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Tetnperate ice pertneability, stability of water veins and 
percolation of internal tneltwater 
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ABSTRACT. In temperate g lacie r iee, in situ , bes ides water ve ins, th ere a re water 
lenses, on gra in bo undari es more o r less perpendicu la r to the direc ti o n of max imum 
pressure PI (at th e g rain scale ). Geomctry of'I 'eins is d cve loped. Gra ins a re modell ed as 
eq ual tetra ka ideca hedra . The stress and temperaturc field s aro und a vein a t a smaller , 
mi crosco pic sca le are es timated and th e Iratc r di sc ha rge by a \'ein is ca lcula tcd. Th e 
tim e-derivati\'c o f th c cross-sectiona l area S of a \T in is governed ne ith e r by ene rgy 
di ss ipa ti on in th e water nor by pl as ti c ity, but by ca pi ll a rit y effec ts a nd sa lini t\·. \ 
"vasodilator thresh o ld " Pd for water press ure PIV in th e H ins is d efin ed. :"Jorm a ll y, 
Pw < Pd , th en S has a sta ble \'a lue , th c same for any or ient a tion of th e \'ein , and th c 
microscopic tempera ture is uniform. Th e coe ffi cient of pcrmeability is pro porti ona l to 
(p" ~PIV ) -I , and thus a true Darcy lall' does no t ho ld . As an app li cation, th e 
perco lat ion of inte rn a l melt\\'a ter is studi ed; in an uppcr bound ary layer about 2 m 
thi c k this meltwater Oows upwa rds, becausc in th e bulk o fth c glac ier Pw is very close to 
Pt , wh creas it is ze ro a t th e surface. Wh en, excep ti o na ll y, PII' > Pd , S increases 
ilTeYersibly. Wh e th e r it leads to th e formation of "'worm-holes" is di sc ussed. 

NUMERICAL VALUES 

Rh eo logica l parameter: 
B = 0.44 bar 3 a 1 = 1. 394 x 10 2:3 P a 3 s 1 

Lowcrin g of me lting p oint \I'ith pressure (a ir-sa tura ted 
wate r): CIIl =9 .8x 10 8 KPa 1 

Lowerin g of melti ng point \\'ith total cun'aturc of th e 
inte rface (a ir-sa tura tcdll'a tcr ): C ·= 2.7x 10 8Km. 

Lowe ring of melting poillt \\'ith sa lt contcnt: 
Cs = 1.85 K mole 1 kg. 

Th erm a l capac ity o f \I'a tcr: Cw = 42 16 J kg 1 K 1 

Th erm a l conductivit y o f' ice: J{j = 2. 12 \ 'V m 1 K I. 

~ [ e ltin g hcat: L =3 .35x 105Jkg I. 
:2 1 n te rfac ia l cncrgy be twee n ice a nd water: 'Y = 0.034·j m 

W ater \ 'iscosity: 'T/w = 0.00 18 Pa s. 
l ce d ensity: pj = 9 15 kg m :l . 

1. INTRODUCTION 

Ice permea bili ty is not a mere cu r iosi t y prO\' iding a n 
occas io n for th e ad\'an ced stud ent to di scO\'er th e subtl e 
laws o f cap ill a rity . It is a kcy facto r in severa l g lac io­
logica l problems. Acco rd ing to :"Jye ( 1976 ), th e outburst 
of g lac ie r-d ammed la kes, in particu la r th e I\'ell-kno wn 
Ice landic j okulhl a ups, should proceed from irt'C \'e rsibl e 
broad e ning of the ca pilla ry ve ins. I f hi s th eory is cor rec t, 
this process mi ght ex p la in th e di sa ppear a nce of tempor­
a ry pools that appear o n somc glac ie rs in spring. In a n y 
case, th e formation of some obse rved "worm-h o les" , 
sever a l millim etres thi ck a nd ha lf a m e tre long (Raymond 

and H a rri so n , 1975 ), o ug ht to be exp la ined. Also, I have 
sugges ted (Lliboutry, 1993 ) tha t th e permea bili ty of 
bottom ice replaces the specu la ted water film be tween ice 
and bed , a ll owing me ltwate r fi 'om th e SlOss sides of 
obstac les to reach th eir Ice sid cs . 

K ye's ( 1976 ) th eo ry, w hich de\ 'c lops S h re\'e 's ( 1972 ) 
ideas , con tradi cts N ye and ~lac ( 1972 ) . [ n Llibou try 
(1976 ) I stressed sa linity effects, \\' Iwreas in Lli boutry 
(1993 ) I ig nore them . N ye ( 199 1 b) exa min es how sa linit y 
modifi es th e apparent latent hca t a nd diffusi\'ity o f 
temperate ice , neglec tin g the fact th a t most of th e liquid 
phase is fo und in iso lated lenses . ~ Ia n )' th eo ri sts ass um e 
th a t te mpera te glac ier ice has some well-d efined coe fIi c­
ient of p e rmeability. Almost none of the authors di sc uss 
th e dramatic differences between th e artific ia l a nd stress­
free ice th ey consider a nd true glac icr ice in situ. This 
confusing lite ra turc encourages me to present a clear 
expositi o n of the whole topic, instead o f limiting m y 
contributio n to ne\\' id eas a nd th eo re ti cal results. 

2. PRESSURES AND TEMPERATURES AT THE 
MICROSCOPIC SCALE 

In temperate ice th e liqu id phase is fo und as lenses a t two­
gra in bo und a ries , a nd as \'e ins a t three-g rain boundaries 
(Llibo u try, 197 1; Nye a nd ?\ Iae, 1972; R ay mond a nd 
Ha rri so n , 1975 ; ?\fad e r, 1992a ). At a n y ice- wate r inte r­
face, th e te mpera ture a nd th e pressure in the liquid phase 
are well d efin ed. At a curw'd in terface, because of surface 
energy e ffec ts, this wa te r pressure (P\\, ) diffe rs from th e 
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pressure in the ice at the interfa ce (Pu) . At a plane 
interface, the Celsius melting tempera ture is 8 = -ClJIp", 
= - CIIlPu , but at a curved interface it is neither -Cmp", 
nor -ClllPn. Let 2/TL > 0 be the total cun'a rure of 
spherical lens \\'a lls, a nd - l /T\" < 0 be the to ta l cun'a ture 
of cy lindrical \'ein \\·a lls. The mean salinity of water 
lenses , a nd th e salinity of connec ted \I'a ter veins (in mo le 
equi\'alents per unit mass, since disso lved sa lts a re diss­
ociated into ions), wi ll be denoted iL a nd iv, res pec tively. 
Disso h-ed carbon dioxid e will a lso be inc lud ed in th e 
salinity. The ph ysica l laws o[ capillar ity r ead (Lliboutry, 
1987, p. 160; ~Iader , 1992b) : 

For a lens: 

p", = Pn + 21'/'I""L 

8 = 8L = -CmPn + 2Cr/TL - CsiL (1) 

For a \Tin: 

PI\' = Pu - 1'/Tv 

8 = 8v = -CmPn - Cr/Tv - Csiv (2) 

The "al ue 0(" th e surface energy between ice a nd wa ter 
b ), and o[ the three consta nts (Cm, Cr , Cs) entering th e 
formulas arc given above. C omparing both Equations 
(2), Pn may be eliminated: 

CmI' + Cr . ( ) 8v = -ClIlp", - - Cs2,. . 3 
7\. 

For brevit y, a new ph ys ica l con s tant wi ll b e 
introduced: 

CmI' + Cl' = Cv = 3.03 X 1O- 8 Km. (4) 

To go furth er, it is essenti a l tu specify th e scale at 
wh ich stresses a rc defined. In th e formulas a bo\'e, Pn is th e 
normal stress at the lite ra ll y microscopic level (say, a t 
I J.Lm [rom th e interface) . It m ay differ from th e stress a t 
the grain level, say a t I III m from the interface, for 
insta nce when the vein shrinks plasti cally. This stress a t 
the grain level, whi ch is not afTected by the microscop ic 
processes ongoing close to a vein , may diffe r in turn fro l11 
the macrosco pic stress , at the d ec imetre leve l, because th e 
deformation o[ a crystal is ver y anisotropic, and identi cal 
stra in ra tes and stresses in a ll the indi\ 'idu a l crys tals arc 
impossib le . 

