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Recently B. Palczewski and W. Pawelski [ l ] have given 
some sufficient conditions of uniqueness for the solutions of the 
Darboux problem for equations of the form: 

(1) 9 ^ = f(x,y,u) . 

The c r i t e r i a given there for equations of the form (1) a re natural 
generalizations of the c r i t e r ia given by Krasnosielski and 
Krein [2] in the corresponding ordinary differential case. The 
purpose of the present note is to give a further generalization of 
the above resul t and two other uniqueness conditions for the 
solutions of the Darboux problem of the same form. 

Let D denote the rectangle , 0 < x < a , 0 < y < b ( a , b > 0 ) 
and let f(x,y, u) be a function defined and continuous on the set 
E = D x {- o o < u < o o } . Then every solution u(x, y) of the 
Darboux problem of the form (1), satisfying the conditions: 

(2) u(x,0) =cr(x), u ( 0 , y ) = T ( y ) , <r (0) = T(0) = UQ 

is a solution of the following integral equation: 

x y 
(3) u(x,y) =<r(x) + T (y) - u + / J f(s, t , u(s, t))ds dt 

o o 

and conversely. Here the functions ^(x) , *r(y) may be taken as 
functions of the c lass Cf defined respectively on [0,a] and 
[0 ,b] . (Note: Some regulari ty res t r ic t ions on <r (x) and T(y) 
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a r e necessa ry to ensure the existence of solutions to (1) under 
conditions (2). We are not concerned with these conditions here . ) 

THEOREM 1. If f(x, y ,u) is defined, continuous and 
bounded on E, and it satisfies in addition the following: 

| f (x ,y ,u ) - f (x ,y ,u ) | < — |u - u | , k > 0 
1 1 2 ' — xy ' 1 2 ' 

(4) 
I f t x . y , ^ ) - f ( x , y , u 2 ) | < — — \u± - u j " , C > 0 

x y 

2 2 
with 0 < a < l , p < a, and k(l-or) < (1-p) for all ( x , y , u ) € E , 
then there exis ts at most one solution u(x, y) of the Darboux 
problem for equation (1) satisfying conditions (2). 

Proof: L.et M = sup Jf(x,y, u) | , and assume u(x, y) and 
E 

v(x, y) a re two solutions to the Darboux problem satisfying 
condition (2). We obtain from (3) that 

|u(x,y) - v(x,y) | < 2"Mxy 

for a l l (x, y) € D. F r o m (4) it follows: 

x y 
|u(x,y) - v ( x , y ) | < f f | f ( s , t , u(s , t ) ) - f ( s , t , v (s , t ) ) |ds dt 

o o 

x y 
< C J f (2M)a (st)°"P ds dt 

o o 

< C (2M)« ( X y ) 

(d-P)+a) 

< C ( 2 M ) û ( x y ) ( 1 - ^ , 

and in general: 
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m m+1 tt ^xtM mK m+1 
|u(x, y) » v(x, y) I < C (2M) (xy) 

for m = l , 2 , 3 , . . . . Therefore, we have the following estimate 

1 l-(3 

(5) |u(x,y) - v(x,y)| < C 1 " a ( x y ) 1 ^ . 

Define Q(x,y) = (xy) ju(x,y) - v(x,y)[ for xy > 0. Then, 
it follows from (5) that 

1 (l-p)-^k(l-g) 

0<Q(x,y) = Q(s) < C1"" (xy) * " " 

Hence, we have lim Q(s) = 0, where s € D and 
s-*s 

o 
s € F = { s : s = (x, y) € D and x = 0 or y = 0} . Clearly Q is 
o 

continuous on D if we define Q(s ) = 0 for s € p . We wish 
o o 

to show that Q(x, y) =0 on D- Assume the contrary. Then 
there exists a point (x,y) such that: 

0 < r = Q(x,y) = supQ(x,y) . 
D 

On the other hand, if we use (3) and (4), we obtain: 

r = Q(xf y) < (x y ) "^ k / / |f(s, t, u(s, t)) » f(s, t, v(s, t)) |ds dt 
o o 

< (5E y)"** J f k(s t f k~* Q(s,t)ds dt 
o o 

, - - r \ T k rX n ^k-1 , 7 n ^ Vk-1 ,+ 

< r (x y) J <s/k s ds J Vk t dt 

= r , 
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which is the desired contradiction. 

