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Abstract

We find an upper bound for the number of groups of order n up to isomorphism in the variety S = A, A, A,,
where p, g and r are distinct primes. We also find a bound on the orders and on the number of conjugacy
classes of subgroups that are maximal amongst the subgroups of the general linear group that are also in
the variety U, %,.
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1. Introduction

A group is an A-group if its nilpotent subgroups are abelian. For any class of groups B,
we denote the number of groups of order n up to isomorphism by fg(n). Computing
f(n) becomes harder as n gets bigger. Thus, in the area of group enumerations, we
attempt to approximate f(n). When counting is restricted to the class of abelian groups,
A-groups or groups in general, the asymptotic behaviour of f(n) varies significantly.
Let fi0:(n) be the number of isomorphism classes of soluble A-groups of order n.
Dickenson [2] showed that f4 ,i(n) < n® logn for some constant ¢. McIver and Neumann
[7] showed that the number of nonisomorphic A-groups of order n is at most n'*!,
where A is the number of prime divisors of n including multiplicities. In the same
paper, they stated the following conjecture based on a result of Higman [4] and Sims
[12] on p-group enumerations.

CONJECTURE 1.1. Let f(n) be the number of (isomorphism classes of groups of)
order n. Then f(n) < n®*+9% where € > 0 as 1 — oo.

In 1993, Pyber [9] proved a powerful version of Conjecture 1.1: the number of
groups of order n with specified Sylow subgroups is at most n”**1® where u is the
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largest integer such that p* divides n for some prime p. From the results of Higman
and Sims, and Pyber, f(n) < n?'/27+06) 1n [13], it was shown that fy s/(n) < n"#*6.

The variety 2,2, consists of all groups G with an abelian normal subgroup N of
exponent dividing u# such that G/N is abelian of exponent dividing v. (For more on
varieties, see [8].) Let p,q and r be distinct primes. In this paper, we find a bound
for fs(n), where G = A, A A, and fs(n) counts the groups in S of order n up to
isomorphism. The idea behind studying the variety & is that enumerating within the
varieties of A-groups might yield a better upper bound for the enumeration function
for A-groups. The ‘best’ bounds for A-groups, or even soluble A-groups, still lack the
correct leading term. It is believed that a correct leading term for the upper bound of
A-groups would lead to the right error term for the enumeration of groups in general.

A few smaller varieties of A-groups have already been studied in [1, Ch. 18]. The
class of A-groups for which the ‘best’ bounds exist was obtained by enumerating in
such small varieties of A-groups, but this did not narrow the difference between the
upper and lower bounds for fy s,/(n) because these groups did not contribute a large
enough collection of A-groups. Hence, a good lower bound could not be reached. To
reduce the difference, we enumerate in the larger variety S of A-groups.

Throughout the paper, p, g, r and ¢ are distinct primes. We assume that s is a
power of . We take logarithms to the base 2, unless stated otherwise, and follow the
convention that 0 € N. We use C,, to denote a cyclic group of order m for any positive
integer m. Let O,/ (G) denote the largest normal p’-subgroup of G. The techniques we
use are similar to those in [1, 9, 13].

The main result proved in this paper is the following theorem.

THEOREM 1.2. Letn = p®¢°r?, where a,f3,y € N. Then,

f% (n) < P6a2 za—1+(23/6)a log v+alog 6(61/2)(a+7)ﬂ+(a+ﬁ)7+a(a—1)/2n,6'+7.

To prove Theorem 1.2, we prove a bound on the number of conjugacy classes of
subgroups that are maximal amongst subgroups of GL(«, s) and that are in the variety
A, AU, or A.. We also prove results about the order of primitive subgroups of S, that are
in the variety 2,%, and show that they form a single conjugacy class. These results are
stated below.

THEOREM 1.3. Let g and r be distinct primes. Let G be a primitive subgroup of
Su that is in A, and let |G| = ¢@°r", where B,y € N. Let M be a minimal normal
subgroup of G.

1) Ifp =0, then M| is a power of r and |G| = n = r with G = C,.

() IfB =1, then M| = ¢ = n with = order g mod r. Further, G = M = C, and
|G| = nr < n?.

(iii) Ify = 0, then |M| is a power of q and |G| = n = g with G = C,,.

