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On a purely inseparable analogue of
the Abhyankar conjecture for affine curves

Shusuke Otabe

ABSTRACT

Let U be an affine smooth curve defined over an algebraically closed field of positive
characteristic. The Abhyankar conjecture (proved by Raynaud and Harbater in 1994)
describes the set of finite quotients of Grothendieck’s étale fundamental group w‘lét(U ).
In this paper, we consider a purely inseparable analogue of this problem, formulated in
terms of Nori’s profinite fundamental group scheme 7 (U), and give a partial answer
to it.

1. Introduction

1.1 Nori’s fundamental group scheme
Let X be an algebraic variety over a field k. In [SGA1], Grothendieck defined the étale
fundamental group W‘lét(X ) as a generalization of the fundamental group of a topological space. It
is the smallest profinite group classifying G-coverings over X, where G is a finite group. In the case
where k is an algebraically closed field of characteristic zero with k < C, it is known that 7¢*(X)
is isomorphic to the profinite completion of the topological one 7% (X (C)). For example, as the
complex line A'(C) is simply connected, we have m{*(Al) = 0. On the other hand, in the case
where k is of positive characteristic p > 0, the situation is quite different. This can be seen even in
the case where X = Aj is the affine line. Indeed, it is known that dimg, Hom(n{*(A}), F,) = oo.
On the other hand, if X = U is a smooth affine curve, the Abhyankar conjecture [Abh57], proved
by Raynaud and Harbater [Har94, Ray94], gives us another estimate of the difference between
ﬂft(U ) and the topological one of a Riemann surface of the same type. The conjecture describes
the set

() &t {finite quotients of 7$*(U)} (1.1)

for any smooth affine curve U. Here, more precisely, wfif(U) is the set of isomorphism classes of
finite groups which appears as a finite quotient of TI'ét(U ). For example, it says for any integers
n > 0 and r > 0, there exists a surjective homomorphism 7¢*(Al) — SL,(F,r) (cf. [Kams86,
Nor94, Ser92]).

In [Nor76], [Nor82, ch. II], Nori defined the fundamental group scheme 7™¥(X) as a
generalization of Grothendieck’s étale geometric fundamental group of an algebraic variety X
over a field k (cf. [SGA1]). It is a profinite k-group scheme classifying G-torsors over X with
G a finite k-group scheme. In [Nor76], he first constructed it under the assumption that X is
proper over k by using the theory of Tannakian categories. On the other hand, in [Nor82], he
also proved that such a profinite one 7™V (X) exists also for arbitrary (not necessarily proper) X
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without relying on a Tannakian construction (cf. §2.1). Note that, if k is an algebraically closed
field, then Grothendieck’s étale fundamental group 7¢t(X) classifies all finite étale torsors over
X and is universal for this property. Hence, there exists a homomorphism of 7% (X) into the
pro-constant k-group scheme, denoted by 7¢(X), associated with 7$*(X). In fact 7°(X) gives
the maximal pro-étale quotient of 7™V (X), called the étale fundamental group scheme. In the case
where k is of characteristic zero, then the surjective homomorphism 7V(X) — 7¢(X) is in fact
an isomorphism. This is valid because under the assumption that & is an algebraically closed field
of characteristic zero, any finite G-torsor P — X with G a finite k-group scheme is nothing but
a G(k)-covering over X. On the other hand, in the case where k is of positive characteristic p > 0,
then 7V (X) is strictly larger than 7¢(X), in general. Indeed, finite local (‘purely inseparable’)
torsors make a contribution to occur the difference between these fundamental group schemes.
Here a finite k-group scheme G is said to be local if it is connected, i.e., if G° denotes the
connected component of the identity 1 € G, then G° = G. For example, G = ay, or fi,.

1.2 Main results

In the present paper, we will attempt to estimate the difference between 7™V (U) and 7°(U) for a
smooth affine curve U defined over an algebraically closed field k of positive characteristic p > 0
from the viewpoint of the inverse Galois problem. We will study a purely inseparable analogue
of the Abhyankar conjecture for affine curves U (cf. [Abh57, Abh92]; see also §1.3), i.e., we will
try to describe the set

def

79¢(U) = {finite local quotients of =¥ (U7)}.

More precisely, wa(U ) is the set of isomorphism classes of finite local k-group schemes which

appears as a finite quotient of 7V (U).

Now let us explain the contents of the present paper. In § 2, we will briefly review the definition
of Nori’s profinite fundamental group scheme and the maximal linearly reductive quotient of it.
In §3, we will see the maximal local linearly reductive quotient of 7% (U) provides a necessary

condition for a finite local k-group scheme G to belong to the set ﬂfC(U ) (cf. Proposition 3.1).

Now let us explain this. Let X be a smooth compactification of U. Let n & #(X\U). Note

that the affineness assumption of U implies n > 0. Let v be the p-rank of the Jacobian variety
of X, ie., v = dimp, Pic% [p](k). We will see that for any finite local k-group scheme G, if

G € m%¢(U), then the character group X(G) ey Hom(G, G,,) must be embeddable as a subgroup
into (Qp/Z,)®*" 1. Then we can ask whether or not the converse is true (cf. Question 3.3).

Question 1.1. Let U be a smooth affine curve and G a finite local k-group scheme. If there exists
an injective homomorphism X(G) — (Q,/Z,)®"*"~!, then does G belong to the set w'¢¢(U)?

The main purpose of the present paper is to give a partial affirmative answer to Question 1.1.
The main result is the following theorem (cf. Proposition 3.4; Corollaries 4.19; 4.15).

THEOREM 1.2.

(1) For any smooth affine curve U over k and any finite local nilpotent k-group scheme G,
if there exists an injective homomorphism X(G) < (Q,/Z,)®*"~1  then there exists a
surjective homomorphism 7 (U) — G.
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(2) Let X be a semi-simple simply connected algebraic group over k. Then for any integer r > 0,
there exists a surjective homomorphism

T (AL) — S

of ™V (A}) onto the rth Frobenius kernel S e Ker(F(") : 27 - %),
(3) Assume p = 2. Then for any integer r > 0, there exists a surjective homomorphism

™ (Gm) - GLy,
of 7™ (Gy,) onto the rth Frobenius kernel GLy,y of GL.

Here, for each integer 7 > 0, (=) denotes the (—r)th Frobenius twist of ¥ and F() :
»(=") — ¥ is the rth relative Frobenius morphism, which is a homomorphism of algebraic
groups. Furthermore, its kernel ¥,y = Ker(F(") is a finite local k-group scheme.

Remark 1.3. (1) If ¥ is a semi-simple simply connected algebraic group over k, it turns out
that X(X(,)) = 1 (cf. Remark 3.7(3)). Therefore, Theorem 1.2(2) gives an affirmative answer to
Question 1.1 for the affine line A} and for the Frobenius kernels 3y (1> 0) of a semi-simple
simply connected algebraic group .

(2) Since X(GLy(y) = Z/2"Z C Q2/Zy if p = 2, Theorem 1.2(3) gives an affirmative answer to
Question 1.1 for the multiplicative group U = G, and for the Frobenius kernels GLy.y (r > 0)
of GLy in the case where k is of characteristic p = 2.

(3) Note that each homomorphism 7V (U) — G of 7V (U) into a finite k-group scheme
G corresponds bijectively to a (fpqc) G-torsor P — U (cf. Proposition 2.2). To prove
Theorem 1.2(2), we will show there exists a k-morphism f : Al — ¥ such that the resulting
¥(r)-torsor 2t - Al realizes a surjective homomorphism 7%V(A}) — Y- To prove the
existence of such a morphism f, we will first reduce the problem to the case where r = 1
(cf. Lemma 4.2). Next we will deduce the existence of such an f from a Bertini type theorem for
height one torsors (cf. Theorem 4.17).