THEOREM 2. If f(x, y ,u) is defined and continuous on 
E, and it satisfies in addition the following: 

(6) | f(x,y,u)J < A(xy)P p > - 1, A > 0, 

| f (x ,y ,u ) - f (x ,y ,u_ ) | < — Ju - u | q q > 1, C > 0, 1 2 — , . r ' 1 2 — 
(xy) 

with 

q(l+p) - r = p , 

Q - l 

6 = 9 ( 2 A ) L . < 1 . 
(p+l) q 

for al l (x, y ,u) * E, then there exis ts at most one solution 
u(x,y) of the Darboux problem for equation (1) satisfying 
conditions (2). 

Proof: JLet u(x, y) and v(x, y) be two solutions to the 
Darboux problem satisfying condition (2). We obtain from (3) 
and (6) that 

(7) |u(x,y) - v ( x , y ) | < —-7 (xy)1* 
— p+i 

for al l (x ty) € D. Using (6) and the es t imate of (7), we obtain: 

|u(x,y) - V (x ,y) i < C ( - ^ - ) q / / ( r t ) t p f l , q - r ds dt 
o o 

r , 2A. . p+1 

and hence successively, 

|u(x,y, - v(x,y> I < t
1+*+' " » ̂  (^) (xy)^1 
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for m = 1, 2 , . . . . Since q > 1, we conclude that v{x, y) = u(x,y), 

THEOREMS. If £{x, y ,u) is defined and continuous on E, 
and it satisfies in addition the following: 

(8) I f t x . y . ^ ) - f ( x , y , u 2 ) | < ^ | U l - u£ | 

with k < 1 for al l (x, y, u) € E, then there exists at most one 
solution of the Darboux problem for equation (1) satisfying 
conditions (2). 

Proof, Assume u(x,y) and v(x,y) a re two solutions to 
the Darboux problem satisfying conditions (2). We obtain from 
(8) the following es t imate: 

(9) |u(x,y) - v ( x , y ) | < k / / H » . ^ - v ( . t t ) | d s d t . 

o o 

Define B(x,y) = < u ( x ' y ) ~ v(x>yH f o r ^ > 0 . Since f(x,y,u) 

is continuous, we note that |f(x, y, u(x, y)) - f(x,y, v(x,y)) j < M 

where M tends to zero as x or y tends to zero , or both, 
xy 

Therefore it follows that B(x ,y)>0 for all (x,y) € D and 
l im B(s) = 0 where s = (x,y) € D and s « r ~ { s : x=0 or y=0} . 

o 
s-*s 

o 
Since B(x,y) is now continuous over the compact region D, it 
at tains its maximum at some point (x ,y ). Using (9), we observe: 

o o 
x y 

o o 
|u(x ,y ) - v(x , y ) | < k f / B(s , t )ds dt 

o o o o — J J 

< k B(x ,y ) x • y 
o o o o 

= k | u ( x o , y o ) - v ( x o , y o ) | 

which is the desired contradiction. 
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REMARK 1. Theorem 1 reduces to the resu l t of 
Palczewski and Pawelski [ l ] , by taking p = 0 . 

REMARK 2. The c r i t e r i a given in Theorems 1 and 2 a re 
str ict ly connected with the resu l t s of [3] and [4] for the case of 
ordinary differential equations. 

REMARK 3. Theorem 3 gives the uniqueness of solutions 
to the Darboux problem under conditions analogous to the 
Nagumo-Per ron c r i t e r i a in the case of ordinary differential 
equations (Cf. [5]). 

REMARK 4. All these resu l t s may easi ly be generalized 
to respect ive theorems for higher o rde r s and to theorems 
concerning sys tems of equations of the type (1) (Cf. Theorem 2 
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