THEOREM 1.4. The primitive subgroups of S, that are in WA, and of order Pr,
where B,y € N, form a single conjugacy class.

https://doi.org/10.1017/5S0004972724000431 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972724000431

[3] Special varieties of A-groups 3

THEOREM 1.5. There exist constants b and ¢ such that the number of conjugacy
classes of subgroups that are maximal amongst the subgroups of GL(a, s) that are
in WA, is at most

2(b+c)(az/\/log a)+(5/6)a log a+a(1+log 6)S(3+c)a/2 ,
where t,q and r are distinct primes, s is a power of t, and a > 1.
q p P

Section 2 investigates primitive subgroups of S, that are in 2, or %, A,. Sections 3
and 4 deal with subgroups of the general linear group. Theorem 1.2 is proved in
Section 5.

2. Primitive subgroups of S,, that are in %, or 2 2,

In this section, we prove results that give us the structure of the primitive subgroups
of S, that are in 2, or A, A,.. We also show that such subgroups form a single conjugacy
class. Both Theorems 1.3 and 1.4 are proved in this section.

Theorem 1.3 provides the order of a primitive subgroup of S, that is in the
variety U,U,. By [13, Proposition 2.1], if G is a soluble A-subgroup of S,, then
|G| < (6'/?)"~!. Indeed, this bound is determined primarily by considering primitive
soluble A-subgroups of §,. This bound would clearly hold for any subgroup of §,, that
is in the variety U, ,. However, we show that when the subgroup is primitive and in
the variety 2,2, we can do better.

LEMMA 2.1. S, has a primitive subgroup in U, if and only if n = r. In this case, any
primitive subgroup G that is in W, will be cyclic of order r. All primitive subgroups of
S, that are in U, form a single conjugacy class.

PROOF. Let G be a primitive subgroup of S, that is in U,.. Since G is soluble, M is an
elementary abelian r-subgroup. By the O’Nan—Scott theorem [10], |M| = n = |G|, so
G =M = C, and n = r. Conversely, any transitive subgroup G of S, is primitive [15,
Theorem 8.3]. Since #n is prime, any subgroup of order n in S, will be generated by an
n-cycle. Further, any two n-cycles are conjugate in S,,. Thus, the primitive subgroups
of S, that are also in U, form a single conjugacy class. ]

PROOF OF THEOREM 1.3. Let G be a subgroup of Sq, where || = n, and let G € A, A,.
Then G = Q <R, where Q is an elementary abelian Sylow g-subgroup, R is an
elementary abelian Sylow r-subgroup and |G| = ¢°r”, with 8, y € N. Let M be a
minimal normal subgroup of G. Then M is an elementary abelian u-group. Clearly,
|M| = u* for some k > 1 and for some prime u € {q, r}.

Now F(G), the Fitting subgroup of G, is an abelian normal subgroup of G and so, by
the O’Nan—Scott theorem, n = |M| = |F(G)|. However, M < F(G), therefore, M = F(G)
and n = u*. If > 1, then Q < F(G) and we have n = ¢ = u* and M = F(G) = Q.
Let H = G, be the stabiliser of an @ € Q. By [1, Proposition 6.13], G is a semidirect
product of M by H and H acts faithfully by conjugation on M. By Maschke’s theorem,
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M is completely reducible. However, M is a minimal normal subgroup of G, so M is
a nontrivial irreducible F,H-module and H is an abelian group acting faithfully on M.
By [14, Corollary 4.1], H = C, and 8 = dim M = order ¢ mod r and the result follows.
If y=0 or g =0, then |G| is a power of u, where u € {g, r}. Thus, G is a primitive
subgroup that is also in U, and the result follows by Lemma 2.1. |

It is clear from these results that if S, has a primitive subgroup G of order ¢°r”
in A, A,, then n must be r or g and G is cyclic with |G| =n, or n = ¢’ and G is a
semi-direct product of an elementary abelian g-group of order ¢# by a cyclic group of
order r. The limits imposed on n and the structure of such primitive subgroups gives
the next result.

PROOF OF THEOREM 1.4. Let G be a primitive subgroup of Sq that is in %,%,, where
|Q| = n, and let |G| = ¢°r. Let M be a minimal normal subgroup of G. As seen in the
proof of Theorem 1.3, M = F(G) and n = |M]| is either a power of g or r. If y =0 or
B =0, then |G| is a power of u, where u € {q, r}. Thus, G is a primitive subgroup that
is also in A, and the result follows by Lemma 2.1.

