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Abstract. We prove that smooth enough invariant curves of monotone twist maps
of an annulus with fixed diophantine rotation number depend on the map in a
differentiable way. Partial results hold for Aubry-Mather sets. s

Then we chow that invariant curves of the same map with dif.>rent rotation
numbers w and ' cannot approach each other at a distance less than cst. |w — ']
By K.A.M. theory, this implies that, under suitable assumptions, the union of
invariant curves has positive measure.

Analogous results are due to Zehnder and Herman (for the first part), and to
Lazutkin and Poschel (for the second one), in the case of Hamiltonian systems and
area preserving maps.

1. Introduction
Let f:T'x[-8,8]>T'x[-8, §]
(6,7r)—(O, R),
(where T'=R/Z) be a diffeomorphism which is isotopic to the identity map and
satisfies the monotone twist condition:
80/ar>0.

Let w, (resp. _) be the rotation number of f|y'.(s (resp. flyix(_s))-

Mather [10] and Aubry-Le Daeron [1] (see also Chenciner [3] and Hedlund [4])
proved that, if f preserves area, then for any w € [w_, w.], there exists an orbit of f:

(0,,, rn):f"(oo’ rO), HGZ
and a (non-necessarily continuous) map h,:T'-> T' preserving cyclic order and

such that:
h,(nw)=26,

holds for every integer n. When w is irrational, the closure I', of this orbit is the
graph of a Lipschitz map:
¥, : K, ~>[-8, 8],

K,={6,,neZ)}.

* Partially supported by U.A. du CNRS no. 169: MSRI, Berkeley California, USA and IMPA/CNPq,
Rio de Janeiro, Brasil.
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The set I, is an invariant curve if K,=T', and a totally discontinuous set
otherwise. In the first case, h,, is a homeomorphism of T' satisfying

f(h,(0), ¥, °h,(8)=(h,(6+w),¢,°h,(0+w))
and ¢, is uniquely determined; so is h,, provided that one requires the normalization
h,(0)=0.

The problem of knowing for which values of w, the set I',, is a curve and, in this
case, of determining the smoothness of ¢,, and h,, is very difficult (see Moser [11],
Riissmann [13], Herman [§, 7]). The only cases where I',, is known to be a curve
occur when o satisfies a diophantine condition (see §2) and f is differentiable
enough.

Remark. By Herman theorem ([5]) on differentiable conjugation of diffeomorphisms
of the circle to rotations (generalized by Yoccoz [14]) if ', is a smooth curve, and
if w is diophantine, then h, is smooth.

In this paper, we study, for fixed diophantine o, the regular dependence of the
set I', on the mapping f. Our results actually do not need that f preserves area.
Then we give a lower bound to the distance separating two different invariant curves
I, and I, differentiable enough, of the same mapping £, which is proportional to
|w —w’|. We also study the Whitney-differentiable dependance of T',,, on w.

In § 3, we prove the elementary properties of the Farey series we need in the
following two sections.

§§ 4 and 5 study the case where f is considered in the C°-topology (with bounded
C'-norm). If, for the smooth mapping f, the set I',,(f,) is a smooth curve (actually
finite differentiability is enough, the order depending in the diophantine exponent
2+ 8 of w), then, for f C'-close to f,, the Hausdorff distance between the sets
I',(fo) and T',(f) is not more than

248
3+28

This result is stated at the end of § 6, which is devoted to normal forms.

In § 7, we prove that the map f—T,(f) is differentiable at f; (in a sense to be
defined), when f is considered in the C’-topology, for I>3+28.

The idea, to prove this last statement, is to look for an approximative location
of I',,(f), through normal forms, which would allow us to square the size of the
perturbation. Then, we apply the previous theorem and use the crucial fact that 7> 3.

We show, in § 8, how it is possible to lower the minimal value of /, using smoothing
operators in our changes of variables. This idea is, actually, the basic tool of
Hamilton’s implicit function theorem (see [2]).

By taking larger values of / and making further normal forms, one could prove
that, if f, and ', (f;) are smooth, then the map f+— T, (f) admits Taylor expansions
of arbitrary order at f;.

Analogous results come out of Herman’s and Zehnder’s proofs (see {2, 6, 15])
of the existence of invariant tori for Hamiltonian systems, and of translated curves
for monotone twist maps, which use the implicit function theorem in Frechet spaces.

cst. || f —fol &0, with 7= e}, 31
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In the last section, we show that if I',, is a smooth invariant curve of a smooth
twist map f, then any Aubry-Mather set K, with rotation number o’ # w of f cannot
approach T', at a distance less than cst. |w — '| (again, finite differentiability is
enough).

This implies, by the Kolmogorov-Arnol’d-Moser theorem, that the union of the
invariant curves has positive Lebesgue measure.

We also prove that, when  varies in a set of diophantine numbers with fixed
exponent and constant, the map w—1I', is Whitney-differentiable (here, I', has to
be considered in the C°-topology).

This result was known to Lazutkin [9] in the case of caustics of a convex billiards
and to Poschel [12] for Hamiltonian systems. The interest of our method is that it
is completely geometric and does not use functional analysis.

This is probably why we also get results for Aubry-Mather sets, but we only
control the C°-norm of invariant curves.
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2. Notations
Let T'=R/Z, A=T'xR and, for §=0, A;=T'x[-6,5]. When e T’, we set
6]l = inf {6 - p|,
ped

where 8 is any lift of @ in R. If (6, r) € A, then:
6, Nl =vIle[*+r
When x € R, [x] denotes the integer part of x: [x]=x <[x]+1.
Let M =T' or A;, and keN. The space C*(M) = C*(M, R) is provided with the
norm:

lellct = sup max|D’g].
O=j<k M
If keR,\N, and k=ko+a, kgeN, 0< a <1, then C*(M) denotes the subspace
of C*(M) containing the function ¢ whose koth derivative D*¢ satisfies a Holder
condition of order a. Its norm is:

D% - D%
||<p||c*=SUP<||¢P|cko, sup | D¢ (x) a go(y)u)
x%y llx =yl

For ke[l,+o], Diff*(T') denotes the group of order-preserving C*-
diffeomorphisms of T'.

When ¢ e CH(T"), ¢’ (resp. ¢”,...) will denote its derivative. (resp. second
derivative, .. .). .

We shall not make any distinction between functions defined on T' and 1-periodic
functions defined on R.
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When f: M -> M, (resp. f is 1 —1), we write f" for the nth iterate of f, n €N (resp.
nelZ).