'Wh en stud ying stra in rates und er an applied stress, or 
th e reverse, on polycrys talline samples (such as ice cores) , 
it is th e str esses and stra ins at the O.lm scale that are 
consid ered. For mod elling g lac ier flow , a c reep law at a 
still large r scale, say 10111 , is needed , beca use in a glacie r 
there are " blue bands" , fin e-g ra ined layers, and O\'erall 
flu c tuations in the water content. I sha ll as usual no t 
disting ui sh be t\l'een stresses at th e 10 m a nd at th e O. lm 
scale, or between the la tte r a nd stresses a t the grain sca le . 
The reasons for assuming th at the stress is th e sa me in 
e\'ery cr ys tal (whereas stra in rates differ) are given in 
Lliboutry ( 1987, p.456 ; 1993, p. 53) . The stress down to 
th e millimetric sca lc will be ca lled th e local stress, whereas 
th e stress nea r \'eins or lenses , which is of interes t here, wi ll 
be called th e mieroseo/Jie stress . 

In uns tressed ice, Pn is roughly the sam e e\Try\dl Cre 
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a nd in a n y direc tion. \\'h e n iL = iv, both the water 
pressure a nd th e tempera ture a rc lower in th e \ 'eins than 
in th e lenscs. Thus, hea t goes (i-om th e lenses to th e veins. 
Continuously water freezes a t th e walls of lenses and th e 
walls of \'cins melt. until the fo rmer disa ppear. The 
microscop ic stresscs du e to th e vo lume increase \\·hen a 
lens freezes a re fast relaxed (N"yc a nd ~rae , 1972 ) . 

(TIlt' read er who find s it paradoxical that th e melting 
tempera ture is lower in the ve ins, where water press ure is 
10\lTr, should consider the case of a lens connec ted \I'ith a 
vein . If th e te mpera ture were hig her in th e vein, hea t 
would diffuse s teadil y throu g h the ice from th e vein to the 
lens. There would be mcltin g at th e lens wa ll s, meltwater 
flow into th e vein , and refreezing of the sam e m ass of 
water at the vein walls; a nd so on indcfinitely, with out the 
need to suppl y energy to the sys tem. Such a p erpetua l 
process wou ld he contra r y to th e second principle of" 
thermod yna m ics. ) 

\\'hen a sample of poly crysta lli ne ice is kept for a long 
time in a water ba th (or left in a co ld place slig htly a bo\'e 
melting temperature), the surface of the sample ac ts as 
heat source , and the \"(ins go on coa rsening (N ye, 199 1 a; 
Mad er, 1992 b ) . 

Wi th in a g lac ier, the state of stress is no longer 
hydrostati c, a nd thus Pn m ay va ry from onc water ice 
interface to another. For \\'a te r lenses at a two-grain 
bound ary, Pn is hig hest a nd (h lo wes t when th e boundary 
is more or less perpendicu la r l O th e direction o f m ax imum 
normal press ure. Th ese lenses e nl a rge a t th e expense of 
o th ers th a t fr eeze, and thu s o nl\' lenses with this 
orien ta tion will be co nsid e rcd. Deno ti ng the three 
principal local stresses . with reversed sign, PI > P2 > P3, 
th en, shortl y afte r the final size has been reached, PI = Pn, 
a nd the walls of these lenses a rc a t tempera tu re: 

(5) 

(There is a printing error o[sign in Lliboutry (1993, 
cquation (6 )) .) The " loca ll y stress-controlled tempera­
ture" tha t I consider in th is p a p er does not d i [[(rcn tia te 
bet\l'een 8,. a nd 8L , because the influence of sa lini ty a nd 
capill a ry effec ts co uld be neglec ted fo r th a t stud y . N ow, to 
stud y permea bility , more refinements, an d th e tempera­
ture field a t a small er, trul y mi croscopic sca le, must be 
considered . 

(By the way , note that in a tempera te glaci e r th e loca l 
ice tempera ture decreases with d epth by abo ut G.nPig m I. 

Thus a very small hea t flux goes d own, which causes an 
imperceptible m elting rate J{jCIIlP jg / PiL) = 0 .192mm a 1 

at the sole.) 
A \'ein has three cy lindri ca l sides (its "\\'a lls" ), each 

one limiting a different crys ta l. (A vein with fo ur sides has 
a \'anishing proba bility of b eing fo und . For thi s reason an 
assemblage o[ equal cubes wo uld be a \'ery ba d model for 
polycrys talline ice. ) In a stead y regime, the te mperature 
at th e three walls must be the same, ev . According to 
Equa tion (3 ), th e CU1Ta ture of the three wa lls must be the 
same, l /T v . Th erefore, fro m Equ a tion (2), the micro­
scopic pressure within the ice a t th e walls is th e sa me. Pn , 

whereas a t a large distance th e stress is ani so tropi c. 
Locally, since thc \'eins are connectecl together, PI\" and 

iv a re the sam e [or all \'eins (or eve rywh erc ), a nd thus ev 

is lowes t \\"h er e T v is smalles t. This means that veins with 

https://doi.org/10.3189/S0022143000004068 Published online by Cambridge University Press

https://doi.org/10.3189/S0022143000004068


th e sma ll es t Tv catch mo re heat from the surro unding ice 
than do oth ers. Therefore , if a ll the cross-sec tions 0 (" ve ins 
\I'e re simil a r (as will be assumed la ter) , a ll the \'e ins 
should tend to have the same size locall y, w ha te\'e r their 
orienta tion, in contras t to le nses. 

3. GEOMETRICAL RELATIONS 

In fact thi s similarity is not o bse l:\'ed, beca use the surface 
energy be tween twO crysta ls \'aries \I'ith th e relative 
crys ta l o ri e ntation (W a lfo rd a nd Nye, 199 1) . I t is lower 
when co in c id ence site la tti ces form , a nd th e multi­
max im a fabr ic that is obsen'ed in temperate g lac ier ice 
shou ld com e from this formatio n (Higas hi. 1978; r-I ats ud a 
a nd \ \ ' a ka ha ma, 1978) . 

Consider three crys ta ls, 1, 2, 3, hav ing a n ed ge in 
common, w i th "grain dih edral a ngles" a t this edge Wl, W2, 

W3, res pee ti\ 'el y (Fig. 1 a ) . The surface e nergy of th e 
bounda ry be twecn crys ta ls i and j will be d enoted lij . If 
the gra in dih edral a ng les arc go\T rn ed by surface energies 
on ly. th e three \'ec tors in the direc ti ons o f th c three gra in 
bound a ri es. a nd with respecti\T in tensities 1 12. 123 , I:n, 
must ha\'C a ze ro \'ec roria l sum (Fig . I b). Consequent ly: 

We must ha \'e the in eq ua liti es : 

1131 - 1nl < 1 12 < 131 + 12:1 (6) 

and t\\'o simil a r ones obta ined by cycl ic p ermuta ti on 
of th e indi ces . 

The sin es rela ti on in a tri angle \' ields : 

sin wI sin W2 sin W:1 

123 131 112 

F rom th e cos in e rela ti o n in a triang le: 

and t\\"O simila r ones. 

® ® 

a b 

F/~!t . 1. Grain dihedral allgles a/ a three-grain in/er.mlioll. 
as govemed b)' illle~facial enelgies . 

(8) 

Th ese rela tio ns arc \'a lid in stress-free a nn ea led ice. In 
a glac ie r. th e se lf-energy of dislocations perturbs the 
eq uilibrium of the in terfac ia l (o rces, g ra in bo undari es 
mig ra te, a nd ice recrysta lli zes continuously. Fo r th e time 
being, due to a lac k of studies on quenched samples of 
glac ier ice, it will be ass umed that R ela ti o ns (7)-(8) a rc 
a lso \'a lid in situ. 

\ \'hen a \'ein with cross-sec ti o n ABC ex ists a t the ed ge 

LfibOIlII)': T ell7jJemle ice /Jermeabili[y 

considered (Fig. 2 ) , the equilibrium of th e interfacia l 
forces must be o beyed a t th e three \'ertices A , B, C. 
Conseq uen tl \': 

Sin ce the intedacia l energy be tween ice a nd water is 
ind ependen t o f the ori enta ti o n of th e crysta llin e la tti ce 
a t th e inte rface, th e gra in boundari es bisec t th e 
dih ed ral a ng les at A, E, C. 