We know the structure of G when 8 > 1 from the proof of Theorem 1.3. Hence, H
can be regarded as a soluble r-subgroup of GL(B,q) and it is not difficult to show
that the conjugacy class of G in S, is determined by the conjugacy class of H in
GL(, g). Let S be a Singer subgroup of GL(B, ¢), so that |S| = ¢ — 1. Now, |H| = r
and r divides |S|. Further, gcd(|GL(B, ¢)|/|S|,r) = 1 as 8 is the least positive integer
such that r | ¢ — 1. From [3, Theorem 2.11], H* < S for some x € GL(8, ¢). Since all
Singer subgroups are conjugate in GL(8, g), the result follows. ]

3. Subgroups of GL(a, s) that are in 2,

In this section, we prove results that give us a bound on the number of conjugacy
classes of the subgroups that are maximal amongst subgroups of GL(a, s) that are in
A,. The limits on the structure of such groups ensures that if they exist, they form a
single conjugacy class.

LEMMA 3.1. The number of conjugacy classes of irreducible subgroups of GL(a, s)
that are also in W, is at most 1.

PROOF. Let G be a nontrivial irreducible subgroup of GL(«, s) that is also in %,.. Then
G is an elementary abelian r-group of order 7, say, where y € N. Since G is a faithful
abelian irreducible subgroup of GL(«, s) whose order is coprime to s, it follows that
G is cyclic [14, Lemma 4.2]. Thus, |G| = r and @ = d, where d = order s mod r. From
[11, Theorem 2.3.3], the irreducible cyclic subgroups of order r in GL(a, s) lie in a
single conjugacy class. ]

PROPOSITION 3.2. The number of conjugacy classes of subgroups that are maximal
amongst subgroups of GL(«, s) that are also in N, is at most 1.
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PROOF. Let G be maximal amongst subgroups of GL(a,s) that are also in ,.
Since char(F,) = ¢ 1 |G|, by Maschke’s theorem, we can find groups G; such that
G<G XGyx-XxGy =G < GL(a, s), where for each i, the group G; is a (maximal)
irreducible subgroup of GL(«;, s) that is also in U,. Further, @ = @ + - - - + a;. Clearly,
G; = C, and a; = d = order s mod r for each i. Thus, we must have @ = dk and by the
maximality of G, we have G = G. Further, the conjugacy classes of G; in GL(a;, )
determine the conjugacy class of G in GL(«, s).

So if d does not divide a, then GL(«,s) cannot have an elementary abelian
r-subgroup. If d | @, then any G that is maximal amongst subgroups of GL(«, s) that
are also in 2, must have order %, where k = @/d. By Lemma 3.1, all such groups form
a single conjugacy class. |

4. Subgroups of GL(«, s) that are also in 2,2,

We prove results that give a bound on the order of subgroups of GL(«, s) that are
in A,A, and also a bound for the number of conjugacy classes of subgroups that are
maximal amongst subgroups of GL(«, s) that are in U, U,. Theorem 1.5 is proved in
this section.

PROPOSITION 4.1. Let G be a subgroup of GL(a, 5) that is in WA,

(1) Let m =|F(G)|. If G is primitive, then |G| < cm, where ¢ = order s mod m and
c | @. Further, m is either r or q or qr.
() |G| < (62 "a®, where d = min{gr, ).

PROOF. Let V = (F;)®. Let G be a primitive subgroup of GL(«, s) that is in %2, and
let |G| = ¢°r”, where 8 and y are natural numbers. If 8 = 0 or y = 0, then the result
follows from Lemma 3.1. Assume that 8 and y are at least 1. Let F' = F(G) be the
Fitting subgroup of G. Since G € A,,, it follows that F is abelian and |F| = Pr =m,
where y; < . By Clifford’s theorem, since G is primitive, V=X, @ X, ®--- ® X, as
an F-module, where the X; are conjugates of X, an irreducible F,F-submodule of V.
Note that F acts faithfully on X.

Let E be the subalgebra generated by F in End(V). The X; are conjugates of X, so E
acts faithfully and irreducibly on X and E is commutative. By [1, Proposition 8.2 and
Theorem 8.3], E is a field. Thus, E = Fy as an F;F-module, where ¢ = dim(X) and
a = ac. Note that F is an abelian group of order m acting faithfully and irreducibly
on X. Consequently, F is cyclic and c is the least positive integer such that m | s¢ — 1.
Clearly, m = g or m = gr and so 8 = 1. It is not difficult to show that G acts on E by
conjugation. Hence, there exists a homomorphism from G to Galg (E). Let N be the
kernel of this map. Then N = Cg(E) < Cg(F) < F. However, F < N. Hence, F = N.
So G/F < Galg,(E) = C, and |G| < cm.

