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Abstract

In [4], Brown proved that the /-function of a toric fibration lies on the overruled Lagrangian cone of its g = 0
Gromov—Witten theory, introduced by Coates and Givental [8]. In this paper, we prove the theorem for partial
flag-variety fibrations. To do so, we construct new moduli spaces generalising the idea of Ciocan-Fontanine, Kim
and Maulik [7].

1. Introduction

Gromov—Witten theory is a crucial part of one side of mirror symmetry. It can be encoded as a statement
about a generating function of Gromov—Witten invariants. As we may guess, a function generated by
genus 0 (‘g = O’ for short) invariants only is relatively easier to study than one with all invariants.
Interestingly, it recovers higher-genus invariants in some cases [1 1], and may be of independent interest.

The J-function is the first-order derivative of the g = 0 generating function. We will see its precise
definition and various other descriptions in the following section and Section 2.1. The /-function is
known to be a counterpart of the J-function in mirror symmetry. From mirror symmetry it follows
that the /-function appears as a solution of differential equations which has a beautiful presentation
as a hypergeometric series. This description can be used in several applications of the study of g = 0
Gromov—Witten theory. However, in spite of the importance of the I-function, it is difficult to compute
the differential equations whose solution it is, and further it does not have a concrete definition.

In [10], Givental described the /-function for a toric complete intersection as a generating function
of invariants defined by integrations on certain moduli spaces. Inspired by Givental’s idea, Ciocan-
Fontanine, Kim and Maulik constructed quasimap moduli spaces for a GIT quotient [ 7], which suggested
a concrete definition of the /-function in greater generality [6]. One advantage of this approach is that
one can study the /-function without knowledge of the mirror. The purpose of this article is to construct
moduli spaces generalising the results to a fibre bundle with GIT quotient fibres.

Meanwhile, the relationship between /- and J-functions is highly nontrivial, even if we know what the
I-function should be. That relationship is called the mirror conjecture/theorem. Various mirror theorems
have been proved since the seminal breakthrough by Givental [10]. In [4], Brown proved the mirror
theorem for a fibre bundle whose fibre is a toric variety, thus proving a conjecture of Elezi’s [9] (see
our Conjecture | and Theorem 4). Note that Elezi’s conjecture was about projective bundles. Brown’s
result is in fact stronger than the original conjecture. His proof does not use moduli spaces to establish
the conjecture. The main purpose of this article is to prove the mirror theorem for fibre bundles whose
fibre is a flag variety using moduli spaces.
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1.1. Gromov-Witten invariants

Before explaining further, we would like to review Gromov—Witten invariants for a smooth projective
variety X over C. Roughly, Gromov—Witten invariants count morphisms from curves to X passing
through given subvarieties of X. To be precise, we consider a collection of such morphisms

Mg,k(X’ﬂ) ={(C, N} | ~isom> (1.1.1)

where

o C is a smooth curve of genus g with k marked and
o f:C — Xisofdegree 8 € Hy(X,Z),

together with the evaluation maps
evg : Mg (X, 8) — X, (Coptyeo s P f:C > X)) f(pa)

at the marked points. Denoting by X, € H*(X,Q[[¢]]) the Poincaré dual of the ath given subvariety,
the invariant can be thought of as an intersection number

k k
deg | [Mea o] 0] [evixa)| = [ [ Teva(xa:
a=1 [Mex(X.8)] 4=
A problem is that the space (1.1.1) may not be compact, and thus the intersection number may not

be defined. Using stable maps, we can compactify the space (1.1.1). The result is a Deligne-Mumford
(DM) stack, usually denoted by M (X, 8). Another problem is that it may not be smooth, and thus

its fundamental class may not have the expected dimension. However, Mg,k(X ,B) is equipped with

JR— vir
a natural perfect obstruction theory, so that its virfual fundamental class [/\/l .k (X, ,8)] is defined.
Gromov—Witten invariant is then defined by

k

/[M& e | CHeal

1.2. g = 0 Gromov-Witten theory

The second homology classes 8 defining nonempty ﬂg, x (X, B) form a monoid in H>(X,Z). We denote
it by Eff(X), or Eff for short. One can define the group ring

Qllqll := QIER] = (¢* | B € Eff),

called the Novikov ring. The psi class i, is defined as the first Chern class of the line bundle on
M,k (X, B) formed by cotangent lines of C at p,,. Then the g = 0 descendant potential of X is defined by

koo
A=Y YL / o TR et
k= OBEEff N0 :)) Rt geary

where 19, 11,... € H*(X,Q[[¢]]) are formal variables. The function Fj is one key ingredient of mirror
symmetry. For instance, mirror symmetry predicts that the quantum cohomology ring of X is isomorphic
to the Jacobian ring of its mirror. Setting 79 := Y; t'y" for a basis {y'} of H*(X) with the dual basis
{yi}, the quantum cohomology is defined by (H* (X, Q[[¢]]) , *,) with the product