(4) In particular, Theorem 1.2(1) (or Theorem 1.2(2)) implies that if p = 2, then SLy

appears as a finite quotient of 7V (A1) (cf. Example 3.6). On the other hand, it turns out that

)

any SLy(1)-torsor must be of the form f* SLgf1 — A}c for some k-morphism f : A}c — SLs. In this

case, we can explicitly describe the subset of Mory, (A}C, SLs) consisting of k-morphisms f such that
the torsor f* SLg_l) realizes a surjective homomorphism 7V (A}) — SLyy) (cf. Corollary 4.13).

Remark 1.4. Considering recent developments of the theory of ‘tame stacks’ (cf. [AOV08, Mar12,
Gil12]), the author expects that the notion of linearly reductiveness might provide us with a good
analogy between the answer of Question 1.1 and the Abhyankar conjecture (cf. Theorem 1.5)
and that Question 1.1 might be affirmative for any smooth affine curve U and for any finite local
k-group scheme G. See also Remark 1.8.

1.3 The Abhyankar conjecture
All the ideas of our arguments in the present paper come from Serre’s work [Ser90] (the method
of embedding problems) or Nori’s one [Kam86, Nor94]| in the pursuit of the Abhyankar conjecture
for the affine line. Hence, we would like to briefly review the conjecture.

First we will recall the precise statement of it (in a weak form). Let k be an algebraically
closed field of positive characteristic p > 0 and X a smooth projective curve over k of genus g > 0.
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Let @ £ U C X be a nonempty open subset with n def #(X\U) > 0. Let 'y ,, be the group defined

by
g
H[au bilyi- = 1>

i=1

def
Lgn =

<a17b17"'>agvbg>’ylv"'7711

and fg,n by its profinite completion. Note that if n > 0, then I'y,, is a free group Fgq,—1 of
rank 2g +n — 1. A classical result due to Grothendieck [SGA1] implies:

n (U)P) ~T).

Here (—)(p/) means the maximal pro-prime to p quotient. In particular, if n > 0, i.e., U is affine,

then 74U )(p/) ~ 132(52”_1. Hence, in this case, if a finite group G appears as a finite quotient
of 7{*(U), then G®) must be generated by at most 2g + n — 1 elements. Here, the group G®")
is the quotient of G' by the subgroup p(G) generated by all the p-Sylow subgroups of G. The

Abhyankar conjecture claims that the converse is also true.

THEOREM 1.5 (The Abhyankar conjecture in a weak form [Ray94, Har94]). Assume that U is
affine. Let G be an arbitrary finite group. Then G € w¢{(U) (cf. (1.1)) if and only if G®)
can be generated by at most 2g + n — 1 elements.

Raynaud proved the theorem for the case where U = A,lc [Ray94]. Soon after, Harbater
obtained the theorem for the general case [Har94].

Remark 1.6. (1) Theorem 1.5 implies that 7€ (U) is determined by the topological one 7P (Up)
of a Riemann surface Uy of the same type (g,n) as U. An affirmative answer to our question
(Question 1.1) says that the set of finite local quotients of 7™V (U') might be determined by the étale
one 7¢*(U). Note that the number y+n — 1 can be reconstructed from 7$*(U) group-theoretically
(cf. [Tam99]).

(2) The assumption that U is affine is essential. This is because if U = X is projective, then
7$4(X) is topologically finitely generated and the isomorphism class of 7$'(X) can be completely
determined by the set 7¢(X) of finite quotients of it (cf. [FJ08, Proposition 5.4]). On the other
hand, it is known that 7$*(X) itself has much information about the moduli of X (cf. [Tam99,
Tam04]) if the genus of X is g > 2. Therefore, such a simple answer as above (Theorem 1.5)
cannot be expected and the corresponding problem is much more challenging (cf. [PS00]).

In the particular case U = A}g is the affine line, the Abhyankar conjecture states that a finite
group G belongs to the set Wﬂ(A}v) if and only if G®) = 1. The latter condition is equivalent to
the one that G can be generated by p-Sylow subgroups of it, and such a group is called a quasi-p-
group. Obviously, any p-group is a quasi-p-group. In [Abh57, Abh92], Abhyankar found an explicit
equation defining a finite étale Galois covering over A}C whose corresponding homomorphism
ﬁft(A}c) — @ is surjective for various nontrivial quasi-p-groups G. In [Ser90], Serre approached
the conjecture for the affine line A}C by the method of embedding problems. As a result, he proved
that the conjecture is ture for any solvable quasi-p-group. This result gives a first reduction step
in the proof due to Raynaud [Ray94]. On the other hand, although his result was not used in
Raynaud’s proof, Nori provided many examples of quasi-p-groups appearing as a finite quotient of
7' (A}), which gave another evidence of the Abhyankar conjetcure for Al (cf. [Kam86, Nor94]).
Let ¥ be a semi-simple simply connected algebraic group (for example, ¥ = SL,) over F,r.

1636

https://doi.org/10.1112/50010437X18007194 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X18007194

PURELY INSEPARABLE ANALOGUE OF ABHYANKAR’S CONJECTURE

Let L:Y — %; g~ g 'F"(g) be the Lang map, where F is the absolute Frobenius morphism
of ¥. Note that L gives a Galois covering with group X(F,-). Nori showed the existence of a
closed immersion ¢ : Aller < 3 such that /*¥ is geometrically connected, whence the Galois

covering (1*X)x — A} corresponds to a surjective homomorphism 7¢*(AL) — X(F,). For a brief
survey of all the above results, see, for example, [HOPS14, §3].

Remark 1.7. (1) Our result for finite local nilpotent group schemes (Theorem 1.2(1) (cf.
Proposition 3.4)) is motivated by Serre’s result on solvable quasi-p-groups [Ser90]. However,
we can extend his method only in the nilpotent case.

(2) Theorem 1.2(2) can be considered as a purely inseparable analogue of Nori’s result
[Kam86, Nor94]. To prove this, we will rely on a Bertini type theorem (Theorem 4.17). Hence,
we cannot give an explicit equation defining a saturated X(;)-torsor over A}C for general X. In the
case where p = 2 and ¥ = SLg, we can clarify this situation in not a conceptual but an explicit
way.

(3) In the classical conjecture, in particular, in the proof due to Raynaud or Harbater, the
rigid analytic or formal patching method and the theory of stable curves provide us with strong
tools to solve the problem. The author is not sure if these methods can be applicable in our
situation.

Remark 1.8. The full statement of the classical Abhyankar conjecture (proved by Harbater)
states that as a covering realizing a finite quotient G' € wjt(U), one can take a G-covering tamely
ramified except for one point zg € X\U (cf. [Har94, Conjecture 1.2]). So, it might be natural to
ask for an analogous problem. To formulate it, we need the notion of tamely ramified torsors, a
similar notion to tamely remified coverings.

The notion of tameness of an action of a group scheme G on a scheme X was introduced
by Chinburg et al. [CEPT96]. On the other hand, Abramovich et al. gave another formulation
in terms of tame stacks (cf. [AOVO08]). A relation between these two works has been studied
by Marques [Marl2]. Moreover, in [Bor09], Borne defined the fundamental group scheme which
classifies tamely ramified torsors by using the Tannakian category of parabolic bundles. To
obtain a good analogue of the notion of tame coverings, one needs to consider an extension
of a G-torsor P over an open subset U of X with D = X\U a normal crossing divisor to an
X-scheme @ together with an action of G. In [Gil12], Gillibert discussed this point. Recently,
in [Zall6], Zalamansky formulated a ramification theory in a purely inseparable setting in terms
of ramification divisors. The author is not sure if there exist any relations between Zalamansky’s
formulation and the previous ones.

In view of the above recent developments of the theory of tamely ramified torsors, one
can formulate a naive analogue of the strong Abhyankar conjecture [Har94, Conjecture 1.2] in
an obvious way. However, the author has no evidence of it. So, in the present paper, we will
concentrate on an analogue of the weak Abhyankar conjecture.