If f and g are C"-imbeddihgs of A; into A, and if g =f+ (u(mod 1), v), with y,
ve C*(A;), then the C*-distance between f and g is defined as

lg=fllct =sup (inf Jlu —pllc+, [lvllc+).
pe

Let h be an order preserving homeomorphism of a closed subset K = R such that:
- K is invariant under x+—>x+1
- hix+1)=h(x)+1 for every xe K.
The number:

1
p(h)= lim —h"(x)

does not depend on the initial point x chosen in K, and is called the rotation number
of h.

When h is a homeomorphism preserving cyclic order of a compact set K < T/,
its rotation number is defined in T' as the class (mod 1) of the rotation number of
any order preserving lift h of h to the preimage K of K inR.

An irrational number w satisfies a diophantine condition with exponent 2+ 8, B=0
and constant y> 0 if:

holds for every (p,q)eZxZ,.

3. Farey series
Let ¢ be a positive integer.

Definition. The Farey series of order c¢ is the set:

Fc={§€Q/(p,q)eZzand0<ch}.

Obviously, F, is closed, discrete and contains F,_,. When we write p/q € F,, we
shall assume that p and q are relatively prime integers and that 0<g=c.

ProrosiTION 0. Letp/qandp'/ q' be two consecutive elements of F., then the following

hold:
(i) g+q'=c+1,
! 1
() P £~
9 49 49
Proof. Inequality (i) follows easily from the framing:
+ ! !
£<£__P,<£_"
9 9tq ¢

For (ii), we have to show that the sublattice I' of Z* spanned by (p, q) and (p’, q')
has volume 1. By assumption, there is no integral point, but the vertices, in the
triangle (0, 0), (p, q) and (p’, q'): such a point would give rise to an element of F,
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between p/q and p’/q'. From the symmetry (x, y)—>(p+p'—x, g+ q’ —y), we deduce
that there is no integral point, but the vertices, in the parallelogram (0, 0), (p, q),

(p',q') and (p+p’, q+q'), hence I" as volume 1. O
q+q
¢
q . /
q
0 p P ptp

4. Holder dependence of invariant curves
4.1.
Let >0 and f:A; > A be a C'-embedding which takes the following form, where
f(6,r)=(8, R):
O=0+w+ra(b,r) (mod 1)
(4.1.1)

R=Ar+v(6,r).

We suppose that the scalar A satisfies A =1, while a and v belong to C°(Aj), the
function a being positive everywhere. The real number w is irrational and satisfies
a diophantine condition with exponent 2+ 8 and constant y (see § 2).

Notice that, if v(6,0)=0, then A,=T'x{0} is an invariant circle, and Sia, 18
simply a rotation by w.

We shall suppose, in this section, that there exists a continuous function ¢:T' >
[—8, 8], whose graph I is invariantt under f and such that f;r is C'-conjugated to
the rotation 8- 6 +w (actually, a more precise assumption will be made on a lift
f of fto A; =R x[-8, 8}).

The problem is to estimate ||¢/||c in terms of ||v| co and other quantities involving
a and w.

Let us resume the assumptions. We denote by f:R x[—8,8]>R? (5, r)-> (0, R),
the unique lift of f satisfying (:)(5, 0)=6+w (remember that w € R).

There exist functions ¢ € C°(T') and n e C(T") such that:

(i) h=Idg+neDifil (R), that is n'> —1.

(ii) [|¢|lco=é. The graph T of ¢ is hence included in A,.
(iii) f(h(0), ¢ h(68))=(h(6+w), ¥ h(6+ w)) holds for every 8 € R. We denote
by h the diffeomorphism of T' induced by . Notice that condition (iii) implies

+ From Birkhoff’s result (see Herman [7]), if f preserves area and if 80/4r > 0, then any curve which is
invariant under f and homotopic to Ay, is the graph of a Lipschitz function.
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that the rotation number of f restricted to the lift I of T in 7\5 =Rx[-4, 8] is w
(expecting any control on an invariant curve with rotation number o + p, p € Z\{0},
would be absurd).:

4.2.
To simplify notations, let us set:

a_=min a>0,
A=max a=|a|ce,
V=|ollce,
H=|n'|co={nlc,

p=ll¥lc.
ProOPOSITION 1. One has:
p=H/2a_
and, if Va_<2H, then:
(2H)l—fv‘r

with r=(2+p8)/(3+28).
4.3. Remark.

We give here an estimate of p which we mean to be independent of A. If one knows
that A > 1, then it is not hard to get the majoration:

S——
P=1
since a point whose r coordinate would exceed V/(A —1) in absolute value would
have to leave A; in a finite time.

4.4. Proof
We can assume, without loss of generality, that h(0) = 0 and that ¢(0) = p > 0. From
now on, we shall work in the universal covering A; =R x[—8, 8] of A, so that
inequalities in the # coordinate are meaningful.

From (iii), one gets:

loh(0+w)—Ageh(8)|=V
for every 6 € R. Hence, by an easy induction, and since A = 1, the inequality:
Yohlkw)=p—kV
holds for any integer k=< p/ V. On the other hand,
h(8+w)—(8)—w = o h(8)a(h(8), y < A(6))
hence
h((k+1)w)—-h(ko)-w=(p—kV)a_.

A summation over k gives

k(k-1) v

n(kw) = h(kw) — ko = kpa_—
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From this inequality, and since n(0) =0, we deduce that

VA
pa_=(k=1) =+ (ko)
VA kel (4.4.1)
=(k-1) 74- T

holds for every k=p/ V.
Replacing k by 1 in this inequality leads to the first inequality of Proposition 1
(remember that ||| =3).
Let z= Va_/2H and suppose now that z=<1. Let
= [y V¥ m046)/ (34280 ] 5 1

(where [x] denotes the integer part of x). If p=cV, then the second inequality
holds. Otherwise we consider two consecutive elements p/q and p'/q’, of the Farey
series F, of order ¢ such that:

p/a<e<p'/q.
One has, from Proposition 0:

o=t r=(Ze )+ (0-2) = o yom)
—=mmoo=\T e ) t\e =y St ),
9 49 q9 \q q R

(99)""P = y(g*P+q""P).
From the convexity of x> x**# and from g+ q’'=c+1, we obtain:

hence:

qq' > %,),1/(1+B)(c + 1)(2+B)/(‘+B)_
Consequently,
!
inf (1’__ o © _£> -1 _ Y VB (o 4 1)=CHBY (1+8)
, = =
q q/ 249’
< yT1/(328) 5 (248)/(3+28)

On the other hand,

sup (2q, 2q') < zc < y =/ (3¥2B) ;2461 3+28),

The second inequality of Proposition 1 follows from these two estimates and from
the choice of k=gq or ¢’ in (4.4.1). O

5. Holder dependence of Aubry- Mather sets
5.1.
Here, the setting is the same as in § 4.1, but, instead of an invariant curve, we only
assume that f possesses an invariant closed set to which the restriction of f has
rotation number w. Precisely, there is a closed subset K of T' and a continuous
function ¢ : K »[—86, 8] such that, denoting by K the preimage-of K in R and by
f the lift of f defined in 4.1, and defining:

g: K-R

0 0+w+y(0)al(, y(6))
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then:
(i) g(K)=K and g is an increasing homeomorphism of K whose rotation number
is w (obviously, g(6+1)=g(8)+1).
(i) f(0, ¥(0))=(g(0),  w°g()) holds for every 8¢ K.
We set: p =maxg |¢|; quantities a_, A and V were defined in 4.2.