Wi th 'lj;ij d e no tin g the \'a lu es o f these '\Tin d ih ed ral 
a ngles": 

'1/)23 123 
cos-=-

2 21 ' 
'ljJ3 1 1 :3l 

cos?=-2 ' 
- I 

112 112 (9) cos-=- . 
2 2')' 

Fig. 2. I 'eill cross-.lfe/ioll ABC, and cell/res oJ Wrl'a /llre oJ 
its Ihree ll' OI/S C" C2 . C3. 

The centres ofc ur\'a ture or th e three walls a re d en o ted 
Cl, C2 , C3 , a nd th e th ree-gra in inte rsec tion \Vi thou t \ 'ei n 

is O. Sin ce 1',. = CC I = CC2 , th e tri angles OCC 1 a nd 
OCC2 a re equ a l, a nd thus OC l = OC2 = R. Simil a rl y, 
OC3 = OC2 = R . Th e angles o f tr ia ngle Cl C 2C 3 a re 
eq ua l to 7r-WJ, 7r-W2, and 7r-W:3, respec ti\·e ly . T he 
sin es rela ti on reads: 

C 2C 3 _ C3C I _ Cl C 2 _ 2R 
sin Wl - sin W2 - sin W3 - . 

(10) 

Consequenti)'y:e angle of OC l w ith boundary ( 1- 2) 
is 7r . W3, a nd OC 1C2 = W:j -7r/2. This is th e maximum 
\'a lue th a t 1/J12/2 can ha\T (then the di stance OC \·anis hes ). 
T hus lIT must have: 

'ljJ I') 7r 
0<-- <W3--

2 - 2 

cos 'IjJ~ 2 ::::: eos ( W3 -~) 
1 12 . - > Slll W·j . 21 - . (11) 
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Simila r conditi ons holds for Wl a nd W2. Comparing 
w ith Equation (7), a necessa ry conditi on for the existence 
o f a vein is: 

sin Wl sin W2 sin W3 1 
--=--= - -<- . 

1'23 131 1 12 - 2, 
(12) 

This condition is not always m et. :'I01"eO\·er, it is not 
suffi cient. Another conditi on is tha t 0 be at the interior of 
tri a ng le C 1C 2C 3 . It requires W 1 , W2 , W3 > 7r/2, or, 
geo metri call y, that the triangle w ith sides lij (Fig. I b) 
ha\'e three acute angles. Figure 3 sho\\'s a low-energv 
boundary (1- 2) , and four others with higher energies: 
abo ut the same for (2- 3) and (3- 1), different for (2--4) a nd 
(4- 1) . A vein ex ists a t the intersec tion (1- 2- 3) , but does 
not exist at ( 1- 2--4) because a grain dihedral a ngl e is acu te. 

The existence of about 5% o f three-grain intersections 
w ithout "eins was discovered by R aymond a nd H arrison 
( 1975 ) a nd confirmed by Ylader ( 1992a). M y Figure 3 
m ay be compa red wit h the la tter 's fi gure 16: a quad­
rilateral gra in boundary with a m easured low energy had 
" eins on two sides, a nd none on the other two . 

All the theory a bo"e is consistent with lVl ader's 
obsen'ations, a ltho ugh th e co nditions for the existence 
of a vein differ from hers. According to M ader, it is 

'l/J12 + 'l/J23 + 'l/J:n < 7r. This condition ex presses on ly the 
fa ct tha t the three walls are con cave (when seen from 
outside). Th ey must be 50 in stress-free ice with a low 
sa linity, for the veins to be at a lower temperature th a n 
the lenses. But if PI » Pw or 'iL » i v, the wa ll s might be 
convex. It will be shown that no stable "a lu e of the cr055-
sec tional area ex ists in [his case, however. 

To develop the theory taking in to account different 
interfacial energies between neig hbouring crystal s wou ld 
b e ext rem ely difTi cult. Th ere fore, th e stud y of the 
behaviour of a vein will be don e assuming that the three 
lij a re equal , with the hope th a t in genera l th ey arc not 
very different. The cross-sec tion of the vein is then a n 
eq uilateral cu rvilinear tri a ngle. 

The probl em is to decide th e best numeri ca l va lue for 
thi s gra in-bounda ry energy, or, acco rding to Equa tion 
(9) , th e best valu e for th e dih edral angle 'l/J . The first 
published va lues spa n 20- 34°. An imprO\'ed a n a lysis of 
Walford 's data by Nye yield ed 'l/J = 25° (W a lford and 
Nye, 199 1). On th e other ha nd , M ader (1992a) found 

once, in the quoted case of two veins out of four mi ssing at 
the periphery, 'l/J = 105°. (She used th en spikes enterin g a t 
its ex tremiti es a three -g rain intersec tion without vein .) All 
these m easurements w e re done on a nn ea led ice, produced 
a rtificiall y by a tec hnique th a t sh o uld favo ur th e 
form a tion of a fabr ic but not th e one fo und in tempera te 
glac ie rs. The " a lu e 'l/J = 30° has been adopted in th e 
foll owing numerical calculat ions. 

Th e cross-sec tiona l area is readily found to be (N ye, 
1976 ) : 

5 r;:; . 2 (7r 'l/J) 3 [(7r ) . (7r )] 
T v2 = V 3 sm "6 - '2 -:1 '3 - 'l/J - sm '3 - 'l/J 

? 
=IF. 

(13) 

Tt is a lso of interes t to kn ow th e ratio of the radius Tj 

that insc ribes the cross-section to th e radius Tt th a t 
circ u m sc ri bes it. I t is found: 

T j = ~ _ v'3 tan (!!... _ J!.) . 
T e - 2 12 4 

Some "alues a re given below: 

25° 
0.3173 
0.3667 

30° 

0.2840 
0.3860 

35° 
0.2461 
0.4052 

4. WATER DISCHARGE BY A VEIN 

45° 
0.1582 
0.4432 

(14) 

60° 
o 

0.5 

Th e a bscissa a long a vein is deno ted s , a nd measured JI1 

th e upstream direc tion. Let Z be the a ltitucle of a cross­
sec ti o n of the vein (relative to some reference level,) . Th e 
hydraulic head of the vein a t tha t point is defin ed (Pw 
d enoting water d ensity and g gravity) as: 

Z = Z+~. w 
Pwg 

(15) 

The slope of th e vein (positive when water Oows 
dO\·\'nward ) is d enoted tan {J. The hydrauli c gradien t 
read s: 

azw 1 apw . R 
-- = - -- +sm fJ · as Pwg as (16) 

Fig. 3. A vein ensts al Ihe triple intersection ( 1- 2- 3), but /lot at ( 1- 2-4), because grain 1 has all aCllte grain dihedral angle. 
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F10\y in a l'e Ill IS o b vio usly la min a r. Th en, from 
N el,,'toni a n I'i scosity th eo r y, in a tra nsl'e rsa l pla ne, 1],,' 

d enotin g wa te r viscosity, th e ve loeitl' of wa te r ('u) obeys: 

(17) 

At th e pe riph ery of th e conduit, u = 0, Thus, V is 
proportional to A. and so is th e di scha rge Q, For 
dim ensiona l reaso ns, 

Q 
_ S 2 P",g 8ZI\' 

' - J.L -­
"II\' 8s 

where J.L d en o tes some num eri cal coe ffi cient. 

(18) 

For a circul a r cross-sec ti o n wh ose equ a tio n III pola r 
coo rdin a tes is r = a, wc h ave th e \I'ell-kno wn Poise uill f' 
so luti on, whi ch is used b y N ye ( 1976): 

u = A (a2 
- r2)/4. Q = G ) a.J A 

1 
J.L = - = 0,03979. 

871 
(19) 

There is a noth er simpl e so lution of Equa ti on ( 17) 
wh en th e c ross-section is a n equil a tera l tri a ng le , with sides 
equal to 2a a nd a rea S = V3a2. Adopting C a rt esia n 
coo rdin a tes such th a tlh e three summits are (- a , 0), (a, O) 
a nd (0, V3a ), th e polynomi a l o f lowes t deg ree th a t is zero 
a long th e tri a ngle is: 

u(x , y) = Cy [y - J3(x + a) ] [y - J3(a - .r)] , (20) 

For thi s spec ial tri a ng le th e La pl ac ia n redu ces to a 

consta nt , - 4V3Ca, a nd thus C ma l' be chosen so th a t 
Eq ua ti on ( 17) is sa ti sfi ed a t a n y point. It is fo und: 

l
oJi j ,,-vJ3 "V3 

Q = dy u d x = ~Ca ') = -a.J. A 
o - 1I+!lV3 20 

1 
p, = M = 0 .02887, 

20v3 
(21 ) 

The ra ti o T;/Tc is I fo r a c ircl e, 2 fo r a n equil a teral 
tri a ng le. Bo th a rc spec ia l cases o f cUr\ 'ilinea r equil a tera l 
tri a ng les, F o r a ll of'th em , intuitively, J.i is a continuous 
fun c tion OfT ;jTc . Th erefore, a lth o ugh a prec ise numerica l 
computa tion o f J.i fo r a vein mi g ht be d o ne , th e I'a lu e 
o bt a in ed b y a mere lin ea r extra po la ti o n , na me ly 
~i = 0,0264, has been confidentl y adopted. 