Notation

In this paper, k always means a perfect field; an algebraic variety over k means a geometrically
connected and reduced scheme separated of finite type over k; a curve over k is an algebraic
variety over k of dimension one; an algebraic group over k means a group object of the category
of algebraic varieties over k. Note that, automatically, any algebraic group over k is smooth.
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Let k£ be a perfect field of positive characteristic p > 0 and X an algebraic variety over k.
We denote by Fx, or simply F', the absolute Frobenius morphism F' = Fx : X — X. For each
integer n € Z, we denote by X (™ the nth Frobenius twist of X.

X X
| 2
Speck % Speck

If n > 0, the morphism F” : X — X then factors uniquely through X (). The resulting morphism,
denoted by F(™ : X — X _is the nth relative Frobenius morphism.

We denote by Vec the category of finite dimensional vector spaces over k. For an affine
k-group scheme G, we denote by Rep.(G) the category of finite dimensional left k-linear
representations of G. For each (V,p) € Rep,(G), we denote by V& the G-invariant subspace
of V,ie, VG ={veV]p) =val}.

2. Fundamental group scheme

2.1 Profinite fundamental group scheme
In this subsection, we will briefly recall the definition of Nori’s profinite fundamental group
scheme [Nor76, Nor82].
Let X be an algebraic variety over k together with a rational point x € X (k). We define the

category N (X, x) as follows. The objects of N(X,z) are all the triples (P, G, p) where:

e G: a finite k-group scheme;

e an (fpqc) G-torsor 7: P — X

e p € P(k): a rational point with 7(p) = «.
Let (P,G,p),(Q,H,q) € N(X,z) be arbitrary two objects. Then a morphism (P,G,p) —
(Q,H,q) is a pair (f,¢) of an X-morphism f : P — @ and a k-homomorphism ¢ : G — H
making the following diagram commute.

PxG——=P

(f7¢)l lf

Q@xH—Q

Here, the above two horizontal morphisms are the ones defining the actions of torsors. By these
objects and morphisms, N (X, z) becomes a category. In [Nor82], Nori proved that the category
N(X,x) is a cofiltered category and, in particular that the projective limit

lim  (P,G,p)
(P,G,p)EN(X,x)

exists.

DEFINITION 2.1. The projective limit of underlying group schemes

(X, x) o lim G
<
(P,G,p)EN (X )

is called the profinite fundamental group scheme, or shortly the fundamental group scheme,
of (X, x).

From the definition, the following is immediate.
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PROPOSITION 2.2. The fundamental group scheme 7!¥ (X, x) is a profinite k-group scheme such
that for any finite k-group scheme G, the map

Homy, (¥ (X, z),G) — Tors(G, (X, z))
¢ — (XN 2N) x™ (X2) 6y

is bijective. Here
def .
x2S g (Pp)
(P7G7p)€N(X,£E)
and Tors(G, (X, x)) is the set of isomorphism classes of pointed G-torsors over (X, x). Moreover,

the torsor (X, 2™V) x™"(X2) 0@ associated with a homomorphism ¢ is defined as the quotient
of the product (X, 2V) x G by the diagonal action of 7™ (X, z):

(2,9) -7 < (297", 99(7))

for (z,9) € XY x G and vy € 7V (X, x).

DEFINITION 2.3. A G-torsor (P,p) — (X,z) is said to be saturated if the corresponding
homomorphism 7V (X, z) — G is surjective.

Remark 2.4. If k is algebraically closed, then for any finite étale k-group scheme G is the constant
group scheme associated with the finite group G(k) and a G-torsor over X is nothing but a
G(k)-covering over X. Therefore, from the universality of Grothendieck’s étale fundamental
group ﬂ‘lét(X ,T), there exists a k-homomorphism of N (X, x) to the pro-constant group scheme
associated with 7$*(X, 7). In fact, this homomorphism is surjective. Furthermore, if k is of
characteristic zero, then it is an isomorphism. For details, see [EHS08, Remark 2.10].

2.2 The maximal linearly reductive quotient of 7¥
Now let us recall the maximal linearly reductive quotient 7™ d(X z) of 7™V (X, ) (cf. [BV15]).

DEFINITION 2.5 (Cf. [AOVO08, §2]). A finite k-group scheme G is said to be linearly reductive if
one of the following equivalent conditions is satisfied:

(a) the functor Rep(G) — Vecy; V > V@ is exact;
(b) the category Rep,(G) is semi-simple.

PROPOSITION 2.6 (Abramovich et al. [AOV0S8, Proposition 2.13]). A finite k-group scheme G is
linearly reductive if and only if for an algebraic closure k of k, then Gy =G %y, k is isomorphic
to a semi-direct product H x A where H is a finite constant k-group scheme of order prime to
the characteristic of k and A is a finite diagonalizable k-group scheme.

Here a finite group scheme G is said to be diagonalizable if it is abelian and its Cartier dual
is constant (cf. [Wat79, §2.2]). Proposition 2.6 does not require the assumption that k is perfect.

Remark 2.7. Assume that k is an algebraically closed field of characteristic p > 0. From

Proposition 2.6, we can deduce that if a finite étale group scheme G is linearly reductive if
and only if p t #G(k) and that a finite local k-group scheme is linearly reductive if and only

if @ > Diag(X(G)) with X(G) = Hom(G, G,,) a p-group.
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DEFINITION 2.8 (Cf. [BV15, §10]). We denote by w'"*d(X, x) the maximal linearly reductive
quotient of 7V (X, z).

Remark 2.9. (1) In [BV15], Borne-Vistoli studied the linearly reductive quotient in terms of
fundamental gerbes. They called it the tame fundamental gerbe. Here, the word ‘tame’ stems
from the notion of tame stacks (cf. [AOV0S]).

(2) If k is of characteristic zero, then any finite k-group scheme is linearly reductive and
7TN(X, l’) — ﬂ_lin,red(X, .1‘)

From now on assume that k is of positive characteristic p > 0. Then a finite k-group scheme
G is said to be local if it is connected. We denote by 7'°°(X, z) the maximal local quotient of
7N (X, z). The arguments in [Unv10] then imply that 7'°°(X, ) does not depend on the choice
of a rational point z € X (k). More precisely, let L(X) be the category of pairs (P, G) where G
is a finite local k-group scheme and P — X is a G-torsor. Then the projective limit

lim (P,G)
P
(P,G)eL(X)
exists and for any x € X (k), there exists a canonical isomorphism
%X, 2)~ lim G.
H
(P,G)eL(X)

In particular, for any finite local k-group scheme G, the map in Proposition 2.2 induces a
bijection:
Homy,(7'°(X, 2), G) = Hi,(X,G). (2.1)
Hence, we write simply 7'°¢(X) instead of 7'°¢(X, ).
If k is algebraically closed, then the maximal linearly reductive quotient 7'°¢(X)linred jg
diagonalizable and we have the following;:

71,loc (X)lin.red _ Diag(X(ﬂ'loc (X)))

Here X(7'°¢(X)) = Hom(7'°¢(X),G,,), the group of characters of 7'°°(X) and for any abelian
group A, we denote by Diag(A) the diagonalizable k-group scheme associated with A [Wat79,
§2.2]. On the other hand, any homomorphism 7'°¢(X) — G, factors through ju,» = Diag(Z/p"Z)
for some integer n > 0. Hence,

X('°°(X)) = lim Homy. (7'°(X), ptpn) > lim Hiyoe (X, ).
n>0 n>0

Here, since all the p,» are abelian, the map in Proposition 2.2 induces the last isomorphism.
Hence, we have seen that the following holds.

ProposiTIiON 2.10. If k is an algebraically closed field of characteristic p > 0, then there exists
a canonical isomorphism:

7_‘_loc (X)lin.red ~ LiI(l) Diag(Hflqu (X, Mpn)) .
n>

Note that 7l°¢(X)linred is nothing but the maximal local linearly reductive quotient of
N
™ (X, z).
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3. A purely inseparable analogue of the Abhyankar conjecture

Let k be an algebraically closed field of positive characteristic p > 0. Let X be a projective smooth

curve over k of genus g > 0. Let U be a nonempty open subset of X with n def #(X\U) > 0.