5.2

PROPOSITION 2. One always has:
p=1l/a_
3 V ’ —-1/(3+2B)
S_.._ —
p al_—f( 2) y b
where 7= (2+B)/(3+28).

Remarks. 1. The second inequality of Proposition 2 is sharper than the inequality
of Proposition 1 if

and, if Va_=<2, then:

H = (3)C+2810+8),

2. Remark 4.3 is still available here.
Proof. 1t is very similar to that of Proposition 1. We may assume that 0c K and
that p = ¢(0).
For any 6 € K, one has:
Yog(8)=ry(6)-V,

hence, if:

6, = gk(o)

p=w(6), k=0,1,2,...,
then as A =1, the inequality:

p=p—kV
holds for every integer k< p/ V. An easy induction gives:
O = ko + poa(6o, po) + - -+ pr_1a(Oi_y, pc_1)

k(kz— D) Va_

Remember that the rotation number of g is w, that is, for every (p, q) € Z*, and
0c K, qw~—p and g?(0)— 6 — p have the same sign (they only vanish if p=¢=0).
Let (p,q)€ZXZ, be such that p/q> w, then 6, <p and:

/4 Va_
_<T-w+(g-1)—.
pa P (g—1) 2

= kw + kpa_

Choosing ¢ =1 and p=[w]+1 leads to the first inequality.
Let us assume now that z= Va_/2=1, and set

— -1/(3+28) ,—(1+8)/(3+28)
¢ = [y V¥ =By 1
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If p=cV, then the second inequality holds. Otherwise, let us consider two con-
secutive elements p/q and p’/q’ of the Farey series F,. of order ¢ such that

P/q9<e<p/q

== (20 )+ (0 5) = )
—=r— =\ me e =yl Smt s )
9 q9 9 \q q R

(a9)"* = y(g"P+¢""F).
By convexity of x+~»x>"? and since g+¢'=c+1, one has:
4q’ = by B (o 4 1)@+ +E)

One has:

hence,

hence
p 1 _ _ _
F_p=—=2y 1/<1+;3)(c+1) (2+B)/(1+B)52,Y 1/(3+28) ,(2+8)/(3+28)
q 9

On the other hand,
gz=<cz= ‘y“/(3+2B)z(2+B)/(3+23).

Together, these two estimates give the result. O

6. Reduction of monotone twist diffeomorphisms
6.1.
Let f:A;> A
(6,r)—(O, R)
be an imbedding of class C*, k=1, satisfying the monotone twist condition:
00/or>0.

We assume that there exists mappings ¢ € C*(T") and h € Diff* (T'), and a real
number  satisfying a diophantine condition with exponent 2+ 8 and constant 1y,
such that ||¢s||co< & and that:

Sf(h(6)), ¢ o h(0))=(h(6+w), o h(6+w)) (6.1.1)
holds for every 6 € T'. This means that the graph I" of ¢ is invariant under f and

that the restriction fr is conjugated, by the action of h on the first coordinate, to
the rigid rotation 6+ 8 + w.

If we replace f by Hofo H™', where the C*-diffeomorphism H is defined by:
H(6,r)=(h"'(6), r—¥(0)),

we come down to a situation where y =0 and h =1d;. Moreover, the monotone
twist condition is still satisfied, since H preserves the ‘“‘verticals” {6 =cst}, and
HofoH™ ' is defined on the set H(A;) which contains the annulus A, with
8'=8—|¢|c.

Henceforth, we suppose that ¢y =0 and h=1Idy'. The map f then takes the
following form: _

{G)=0+w+ra(0, r) (mod 1)
R=rAr(6,1),

where a and A are positive functions of class C*™! on A;.
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6.2.
The next reduction needs a lemma on difference equations.

LEMMA. Let k € R; such that > 1+ B and, neither k nor x — 1~ f3 are integers, and
let v>0 and ¢ € C*(T") satisfy:

J o(6) do=0.

V]

There exists n € C* ' "#(T") (unique up to a constant if v =1, and unique otherwise)
such that

7(0+w)—vn(0)=¢(8),

holds for every 8 € T'. Moreover, ther exists a constant C depending only on k and B
such that, if one assumes

I n(6) d6 =0,

1]
when v =1, then:

C
Il c-1r-s S; lellex. (6.2.1)

(We recall that @ is supposed to be diophantine with exponent 2+ 8 and constant
y.)

A proof of this lemma is given in Herman [§, p. 229].

Assume now that k>3+8 and kgNu (8 +N). The lemma furnishes a positive
function u € C*"27#(T") satisfying:

for every 9 € T', where the scalar A is defined by

1
LogX=J Log A (8, 0) dé.

0

Let H, be the C*~'"#-diffeomorphism of A defined by:

Hy(6, r>=<o,f, (o) dt) =&,

]

where 6 is any left of @ in R. The set H,(A;) contains the annulus Aj, with
5 =8 min p.
One now easily checks that f = H, o f o H; ! satisfies the monotone twist condition
(since @ = 6) and, if f(6, 7) = (0, R), then:
O=0+w+7a(6,7) (modl)
T e (6.2.2)
R=AF+7b(6,F)

where a is C*727 and positive everywhere, b is C*™>™# and X was defined above.
Furthermore, one has:

a_=min d = min a/max u.
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6.3.