5. EVOLUTION EQUATION FOR A VEIN 

Th e I'a ri a ti o n o f S I\'ith tim e m a y be written: 

(22) 

wh ere E is th e hea t produ ced b y visco us di ss ip'ati on in th e 
wa ter, .;[> is th e heat receil 'ed b y th e \I'a lls of the ITin from 
th e surrounding ice (both pe r unit leng th a nd unit tim e), 
p;L is th e me lting hea t pe r unit I'o lum e, a nd P is th e ra te 
of shrinking b y plasti c d efo rma ti on, 

The first te rm has bee n ca lcul a ted by Rothlisberge r 

Llibollil)' : T emjJerale ice jJenneabili{)' 

( 1972 ), H e took in to acco un t th e fac t th a t pa rt of thi s hea t 
is used to wa rm the wa ter, wh en it (J ows towa rds lower 
pressures and hi g her melting tempe ra tures , His value fo r 
th e dimensionl ess constant G.nc",pw th a t gi,'es the ra ti o 
has bee n modifi ed (Lliboutry, 198 3 ) , beca use Cm is la rge r 
wh en wa ter is a ir-sa tura ted , as sh o uld be th e case g il'en 
the a ir inclusio ns in g lacier ice (R ay m ond and H a rri son , 
1975 ) . This ra ti o is 0,+13 instead o f 0 .3 16, N ye ( 19 76) 
n o ted th a t th e w a ter-wa rmin g rate im'oh 'ed is no t 

8fJ".j8t , but th e m a teri a l d e ril'a ti l'e 8fJl\' / 8t - (Q/ S) 
8fJ".j8s, Th e eo rrec til 'e te rm is to ta ll y neg li g ible. 
howel'er. T a kin g in to account Equ a ti o ns (16) and ( 18) , 
we obtain: 

The term P com es from th e fac t th a t a t a I'ein \\' a ll th e 
mi c roscopi c norm a l stress is Pu, wh e reas at so me di sta n ce 
it is th e loca l stress , Th e fac t that eac h o f th e three c rys ta ls 
surro undin g a I'e in d eforms differentl y, acco rdin g to th e 
o rie n ta tion of its la tti ce, ma kes illuso ry th e cl ass ica l 
fo rmul a used fo r R o thli sberge r c ha nnel s. I shall use it , 
ho \\'el 'er, to o bta in a n ord er of m agnitude. It will show 
th a t thi s term is negli g ible , 

For this reaso n , a nd beca use surface energies, which 
ac t to prese l'\'e th e sha pe of th e c ross-sec ti on, we re no t 
considered , a sm a rt calcula tion b y O a kberg ( 198 1) is no t 
l 'C ry mea nin gful. ( H e found radial 1'c1oc iti es a t th e middle 
o f th e sides of the c ross-sect ion , 11(1';), th a t a rc 2.46 tim es 
th e I'eloc i ti es a t t h e co rn ers, V( To) , F o r th e cross-sec ti o n to 
kee p a consta nt sha pe, th e ra ti o must be r;/r(' = 0 .397 
instead, ) 

The component of th e loca l stress rhat intel'\'enes is th e 
radi a l pressure Pr in th e pla ne of th e cross-sec ti on , say th e 
x y-pl a ne. It I'ari cs wi th az im uth cP as : 

_ P,r + Py P,), - Py , .' 
Pr - --2- + --2- e05 2<p - T.ry 81112,;[>, (24) 

As mi crosco pi c press ure a t a la rge di stan ce , th e m ea n 

va lu e of Pr, (Pr + PV)/ 2 = Pv, is a d o pted , Let et , (3, 'Y be 
th e cosin es of th e z ax is (i, e, of'th e IT in ) I\'ith res pec t to th e 
prin cipa l direc ti o ns of' stress. The n: 

? (3? ? 
p z = a -P I + -P2 + T P3 . Pr + P!J + Po = PI + P2 + P3 ' 

Pv = 1[(1 - ( 2)pl + (1 - (32)p2 + (1 - 'i)p3] ' 

(25) 

The microscopic pressure a t th e l'I'a ll s of th e w in is p" , 
a s g i\'en by Equ a rion (2) , The cl assical formula fo r the 
closing of a cy lindrica l conduit , wh e n th e medium has a 
th i rcl-po\\'er-I a IV vi scosi ty, namel y: 

(26) 

read s: 

~ dS = B(P,' - p,,) 3 
S cll 3 

(27) 

L as tl y, th e hea t nux rea ching th e vein must be 
es rim a ted, Gra ins arc mod ell ed as equa l tetraka idecahe-
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dra, each one form ed by eight regu la r hexagons and six 
sq uares, a ll wit h equal sides ( the 36 edges of the 
polyhedron) . This model was used by K elvin in 1867 in 
his speculations about the str u cture of ether, and in 
modern times by N ye and Frank ( 1973 ). l t is disp layed in 
Fig ures 4 and 5. If b is the lengt h of the edges, any edge is 
at di s ta nce (v3/2) b from t h e ce nrres of its two 
neighbouring hexagons, a nd a t distance b/ 2 from the 
centre of its neighbouring square. Th e arithmet ic mean of 
grain areas, as measured on sections, is (J = (8/V3)b2 

when the sec tions are parallel to hexagons, and (J = 4b2 

when they are para ll r l to squa res. Thus, the di stance from 
a vein to the centre ofa neighbouring gra in boundary is 
0.403 .j(i and 0.250 .j(i, respectively. 

I ass um e that the heat fl ow is the same as if the 
tempera ture were uniforml y BL at di stance D = 0.250.j(i, 
and B" a t di sta nce d = ..jS/rr from the vein axis. The 
sought hea t flu x is th en 

q:. = 27r K j (BL - B,,) / ).. 
D (J' 

).. = In 'd = ~ ln S - 0.814 (28) 

where K j d enotes ice thermal conductivity, and BL and By 
are given by Equations (5) and (3), res pec tive ly. Since 
2/ rL « 1/ /\., th e term 2C .. / rL will be neglec ted. As for 
T v , it is given by Equation (13 ) . 

Equ a tion (22 ) can now be writ ten in full , as: 

dS = f.l (Pwg)2 S2 8.Zw (0 .587 8Z\V + 0.413 sin (3) 
ill ~~L & & 

_ B S(p . _ P _ 'VVS- 1/ 2)
3 + 2rrKj 

27 \ W I PiL ).. 

. [C" I/S- 1/2 - Cm (P1 - Pw) - Cs(iL - q] . (29) 

Numericall y, with the va lues given a t th e beginning of 
thi s paper, p, = 0.0264, and v = 0.284: 

p, (p\\.g)2 465 - 2 - 1 
'---..:.'----'~= . ill s 

'T/\\,PiL 

B = 5.16 X 10- 25 P a- 3 S-l 
27 

2rrKi 16 3 [ --C"v = 3.74 X 10- ID s-
PiL 

2rr K i [- 2 1 1 
--Cm = 4.26 X 10- n 111 S- Pa-
PiL 
2rrK 
-L1 Cs = 8.05 X 10- 8 1112 S- l (mole/kg) - l. 

Pi 
(30) 

To suppress ma n y pO\\'e rs of ten, S may be exp ressed 
in units So = 10- 10 m 2 , Pl , Pv and Pw in bar = 105 Pa, and 
. .. I 1 10 3 I k - I Th . . I 2L , 2s 111 p,mo e g = . mo e g. e e unIts are III t le 
sa m e order of magni tu de as the co rresponding \·a ri ables. 