The scheme U is then an affine smooth curve over k. We denote by v the p-rank of the Jacobian
variety Picg( of X, i.e.,
v < dimg, Pic% [p] (k).
Since X is smooth and projective, the invariant v coincides with the dimension of the [Fj-vector
space Homgz (7' (X)2P, F,) (cf. [Bou00]). Moreover, in this case, for any integer m > 0, we have
H o (X, pipm) = Pick [p™](k) = (Z/p™Z)%". (3.1)

Here, for the first equality, see, for example, [Ant11, Proposition 3.2]; for the second equality,
see, for example, [Mum08, ch. IV].

Let wfc(U ) be the set of isomorphism classes of finite local k-group schemes G such that
there exists a surjective homomorphism 7'°¢(U) — G.

3.1 Question

We first give a necessary condition for a finite local k-group scheme G to belong to the set
loc

T2(U).

PROPOSITION 3.1. For any finite local k-group scheme G, if G € ﬂ}f‘)C(U)7 then there exists an
injective homomorphism X(G) — (Qp/Zp)@“Hrnfl.

By virtue of Proposition 2.10, Proposition 3.1 is an immediate consequence of the following.
ProrosIiTION 3.2. For any integer m > 0, we have
Hipo (U, piym) == (Z/p"Z)* 0L
Proof [Cf. [Sta, Tag 03RN, Lemma 53.68.3]]. Let X\U = {x1,...,z,}. Then there exists an
isomorphism Pic(U) ~ Pic(X)/R with R e (Ox(zi)|1 <1< n)z CPic(X). Therefore,
HE oo (U, ppm) = {(L, @) | L € Pic(U),a: L™ S Op}/ =~

— L ePic(X),D € Zxy+ -+ Zxp,) /—
~ L7D77 p— m o~ R,
{( %) a: I 2 0x(D) }/

where R is the group defined by

RY {(0x(D),p™D',id) | D' € Zay + -+ + Zan}.

We identify the group Hflqu(U, ppm) with the second one in the right-hand side of the above
equation. We then obtain the following exact sequence:

T m E m
0 = Hioo(X, pipm) = Hioo U, pym) = D Z/p™Z = Z/p"Z — 0.
=1

Here the second map is given by (L,a) — (L,0,«) and the third one by (L, D,a) — (@)™,
with D = >""" | a;z;. This completes the proof (cf. (3.1)). O

Considering the Abhyankar conjecture (cf. Theorem 1.5), the following question naturally
arises.

Question 3.3. Let G be a finite local k-group scheme. If there exists an injective homomorphism
X(G) = (Qp/Z,)®7+=1 then does the group scheme G belong to the set 7'9¢(U)?
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3.2 Nilpotent case
Now we will show that, for any finite local nilpotent k-group scheme G, Question 3.3 has an
affirmative answer.

PROPOSITION 3.4. Let G be a finite local nilpotent k-group scheme. Then G € 7'¢(U) if and
only if there exists an injective homomorphism X(G) < (Qp/Z,)®7 1.

Proof. First we remark on «,,-torsors over U. Since U is affine,
Hi oo (U,Go) = H'(U,Oy) = 0,

we have
Hflpqc(U7 Oép) = F(Uv OU)/F(Ua OU)p'

On the other hand, since U is an affine smooth integral scheme, there exists a dominant morphism
U— Ai, whence

HE (U, ap) <= HE (A}, ap) = @k ", (3.2)

where t is the coordinate of A!. Furthermore, since ap is simple, any nonzero element of
Hflqu(U, ) corresponds to a surjective homomorphism 7°¢(U) — a, (cf. (2.1)).

Now let us prove the proposition. It suffices to show the ‘if’ part. We prove this by induction
on the order dimy k[G] = p" (r > 0). From the assumption, G is obtained by central extensions
of ay, or pp. If dimy, k[G] = p, then G = oy, or = p, and the statement is immediate from (3.2),
or from the assumption. Since G is a nontrivial nilpotent group scheme, the center Z(G) is
nontrivial. Let H C Z(G) be a subgroup scheme of order p. Then we get a central extension of

finite k-group schemes:
1-H—->G—>G/H— 1. (3.3)
Since dimy, k[G/H] < dimy k[G] and X(G/H) C X(G), by induction hypothesis, there exists a
surjective homomorphism ¢ : 7'°¢(U) — G/H. Since U is affine, prqC(U, Gq) = 0 if ¢ # 0,
we have H?qu(U, ap) = 0. On the other hand, ]'{flqu(U7 Gm) = Pic(U) is divisible (cf. [Sta,
Tag 03RN, Proof of Lemma 53.68.3]) and prqC(U, Gm) = Br(U) = 0, we then also have
quC(U p) = 0. Therefore, we find that HI?p (U, H) =0 and the exactness of (3.3), noticing

that prqC(U, G/H) = 0, implies that the resulting sequence
0— Hioo(U,H) — Hy, o (U,G) — Hi, ( (U,G/H) — 0

is an exact sequence of pointed sets (cf. [Gir71, p. 284, Remarque 4.2.10]). Therefore,
the isomorphism (2.1) implies that there exists a lift ¢ : 7°°(U) — G of ¢ and we obtain the
following commutative diagram:

0K ——7°U) -2~ G/H—0
.
0—>H e G/H——0

where K < Ke r(¢). If f is nontrivial, then it is surjective, whence so is ¢. Thus, from now

on assume f = 0. In this case, the homomorphism ¢ factors through G/H. Thus, the central
extension (3.3) is trivial, i.e., G = H x (G/H). We claim that

Hflqu(U, H) D Ker(Homy, (7'°°(U), H) — Homy (K, H)). (3.4)
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If the claim (3.4) is true, then one takes a k-homomorphism g : 7l°¢(U) — H so that gl # 0
and the one (g, ¢) : 7'°¢(U) — G = H x (G/H) is surjective. Thus, it remains to show the claim
(3.4). Notice that

Homy,(G/H, H) = Ker(Homy,(7'°°(U), H) — Homy, (K, H)).

Thus, if H ~ «,, then the claim (3.4) follows from dimy, Hflqu(U, ap) = o0o. If H o~ 1, then the
claim (3.4) follows from the following inequality:

dimp, Homy(G/H, p1,) < dimp, Homy (G, p1p) < v +n — 1 = dimg, Hflqu(U, Lp)-
Here for the first inequality, we use G ~ p,, X (G/H). This completes the proof. a

COROLLARY 3.5. Every finite local unipotent k-group scheme appears as a finite quotient of
WIOC(U)'
Ezample 3.6. Assume k is of characteristic p = 2. In this case, the first Frobenius kernel

SLygry & Ker(FM : SLS — SLy)

of the algebraic group SLs is nilpotent. Indeed, noticing that

a b\ |abecdeA ad—bc=1
it {(2 ) |

=d=1,0¥=c*=0
for any k-algebra A, the maps

SLa(1)(A) = (a2 x az)(A); (CCL Z) — (ab,cd), A : k-algebra

then form a k-homomorphism SLy1) — ag X ag, which makes the following sequence
1— o —> SLQ(l) — g Xag—> 1 (35)

a nonsplit central extension (cf. [Wat79, ch. 0, Exercise 3]). In particular, SLy() is nilpotent.
From the facts that X(u2) = Z/2Z and that any homomorphism SLy(;y — Gy, factors through
p2, the nonsplitness of (3.5) deduces the condition that X(SLy(;)) = X(az x az) = 1. Therefore,
by applying Proposition 3.4, we can conclude that there exists a surjective homomorphism
WIOC(Ak) - SLQ(l)

Remark 3.7. (1) In the particular case where U = A}l that Question 3.3 is affirmative is
equivalent to the assertion that any finite local k-group scheme G with X(G) = 1 appears

as a quotient of WIOC(A}C). For example, for any integers m,r > 0, the rth Frobenius kernel

SLn(r) def Ker(F) . stim SLy) of SLy, gives such a one, i.e., X(SLyy) = 1 (cf. (3) below).