We now consider a C'-perturbation f” of f, with 1=I=<k, and set f'=H,of o H{".
We now assume that [ < k-2 — B. There exists a constant C; depending only on f,
o and ! such that

I =flle=Clf =Sl
since H, is C'*.
Let us set f'(6, 7F) = (@', R"), and

{®’=®+u(5 F) mod 1)
R'=R+uv(6,F),

where u and v belong to C'(A;). If the norm ||u||c: is sufficiently small, then f” is
still a monotone twist diffeomorphism, and the map:

u(o, f)) Y,
af(e,r)

isaC '-di_ﬁeomorphism from Aj; onto its image, and fiz(A 5) contains an annulus
Az, with § > 0. The mgpf’ =H,o f'o H;':(6, F)—(©', R’) still satisfies the monotone
twist condition, for 8 = 8, and the following formulae hold:

{@ =0+w+7a(,7) (mod1)
R =Xi+w(4,7),

SRCEEDEN

a_=min a,
B=||b]|c

)

)

H,: (8, F)r—>(0-, F+

with d=ao H;' and

Denoting

and
V=sup (ullc, [oflco)
for each 8'=< 8, we dispose of the majoration:

1+A v\2
Iwllcoa, = V(1+—d—>+(5'+d—> B.

Replacing f and f’ by their inverses and @ by — changes A into its inverse and
keeps the monotone twist condition, hence we can assume that A = 1. Using proposi-
tion 2 of § 5, we finally obtain the following result:

THEOREM 1. Suppose that we are in the setting described above; let ' be the graph
of the function  introduced in 6.1, and assume that K is an Aubry- Mather set of f’
whose rotation number is w. Then one can find positive constants e, d and C which do
not depend on f', such that, if:

If =flc=e

and
d(K,T)=supd(x,T)=d

xeK

https://doi.org/10.1017/50143385700004697 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700004697

566 R. Douady

then
d(K,T)=C|f~f||eo
with
2+ 8
T= .
3+28

Indeed, choose d = §/max p and 8’ =d (K, I'). Notice that the closeness of f and
f’, together with the closeness of K and I' imply that there are lifts f and f "of f
and f* to Rx[—§, 8] such that the rotation numbers of f~|f— and of f,’,z are equal in
R (and not only modulo 1), where [' and K are the preimages of I' and K in
Rx[-8, 8]

Remark. The constant C can be improved by using Proposition 1 instead of Proposi-
tion 2 if one knows that K is an invariant curve such that f{x is C'-conjugated to
the rigid rotation 8 6+ » by a map which is C'-close to the projection (6, r)— 6.

7. Differentiable dependence
7.1.
We suppose, in this section, that we are given two monotone twist imbeddings f
and f of some annulus A; into A. We assume that f is C* keR, possesses an
invariant curve I' of class C*, whose rotation number w satisfies a diophantine
condition with the exponent 2+ 8 and constant y:

Y
q2+B
and that the restriction fr is C *_conjugated to the rigid rotation 6+ 0 + w.

In other words, there exist mappings ¢ € C*(T') and he Dift* (T') such that
l¢llcoe< 8 and:

vZeayz, w—£“2
q q

f(h(8),¢oh(6))=(h(0+w),¢oh(6+w))
holds for every 8¢ T'.
We also assume that f” is C', 1=<I=k, and has an Aubry-Mather set K whose
rotation number is w.

7.2.
THEOREM 2. Suppose that k>5+38 and that |=k—2—B>3+28. There exists a

linear continuous mapping A:[C'(A;)]>> C'"'"A(T") depending only on f, y, h and
w, and positive constants € <3, d, C and a such that, if:

If=fllcr<e
and
d(K,IY=supd(x,T)<d,
xe K
then

d(K,T)=supd(x,[")< C||f —fI &,

xe K

where T" is the graph of y+ A - (f’~f), and where f and ' are respective lifts of [
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and f’, chosen so that they satisfy the inequality:
I ~Flleo<t
7.3.

Remarks. 1. This means that K depends differentiably on f' at the point f.

2. The exponent 1+ a can be chosen equal to 27, where 7= (2+8)/(3+28)>3.
3. Itis also possible to estimate the size of the “holes” of the Cantor set K (whenever
it is so), to get a majoration of the Hausdorff distance between K and I'" (see
Herman [8]).

4. If one requires larger values of k and I, then it is possible to get, with the same
method, but using more normal forms, a Taylor expansion of arbitrary order for
the location of K.

5. If K is an invariant curve and if f/x is C'-conjugated to the rigid rotation by a
map which is C'-close to the identity, then one can improve the constant C by
using Proposition 1 instead of Proposition 2 at the end of the proof.

6. The given values of k and I are not optimal (see next section).

7. Such results can be obtained for the curves whose existence is provided by
Kolmogorov~Arnol’d-Moser theorem, when using the implicit function theorem in
tame Frechet spaces (see Zehnder [15], Herman [6] and Bost [2]).

7.4.

Proof. Like in § 6.1, we may assume that ¢ =0 and h =Idy'. Indeed, the graph
transformation mapping induced by the diffeomorphism H defined in 6.1 is twice
differentiable in C°(T"), since H is C* and k> 2 (this remark will be detailed at
the end of the proof).

Therefore, we may write f(6, r) =(@, R), with:

{®=0+w+ra(0, r) (mod 1)
R=rar(6,r1),

the functions a and A being positive and of class C* .

Now, f takes the following form:

£(6,0=(@,R)
and
{®’=0+w+ra(0, r)+u(é,r) (mod 1)
R'=rx(0,r)+v(8,r),

where u and v belong to C'(A;), and u is determined uniquely by ||uco<3.
Replacing f and f’ by their inverses and 6 by —#, if needed, allows us to assume

that:
1

LogX=j Log A(6,0) do =0,

0

(see §6.3).

7.5.
The first change of variables we shall make is slightly different from the combination
of the two changes of variables described in § 6. Let u e C'(T') be the positive
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function defined by:
Log u(0+w)—Log u(6)=Log A(6,0)~Log A v (7.5.1)

and

J Log n(8) d6 =0. (7.5.2)

1
(see Lemma 6.2).
We then set:

a(8)=a(6,0)u(0)
and define the C'-map H,:(6, r)— (8, 7) by:
6=0

1
"=a0)

(ra(6, r)y+u(e,r)).

As soon as the C'-norm of u is sufficiently small (i.e. ¢ is small enough), H, is
a diffeomorphism and its image H,(A;) contains an annulus A3, 5> 0. The map:

f/=Hyof cH{':A;>A
(6,7)—(®, R)
is then given by the formulae:
0'=60+w+7a(d) (mod 1)
{ XF—5(6, F),
where # is C' and satisfies:
60H,=(A‘f°f,g_—_)F+l_l°f’—A‘fof’u+lf°f,v
aof'a aof' adof aof
(here, 7 has to be considered as a function of @ and r).