Fig . 4. T etrakaidecalzedron obtailled by truncating the six vertices oJ a reguLar octahedron with edges equaL to 3b, so that Ihe 
central thirds are left . It isJomzed b)' eight reguLar he.wgolls and siI' squares, and has 36 edges of equal Length b. The 
octahedron has a volume 9 J2 b3

, and each trullcation removes 1/54 oJ its volume. Thus the volume oJ the tetrakaidecahedroll 
is T' = 8 J2 b3 Its slllface has a total area S = (12V3 + 6) b2, and sJjf'2 = 150.12. ( TIllS ratio is 216 Jor a cube, and 
JJ 3.10 Jor a sjJ/tere.) (a) PLan view, and ( b) eLeval ion when a square is horizontal. The height qf Ihe polyhedron is t/zen 
2 J2 b, and the meall area oJ horizontal sections is 4b2 Edges that are 1101 horizontal are 45" from horizontaL. (c) Plall 
view, and (d) elevation when a hexagon is horizontal. The height oJ the polyhedron is then J6 b, and the mean area oJ 
horizontal sectiolls is (8/ v3) b2 
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Fig . 5. byiLlillg of space b) a reguLar assemblage of equal 
tetrakaidecaltedra . A single la)er is rejJresented. The 1r~J'ers 
belol1' alld above are in contact at tlte square left white. The 
grain diltedral angle between ilea hflagoJ/s is 
2 arctan 12 = 109.47": that betwem a square and a 
Iteu/goll is 180° - arct an 12 = 125.26 . For l';qllalioll 
(8) to be obl')led, the ralio of the sl/ljace ellergies bellceell 
ill'O square boul/daries alld betweel/ lu:o Itn agonal 
boul/daries IIIIISt be 2 cos (a l'ctan J2) = 2/ J3. 

With them, Eq ua ti on (29) reads: 

dS _ - 10 oZ\\, ( oZ", ... ) 2 - - 4.65 x 10 ~ 0. 587 ~ + OA13 Sll1 (3 5 
cif u S uS 

:3 
- 5 .16 X 10- 10 (P\, - p" - 0 .00903S- t/2

) S 

+ ~ [0.37 4S- 1
/
2 

- 4.26(pt - Pw) - 0.805( iL - i\')] . 

(31) 

6. DISCUSSION 

\\' ith the \'a lues 0 (' th e 11\'d ra uli c g ra di en t a nd 0(' p,. - p" 
th a t ma)' be ex pected on a ny g lac ie r , the terms E a nd P 
o f Eq ua ti on (22 ) a rc no rma ll y to ta ll y negli g ible, co nrra r), 
to Shre\'C's ( 1972 ) opinion, a nd to :'\ye's ( 1976 ) th eo ry. 
\\'i th onl ), th ese te rm s, the stead y sta te EJS/EJt = 0 was 
uns ta blc aga in s t a n y perturb a ti o n in S. \\' ith th e 
pred om ina nt te rms coming fi'om <P (i.e. fr0111 cap ill a ry 
efTens ), in co n tras t, th e stead y sta te is sta ble: if 5 
in c reases, 5- 1/ 2 d ec reases a nd <P becomes nega ti\ 'C . 
(l\o te th a t th e existence 0(' a stead y va lue com es from 
th e ract tha t th e \'e in wa ll s a rc CO nca\·e . rf th e\' we re 
CO n\TX , ECJu a l io n ( J 3) wo uld re m a in va lid , bu t in 
Equ a ti on 29 ) // \\'o uld be replaced by -//. Th en os/at 
\\'o uld be nega ti\ 'C for a n\' S. ) 

D efin e: 

Pd = PI + (C,/CIII)('i L - i,) 

c 
c s = 0.189 bar g J,Ll11ole- 1 

• 
III 

(32) 

The steady s ta te correspo nds to a unilorm tem pera­
ture a t the mi cl'Oscopic sca le. Th e s tead y \'a lue o r S is: 

? .) 

S = r 0.088 ] - = r _0.088 ] -
[PI - PII' + 0 .189(iL - iv) [Pd - p" 

(33) 

Lliboutl)': T emperate ice jJerllleabililj' 

It is independent 0 (' th e ori enta tio n o r the ve in , as 
a lread y sta ted. Neve rthel ess, this stea d y va lue of S is 
sta ble aga inst a perturba ti on in the wa te r pressure on ly if 
PI\' < Pd· Then, if Pw increases, S inc reases until <P 
\'ani shes aga in , a nd th e stead y regim e is res tored . This 
stability end s, and th e stead y \'a lue o f S becomes infinite, 
wh en P w becomes equ a l to Pd. Since blood vesse l was th e 
ori g ina l mean ing or "vein " a nd humo ur is not forbidd e n , 
Pd will h e nceforth be ca ll ed the " \'asodi lato r thres ho ld ". 

It is inte res tin g to examin e \\'he th e r a \'e ry stro ng 
hydra ulic g radi ent , su ch as is a rtifi c ia ll y c rea tcd whe n a 
wa te r-fi lled bOl'ehole r eaches th e v ic inity o f a subglac ia l 
wa te rway o r c<l\' ity a t a tmospheric press ure, mod ifi es Pd 
sig nifica ntl y . A t Gl ac ie r d 'Arge nti e re, French A lps, a 
bo re ho le empti ed wh e n reaching 120 m in d epth , a nd it 
rem a in ed cm pty \\·h e n the bed \\'as reached , 5 m belo w 
(H a ntz a nd L1ibo utry, 1983 ). Thus th e h ydra u li c 
g ra di e nt was a bo ut 20 . K eeping E in Equ a ti on (22 ) , 
but a lways neglec ting P , Equa tio n (3 1) reads: 

dS. = E 52 0 .374 [5- 1/2 _ (Pd
O 

- Pw)] == I (S) 
ell t + A 0.088 

(34) 

\I'he re PdO is the \' a lu e 0(' Pc! a bo \'e. Since az"./os 
» 1 , sin (3 may be neg lec ted, a nd : 

El ~ 2 .73 x lO-IO (a~V) 2 (35) 

\\ ' ith th e term E in c luded , the fun c ti o n 1(5) has no w 
a minimu m for 5 = S",. In ge nera l, I (S) = 0 has two 
roo ts, a nd th e sma ll er o nc is th e sta ble so luti on a bo\'e. 
\\' he n f(SIII) > 0, th e re a rc no roo ts, a nd 5 gro\\ 'S 
continu o usly, a t a n increasing ra te. Sin ce (J /S is \ '(' 1'1' 

la rge. A is a \'e ry mi ld fun cti on 0 (' S, whi ch may be 
co nsid e red as a consta nt when ca lcu la tin g th e minimum 
Sill' (N ex t, 101' obtainin g numeri ca l \'a lues, th e prec ise A 
corres po nd ing to eac h S,," sal' \ '" as g i\'C n by Equa ti o n 
(28 ) \\' ill be used. ) The res ult is: 

_ ( 0. 374 ) 2/" _ - 2/S (OZw) -~ /5 
S," - .JEt A", - 2593 A", as 

f(5",) = 5E
1

1/ .-, _ .• _ _ Pc! - p" . 
[
0 374] ~ /5 0 

4A,,, 0.088 A", 
( ;}(j ) 

Th e \ 'asodil ato r threshold is the \'a lu e of p". th a lm a kes 
I(S,u) = 0: 

?r _ [) _~ 1/5(OZ,, )-·) 
Pd - Pd - 8 .08 x 10 Am as (37) 

Num eri ca l \'alu es o f the co rrec tive te rm PJ - PdO, for 
(J = 0 .1 cm 2 

= 10:' So, a re gi\'en belo w : 

azw/os 
5", 
Pc! - Pdo 

10 
306 .6 
- 2.35 

20 
166.7 

3. 19 

100 
4 1. 5 
- 6 .38 

x 10 10 m 2 

x J 0 :> ba r 

Th e co rrec ti\ 'C te rm is negli gible fo r a ny hydra u li c 
g ra di e n t. 
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Plausible \'a lues of (iL - i\' ) will now be assessed, 
t the aro mic sca le, internal melt\\'ater app ea rs when 

a dislocatio n and its elas ti c self-energy disappear, a 
process th a t occurs ma inly at grain boundaries . Since 
th e impurity concentra tion is large r a t th e grain 
boundaries, interna l meltwater should be less pure th an 
surface meltwater coming from the tota l melting of snow 
and ice. 