Let G be an irreducible imprimitive subgroup of GL(«,s) that is also in A ..
Then G < G, wr G, < GL(«, s), where G is a primitive subgroup of GL(«a/, s) that
is in A, A,, and the group G, can be regarded as a transitive subgroup of Sy that is in
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A,A,.. Further, @ = a1 k. By the previous part, |G| < ¢'m’, where ¢’ = order s mod m’
and m’ = |F(Gy)| is either r or g or gr. Also ¢’ | ;. By [13, Proposition 2.1],
G2l < (627", Using ¢’ <2971 < (62", we see that |G] < (6//2)*" (m)F. Since
m’ | pc/ — 1, we have (m’)k < d”, where d = min{gr, s}.

Since ¢ does not divide g or r, by Maschke’s theorem, any subgroup G of GL(«, s)
that is in A, A, will be completely reducible. Thus, G < G| X --- X Gy < GL(«, ),
where the G; are irreducible subgroups of GL(w;,s) that are in A, and a =

@i + -+ + ay. Hence, |G| < (612" d, where d = min{gr, s}. O

PROPOSITION 4.2. There exist constants b and c such that the number of conjugacy
classes of subgroups that are maximal amongst irreducible subgroups of GL(«, s) that

are in W A, is at most bro@?/loga)+(5/6)logatlog 6 (3+0)a” 1y rovided > 1.

PROOF. Let G be a subgroup of GL(a,s) that is maximal amongst irreducible
subgroups of GL(a,s) that are in UA,A,. Let |G| = ¢°r”, where 8 and y are natural
numbers. If 8 =0 or y = 0, then the result follows from Lemma 3.1. Assume that 8
and vy are at least 1. Let V = (F,)* and F = F(G), the Fitting subgroup of G. Then
F = Q X Ry, where Q is the unique Sylow g-subgroup of G and R; < R, where R is a
Sylow r-subgroup of G. So F is abelian and |F| = ¢°r"* = m, where y; < y.

From Clifford’s theorem, regarding V as an F;F-module, V=Y, @Y, ®--- 87,
where Y; = kX; for all i, and X, ..., X; are irreducible F,F-submodules of V. Further,
for each i, j, there exists g; € G such that g;X; = X; and, fori = 1,...,/, the X; form a
maximal set of pairwise nonisomorphic conjugates. Also, the action of G on the Y; is
transitive. It is not difficult to check that Cr(Y;) = Cp(X;) = K;, say. Thus, F/K; acts
faithfully on Y; and when its action is restricted to X, it acts faithfully and irreducibly
on X;. Since X; is a nontrivial irreducible faithful F;F/K;-module, and ¢ is coprime to
q and r, it follows that F/K; is cyclic and dimg (X;) = d;, where d; is the least positive
integer such that m; divides s% — 1, and where m; is the order of F/K;. Since the X; are
conjugate, dimg, (X;) = d; = d for all i.

Let E; be the subalgebra generated by F'/K; in Endg, (Y;). Note that E; is commutative
as F/K; is abelian. Further, X; is a faithful irreducible E;-module. So E; is simple and
becomes a field such that E; = F.. We also observe that a = kld.

Let k, [, d be fixed such that @ = kld. Next we find the number of choices for F up
to conjugacy in GL(V). Clearly,

FSF/KlXF/KQX"'XF/K]SEl*XEQ*X"'XEl*
< GL(Y)) X GL(Yy) X - -- X GL(Y}) < GL(V),

where E;* denotes the multiplicative group of the field E;. Let E = E\* X E;" X - -+
x E;*. Then |E| = (s — 1). Regarding V as an F,E-module, V = kX| @ kX, ® - - - ® kX,
where E; acts faithfully and irreducibly on X; and dimg,(X;) = 1 for all i. Further, for
i # j, E acts trivially on X;. It is not difficult to show that there is only one conjugacy
class of subgroups of type E in GL(V).
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So once k, [ and d are chosen such that @ = kld, up to conjugacy, there is only one
choice for E. Since E is a direct product of / isomorphic cyclic groups, any subgroup
of E can be generated by / elements. In particular, F' can be generated by / elements.
So the number of choices for F as a subgroup of E is at most |E|' = (s¢ — 1)12.