(2) In general, if a finite k-group scheme G is generated by all the unipotent subgroup
schemes, then G has no characters, i.e., X(G) = 1. The author expects that the converse might
be true, namely, that X(G) = 1 if and only if G is generated by all the unipotent subgroup
schemes.

(3) Let us see another example of finite local k-group scheme G with X(G) = 1. Let X be
a semi-simple simply connected algebraic group over k. Then for any integer r > 0, the rth
Frobenius kernel

def _p FO
Sy = Ker(207) = ¥
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has no nontrivial characters, i.e., X(X(,)) = 1 (indeed, since X is semi-simple simply connected,
any character () — Gy, comes from some character of ¥ [Jan03, Part I1, chs 3, 3.15, Proposition
and Remarks 2)]. However, since ¥ is semi-simple, there exist no nontrivial characters of ¥ [Jan03,
Part II, chs 1, 1.18(3)]). Therefore, if Question 3.3 is affirmative for the affine line A}, then the
group scheme ¥(,) must appear as a finite quotient of WIOC(A}C). We will prove this fact is actually
true (cf. Corollary 4.19).

(4) Moreover, if ¥ is a semi-simple simply connected algebraic group over k, then one can
prove that the first Frobenius kernel ;) is generated by all the unipotent subgroup schemes
of it. Indeed, fix a maximal torus T" < ¥. Let R be the root system. Choose a positive system
RT™ C R and denote by S the corresponding set of simple roots ([Jan03, Part II, chs 1, 1.5]).
We denote by U™ (respectively U™) the unipotent radical corresponding to the positive roots
(respectively the negative roots). By [Jan03, Part II, chs 3, 3.2 Lemma), it suffices to show that
Ty C (U(jf)). Since Y is simply connected, we have

(av)ocES : H Gm E) T
a€eS

(cf. [Jan03, Part I, chs 1, 1.6(4)]), where the a¥ are dual roots. Hence, we are reduced to showing
that oV (u,) C <U(j;)) for any o € S. For this, we may assume that ¥ = SLs. In this case, we
have dim k[SLy(1)] = p* and dim k:[U(jf)] = p, whence p? < dim k[(U(il)ﬂ < p?. For the equality
SLyy = (Ué[)>, it suffices to show dim k[(UaE)ﬂ = p3. However, again by [Jan03, Part II, chs 3,
3.2, Lemma], there exists a surjective k-algebra homomorphism k[SLyy] — k:[U(J{) X Ua)]. This
factors through k[(U(jf)ﬂ and the resulting algebra map ¢ : k:[(U?;)] — k:[Ua) X U(I)] is then
surjective. The map ¢ is not isomorphism because U, (J[) x U (_1) is not a subgroup scheme of SLy(y)

but <U(j;)> is. Therefore, we have dim k[(U(j{)ﬂ > dimk[U(';) x Upy

dim k[(U(il))] = p®, which implies that SLy) = <U(i1)). This completes the proof.

| = pQ. Then we must have

4. Main results

4.1 Torsors coming from Frobenius endmorphisms of an affine algebraic group

Let k& be an algebraically closed field of characteristic p > 0 and U a smooth affine curve
over k. Let ¥ be an affine algebraic group over k. Note that for each integer r > 0, the rth
relative Frobenius morphism F() : ¥(=7) — % gives a saturated X def Ker(F"))-torsor over X.
Here, recall that the saturatedness means the corresponding homomorphism 7 (X)) — Xy I8
surjective (cf. Definition 2.3). In §4, motivated by Question 3.3, we will consider the following
question.

Question 4.1. Fix an integer r > 0.

(1) Does there exist any k-morphism f : U — ¥ so that the X (py-torsor 207 - U defined
by the following cartesian diagram is saturated?

FuEn s n=n)

| o e

U 7 by
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(2) Furthermore, if it exists, for which k-morphism f : U — ¥, is the resulting ¥,)-torsor
*2(") — U saturated?

Let us begin with showing that one can reduce the problem to the case r = 1.

LEMMA 4.2. Let ¥ be an affine algebraic group over k and f : U — ¥ a k-morphism. If f*3(=1)
is saturated, then for any integer r > 1, f*X(=") is also saturated.

Proof. We will show this by induction on 7 > 1. We will denote by ¢(=") : 7l°¢(U) — Y the

homomorphism corresponding to the torsor f*$(=7). Assume ¢~ is surjective. Let us show
that ¢(~"~1) is also surjective. Since F(")* f*3(=7) is a trivial torsor, the composition

(r) (=)
roe(UI) Lo o) P 5y

is trivial. We then obtain the following commutative diagram:

()
WlOC(U(*’I”)) F ﬂ.IOC(U)

! (=)
V=13 ¢(—7‘—1)l \ (4.1)

Egl_)r) —— E(’r—f—l) E(r) 1 (exact)

1

and the map ¢~ o F*(T) factors through EEI)T). We denote by ¢ the resulting homomorphism
WIOC(U(_T)) — ZEI)T). We are then reduced to showing the surjectivity of 1. The commutativity

of the diagram (4.1) implies that Indzgrfri)(Q) ~ FO* rn(=r=1) where Q is the torsor over
€Y)

UG") corresponding to the morphism . On the other hand, by considering the tautological
commutative diagram

w(=r-1) =, »(-r-1)
F(l)l’ lp(rﬂ)

we can find that
(1) (r+1)
Ind_ () (5077 L5 500) = P (g L0 )
(1)

Therefore, by the construction, () is nothing but the torsor defined by the cartesian diagram

Q - E(—r—l)

| o |

—r) e

y-r L (=)

where f£(=7) is just the rth Frobenius twist of f.

Uyt-r = ¢y
f“”l 0 if
- = ow
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Then, the saturatedness of the torsor f*X() — U indicates the saturatedness of the torsor
Q— UG, or equivalently, the surjectivity of 1. This completes the proof. O

Next let us see a basic example. The following proposition gives a complete answer to
Question 4.1 for the pairs (U, X) = (A}, GP") (n > 1).

PROPOSITION 4.3. Assume that k is of characteristic p > 0 and n > 0 an integer. Let
[ = (fi(t)) € k[t]®" = Morg (A}, GZ™)

be a k-morphism A11€ — GP". We define the af"—torsor Py over Ai. by the pulling back of the

_1)® _1®
relative Frobenius morphism F() G((l nEr Go", e, Pi def ng nEr Then Pi is saturated
if and only if the images f;(t) (1 < i< n) in Hflqu(A}C, ap) = k[t]/k[tP] are linearly independent

over k.

Proof. We will show this by induction on n > 0. In the case where n = 1, then since «, is simple,

the assertion is obvious. From now on assume that n > 1 and that dimg(f;(¢) |1 <i<n—1); =
n—1. Put f':= (fi(t),..., fa—1(t)). Then Py is an oS '-torsor over Aj. We denote by ¢
and ¢’ the homomorphism 7'°¢(A}) — o™ corresponding to Py and the one 7'°¢(A}) — a5"~*

to Py, respectively. From the assumption, ¢’ is surjection. Let K def Ker(¢'). We then obtain
the following commutative diagram.

¢/

0— K —> 1'°¢(Al) —2> a@n=1 —> 0

T

Dn Pn—1
0 ap a, a, —0
\/
pry,

Then we have

¢ : surjective <= ¢ # 1
< pr,o¢pc Hom(ﬂ'loc(A}g), ap)\d)’* Hom(af?”fl, ap)

> fu(t) € (RL/EPDNA @), -5 faa D)k

> dimy(fi(t) |1 <i<n)p =n.