First, consider measurem en ts on unstressed ice co res, 
such as those by R aymond and H arrison ( 1975 ). In thi s 
case (PI - Pw ) was zero . Sin ce thermal boring and 
subsequent melting at the surface of the core should 
have flush ed out th e sa lts from the "eins, iv = O. Then, 
from Eq uation (32 ), i L should be related to the obsen'ed 
cross-sec tion by: 

i L = 0.466S- 1/
2 

. (38) 

S was fo und to be about 7So, and thus iL = 0.176 
j.tmoleg I. If w is the water content of th e ice core, a lmost 
a ll due to th e water lenses, th e globa l sa linity of th e ice 
co re is iL/W. From the electrical conductivity of the 
melted cores, Harrison and R aymond (1976) estimated 
th e globa l salinity as 3.3 x 10 3 f,tmole g 1 for fin e ice 
(grain diameter =2 mm ), 0.87 x 10-3f,tmoleg 1 for coa rse 
ice ( 10-50 mm ). These va l ues yield w = 1.88% and 
0.49%, res pec tivel y. They a re quite acceptable, but , 
since the wa ter content VI'as no t measured , th e present 
theory can not be tested. 

The stud y above was done on ice co res from Blue 
Glacier, in the Olympic National Park , Washington , 
U.S.A., a \'e ry wet a rea. In the Alps, where precipita tion 
is lower, th e sa lt content of sno"v and glac ier ice is higher 
by a full order of magnitude (L1iboutry, 1976 ) . 

Neverth eless, in situ , i" is no longer negligib le. Veins 
are fed only in part by sUI' fa ce meltwa te r , espec ially 
since shallow g lacier ice is very bubbly, a nd air bubbles 
clog wate r fl ow in th e veins. A large pa rt of the water 
feed ing the veins is internal m eltwater. In stressed ice, 
wa ter lenses a t grain boundari es must g row continu­
ously until they reach a vein and can empty into it 
(L1iboutry, 1987, p.1 23 ) . In th e ex treme case of veins 
exelusi\'ely fed by intern a l m e ltwa ter (a mod e l adopted 
by Bern e r a nd others ( 1978 )) , iv = iL. The n, the 
vasodilator thres hold dep e nd s on th e m ax imum 
compressive s tress PI only . 

\Vhen Pw exceeds the vasod il a ror threshold , S grows 
co ntinuou s l y . For S in the order of 1000 
So( = O.1 mm 2

) , S- I/2 h as prac ticall y vanished, and , 
even for moderate va lu es of th e hydra uli c gradienr, in 
Equa tion (22 ) the term E must be taken into acco unt. 
It a fTords a positive feed back. Consider sever a l di stinct 
pa ths be tween two gi\ 'en four- g rain intersec tions. The 
varia tion of the hydra uli c head Z". is th e sam e for a ll 
pa ths, and thus 8Zw /8s is lower the more tortuous the 
path. Consequently, th e s tra ig htes t p a th thi ckens 
fastest , and th e feedbac k along it is th e mos t 
important. Th e g loba l water fl ow is no longer equ a ll y 
shared be tween veins of the sam e cross-sec tion. It tends 
to con ce n tra te in to se \'e ra l a lmost s traig h t water­
cha nn els of millimetri c thi ckness . Such du c ts were 
observed b y Raymond a nd Harrison (1975 ) . I call 
them " ",'o rm-holes" . 
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It remains to assess how long it takes for such worm­
holes to form , b y integrating: 

ass uming the rea li stic \'a lu es 8Zw /fJS = 1 - pi / p", 
0 .085, sin f3 = 1, a nd El = 1.8 x 10 11. 

With the firs t term a lone, a worm-hole sho uld take 
se\'eral centuries ro appear. VVith th e term in (Pw - Pd ) 
a lone, S might reach I mm 2 in I d , but S would grow 
equa lly for e\ 'er y \'ein , and worm-holes would no t fo rm . 
Therefore, I sugges t a two-step mod el. First, Pw > Pd , and 
a ll the veins thi cken . Next, Pw = Pcl, and the worm-holes 
form. There are not enough observations to clear up 
d efiniti\ 'ely this puzzling problem. 

In th e quoted case of a n extremely large hydrauli c 
g radient at the bo ttom of a water-fi lled borchole, the 
formati on ofwor111-ho les through which it emptied should 
be expected. It seems a more credible process than any 
other hypothesis th a t comes to mind: th ickening of the 
veins by the innux of warm wa ter, hydraulic frac ture, or 
fortuitous formation of a fault there . 

6. ICE PERMEABILITY 

In polycrys talline tempera te lce all the vems are inter­
connected, whe n they are not clogged by a ir bubbles . 
Thus, a t th e loca l scale, an interstitial ,·,-ater pressure PI\' 
and the co rresponding hydraulic head ZI\' and hydrauli c 
g radient V Z", can be defin ed. As long as the vasodi la tor 
threshold is not reached, th e total water Oow per unit area 
(q) may be expressed as in D a rcy's law: 

q = k Pwg 'V Z\\. 
1]w 

(40) 

but th e coeffi cient of perm ea bility k does no t d ep end 
o n geometrical facto rs on ly, as in so il s or porous rocks. 
It d epends a lso on the local va lues of PI , Pw and 
(iL - i\' ). 

T o pass from di scharge by a single \'ein Q to the water 
nux Iq!, some geometrica l model for the pol ycrystal is 
n eed ed. It will be assumed that th e g rains are 
te trakaidecahedra of equa l size. It may be objected that 
th ey are not the polyhedra that ensure a minimum 
surface for a given crystal vo lume (VVea ire a nd Phelan, 
1994) . This objection has littl e weight. It is not the area of 
the surface that is minimized by capilla ry forces , it is the 
total surface energy. Equation (8 ) is obeyed if th e surface 
energies of sq uare a nd hexago nal boundaries, say I's and 
I'h, are in th e ra tio I's/I'h = 2/,;3. Note th a t th e 
o rientat ion of th e hexagons, which a re the low-e nergy 
boundari es , recall s the four-maxima fa bric. 

The objection that grains ill polycrys talline ice are of 
d ifferenL sizes m igh t give more conce rn . \ Vi th eq ual 
te trakaidecahedra, water contents of I % or more wou ld 
be impossible, because the wa ter lenses would th en be 
la rger than the squa re sides . I be li eve that this geometrica l 
model leads to good es tima ti ons, howeve r, when sta tistical 
parameters oth er th an the water content are so ug ht. 

The disc ha rge by a single vein , when S h as its stead y 
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va lu e (Equ a tion (32 )) , is: 

(41) 

T o o bta in th e a nalogue ofDarcy's la w, thi s v a lue must 

be multip li ed b y three fac tors: 

I . A veill dellsiO' faclor. The number of veins p e r unit 

a rea th a t c ross a sec ti o n of po ly c rys tallin e ice increases 

with th e number of g ra ins co unted in this sec ti on. 

With a d e n o ting th e m ean cross-sec ti o n a l a rea of 

g ra in ' , thi s number o f \ 'eins (rh e ''''e in d e nsity" ) is 

pro po rti o n a l to a - 1 . \\' ith th e m o d e l of equal 

te tra ka idecah edra, a vein d ensity o f 2/ a is found . 

R aym o nd a nd H a rri son ( 1975 ). wh o exa mined six 

thin sec ti o ns, found \'ein d e nsiti es ra ng ing from 0.8/a 
to 2.I / a , but th ey used an a rithm eti c m ean for a. A 

ha rm o ni c m ean wo uld h a ve bee n m o re a ppropriate, 

a nd it is sm a lle r. 

2 . A lorl llosi~)I facia l' , because th e re is n e \ 'e r a set o f 

success i\·c \"c in s exac Ll y in th e direc ti o n o f th e h yd­

ra uli c g ra di ent. " 'ith th e te tra ka ideca h edra o ri ented 

as in Fig ure 4a and b, a nd in Fig ure 5, when th e 

g radi e nt o f Z", is \ 'Crtica l, d Zlds= 1/ J21or all th e 

\ 'C i ns. Th is \ 'a l ue will be a d opted. A c u m bersome 

sta ti sti ca l calculation for a ll th e o ri enta ti o ns 'vvouldnot 

be ve ry m eaning ful. 