7.6.
The second change of variables being more complicated, we shall introduce sim-
plified notations. When s:T'>R, we set:

[s]=J 5(0) de,

0
5,:T'>R, 0—~s(0+w),
S20 =(85,) :0—>5(0+2w), etc. ..
and if s: A5~ R, then:
so:T'>R, 0 5(6,0)
50 =(50)0:0—>s(0+w,0),etc....

A map s:T' >R will also be regarded as a map from A to R, not depending on
the second variable.

If a little letter, s for instance, represents a function from T' or A; to R, then
the corresponding capital letter S will represent the function sof’ (or sc @’ if
s:T'>R), defined on A; (even if s is defined on T').
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Let ne C'™'""P(T') and ¢ C'"2722(T") be defined by:

nw—1n=—&+[£°—], [n}=0 (7.6.1)
Fo Mo
and
& —&E=—uy+a(n+c) (7.6.2)
where:
c=[d]""[u,— an]is a constant. (7.6.3)
We set H,(8, F) = (8, F), with:
0=6+¢&(0)
. £(O)-£(6)
r= r+————ﬁ(0_) .

As [>3+28, this map is a diffecomorphism from A ; onto its image H,(A ) which
contains an annulus A j, proyided that the constant ¢ is small enough.
Let f'=H,o f'o H;':A5>A,
(6, )~ (6, R).
It is easy to compute that:

with @(6+ £(8))=a(8) (hence 4 is a positive function having the same minimum
and maximum as d) and
6=(Aé_ E—X>F+g—/\—é. u A BB EE
Aa A Aa A A a

11

where E=E¢f".

In this heavy formula, we voluntarily omitted to specify the variables, as we are
only interested in the C°-norm of &. Actually, to be perfectly correct, when a function
is defined in the (6, F) variables (for instance 4, 7, £), one should compose it on the
right by H5', and when it is defined in the (6, r) variables (as A, a, u, v...), it
should be composed by H;'o H3'.

To estimate the norm || 5|| -2, we shall decompose 7 into different terms that make
the functional equations satisfied by u, £ and n appear.

() G059
A a, A a, a

A a,
4 (X b2 Uo) (7.63)
U u\ A 7} o @
+(—-—1f—)+—_(uo—u)—<A—-3—Ao‘f—3)%
a, a . o/ a
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7.7.
In the following inequalities, C will denote a generic constant, depending only on
w, a and A (namely, on B, v, min a, min A, |la||ct and ||A| c). If we set

- M= =flc=sup (Jullc, ollen,

then we have, using the inequality of Lemma 6.2, and the fact that I=k—-2-8>
3+28, the majorations:

luller=C

minu=C"!

1=iA=C (7.7.1)
Inllc-1-» < CM

l€llcr=CM,

(for the last two inequalities, we use the fact that, if s€ C/(T"), then [|s—[s]||c; =
lIsllci). Moreover,

|Fl=6=C(6+M),
§=C(6+M)
Therefore,
15— wlco=C(8+M)?,
where

w=(1—X)c+[ﬂ)-] (1.1.2)

is a constant.
Nevertheless, we need to majorate || 5] co. For this purpose, we shall prove that
» vanishes, and thus, that:
IBllce=2]5—w| co.
Suppose that § does not vanish and, for instance, that it is positive. Let _ = min $,
and let (6, r )z be an orbit of f' belonging to K, and
(0=k, i) = Hyo Hy(6, r).
If A =1, then:
Fez=Fo_ +0_=Fy+ko_
forbidding the orbit to stay in A, for all time; however, it should be so if c and d

are small enough.
If A>1, then, by the same argument, as soon as some 7, satisfies:

- 0_
> T

the sequence (7 )k=4, cannot stay bounded by 5. Therefore,

U_
A—1

holds for every integer k. But this is in contradiction with the fact that the rotation

(7.7.3)

Fo<-—
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number of K is w. Indeed, let f and f ' be respective lifts of f and f' to As=Rx [—38, 8]
such that: . .
f(6,0)=(6+w,0)
holds for every fcR and:
If=Fller=e<h
If ¢ and d are small enough, then the rotation number of f (k (where K is the
preimage of K in A;) is strictly between @ — 1 and o + 1, thus is equal to w.
Let now (8, 7.)xcz € A% be an orbit of f* whose projection of A is the prescribed
orbit (6, 7 )xcz. The inequality (7.7.3) implies that:

v_ .-
- —_—————
k<w————mina
A—1 ’

hence the rotation number of that orbit cannot exceed that quantity smaller than w.
We finally conclude that:

ne
(3

D
D

k+1 "

18]l co= C(8+ M) (1.7.4)
Denotin_g K = H,° H,(K), we know from Proposition 2, that the distance d (K, A,)
between K and A, satisfies:
d(R,Ap) = C|8f|co= C(8+ M),
where 7=(2+8)/(3+28).
We can now shrink the annuli A; and Ag, so that

6= =d (IZ, A,)
and )

§=C(6+M).
Hence we get:

S5<C(6+M)7”,
which implies, since 27> 1:
S§=CM™

as soon as & is small enough, condition that can be insured by the sufficient smallness
of d and c.
7.8.

Let now I'"= H;'o H;'(A,). If ¢ is small enough, then I is the graph of a function
¢"e C'(T") close to the zero function, which satisfies, for every 8 T':

Y'a(6, ") = £(0) = £(6+w +¢"a(6, ¥")) — u(6, ¥"),

(where ¢" holds for ¢"(9)).
We define the linear operator A by:

A-(uv)=pu(ntc)=y/,
where we recall that:

/-\&L'Ao,

m

- v, D,

N —An=——r+ [—0] [n]=0,
Mo Mo
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and

¢ f‘[ao#]_l[uo_ aoun]
(these simplified notations are defined in 7.6). The map ¢’ then satisfies:

Ylag=§¢— €, —uo.
As it is easily seen, we have:
[€llcr=CM,
and
[¢"|co= CM,
hence

"= ¢’ co= CM?.
If I is the graph of ¢/, then
d(KI"y=sd(K, T")+d(I",T)
= CM?* +CM?
< CMZT,

since 7<1.
In the general case where we do not assume that ¢ =0 and h = Idyt, we proceed
as follows. Let

f(6,r)=(0, R)
f(6,r)=(0",R})=(0+u, R+v).
Let also H: (8, r)— (6, r) be defined by:

6=h"'(0)
{F=r—¢/1(0)
and
f=HeofoH':(6,7)~(0,R)
f'=Hef<H':(8,7)—>(0,R)
We have:

i=0'-0=h""(O+u)-h'(®)=Dh ' (®)u+0u?
5=R'-R=v+y(0)-y(O+u)=v—Dy(®)u+ O0(u?,
since h and ¢ are C>.