This completes the proof. O

4.2 Explicit equations defining saturated SLy(;)-torsors in the characteristic p = 2
case

We will continue to use the same notation as in §4.1. As we have seen in Example 3.6, in

the case where k is of characteristic p = 2, there exists a saturated SLy(;)-torsor P — A}C

(cf. Definition 2.3). On the other hand, since Hflqu(A,lc, GL2) = 0 and HquC(A,i,,GLQ) — HquC

(AL, Gy,) = k* is surjective, we have Hflqu(Ai, SLs) = 0, whence

Hflpqc(Allw SL2(1)) = SL?(k[t2])\ SLQ(k[t])
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Therefore, such a torsor P — A}: must be obtained by the pulling back of the relative Frobenius
morphism F®) SLgfl) — SL9 along some k-morphism f : Ai — SLo.

pP——sLiY

| o

Al —T g1,

Hence, by Proposition 3.4 and Example 3.6, combining with Lemma 4.2, we can obtain an
affirmative answer to Question 4.1(1) for the pair (U,X) = (A}, SL2) in the case where p = 2. As
a consequence of it, we have the following.

COROLLARY 4.4. Assume p = 2. Then there exists a surjective homomorphism

WIOC(A]%‘.) —» l(in SL2(T)
>0

In particular, for any integer r > 0, there exists a surjective homomorphism 7'°¢(A}l) — SLa(y-

Next, we will consider Question 4.1(2) to the pair (U, ¥) = (A}, SLs) in the case where k is
of characteristic p = 2 and will give an answer (cf. Corollary 4.13).

Recall that the saturatedness of a finite étale torsor P — U depends only on the underlying
scheme of it. In fact, it is saturated if and only if it is (geometrically) connected (cf. [Zhal3,
Lemma 2.3]). One of the difficulties of our problem is that the saturatedness of a local torsor, in
contrast to the étale case, depends also on the multiplicative structure of the underlying group
scheme. The following simple example indicates such a situation.

Ezample 4.5. Let | be a prime number with [ # p. We define the k-morphism f : G,,, = G, X Gy,
by a — (a, al). We define the one g : G,, > G, x G,,, as the composition G,, i> G, x G, C

Gg X Gy Then the underlying schemes of the torsors f *(Gy({ D elSy 1)) and g*(G((fl) x Gy 1))
are isomorphic to each other. However, the former is not saturated, but the latter is.

Hence, it seems to be difficult to obtain a concise characterization of the saturatedness of
finite local torsors purely in terms of the category N(X,z) (cf. §2). To avoid this problem,
we will rely on a Tannakian interpretation of 7V (U). For definitions and basic notions of
Tannakian categories, see [DM82, Del90]. We will use the category of generalized stratified
bundles, introduced by Esnault and Hogadi [EH12]. For the full definition of it, see [EH12]
(for the definition of stratified bundles in the usual sense, see, for example, [Gie75, doS07]).
By virtue of Lemma 4.2, the category Strat(U, 1) of 1-stratified bundles is large enough for our
purpose.

DEFINITION 4.6. Let X be a smooth algebraic variety over a perfect field k of characteristic
p > 0. A 1-stratified bundle on X is a sequence {E(i)}fio of coherent sheaves E() over X

together with isomorphisms o : E() S FO*EED for § > 1 and
o0 pxpO) 5 p@xp) (4.2)

Let E = {E®W, 0} F = {E’(i),a’(i)} be arbitrary two 1-stratified bundles. A homomorphism
of E into E’ is a sequence of Oy -linear homomorphisms o . p) £ (i > 0) satisfying

U/(i) o ¢(i) _ F(l)*¢(i+1) o a(i), i>1;
@6 FOxg0) = p@*y1) o 50),
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The homomorphisms of 1-stratified bundles satisfy the composition rule and one obtains the
category Strat(X, 1) of 1-stratified bundles on X.

THEOREM 4.7 (Esnault-Hogadi [EH12]). The category Strat(X, 1) of 1-stratified bundles is a k-
linear abelian rigid tensor category, and if one takes a k-rational point x € X (k), then the functor

. 2 Strat(X, 1) = Vec; {E(i), O'(i)} — 2*E©) defines a neutral fiber functor. Furthermore, the
maximal profinite quotient of its Tannakian fundamental group 7i(Strat(X,1),w,) coincides
with the image of F( : 7N (X, z) — «N(X, ).

In particular, if G is a finite local k-group scheme of height one, ie., Gy = G, then
any homomorphism ¢ : 7'°¢(X) — G factors through the maximal pro-finite local quotient
71 (Strat(X, 1), w, )Pf1°¢. Denote by 1 the resulting homomorphism

¥ @ m(Strat(X, 1), w, )Pl ¢ — G,

Let us consider the composition

hg : Repi(G) SN Repy, (1 (Strat(X, 1), w, )Pl 10¢)  Strat(X, 1). (4.3)
Then, from the standard Tannakian argument (cf. [Nor82, ch. II, Proposition 3]), we have the

following.
LEMMA 4.8. The homomorphism ¢ is surjective if and only if

dimy Homgyag(x,1) (I, 2 (K[G], preg)) = 1.
Here 1% {Oxw,id} is a unit object of Strat(X,1).

Remark 4.9. Since hg(k[G], preg) is an algebra object in Strat(X,1), the 1-stratified bundle
hg(k[G], preg) admits a morphism from the unit object I — hy(k[G], preg) corresponding to the
unit element of the algebra. Thus, the dimension dimg Homggag(x,1)(I, 7 (K[G]; preg)) is always
greater than or equal to 1.

If 7: P — X is the G-torsor corresponding to the homomorphism ¢ : 7'°¢(X) — G. Then
one can describe the 1-stratified bundle hy(k[G], preg) as follows (cf. [EH12, Construction 4.1]).
We define { E®}° by

def dim k[G .
EOD 0y, wklG) =020 i
EO ¥ (r,0p @ k[G])°.
Here G acts on m,.Op ® k[G] by

(P xG)xG>((p.h),g)~ (p-g~ ' h-g)€ PxG.
We define {a(i)};’io by o @ €iq for i > 1 and o the canonical trivialization morphism:

FO*((1,0p @ k[G])F) = EW = 0y ® K[G). (4.4)
)

Here, since G is of height one, the torsor F()* P is trivial and admits a canonical section F(0*P >

(F(l) P)rea = XD, The isomorphism o) is the one corresponding to this section. We then
have h¢(k[G], preg) = {E®W, 0}, Note that (k[G], preg) is a G-torsor object in Repy(G) and the
functor hy is a tensor functor, hence hy(k[G], preg) gives a G-torsor object in Strat(X, 1). We also

denote Plstrat 4 hs(k[G, preg). Lemma 4.8 implies that P is saturated if and only if P12t jg
connected as an algebra object in Strat(X, 1).
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Ezample 4.10. Let m > 0 be an integer and f : G,, - G,, a k-morphism defined by a — a™.
Let Plstrat — (B() ()} with P = o f*Gg{l) a pp, = Spec k[z]/(zP — 1)-torsor. Then

O _ (Faa™yl o B N
y <(yp—xm)®(zp—l)> ;.:90/@[, I (z) .

Therefore, the representation matrix A € GLp(k;[:c(_l)il]) of ¢(® with respect to the basis
{77710 <j<p—1}and {7 |0 < j < p— 1} is given by the diagonal matrix:

Ao |00
0 0 o g™

A direct computation then recovers the following well-understood result:

k if ptm,

Homgira (g, 1) (I P) {k[u] if p|m
P

Ezample 4.11. Let n > 0 be an integer and f = (fi(x)) € k[x]®™ = Morg (AL, GE™) a k-morphism
(cf. Proposition 4.3). Let P51t = {E() ()} with

def pere(—1)@n k[x yi (1<i<n)
P< Gl = Spec
L (y; — filz) (1 <i<n))
an o™ = Speckl[zi(1 < i < n)]/(z](1 < i < n))-torsor. Then
EO= @ kel i Ta)t @t

0<j1,--,jn<p—1
The representation matrix A € GLy» (k[z(=D]) of ¢ with respect to the basis
{nFz)" - 20}, {72

is unipotent and, by a direct computation, one can verify that the condition that {f;(z)}", C
k[x]/k[«P] is linearly independent over k is equivalent to the condition that

dimy, Homgy (a1 1) (L P7) = 1.
This then gives another proof of Proposition 4.3.
Now let us prove the main result of this subsection.

