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Recently B. Palczewski and W. Pawelski [1] have given
some sufficient conditions of uniqueness for the solutions of the
Darboux problem for equations of the form:

22,

3x0y

(1) = f(x,y,u) .

The criteria given there for equations of the form (1) are natural
generalizations of the criteria given by Krasnosielski and

Krein [2] in the corresponding ordinary differential case. The
purpose of the present note is to give a further generalization of
the above result and two other uniqueness conditions for the
solutions of the Darboux problem of the same form.

Let D denote the rectangle, 0<x<a, 0<y<b(a,b>0)
and let f(x,y,u) be a function defined and continuous on the set
E=Dx {- o<u<ow}. Then every solution u(x,y) of the

Darboux problem of the form (1), satisfying the conditions:

@) ux,0)=0(x), u0,y)=7ly), o(0)=7(0)=u_

is a solution of the following integral equation:
Xy '
= - ? &9 3 d
(3) w(x,y) =0c(x) + 7(y) uo + f f f(s,t, u(s,t))ds dt
o o
and conversely. Here the functions o(x), T(y) may be taken as
functions of the class C' defined respectively on [0,a] and

[0,b]. (Note: Some regularity restrictions on o (x) and T{y)
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are necessary to ensure the existence of solutions to (1) under
conditions (2). We are not concerned with these conditions here.)

THEOREM 1. If f(x,y,u) is defined, continuous and
bounded on E, and it satisfies in addition the following:

k
lf(x,y,ui) - f(x,y,uz)l f—x; [ui - uzl ,. k>0
(4)

|u, - u ,a’ cC>0

If(x,y,ui) - f(an’uZ)' < 1 2

_C_

B
. 2 2

with 0 <a<1, B<a, and k(i-a) < (1-B) for all (x,y,u)€ E,

then there exists at most one solution u{x,y) of the Darboux
problem for equation (1) satisfying conditions (2).

Proof: Let M =sup|f(x,y,u)|, and assume u(x,y) and
E
v(x,y) are two solutions to the Darboux problem satisfying
condition (2). We obtain from (3) that

[u(x,y) - v(x,y)| < 2Mxy

for all (x,y)e€ D. From (4) it follows:

X y
luz.y) - v(x,y)| < [ [ |fs,t, uls,t) - £(s,t, v(s,t))|ds dt
o o

X Yy
<cf [ M) ® (s)% P as at
[e] [e]

o ()i PIe

< C (2M) >
((1-p)+a)

<c em® @' PHe,

and in general:
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m m+1 m
1+ao4. .. +a a 1- 1+a+.. .+ +
[u(x, y) - v(x,y)] < C @M (PN @ )ta
for m=1,2,3,.... Therefore, we have the following estimate
__1_ 1-B
1=~ 1-a
(5) lu(x,y) - v(x,y)| <€ 7% (xy)

-~k
Define Q(x,y) = (xy) o [u(x,y) - v(x,y)| for xy > 0. Then,
it follows from (5) that

1 (1-8)-Nk(1-a)
0<Qxy) = Asi<C Ty M@

Hence, we have Ilim Q(s)=0, where se¢ D and
s—>s
o
so€r={s:s=(x,y)€D and x=0 or y=0}. Clearly Q is
continuous on D if we define Q(so) =0 for s0 €T. We wish
to show that Q(x,y) =0 on D. Assume the contrary. Then
there exists a point (X,y) such that:

0<r = Q(x,y) = sup Q(x,y) -
D

On the other hand, if we use (3) and (4), we obtain:

-k =53 :
= QX,7)<(xXY) f f [f(s,t, u(s,t)) - f(s,t,v(s,t))|ds dt
o o

ff k(s t) Q(s,t)ds dt

o O

i

v )
<r(§'§r)-\/-k f 's/-ks'\rk“1 dsf '\/—kt:'\l’-km1 dt
)

o
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which is the desired contradiction.

THEOREM 2. If f(x,y,u) is defined and continuous on
E, and it satisfies in addition the following:

(6) [z, y 0 | < A p>-1, A>o0,

q
[f(x,y,ui)-f(x,y,uz)lf_ [ui-—uzl q>1, c>0,

r

(xy)
with

q(1+p) - r = p,

g-1
; 2%_)___<1

(pr1)?

for all (x,y,u)€ E, then there exists at most one solution
u(x,y) of the Darboux problem for equation (1) satisfying
conditions (2). )

Proof: Let u(x,y) and v(x,y) be two solutions to the
Darboux problem satisfying condition (2). We obtain from (3)
and (6) that

2A 1

or i (XY)P+

(7) Julx,y) - v(x,y) | <

for all (x,y)e D. Using (6) and the estimate of (7), we obtain:

q Xy
e y) - viey) | <€ (Z5) [ [0 g5 0
o O

_ 2A p+i
= (p+—-—1) (xy)
and hence successively,

m
1+q+...+ 2A 1
[a(x,y) - v(x,y)| < g AT (SR ()P

pti
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for m=1,2,.... Since q>1, we conclude that v(x,y) =u(x,y).

THEOREM 3. If {(x,y,u) is defined and continuous on E,
and it satisfies in addition the following:

k
(8) |£(x, v, a,) - f(x,y.uz)l 5-}; lui.‘ uzl

with kf 1 for all (x,y,u)€ E, then there exists at most one
solution of the Darboux problem for equation (1) satisfying
conditions (2).

Proof. Assume u(x,y) and v(x,y) are two solutions to
the Darboux problem satisfying conditions (2). We obtain from
(8) the following estimate:

Xy
O)  Jutty) - vixy)| <k [ [ 2D B0] g,
o O

_luxy) - vixy) |

xy
is continuous, we note that |f(x,y,u(x,y)) - f(x,y,v(x,y))| <M

Define B(x,y) for xy> 0. Since f{(x,y,u)
where Mxy tends to zero as x or y tends to zero, or both.

Therefore it follows that B(x,y)>0 for all (x,y) € D and
lim B(s)=0 where s =(x,y)€¢ D and s_ € r={s:x=0 or y=0}.

8-S
(e}

Since B(x,y) is now continuous over the compact region D, it
attains its maximum at some point (xo,yo). Using (9), we observe:

x vy
(o] [o]
futx_,y ) - v(xo,yo)l <k { { B(s, t)ds dt

.

<k B(xo) YO) xo - YQ
=k Julx .y ) - v(x .y, )|

which is the desired contradiction.
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REMARK 1. Theorem 1 reduces to the result of
Palczewski and Pawelski [1], by taking =0 .

REMARK 2. The criteria given in Theorems 1 and 2 are
strictly connected with the results of [3] and [4] for the case of
ordinary differential equations.

REMARK 3. Theorem 3 gives the uniqueness of solutions
to the Darboux problem under conditions analogous to the
Nagumo-Perron criteria in the case of ordinary differential
equations (Cf. [5]).

REMARK 4. All these results may easily be generalized
to respective theorems for higher orders and to theorems
concerning systems of equations of the type (1) (Cf. Theorem 2

[1h-
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