3 . A /Jalh (olllill lli£JI fac ioI'. A se ri es of g rain edg es is no t 

necessa ri I y a possi ble p a th fo r II'ate r Oo \\' , fo r tll'O 

rea so lls : a t some ed ges n o \ 'C in ex ists, a nd e \ 'e n if a \T in 

ex ists, it m ay be clogged b y a n a ir bubble (Llibo utry, 

197 1) . \\' e hal'e n o t e n o ug h d a ta to assess th e 

pro ba bilit y o f th e firs t c ircumsta n ce in te mpera te 

g lac ie r ice . W e ass um e th a t it is neg li g ibl e . The prob­

a bility o f th e second circ umsta nce is eas ie r to handle . 

T o o bta in , a mong th e number o f veins c rossing a 

pl a ne, th e propo rtion o f those th a t permit w a te r flow , 

R aym o nd and Harri son ( 19 75 ) co nsid e red th e case o f 

se \'era l bubbles on th e sam e ed ge . Their res ult d oes no t 

differ sig nifi canLl y from th a t o bta ined wh e n this case is 

ig no red . r f b is th e mean le ng th o f a n ed ge, and s th e 

mea n di sta nce o f bubbles a lo ng a pa th ( th e ir n o ta ti on ) , 

this ra ti o is th e n ( I- bl s ). 
W c m ay go furth er, b y introdu cin g th e numbe r of a ir 

bubbl es pe r unit \ 'olume (N ), a nd th eir m ean di a m eter 

(8) . With P d e no ting th e d ensity o r bubb ly ice (860-

900 kg m 3), a nd Pi th e d e nsi ty of bubbl e-ri-ee ice (91 5 
'3 kg m . ) , w e have: 

(42) 

A bubble inte rsec ts a p a th wh en its centre is less th a n 

6/ 2 from it. Thus th e numbe r o f bubbles pe r unit leng th 

of pa th is: 

~ = 7r8
2 

N = 3 (1 - pi Pi) 
s 4 26 

(43) 

A ' fo r b, th e te tra ka id ecah edron m od e l yie ld s b = 
fo / 2. C o nsequently , th e probabilit y of free passa ge along 

a \' e ll1 IS: 

Llibo/l II) I: T em/Jera le ice permeabili~ 

1 - ~ = 1 - 3fo (1 - £.) . 
s 48 Pi 

(44) 

F or a g iven a ir content, th e pro ba bility d ec reases fo r 

sm a ll bubbles, a nd increases fo r fin e ice (not as dram a ­

ti ca ll y as the vein density Cac tor , h o w ever) . 

With Q g i ve n b y Equ a ti o n ( 10 ) ( wh ere 

/-l = 0.067) , S g ive n b y Equ a ti o n (24 ) a nd k g i\ 'en 

b y Equ a ti o n (30 ), on ce th e three fac to rs a bove h a \ 'c 

b een ta ken into account, th e p e rmeability r cad s, 

r e \ 'e rti ng to SI uni ts : 

(Pd - p",rl 

2.22 : 10-
6 [1 -3; (1 - :J] . ( 45) 

~lacl e r ( 1992a) n o tes th a t, wh e n th e pro ba bility is 

10 \1', th ere a rc ne t\I'o rks o f uninte rrupted \ 'eins that d o n o t 

ext e nd to infinit y a nd thus canno t e nsure m ac roscopi c 

p e rmea bility. C o mputa tio ns b y Fri c h a nd o th ers ( 196 2 ) 

a nd by Sykes a nd E ssa m ( 1964 ) h a ve shown th a t this 

b egins to ha ppen wh e n th e pro ba bilit y is lower tha n 0.6. 

\Vh e n it is lowe r than 0. 39 th e materi a l b ecom es 

mac rosco pical I y im pe rm eab le. 

Thus, Equ a ti o n (45 ) sho uld b e \ 'a lid for (1 - bls) 
> 0.6 o nl y. Fo r th e rea listi c \ 'a lue P = 0 .87, th e conditio n 

read s fol 6 < 10.8, \I·hi ch is ge n e ra ll y th e case . 

7. PERCOLATION OF INTERNAL MELTWATER 

Th e th eory abo \ 'e w ill be used to h a nd le th e perco lation 

o f internal m e ltwate r. The h ydra uli c gradient \7 Zw is 

ass um ed to be n :rti ca l. With th e z ax is ve rti ca l upward s, 

its intensit y is th e n: 

d Z", = r = 1 + _1_ dp\\" 
d s p".g dz 

( 46 ) 

Th e ra te o r intc rn a l meltin g equal s th e in c rease o f 

\"o lu m e di sc h a rge q(z) d ownwarcl s . The)' d epend on th e 

e ffec tive shear s tress T , as d efin ed in Equa ti o n (26 ) : 

dq 

dz 
(47) 

The o ri g in o f th e z a xi s is at th e sole, a nd th e surface is 

a t z = h. It is ass umed th a t: ( I ) n o ex te rn a l m eltwate r 

e nte rs th e \ 'e in sys te m a t th e surface, but instead q(h) is 

nega ti\ 'C; thus i" = i L. a nd Pd = P t; (2 ) th e \ 'asodil a tor 

th res hold is nev e r r eached ; th us P = PI - p", is ev e r y­

wh e re positive . Both a ss umptions wi ll be chec ked once th e 

so luti on has bee n fo und. 

I t is a lso ass umed th a t PI = pg(h - z) + T, as in th e 

p la ne prob lem , a nd th a t T is a co ns ta nt fo r a ny z. I n fac t T 

is in the ra nge 0. 4---0.7 a t th e surface, a nd equals a bo ut I bar 

near th e botto m , but to assum e a co nsta nt va lue does n o t 

c h a nge qu a lita tive ly th e results, a nd m a kes th e ca lcu la ti o n 
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simpler a nd its diffi culti es clearer. 
" ' ith Zo denoting the unknown b'el where q = 0 (D 

is for ",,'ater Divid e" ), Equation (47 ) is readily 
integra ted: 

BT~ 
q=-(ZD -z) 

p\yL 
( 48) 

a nd P reads: 

P=Pd-p",=pg(h-z)+T-Pw' (49) 

On the other ha nd, Eq ua tion (40) reads : 

r 'f)\V cl =--qp. 
k1P",g 

(50) 

From Equation (46) and (4,9 ) , P\y and r are related to 

clp/ clz by: 

clp\\, clp 
- =-pg--
clz clz 

clp 
p" gr = (Pw - p)g - clz ' 

Comparing with Equations (48 ) and (50) : 

(51) 

'f)", BT.! ~ clp 
-- (zo - z)p = (Pw - p)g - - . (52) 
k1PwL clz 

Function p( z), as q(z) a nd Pw(z), obeys a differential 
equation of second order, suhject to two bounda ry 
conditions: p".(h) = 0, and Pw(O) = pgh. Equation (52) 
is a first integral, including th e integration constant Zo. It 
is con,'enient to adopt a unit pressure r;::; and a unit leng th 
L1 such that: 

'f)\YBT~ A .! 
--L.}r;::; =1. 
klPw L 

(P\Y - p)gr;::;/ L1 = 1. (53) 

Adopting p/ P\Y = 0.9 , kl = 0,02, and T = 105 Pa, it is 
found: 

(54) 

Th e relation bet\\een th e dim ensionless yari ab les 
p = p/r;::; and Z = z/ L1 reads: 

-l clP 
(Zo - Z)P = 1 - dZ . (55) 

P has been assumed to be positi\'e for any Z, a nd must 
remain finit e, as is Plo At th e boundaries Z = 0 a nd 
Z = h/ L1 = H , P is subjec t to conditions 

P (O) = P(H ) = T /r;::; = 20.8. (56) 

A \'alue H = 60 (h = 294 m ) has been adopted for th e 
numeri ca l computation. 

The fact that th e c1ifTerel1lial equation is strongly non­
lin ea r makes it impossible to so lve by th e usual m e thods. I 
ha \'C found the followin g one, but I leave more competent 
math ematicians to assess its acc uracy . 