Since, G acts transitively on {Y7,...,Y;}, there exists a homomorphism ¢ from
G into S;. Let N =ker(¢) ={g € G| gY; = Y;foralli}. Clearly, F <N and G/N is
a transitive subgroup of S; that is in .. If g € N, then gE;g~' = E;. Thus, there
exists a homomorphism ¢; : N — Galg, (E;). This induces a homomorphism  from
N to Galg (E) X Galg (E>) X --- X Galg,(E;) such that ker(y) = ﬂgzl N; = F, where
N; = ker(y;) = Cy(E;). So N/F is isomorphic to a subgroup of Galg, (E;) X Galg, (E>) X
-+ X Galg,(E)). Since Galg (E;) = C4 for every i, it follows that N/F can be generated
by [ elements.

Let T =GL(w,s). Let N ={x e Ny(F)|xY;=Y; forall i}. Then F<N<N <
N7(F). We will find the number of choices for N as a subgroup of N, given that
F has been chosen. The group N acts by conjugation on E; and fixes the elements of
F;. So we have a homomorphism p; : N - Galg (E;) with kernel Cy(E;). Define
C= ﬂﬁzl Ci(E;). Note that NN C =F. Also, N/C is isomorphic to a subgroup
of Galg (E) X Galg,(E,) X --- X Galg (E;), where each Galg (E;) is isomorphic to
Cy. So IN/C| < d. Clearly, C centralises E; for each i. Therefore, there exists a
homomorphism from C into GLg,(Y;) for each i. Hence, C is isomorphic to a subgroup
of GLg, (Y1) X GLE,(Y2) X --- X GLE,(Y;). As dimg,(Y;) = k and E; = Fw for all i, it
follows that |C| < s, Hence, |N| < d's’!.

Now NC/C = N/(NNC)=N/F. So NC/C can be generated by / elements since
N/F can be generated by / elements. However, IN/C| < d', therefore, there are at most
d" choices for NC /C as a subgroup of N/C. Once we make a choice for NC/C as a
subgroup of N/C, we choose a set of I generators for NC/C. As N N C = F, we see
that N is determined as a subgroup of N by F and [ other elements that map to the
chosen generating set of NC/C. We have |C| choices for an element of N that maps to
any fixed element of N/C. Thus, there are at most |C|' choices for N as a subgroup of
N once NC/C has been chosen. So we have at most d' (s%’)! = d” s%"" choices for N
as a subgroup of N, once F is fixed.

Next we find the number of choices for G given that F' and N are fixed as subgroups
of Tand N < T, respectively. Let y= {y € Nr(F) | y permutes the Y;}. Then F < G <
¥ < Ny(F) < GL(V). Also there exists a homomorphism from ¥ to S, with kernel
{ye Y yY; =Y foralli} = N. Thus, ¥/N may be regarded as a subgroup of S;. How-
ever, GNN = N. Thus, G/N = G/(GNN) = GN/N. So G/N = GN/N < Y/N < §,.
Note that G/N is a transitive subgroup of S that is in U,.. By [5, Theorem 1], there
exists a constant b such that S; has at most il Viogl transitive subgroups for / > 1.

Hence, the number of choices for GN /N as a subgroup of )A//N is at most 22"/ ‘/@.
By [6, Theorem 2], there exists a constant ¢ such that any transitive permutation

group of finite degree greater than 1 can be generated by | cl//+/log ] generators. Thus,

GN/N can be generated by |cl/+/log!] generators for / > 1. Once a choice for GN/N
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is made as a subgroup of Y/N and |cl/ \/log 1] generators are chosen for GN/N in /N,
then G is determined as a subgroup of y by N and the elements of ¥ that map to the

Lcl/+/log ] generators chosen for GN/N. So we have at most |N|\// VI°e!} choices for G
as a subgroup of Y once a choice of GN/N in Y/N is fixed. Hence, there are

bl /A\flog! 2 sdeI)Lcl/\/log Il < b /A\flogi d<” JAflog! (P /Aflog(D)

choices for G as a subgroup of ¥ assuming that choices for F and N have been made.
Putting together all these estimates, the number of conjugacy classes of subgroups that
are maximal amongst irreducible subgroups of GL(«, s) that are in U %, is at most

Z (sd . 1)lzdlzsdkzlz2blz/\/logldclz/\/loglscdeIz/\/logl
(ki)

where (k, [, d) ranges over ordered triples of natural numbers which satisfy @ = kld and
[ > 1. We simplify the above expression as follows. Writing @ = kld,

2 2 272 272 2
(s7 = 1) g sHE gedk'l /Aflog1 < gB+oa?