THEOREM 4.12. Assume p = 2. Let

_ [ fa(x)z™™  —f -m B
L= <—12”§fw§3xm ff - ) € GLa(k[z™']) = Mory (G, GL)

be a k-morphism with fi;(x) € k[z] (1 <1,j < 2) and
)
)

fu(x) fiz(x)\ _ m
o (i) o))

X

def 1)

for some m € Zxo. Let P = f* GL be the resulting torsor over Gy,.
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(1) In the case 2 | m, assume that one of the following conditions is satisfied:
o dimy(fi1, for) = dimg(f11fo1, frafoz) = 2;

o dimg(fi2, fa2) = dimg(fi1fo1, fi2fa2) = 2.
Then we have

Homggrat(G,,,1) (I, P57 ~ Eus).
(2) In the case 21 m, assume that one of the following conditions is satisfied:
o dimy(fi1, for) = 2, dimp(firfor, frzfaz) = dimp(fi1fr2, forfoz, ™) = 3;
o dimy(fiz, fr2) = 2, dimp(f11fo1, frzfaz) = dimg(fi1fiz, forfo, 2™) =3

Then we have
HomStrat(Gm,l)(H7 Pl-strat) =k.

Here, for each f € k[x], f denotes the image of f in k[x]/k[zP].
Proof. Let Pt = {E0) 50} Let 7 : P — G,, be the structure morphism. We then have

k[xi17yij (Za.] = 172)]
(11 — foa(z)z=™, yfy — fra(@)x=™, y3; — far(x)z=™, Y5y — fra(x)z=™m)
Let pp (respectively pg) be the coaction m.Op — m.Op ® k[GLy(y)] induced by the action

P x GLg(;y — P (respectively the one by the trivial action). Let « be the antipode of k[GLyy)].
Then the composition

m.0Op =

p®id

T.Op ® k‘[GLQ(l)]———> T.Op ® k‘[GLQ(l)] & k[GLQ(l)]
1B 7. 0p ® k[GLyy) ® k[GLy)) 5 1,.0p @ k[GLyy)]  (4.5)

gives a k[GLy(;)]-comodule isomorphism

(W*Op, ,OP) ® (k[GLQ(l)]ypreg) = (W*OPy pO) ® (k[GLQ(l)]a preg)- (4'6)

If one writes k[GLy(y)] = k[zw]/(z%

(i) ) - (2 )

Therefore, via the map (4.5), the element

— (5@'), then

2
def
eij = Zyiq ® 25 € TOp @ k[GLo()]

q=1
is mapped to y;; ® 1, which belongs to
((m<Op, po) ® (k[GL2(1)]aPreg))GL2(1) = Hxil][yzj ®11<14,j<2].
Hence, by (4.6), we find that
EO = k[zt[e;; |1 < 4,5 < 2).

Notice that E(®) ~ k[z£1]®2" with free basis {el1 ey eq eny?® |my; = 0,1},
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Let A € GLoga(k[z(=D*1]) be the representation matrix of the inverse isomorphism ¢(?)~1
with respect to the basis

1, vi1va1, vialeg, V1112121022, ;

V1, V12, V21, V22,

V112, V1122, Vi2l21, V21V22;

V111221, V11V12V22, V11V21V22, V12V21V22

for v € {e, z}. One then obtains

c O 0 O
A B®E O B®D
= B®B 0 ’
O B z(-UmE

with

fia (33(71)) . 10
b= (fu (1) f22< >)’ b= <0 1)

1 f11(95( b )f21( D) ffz(x(fl))fb(x(*l)) *
0 g(—tm 0 f{2($(_1))f22($ D)g(=1m )
0 0 g(=bm fﬁ(l‘(_l))fm(x )5'3( Ym 7
0 0 0 zm
D f{2($(_1))f§2(95(_1))
fi(zD) f21 (z(=D) 0 ’
where {f; 2(=1)} is defined by

Fi@)? = fij(x).

Here, notice that (-2 = z and that det B = z(~)™_ Furthermore, the assumption on {fij(x)}
implies the same condition on {f;; (=)},
Now one can reduce the problem to calculating the right-hand side of the following equation:

Homggrat(g,,.1) (I P7) ~ {(a,b) € k%' x k[z*1]%2' | A a = b}

First we consider the case where 2 | m. In this case, without loss of generality, we may assume
that m = 0. Note that the condition that det(f;;(x)) = 1 implies that the set

{firfi2, farfa}

is also linearly independent over k. Indeed, this follows from the equation:

<f11f12> _ <f122 f121> <f11f21>

fo1fa2 % f3) \Jiafe)

We will solve the simultaneous equations A-a =0 from the bottom. Then the condition that
the set {f11, for}, or {fis, fio} is linearly independent implies that

a; =0 (13<i<16).
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Moreover, the conditions that {f{, fis, 4[5} is linearly independent and that det B = f1; f5, —
f12f% = 1 imply that

;=0 (i=9,12),

ajp = aii.

C O
O BFE)’

again combined with the assumption on f-’j, we have

By solving the equations

a;=0 (2<i<8).
All the above computations then imply
Homg gt (G, 1) (L P7%) ~ k & k - det(z5) ~ klus).

Finally, let us consider the case where 2 1 m. In this case, the equations in the part B Qz(-VmE
cannot imply a; = 0 (13 < i < 16). However, by solving the simultaneous equations

(O B E O B®D)a=b,

we can conclude that
a;=0 (b<i<8or13<i<16).

Next let us solve the part C. Notice that {z(=Dm_ f{, fi 2(=1)m} is linearly independent over
k. Thus, we find that ay = 0. On the other hand, by the assumption that {f{;f5, flofso} 18
linearly independent, we also have as = a3 = 0. Finally let us solve the part B ® B. Then the
condition that f1,f5 # 0 in k[z("D*!)/k[z(-D*2] implies that ajp = ai1. Then the condition
that {f11f12, fo1fo2, W} is linearly independent over k implies that a9 = a9 = a11 = a13 = 0.
Therefore, we can conclude that

HomStrat((Gm,l)(H’ Pl-strat) =k. U
As an immediate consequence of Theorem 4.12 (or its proof), we have the following.

COROLLARY 4.13. Assume p = 2. Let

5= (J2) J2) € Stalhlal) = Mon (4. St

be a k-morphism. Then the resulting SLy()-torsor f* SLg_l) — A}C is saturated if and only if one
of the following conditions is satisfied:

o dimy(fi1, for) = dimg(firfo1, fizfo2) = 2;
o dimy(fi2, fo2) = dimg(f11f1, fi2fo2) = 2.

Proof. By considering the composition

f
Gm — A} = SLy < GLo,
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we are reduced to the case where f : G,, — GLg with det(f) = 1. Thus, the statement follows

from the argument in the proof of Theorem 4.12, noticing that the condition

dimy, HomStrat(G 1) (]L Pl-strat) =2

implies the image of the homomorphism 7'°¢(G,,,) — GLjy(1) corresponding to the torsor P =

f GLg_l) — Gy, coincides with SLy(y). a

Remark 4.14. For example, the embedding

2., .3
Apsaw (1—23_;—2a 61L> € SLa

satisfies the condition in Corollary 4.13.

Combined with Lemma 4.2, Theorem 4.12 also implies the following.

COROLLARY 4.15. Assume p = 2. Then, there exists a surjective homomorphism

TrIOC(Gm) —» 1(1_"[_11 GLQ(T)
r>0

In particular, for any v > 0, the rth Frobenius kernel GLy(,) appears as a finite quotient of
loc
ToU(Gy).

Proof. Tt suffices to find a k-morphism f € GLa(k[z*!']) = Morg(G,,, GLg) satisfying the

condition of Theorem 4.12. The morphism

1 1 1
o4 2
Gnoawm | % 7 e
1 -
a
gives such a one. O

Remark 4.16. (1) Corollary 4.13, combined with Lemma 4.2, gives an answer to Question 4.1(2)
for the pair (U, ¥) = (A, SL2).