Let us replace, in the previous notations, I" by I and ¢' by ¢'. The set ', = H (I")
then is the graph of ¢|=¢ + ¢ °h™' which depends in an affine way on @ and &.
Let us also denote
A:(a, b))~y
and

A:(u, v)>A(Dh ' (®@)u, v—Dy(®)u)o h™".

The function ¢'= A - (u, v) then satisfies

o'+ ¢ =illco= Cllf = fllee.
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Therefore, the distance between the graph I'" of ¢ +¢' and I'{ is bounded by
C|lf-fl%s, and thus, the distance from K to I is itself bounded by C| f—f|| %
a

8. Smoothing operators
8.1.
We shall show, in this section, how the use of “smoothing operators” in our changes
of variables can improve sensibly the minimal values of k and [ allowed in Theorem
2. More precisely, when we have to solve a ‘““difference equation” such as in Lemma
6.2, instead of using an exact solution, we shall choose an approximative one, and
estimate the error then made.

These smoothing operators are a one-parameter-family of operators:

S,:CUTH > C™(ThH

defined, for t =1, as follows. Let ¥ :R—> R be an even smooth function with compact
support and identically equal to 1 in some neighborhood of 0, and let:

x(x) =J x(y) 3™ dy.

The function y is real-analytic, belongs to the space & of Schwartz (i.e. is fast
decreasing at oo, together with its derivatives) and satisfies:

J_ x(x)dx=x(0)=1,

J’w x*x(x) dx = (=2im) "¢ (0) = 0.

We then set, for ¢ € C%(T"),

(oo}

Sip(0) = j tx(tx)e(6 —x) dx.

It is not hard to see that S,¢ is 1-periodic, real-analytic and satisfies the following
inequalities:
||S1‘P”Ckl§Ck,,kztk‘_k2||¢llck2 (8.1.1)
if k;=k, and pe C(T")",
IS0 — @l cxi= Ck,,kztk“kzuﬂouc“z (8.1.2)
if k, <k, and ¢ € C*(T"), where k, and k, are any positive real numbers, and C;_ ;.

are constants depending only on k; and k,. One can also check the following
identities (resulting from the commutativity of the convolution product):

(Sr¢)m = St(‘Pw),
D(Sp)= St(D‘P)a
[Swwl=[¢e]

* Notice that (8.1.1) can be modified in an inequality which is valuable for all k, and k;,:
IS@lie, =< Cipi(1+ 17 @ | ;- (8.1.1)
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8.2.

We shall now make use of these smoothing operators in the definition of the function
u, 1 and ¢ introdu:ced in § 7. Let x, y and z be real numbers greater than 1, whose
values will be precised later on; we set, instead of (7.5.1), (7.6.1) and (7.6.2):

(Log m)., —Log . = S.(Log A,) — Log A (8.2.1)
Nl —An = —S;(&> + [ﬂ] (8.2.2)

Mo Mo
&, —E=S,(—uy+a(n+c)) (8.2.3)

so that no assumption needs to be made on k on L
We shall still assume that:

[Logu]=[n]=0
and that the constant ¢ is defined by (7.6.3) (with the new definition of a = a,u
and 7§).
The new expression of ¥ is then obtained from the old one (7.6.3) by adding a
certain number of error terms:

— .E__fi” — E_é -3 E_gw
_<.§ dw> (A da,) )‘( a )

= [8.(a(n+ )y~ &u(n + )~ 2 (S(@(n+ )~ a(n-+0)

w

(1}

1 A -
——(S.u, —u,)+—=(Suo—uy) +(1 —A)C‘*’[&]
a, a o

Vo Vo A a,
— Sl R A Y
(5(3) -52) +(Fo-5)
D)) (e 0
A a, a Aa °a, a)\' a

+A(exp (Log Ao— S, Log )\0)—1)<F—§). (8.2.4)

As in § 7.7, the point is to get a majoration of || 7| o looking like (7.7.4):
[Bllco= C(8+M)” (8.2.5)

with an exponent ¢ which we need to satisfy:
1
o>=,  T=(2+B)/(3+2p)

(we recall that M =| f' —f|¢'). The inequalities (6.2.1), (8.1.1) and (8.1.2) will
naturally be of importance.

8.3.
Let us set:

M=6+M.

We have to assume that k>3+8 and I>1, so that the following quantities are
bounded by a constant C depending only on f, @, k and [:
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lalle. 3]

1 -
“H NAller=, ILog Aflcxv, A, et 1=
ajl ¢°

IIallck-*,'
m

c”
while the following ones are bounded by CM:
lullcr, lvlict, [Fl, 10— 6 —w|co, [0 =6 —2w] ¢
where @' =00 f and @' =60 .
Consequently, if w is the constant defined in (7.7.2), there exists a constant C
not depending on f’ such that:
Clo-wllco=|€||lerM +||S.(a(n+c))—a(n+c)|ce

v v
+ ”Sz“o— o co+ Sy(”"o‘> -—
"“w #ﬂ)

CO
+ M?+|[S.(Log A¢) — Log Aol oM. (8.3.1)
Again, as ¥ must vanish, we know that:
lolce=2[|5 - wjco. (83.2)

Our aim is now to estimate each term of the second member of (8.3.1).

In the following estimations, the letter C will denote a generic constant depending
only f, w, k, I and j, while j will be any non-negative real number (bounded in fact
by max (k, /) so that C does not depend on j).

Majoration of ||¢||+ will come from the definition of ¢ (see (8.2.3)) and what we
know about difference equations (see Lemma 6.2) and smoothing operators (see
(8.1.1) and footnote).

For this purpose, we first need to estimate the norms of x and 7, using (8.2.1)
and (8.2.2), and of S,u,. One has:

uller= CQQ+x>8H5), (8.3.3)
Therefore:

20l < CM(1+x>871k)

I‘Lw Cl
and

“nIIC"SC & I(1+yI+B+j—I)
wll C
=CA+x>* 1+ y" B M. (8.3.4)

Moreover:

IS.uollC'=C(1+ 2" M. (8.3.5)

These three inequalities lead to the following majoration of ||£| <.
l€ller= CUllunllcze + | S.uol| c2+)
=C(lullcelnllco+ el collnllcz+e + [ Satholl c2+2)
< CM(I+x4+2;3—k+x7+4p—2k+y3+2;3—1+x2+/3+l—ky3+2ﬁ—l+Zz-_rﬂ—l). (8.3.6)

The second term of (8.3.1) is treated by using the second inequality of smoothing
operators (8.1.2) and what we already know about u and 7, that is (8.3.3) and
(8.3.4). From the definition of the constant ¢ (see (7.6.3)), the function —uy,+ a(n +c)
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has zero mean value on the circle. Therefore, it must vanish, and n + ¢ has to take
values bounded by CM. Hence, one has:

In+clcr=2lnlc/+CM.
Consequently,
IS.(a(n+¢))—a(n+ec)lco=Cllp(n+o)lcxz'*

=C(lulc-lm+ellco+ lulicslln +cllce-nz'™
< CMz' ™ (x1*P + x#+38—k 4 vkl y2ep+i—k prk=l)

(8.3.7)
The last terms of (8.3.1) are simply estimated through (8.1.2):
| S.to— glj co= CMz7; (8.3.8)
Sy<g)—) _ =C Yo y_’
Heo Moo c® Mo c!