Since x/+/log x is increasing for x > e'/2, we have I/+/log! < a/+/loga for I > 2. Thus,
2b12/\llog ldclz/\/logl < 2(b+c)a2/\lloga
There are at most 20/910ga+log6 chojces for (k, I, d). Thus, there exist constants b and

¢ such that the number of conjugacy classes of subgroups that are maximal amongst
irreducible subgroups of GL(«, s) that are in U, is at most

(b+e)(@?[\flog@)+(5/6) log a-+log 6 ((3+c)a?

provided a > 1. o
Theorem 1.5 follows as a corollary to Proposition 4.2.

PROOF OF THEOREM 1.5. Let G be maximal amongst subgroups of GL(«,s) that
are also in A,U,. As the characteristic of F; = ¢ and 7 1 |G|, by Maschke’s theorem,
G <Gy x -+ X G < GL(a,s), where the G; are maximal among irreducible sub-
groups of GL(w;, p) that are also in U A,, and where a = @y +--- + a;. By the
maximality of G, we have G = Gy XX Gk.

The conjugacy classes of G; € GL(;,s) determine the conjugacy class of
G € GL(a, 5). So by Proposition 4.2, the number of conjugacy classes of subgroups
that are maximal amongst the subgroups of GL(«, s) that are also in 2,2, is at most

k
Z 1_[ 2(b+c)(a,»2/\/log ;)+(5/6) log a;+log 6S(3+C)a'2 ,

(@) i=1

where the sum is over all unordered partitions a1, . .., @; of @. We assume that if @; = 1
for some i, then the part of the expression corresponding to it in the product is 1. Since
x/+/log x is increasing for x > !> and @ = a; + - - - + ay,
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k
l_[ 2(b+c)(oz,-2/\/10gai)+(5/6) log a;+log 6 < 2(b+c)(o//\/loga)+(5/6)a log a+alog 6
i=1
It is not difficult to show that the number of unordered partitions of « is at most
291, So the number of conjugacy classes of subgroups that are maximal amongst the
subgroups of GL(«, s) that are also in %, is at most

2(b+c)(wz/\/10g a)+(5/6)a log a+a(l+log 6))S(3+c)w2

provided a > 1. |
We end this section with the following remark that provides an alternative bound.

REMARK 4.3. We do not have an estimate for the constants b and ¢ occurring in
Theorem 1.5. If we use a weaker fact that any subgroup of S, can be generated by
[n/2] elements for all n > 3, then we get a weaker result that the number of transitive
subgroups of S, that are in A, is at most 6"~ D/42+2loen Uging this in the proof
of Theorem 1.5 shows that the number of conjugacy classes of subgroups that are
maximal amongst the subgroups of GL(«, s) that are also in U, U, is at most

2 _ —_
SSa/ 6(1((1 1)/42(1/ 1+(23/6)aloga/+arlog6,

where ¢, g and r are distinct primes, s is a power of ¢, and @ € N.

S. Enumeration of groups in 2,2, %,
In this section, we prove Theorem 1.2, namely,

fS (n) < P6(12 e 1+(23/6)a log a+a log 6(61/2)(a+y)ﬁ+(a+,6')7+a(a—1)/2nﬁ+7,

where n = p®¢r” and a, 8,y € N. We use techniques adapted from [9, 13, 14].

PROOF OF THEOREM 1.2. Let G be a group of order n = p®¢®r” in A,A,A,.. Then
G = P < H, where P is the unique Sylow p-subgroup of G and H € A,2,. So we can
write H = Q =R, where |Q| = ¢® and |R| = /. Let G, = G/O0y(G), Gy = G/04(G)
and G3 = G/0,(G). Clearly, each G; is a soluble A-group and G < G|} X G, X G3 as a
subdirect product. Further, O, (G1) = 1 = Oy (G2) = 0,(G3).