(2) Theorem 4.12 and the proof of Corollary 4.15, combined with Lemma 4.2, gives an
affirmative answer to Question 4.1(1) for the pair (U, X) = (G, GL2) in the case where k is of
characteristic p = 2. Furthermore, since X(GLy(y) = Z/2"Z C Q2/Z2 (note that the first equality
follows from the exactness of 1 — SLy() — GLg(y = ppr — 1 and X(SLy,)) = 1), Corollary 4.15
gives an affirmative answer to Question 3.3 for G, and for GLy(,y (7 > 0) in the case where k is of
characteristic p = 2. However, we have restricted our attention to a special class of k-morphisms
G — GLg, so it is not enough to give a complete answer to Question 4.1(2).

4.3 Bertini type theorem for finite local torsors and its application

Finally let us prove a purely inseparable analogue of a Bertini type theorem (cf. [Jou83]). As an
application, we will give an affirmative answer to Question 4.1(1) for the pair (Ai, Y) with ¥
a semi-simple simply connected algebraic group over k, whence, to Question 3.3 for A,lc and for
Z(r) (7" > 0)
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THEOREM 4.17. Let n > 2 be an integer. Let k be a perfect field of positive characteristic p > 0.
Let G be a finite local k-group scheme of height one and m : P — A} be a saturated G-torsor.
Then there exists a closed immersion ¢ : Az_l — A} such that the G-torsor .* P — Az_l obtained
by pulling back P along ¢ is saturated as well.

To prove this theorem, we will rely on the Tannakian interpretation (cf. Theorem 4.7) again.
Then we are reduced to showing the following lemma of linear algebras.

LEMMA 4.18. Let n > 2 be an integer. Let k be a perfect field of positive characteristic p > 0.
Let Vi,...,Vy C klz1,...,zn)/k[2, ... 2h] be finite dimensional subspaces. Then there exists a
polynomial g = g(x1,...,2,—1) so that the k-linear map

klz1, ..., xn)/ k2, ..., 2] = klz1, ..z /R[], o 2]
z;, 1<i1<n—1,
T — .
g(z1, ..., xn_1), i=mn,
maps all the subspaces V; injectively into k[x1, ..., xn—1]/klz],... ab_|]

Proof. By considering V' := V; 4 --- + V,;,, we are reduced to the case where m = 1. Let V' be
a finite dimensional subspace of k[z1,...,xy,]/k[z], ..., zh]. Without loss of generality, we may
assume that V is of the form

V= ("2 |0< m; <d; ptm; for some i)

for a sufficiently large integer d > 0. Take an integer M > d with pt M and an integer N > 0
with p¥ > d(M +1). Let us define

n—1
def N
9= [[GE +a).
=1
Note that the following subset of k[z1, ..., zn_1]/k[zY, ..., 22 _,] is linearly independent over k:
ot (0K my < dymy, =05 ptm; for some 1 < i < n—1),

n—1
H xlmﬁ-mnM (p | m; for any 1 <7 < n — 1, whence pj[mn),
=1

n—1

. N
Hxlmﬁm”p (0<m; <d; mp#0; ptm; forsome 1 <i<n—1).
=1

One can then conclude that the polynomial g gives a desired polynomial. O

Proof of Theorem 4.17. We will show that there exists a closed immersion ¢ : AZ‘I — A} such
that
dimy, HomStrat(AZ” s (cFP)lstraty —

Note that (¢*P)lstrat = ;*(pl-strat) and that, from the assumption, we have

dimy, Homggrag(ar, 1) (I, P17) = 1. (4.7)
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Let P2t — {E() 50}, By Serre’s conjecture on vector bundles on an affine space (cf. [Lam78]),

the vector bundle E(© is a free OAZ—module. Let

A€ GLy(klz\Y, . 2

n

with ¢ = dimy, k[G], which is some power of p, be the representation matrix of o(0-1
to some basis. The assumption (4.7) then amounts to saying that the vector space

HomStrat(AZ,l)(Hv Pl-strat) ~ {Q € k% ’ A-a€ k[wl, c. ,l‘n]@q}

is of dimension one. Then, by permuting basis if necessary, we may assume that

a
0
{a€k®|A -ac€klry,... )%} = laek
0
Then, the matrix A has the following form:
al] ok *
agy k- % )
A= . . with ai1€/€[x1,...,$n] (1<z<q).
aq1 * *
Let us write
B Cl;f a12 e a/lq
aq2 ... aqq

Then the condition that dimy Homgyaea1 1)(1, Plstraty — 1 is equivalent to the condition that

B-b¢k[xy,...,z,)% (0#0be€ kP,
Therefore, we are reduced to showing the following statement: if a matrix
B = (b;j) € Matrixsvt(k[mg_l), L))
satisfies the condition
B-b¢ klry,...,z,]%" (0#£0bec k%),

:1:(711)) such that the condition

then there exists a polynomial g = g(m(fl), Ce T,
B b k[xy,... 20

1]6% (O ?éb c k@3)7

with respect

is fulfilled. Here = (b},) is a matrix with b, = b;;(xy /,...,z _/,g). Indeed, by applying
fulfilled. Here B' = (b, hobf, = by(ai (7 ). Indeed, by appl

Lemma 4.18 to the subspaces

V; ¥ (b, bis) C KUY,

L) ko, we] (1< < E),
(=1) (—11)

we can find a polynomial g = g(z ,...,Z, 1) so that the homomorphism
ko™, aCD) k[, ] > BT, 2 R ]
induced by ngl) — g(:zgfl), .. ,:cg;ll)) maps all the subspaces V; injectively into
Kl a0k, . wn).

Then for any b € k%%, the condition that B’ - b € k[z1,...,7,_1]®" implies the condition that

B-be€ k[xy,...,2,])%. This completes the proof.
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COROLLARY 4.19. Let k be a perfect field of positive characteristic p > 0. Let ¥ be a semi-simple
simply connected algebraic group over k. Then there exists a surjective homomorphism

7_‘_IOC(A}c) —» ](El E(T) .
r>0

In particular, for any r > 0, the rth Frobenius kernel Y,y of 3 appears as a finite quotient of
loc/al
mO¢(AL).

Proof. We will adopt the argument of [Ser92, §3.2]. Let us find a k-morphism A} — ¥ so that
the resulting tower of torsors

N 2(4)|A]1C s g(*l)’A’1€ N Allc

is saturated. By virtue of Lemma 4.2, it suffices to find a k-morphism A}C — > so that E(_1)| Al

is saturated. Fix a maximal torus 7' < X and a set of positive roots. Let UT < X (respectively
U~ < X) be the unipotent radical corresponding to the positive roots (respectively the negative
roots). Let us define a k-morphism f: U" x U~ — ¥ by the composition

Ut xU - 2x2 5% %,

Here the first map is the natural inclusion and the second one the multiplication of 3. Then the

pulling-back P def J*Y defines a saturated ¥ (;)-torsor over U x U~. Indeed, notice that the
diagram

UE(=1)c n(=1)

F(l)i lp(l)

vt H Lyt xu-L oy

commutes. Then the ¥;)-torsor i} P — U® is reduced to the saturated U(il)—torsor U= - g,
i.e.,

” X 1)y def _ Ut
ziP:IndU%j(Ui( Dy = g0 Yo 5.

If we denote by ¢ : 7°¢(UT xU ™) — Y1) (respectively YT ploc(U) — U(jf)) the homomorphism

corresponding to the torsor P (respectively i P), this amounts to saying that the diagram
homomorphism

7.‘.loc(U:l:) HWIOC(U'F % U_)

N !

+ .
U(1) %)
commutes. Therefore, Im(¢) D U(il), whence Im(¢) = (U(il)> = X(1), where, for the last equality,

see Remark 3.7(4). Therefore, P is a saturated ¥(;)-torsor over Ut x U~ ~ Al for some N > 1.
Then by applying Theorem 4.17, we can conclude that there exists a closed immersion ¢ : A}C —
Ut x U~ so that t*P — A} is saturated as well. Therefore, the k-morphism fou : A}C — X gives
a desired one. This completes the proof. O
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