Th e non-linearity leads to the formation of boundary 
laye rs where IclP / clZI is ,'ery la rge, whereas in the bulk of 
th e glacier P and clP / dZ are sm a ll er th an J. r n a ll this 
centra l part , P ca n be calcul a ted as a function of 
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Z - Zo = X , without the need of som e gi,'en \'alue of P 
to s ta rt "'ith, tha nks to the foll o\\'ing a lgori thm: 

p (n+l)(X) = 

[
' 

- [P'"' (X + LlX) =;'"' (X - LlX)]/2L1X 1 l/" 

p (O) (X + L1X) = p (O)(X - L1X). (57) 

This algorithm converges very fast towards a so lution 
P(X) tha t does not d epend on the the values of P in the 
bo und a ry layers. P increases slowly from 0.36541 for 
X = -56 to 0.69966 [o r X = -4, a nd clP/ dX increases 
slowl y from 0.00163 to 0,04147 in the sa me inten'a I. Next, 
sta rting from thi s solution, P(X ) in the upper boundary 
laye r can be dete rmined 

clP 
-= l + XP-l 
dX 

P( -4) = 0.69966. (58) 

This equation h as been so lved by a Runge- KutLa 
m e thod , It is found th a t P = 20.8 is reached when 
X = 0.4001. Sin ce then clP/dX = 73860, tbis "aluc of X 
is quite inse nsiti\'e to th e precise , 'a lu e of P at the surface . 
Thus, H - Zo = 0.4001 ( = 1.96 m ) . At Z = Zo, P = 
1.3562 ( =0.065bar) , a nd dP/clZ=1. I shall defin e a 
boundary layer as a region where IclP / clZI > 1. With this 
d efinition , th e upper bounda ry la ye r is the one whose 
internal meltwater ex ud es at the surface. (It ex ud es 
0 ,26 mm a I with th e adopted , 'a lu e T = 1 bar, but only 
0.016mma I if T=0,5bar. ) No external me ltwa ter 
enters the ,'ein system and lowers its salinity. 

.'\0 \\' , as ZD has been determined , P (Z) can be caleul a ted 
in the lower bounda ry layer. Eq ua tion (55 ) reads: 

dP = 1 _ (59.6 - Z)P~ 
dZ ' 

P (O) = 20.8, (59) 

From Z = 0 to Z = 0.004, sin ce dP/ dZ is " e ry 
nega ti" e, the followin g approximation is accurate enoug h: 

clP 4 
-~ -59.6P 
clZ 

1 1 

P
3 - --3 ~ 3 x 59.6Z, 

(20.8) 
(60 ) 

H ere also, the precise "alue of P a t the boundary does 
not signifi cantl y modify P (Z). 

Next, starting from Z = 0,004, P = 1.11815, the 
Runge- KutLa method has been used. It is found that 
clP / clZ = -1 at Z = 0.094. The thickness of the bottom 
boundary layer (as J define it ) is thus 0.094=0.46 m . 
Next, a t Z = 0,65, clP / dZ is ze ro, and P has its minimum 
\'alue, 0.3609, (Th e corresponding maximum ,'alue of th e 
\T in 's cross-sec tiona l a rea is S = 0.06615mm 2 ) The 
\'a lu es of P given by Algorithm (57 ) are found aga in 
a round Z = 2. Thus, for Z < 2, we h a \'e a n interes ting 
example of an algori thm that cOI1\'erges \'ery fast towards 
a wrong so lution. 

8. CONCLUSION 

It has been ShO\\'l1 th a t capilla ry effec ts and sa linity, 
which exc lusi\'ely contro l th e size of \'e ins (contrary to th e 
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case ofR othlisbe rge r c ha nnels), in gene ra l ensure a steady 
\·alue . .\Te\"C rthel ess, since this \'alue d epends strongly o n 
th e wa ter head in th e veins, hydra uli cs a re quite d ifTe l-ent 
from th ose gO\'e rn ed by Darcy's la w. Given th e disc harge 
(for exa mple, when percola ti on of intern al meltwa ter is 
consid ered ), it is much more the water head ZIV a nd the 
co rres pond ing perm.eability, rather th a n the hydra u lic 
g radi ent, th a t adjust to ensure th e disc harge . \Vith 
D a rcy 's law instead, it wou ld be the h ydrau li c gradi ent 
o nl y. Th e water pressure PI\' difTcrs from the maximum 
compressi\'e stress by no more th a n 0.065 bar. Conse­
que ntl y, for the boundary conditi o ns on PI\" to be obeyed , 
bo und a ry laye rs with la rge hydrau lic g radients. but yery 
sma ll \'e in sizes a nd permeabiliti es, must appear . 

Thi s unexpected beha\'iour, of a material that 
becomes more impermea ble a t its surface to ma inta in a 
hig h intern a l press ure , would ma ke th e' [orlune of a ty re 
m a nufact urer. For a glaciologist tr ying to determine the 
permeabi lit y o[temperate ice, it is a d isas ter. On a stress­
free sample. permeability is tota ll y diffe ren t from in situ. 
I n a n in situ ex pe riment, since a very hig h hydra uli c 
g ra di ent must be app lied in order lO assess th e perm­
ea bi lit y within a reasona ble time, the yasodilator thresh­
old may be exceed ed, a nd the res u lt m ay be erroneous. 
Pro bably for thi s reason, old experim ents in situ of th e 
19 th ce ntury (qu o ted in L1iboutry, 19 7 1) lead to th e idea 
that c lea r temperate glacier ice is qu ite permeable. 

I n fact, th e in situ perm eabili ty 0(" temperate glacie r ice 
is yery sma ll indeed, except when it is bubble-fi'ee a nd with 
\'ery sma ll gra ins, or w hen interna l m e ltwa ter production is 
\'ery large . Such conditions a re met a t th e sole of glacie rs 
sliding fast on a ro ug h hard bed, Therefore, my theory 
a bo ut intern al melting and migration o f th e meltwater th a t 
a ll ows a refreez ing trend a t th e bed (L1iboutry, 1993 ) is no t 
contrad icted by the present theory, 

Th e laye rs o f clear ice that form th e popul ar "blue 
b a nd s" a t th e g lacier surf'ace m ay a lso have an 
apprecia ble permeab i li ty. These laye rs come from th e 
concentra ti on of th e stra in by a feedbac k process that 
provides sma ll g ra ins. Ne\'ertheless, when th ey a re a re li c t 
form , recrys ta ll iza tion has enl a rged th e gra in -size, th e 
multim ax ima fab ri c is found aga in , a nd o nl \' a na tte ning 
of th e c rystals gi\ 'es e\'id ence of th ei r orig i n (\ ' a ll on , 1967; 
L1ibo utrv, 1987, p. 122- 123 ). So wc cannot assert th at 
b lue ba nds a re path s [or water pe rco la ti on, unless 
o bse rva tions in tunnel s discO\"C r thi s phenomenon, 

Putt ing as ide ( I ) th e ob\'ious case of surface ice a fter 
d ays of fin e weather , when ind .i v idua l gra in s h ave 
loosened frOI11 eac h other because o f so la r radi a tion , (2 ) 
th e poo rly doc umented cases of " ice mylonites" a long 
inte rn a l faults , a nd (3 ) the mysteri o us " ice 1I'0rm-holes" , 
the re is no more wa ter percola ti o n through th e bu lk o f a 
tempe ra te glac ie r than through silty c ia \' o r granite 
(Brace , 198+), [n con trast to Shre\T's ( 1972 ) \·ie\\·s . 
surface l11 eltll'a te r reaches the bed o nl y by moulins, o ld 
closed margina l c revasses and o th er la rge waterways. 

Ano th er consequ ence of th e present theo ry is that 
water press ure in subglacia l ca\·iti es has not hing to do 
with the int erstiti a l pressure in th e ve in sys tem. 

An obvious improve ment of' th e th eo ry would be to use 
emp iri ca l sta tisti ca l \'a lues instead of \'a lues drawn from a 

Lliboull)': T em/Jerale ice jJeI'lI1eabilil)' 

simplifi ed model. We need statistics not o nly of in silU 
\'alues of the vei n dih edra l a ngles 'l/J , but a lso of th e 
corresponding grain dihedra l angles w. This is a chall enge 
to the i nge n ui t\· of ex perimen tal ill\'es tiga to rs. \' e\'erth eless, 
the bes t tes t of the theory would be to measure in situ th e 
interstitia l water pressure Pw without dis turbing it. Th is 
may be d one bv putting press ure ga uges a t the bottom of 
boreho les, and ca refully sea ling th em with co res of cold ice. 
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