<= CMy '(1+ x¥B*17k), (8.3.9)
and

| Sy Log Ag—Log Aol co< Cx' 7% (8.3.10)
8.4,

Let us now assume that M <1, and set
x=MX y=M7, z=M7%

where X, Y and Z are positive numbers to be fixed later on.

In order to obtain a majoration of the type (8.2.5), we need that the quantity
1/7=(3+28)/(2+B) be strictly bounded from above by the following quantities
(following (8.3.1) to (8.3.10):

Q=2 \ ~ also from the fifth
QZ=2_X(4+ZB_k) term 0f(832)
Q;=2-X(7+4B-2k)
Q,=2-Y(@B+28-1)
Qs=2-XQ+B+I-k)-Y(3+28-1)

y from (8.3.6)

Q=2-Z(2+B-1) )
Q=1-X(1+p)+Z(k-1) ) »(8.4.1)
Q:=1-X@4+3B-k)+Z(k-1) | from (83.7)
Q=1-Y(B+k—-D+Z(k-1) ,
Qu=1-XQ+B+I-k)-Y(B+k-D+Z(k—-1)

Qu=1+1Z from (8.3.8)

Q= 1+1Y } from (8.3.9)
Qu=1-XQ2+B+I1-k)+IY

Qu=1+X(k-1). from (8.3.10) J

https://doi.org/10.1017/50143385700004697 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700004697

Regular dependence of invariant curves 577

We recall that:
1 _l_i_[?.zz_‘ 1
T 2+8 2+ B
From Q4> 1/7, we get:

€(1,2).

1+8

X> G pk-

(8.4.2)

From Q,,, Q,3>1/7, we get:
1+8
2+p)I
>(l+[3)(1+/3‘+l)
(2+B)l(k-1)
From Q,,..., Q;;>1/1, we get:
_ (L4B)(k+)
(2+B)I(k-1)

_A+B)A+B+)(k+p)
@+B)I(k=1)

Y>

ifk=2+B+1
(8.4.3)

ifk<2+B+1

ifk=2+8+1,
(8.4.4)

Z ifk=2+B8+1

The inequality:

Q>1/7
is always satisfied, while Q,, Q;>1/7 can be satisfied by a good choice of X if,
and only if:
8+118 +4p2 2+

k> =2+4+28+
3+28 28 3+28

= ks> 2. (8.4.5)

The minoration of Q4 by 1/7 can be obtained from a good choice of Y, when
k=1+2+p, as soon as:

+58+ 8 -1
S3EBHE o peBloy (8.4.6)
2+ 2+B
and then, it implies Qs> 1/r.

On the other hand, if k<[1+42+ 8, then Q,= Qs, and Qs> 1/7 can be satisfied if:

1 +u+ﬁfo+23)
2+ 2+p)!

1

k>2+28+

(8.4.7)

Then, it is not hard to see that if k and [ satisfy the above inequalities, the condition
Qs> 1/7 can always be fulfilled by a choice of Z compatible with (8.4.4). One can
also check that (8.4.5) and (8.4.6) imply (8.4.7) when B = ,, where B, is the only
positive root of the polynomial:

4B°+27B°+66B>+648>+168 -3

(one has: B,=0,1245---<3}).
We are finally lead to the following result:
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THeOREM 2. If B =By, theorem 2 (see 7.2) is available when k> kg and 1> 5, where
kg and I are defined in (8.4.5) and (8.4.6).
When 8 < B,, thgn one has to add the extra condition (8.4.7).

The following picture indicates the set of allowed values of (k, I) for 8 =0. Of
course, the Remark 7.3.2 is now false, and if one picks a value of (k, I) close to the
boundary of this set, then the number o will be extremely small.

1
9
k=1
3 1
3 /
0 533 3 k
9. Separation of invariant curves
9.1.
We consider an annulus A,, 8 >0 and an orientation preserving C*-imbedding:

fA;>A
(8, r)— (O, R).
We assume that f possesses an invariant curve I' which is the graph of a C*-
function ¢, and such that fir is conjugated to a rigid rotation #— 6+ w by a map

h e Dift® (T"), where the rotation number w € T satisfies a diophantine condition
with exponent 2+ 8 and constant y > 0;

= 248"

q
We saw in § 6 that, after an elementary change of coordinates, we can assume
that I' = A, and that fr acts on the first coordinate by the rigid rotation. Hence,
there exist functions a, A € C*"(T"), the second one being positive everywhere
(since f preserves orientation), such that,
{®=0+w+ra(0, r) (mod 1)
R=rr(6,r).

Moreover, it is explained in 6.2 how, if k > 3+ B, then one can find new coordinates

VBGQ/Z, w~£ S
q q
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in which f takes the form:
{®=0+w+ra(0, r) (mod 1)

_ (9.1.1)
R=Xxr+r°b(9, r),

where, presently, a is only of class C*™27% while b is C*>7? (in particular,
continuous). Actually, a(6, r) may change of sign, since we did not make any
monotone twist assumption on f. The constant A is however positive.

Replacing if needed f by its inverse f !, we shall suppose that A= 1.

9.2,

THEOREM. Let o'€ T' be different from w, and K be an Aubry—- Mather set of f with
rotation number '. Then there exists a constant ¢ depending only on | a| co and || b|| o,
such that:

KnA;=0,
where
§'=cllo'-wl.
We recall that ||w —w’|| =inf|& — @], the infimum being taken over the different
lifts of w and ' in R.
Going back to the original coordinates, this means that the Aubry-Mather set K

of f cannot approach the invariant curve I at a distance less than ¢'|o’—w||, the
constant ¢’ depending on ||¢| 1, ||| e and ¢

Remarks. 1. If A <1 then, actually, I is an attractor and no Aubry-Mather set of f
can meet the bassin of I, whose width is of the order of 1—A.

