satisfied, and
(5.22) and (5.24) become

ac db 1
(5.27) Cy Dy 3—:‘ — (w2 —2c%) 72;’5 +— 2 b, =0,
(5.28) 18,  sin?p
) Ce Or r

Substituting for sin § from (5.2) into the above equation, we find that

B2 52 _*_72

2 _
(5.29) Cp = 2

’

B being an arbitrary constant. Eliminating (dc,/d») from (5.27) and (5.28)
we get

b2 1db, 1

2 1) I ocos? .

(ci ) by dr y <0 p
Substituting for cos § from (5.2) and for ¢, from (5.29) we find the above
result becomes

[3252—}—72_[)2] 1 db, _ _E’
72 *1 by dr 7
the solution of which is
(5.30) by = B Ly

7

From (3.11), (3.12), (5.18), and (5.28) the velocity and its magnitude are
given by

) B ) ) )
uy = — [—Er*4-£604r77]
v

and
2

ul = pry (28%+72).

From (5.2), (5.26), (5.29) and (5.30) the differential equations of the

stream lines are
dr —rd0 —dz

& WBELE Vers
These equations can be integrated. The stream lines lie on the spiral surface
z = rB + constant.
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The Mach number, M, of the flow is given by

u2 282442
M2 = T* = —0-
ch &7y

Thus M decreases as 7 increases and it approaches 1 as 7 approaches infinity.
The vorticity vector @}, reduces to zero in this case and therefore the motion

is irrotational.
In the F-system the components of velocity are given by

(5.31) u = aul,

where, a now satisfies the equation

_8 8_{_1‘8) o
(—37_‘__8—0 £ oz ="

The solution of the above equation is
(5.32) « = p(r+0, &z4372),

y is an arbitrary function. The vorticity vector in the F-system is given by
(4.8), (5.30) and (5.31). We find that the motion is rotational. The pressure,
the components of velocity and entropy in the F-system are

2
pa = f—z (282+72) 443,
C«B
W= (g0

1
S@) = 5 S,
where a,, Si, B, £ are constants and « is given by (5.32). It can be verified
that these results satisfy the equations of motion and continuity in polar

coordinates identically.
Both classes of flows are non-isentropic in the F-system.
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