Since G| = G/0,(G), we see that G; € A, AU, and if P, is the Sylow p-subgroup
of Gy, then P, = P. Thus, |G| = p®¢® " and we can write G; = P; = H;, where
Hy € A, A,. So Hy = Q) = Ry, where Q) € ¥, and |Q;| = ¢*', Ry € U, and |R| = 1.
Further, H, acts faithfully on P;. Hence, we can regard H; < Aut(P;) = GL(«, p).
Let M, be a subgroup that is maximal amongst p’-A-subgroups of GL(a, p) that
are also in U,A, and such that H; < M. Let G, = P;M;. The number of conju-
gacy classes of the M, in GL(a, p) is at most p3¥ 62(@=D/4pa-1+(23/6)alogatalog6 by
Remark 4.3.

Since G, = G/04(G), we see that G, € A, A, and if Q, is the Sylow g-subgroup
of G,, then Q, = Q. Thus, |G| = ¢’/ and we can write G, = Q, = H,, where
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H; € ... So |Hy| = r2. Also, Hy < Aut(Q;) = GL(B, g). Let M, be a subgroup that
is maximal amongst g’-A-subgroups of GL(B,q) that are also in %, and such that
Hy, <M,. Let G, = 0>M;. The number of conjugacy classes of M, in GL(8, g) is at
most 1 by Proposition 3.2.

Since G3 = G/0,(G), we see that G3 € A, A, and if R; is the Sylow r-subgroup of
Gs, then R = R. Thus, |G| = ¢®r” and we can write G3 = R3 =< H3, where H; € %,.
So |Hs3| = ¢%. Also, Hy < Aut(R3) = GL(y, r). Let M3 be a subgroup that is maximal
amongst r’-A-subgroups of GL(y, r) that are also in 2, and such that H3 < M3. Let
G3 = R3M3. The number of conjugacy classes of the M3 in GL(y, r) is at most 1 by
Proposition 3.2.

Let G = G; X G, X G3. Then G < G. The choices for Py, 0, and R; are unique,
up to isomorphism. We enumerate the possibilities for G up to isomorphism and
then find the number of subgroups of G of order n up to isomorphism. For the
former, we count the number of G; up to isomorphism which depends on the
conjugacy class of the M;. Hence, the number of choices for G up to isomorphism is

1.3:1 {number of choices for G; up to isomorphism}. Now we estimate the choices for
G as a subgroup of G using a method of ‘Sylow systems’ introduced by Pyber in [9] .

Let G be fixed. We count the number of choices for G as a subgroup of G. Let
S = {81, 52, 53} be a Sylow system for G, where S is the Sylow p-subgroup of G, S, is
a Sylow g-subgroup of G and S3 is a Sylow r-subgroup of G such that S;S; = §;S;
for all i,j=1,2,3. Then G = §15,53. By [I, Theorem 6.2, page 49], there exists
B ={By,B,,B3}, a Sylow system for G such that S; < B;, where B, is the Sylow
p- subgroup of G, B, is a Sylow g-subgroup of G and Bj is a Sylow r-subgroup
of G. Note that |B| = p®. Further, any two Sylow systems for G are conjugate.
Hence, the number of choices for G as a subgroup of G and up to conjugacy is at
most

{81,852, 85 | Si < By, IS1] = p®, 1821 = ¢, 1831 = P} | < IB1I”1BoF B3|

We observe that By = Ty; X Ty X T3, where T»; are Sylow g-subgroups of G,- for
i = 1,2,3. From [13, Proposition 3.1], |T5| < |M;] < (6'/?)%1p® and |T»s| = M| <
(6'2yr=1y. Further, |Ty| =|0,| = ¢°. Hence, |By| < (6'/2)*72p2gfrr < (6'/2)**'n
and so |B,ff < (6'/2)@*VBpB  Similarly, we can show that |Bs| < (6'/2)*~2p2ghy.
So |B;3] < (6'/2)@*Prpy. Putting all the estimates together, the number of choices
for G as a subgroup of G up to conjugacy is at most |B{|%|B,/’|Bs|”, which is at
most

P (62 VBBl 2) @By y < o (GLI2) @k BHasByy ey
Therefore, the number of groups of order p®¢?r” in A, AN, up to isomorphism is at
most
pSaz 6a(a—1)/4 2a—l+(23/6)aloga+alog6 pa2 (61 /2)(a+7),6’+(a/+ﬂ)y By

— p6a2 na- 1+(23/6)a log a+a log 6(6 1 /2)(cx+y)ﬁ+(a+ﬁ)y+{t(a—l)/2 nﬁ+7‘ o
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