2. The constant ¢ only depends on the C*-norm of f, ¢ and h, and on the exponent
2+ B and the constant y.

3. As K is a minimal invariant compact set, it has to lie entirely above or entirely
below A;., for f preserves the upper and the lower semi-cylinder delimited by A,.
4. We made no assumption on ' (except w'# w). In particular, o’ could be a
rational and K a periodic orbit.

5. Consider the set:

Y
AB7={weT1/VQGN—{O}, ||qw||2q1+,,}-

Consider also an annulus A;, § > 0 and a number 8, € (0, §). Let f be a monotone
twist map from A; to A which has the intersection property (i.e. any curve €
homotopic to A, meets its image f(€)). Assume that f is smooth and close in some
C*-topology, k> 3+28, to an integrable system:

(8, )—(8+1t(r),r)

where ¢ is a smooth function satisfying dt/dr>0. .

By Kolmogorov-Arnol’d-Moser theorem (see [15]), f possesses for each we
Ag,nJ, J=1t([-8,, 8,]), an invariant curve I', which is the graph of a smooth
function ¢, such that f- is smoothly conjugated to the rotation 68— 6 + w.
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The previous theorem asserts that the map
¢:T'x (g, nT)~>A;
(6, 0)—> (6, ¢,,(6))
Has a Lipschitz inverse (defined on the image of ) and, thus, that the union of
the curves I', has positive measure as soon as Ag, N J has itself positive measure
(this is the case, for B> 0 fixed, if y is small enough).
9.3.

Proof. Since A, and K are different minimal invariant compact sets for f, they
cannot meet. Let (8,, o) be a point of K minimizing |ry|, and let:
(6k, "k)=fk(90, ro), kez
be its orbit.
Set A=|la||cc and B = b|ce.
If |ro| =1/ B then one has:

2
Ir =5 llo - ')

and the conclusion of the theorem holds.
If |ro| <1/B we shall assume, for instance, that r,>0. By Remark 3, we know
that r, > 0 for every k.
On the one hand,
re<Arn_,+ri_,B
hence, since A <1, as long as r,_,=<1/B, one has:

Tk—1

h=—
k l—rk_lB
Thus, if keN, and kroB <1, then:
=< ro
ns——.
T 1—kr,B

On the other hand, let f be a lift of f to A; =Rx[—8, §] so that, for § €R, we get:
f(6,0)=(6+a,0)

where @ is a lift of w. We §hall also define K as the preimage of K in A; and &'

as the rotation number of f|z. Let 6, be any lift of 6, and:

(6k, i) =f~k(§o, ro).
We may assume that @' > @. Indeed, this latter assumption is independent of that
made on r,, since, to get r,>0, we might need to replace r and —r and, to get
@'> o, we could have to change 8 into —#6, and each of these two modifications

does not affect the fact that f preserves orientation.
One has:

6k5 50+k(.5+A(r0+‘ . '+rk_1)
~ . A
500+kw+§ Log (1—kBry) ™

as long as kBry<1.
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If, furthermore, kBry<3, then:
6, < 0,+ kés + kCr,
with C =2A Log 2.
Let

+ ’
p/qun[m 2w ,w’]

be such that:

O0<g=— 2 -t+1l= 3 .

i o' - ol

One has:
go'—p>0

hence

é'q_go_l’>0-
Thus, either:

qBro=3

or

qCry=p — qo.

In the first case, we get:
ool
6B

while, in the second one, the following holds:

1(p ) o' -l
= -4 )=t——>".
fo C(q @ 2C

9.4.

581

Consider now a smooth monotone twist map f: A, - A possessing a smooth invariant
curve I" such that fr is smoothly conjugated to the rigid rotation 6 ~» 6 + w. We shall
assume that I is non normally hyperbolic (this occurs for instance when f satisfies
the intersection property), and that w is diophantine with exponent 2+ 8 and

constant y.
In suitable coordinates, one has:

f(6,r)=(0,R)
with:
O=0+w+ra(6,r) {(mod 1)
{R =rA(6,r),

and, by assumption,

1
J Log A(6,0) d6 =0.

0
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Following Lemma 6.2, let the functions u and v (from T' to R) satisfy:
Log ;L(0+q'z)—Log n(8)=LogA(8,r)
and T

1
v(6+w)—v(8)=—a(s, O)p(0)+J a(6,0)u(6) de.
0
To be entirely determined, normalizations should be added, such as:

1
J Log u(6)do=0
0

and
1
J v(6) d6 =0.
(1]
Let us now define H: (9, r)-> (6, ) by:
- v(@)
0=0+r—— mod 1
w(8) ( )

F= r(a((), r)+A(e, r)—li@l——vﬂ)

p(0) u(6)
An easy computation shows that the map:
f=HeofeH':(6,7)~(0,R)

takes the following form:

O=60+w+F (modl)
_ S = (9.4.1)
R=7+7b(8,F7).

THEOREM 4. Let K be an Aubry-Mather set of f whose rotation number ' satisfies
a diophantine condition with exponent 2+ B’ and constant y'. There exist constants
d >0 and C, depending only on B, y' and ||b| c> such that, if:

o' -—w||<d

and

supd(x,I')<d

xe K
then

K=H(K)cT'x[Aw -8, Aw+5],
where
o' =w+Aw {(mod 1),
Aw|=lo’- o

and

5’= C”w/_wuz-r',
+ !
T'= 2+ B >1.

T3+428’
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Remarks. 1. Finite differentiability is enough for that purpose. Namely, we need
that f, together with ' and the conjugation of f;r to the rigid rotation, be C* with
k>4+2p.

2. This minimal smoothness can be reduced by the same method as in § 7, but we
then have to replace the exponent 27’ in the definition of §’, by a number 1+a’'>1
that might be close to 1.

3. Analogous results were obtained by Lazutkin [9] for the caustics of a billiard in
a convex domain, and by Poschel [12] for the invariant tori of a nearly integrable
Hamiltonian system.

Proof. Let us set:

F=r—Aw
R'=R-Aw
One has:
O=0+w'+F7
{Ii'= P+ (F+Aw)*b(0+F +Aw).

Notice that iff and o are lifts of f and w such that:
f(6,00=(6+4,0)
and if K denotes the preimage of K in Rx[—é, 8], then, for d small enough, the
rotation number of f|x must be &' = + Aw.
Therefore, Proposition 2 (see § 5.2) implies that, if one sets:
p= sup |F—Aw|
(6,HeK
then there are constants C and C’ such that:
p=C(p+|dwl)”
=C'(p* +|Aw[*).
Hence, if:
d< (2CI)1/(27'—1)

then: p=2C"|Aw|*". O
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