Vi X1y 7’j = 0 0, 0k Folty=ty=-=0 * Vk-
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Note that the restriction to g = fyp = 0 of the quantum cohomology is the usual cohomology.
The Lagrangian cone Lagx of g = 0 Gromov—Witten theory of X is roughly defined as the graph of
the differential (in an infinite dimensional vector space)

Lagx =T (dF0) Ty (x g z1900lq]’

(see [8, 12] for the precise definition). It is an origin-shifted cone in the vector space. Using the
(nontrivial) identification of symplectic spaces

T x @) l21s00llal) = (H*(x, Q& ~H'(X,Q [[z*]]) ® Qllgll =: H.

its shifting —z~! Lagy is spanned by the derivatives of (the z~!-expansion of) the J-function Jx (~z, t)
[8, Proposition 1], where Jx (z, t) is

v M evi(® [Mosa (X p)|

t
Tzt Z —7 (eVie1)s e
(k,B)#(0,0),(1,0) 2(z K+l

(1.2.2)

Computing Jx is very difficult in general, but mirror symmetry predicts that it is related to a
different, often more computable function known as the /-function. A modern form of the mirror
conjecture/theorem (introduced by Givental) is to prove that an /-function lies on the Lagrangian cone.
This then allows one to recover the J-function via a complicated procedure of Birkhoff factorisation and
change of variables.

1.3. Mirror theorem

When X is a GIT quotient X = V /G, there is a nice description of the I-function Ix [7, 6]. Ciocan-
Fontanine, Kim and Maulik constructed another compactification Qg x (X, ) of the space (1.1.1) by
allowing morphisms C — [V /G] taking the generic point to X. These are called quasimaps. Then the
I-function is defined by

vir

1. evi(t) [Qo k1 (X, B)]
k!

B
q
Ix(z,t) = Z 7 (eVis1)s :
& e (Vi)
where NZ"’ denotes the virtual normal bundle of Q¢ x+1 (X, 8) to a ‘graph quasimap space’ (see equation
(2.1.5) and Proposition 6 for graph spaces and virtual normal bundles). The input variable z is the
equivariant parameter of C*.
When a torus acts on X, Ciocan-Fontanine and Kim proved the mirror theorem which is a generali-
sation of the result by Givental [10] for a complete intersection X in a toric variety.
In [4], Brown defined the /-function for a fibre bundle whose fibre is a toric variety and proved the
mirror theorem (see Theorem 4).

1.4. The main result

The main goal of this article is to define the /-function and prove the mirror theorem for X = F a
fibre bundle over a smooth projective variety Y whose fibre is a partial flag variety.

We start with F the total space of a sum of line bundles eB;ZIL j on Y and the n-tuple of positive
integers

(r]a-..,rn)EZn’ 0<r1<.”<rn<rn+]:=r.
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Then we let 7 : F — Y be a fibre bundle over Y whose fibre at y € Y is the space of all collections
of subspaces

FicFhc---CF,CF|, rankF; = r;.
Our plan is to write the /-function in terms of J-function of Y and the /-function of the fibre. So let
Q2] = QIEf(Y)]]

be the Novikov ring of ¥ and Jp be the QP -coefficient of Jy. With a formal variable u € H*(Y, Q), we
can write

Jy(z,u) = Z 0P Jp(z,u).
D

Let /1 € --- € F, C Fu41 = m*F be the tautological bundles on F™_ For an effective class
D € Eff(Y), let Z? be the collection of all § € Eff (ﬂ")) satisfying 7,8 = D. Then Z' is a subset of
2" via B+ (B (det F})), € Z". Furthermore, Upegg(y) ({D} x Z},) forms a monoid in Eff(Y) x Z",
since so does Eff (}'(") ) Let Q[[¢, Q]] be the group ring defined by the monoid. It is the Novikov ring

of F and Q[[¢,Q]] — Q[[Q]] is induced by the projection of the monoid to Eff(Y). Let H;; be
Chern roots of 7/, i =1,...,n,1 =1,...,r; and Hyy1,j := =" (¢1 (L;)). Then for formal variables

t=2" tic1 (F) € H? (]—'("), Q) and u € H*(Y, Q), we define the /-function for F:

I]_—(n)(Z, t, I/t) = e% Z quDeZi Iidiﬂ.*(JD(Z’ u)) (14.3)
DEEf(Y),d=(d;) €z},
n df—df,
X Z l_[ l_[ Hs:—oo (Hi,l - Hi,l/ + SZ)
0w (Hiy— Hip +52)

> df:di i=1 \1<l#l'<r; §=—00

MY (Hig— Hipip + 52)

X II b

d'-d!
1<1<ri, 1<l <11 Hslz—oéﬂ (Hi,l — Hi+1,l/ + SZ)

which is an element in A, where df;ﬂ :=—c1 (L;) N D = -D (L;). The summation over 3, d' = d; is
taken as follows. Note that in Section 4.2 we will express F as a quotient E /G of a vector bundle
E on Y by a linearly reductive group G. The term (dll) in formula (1.4.3) is an effective class of its
abelianisation E |Gy, where Gt is a maximal torus of G, whose image under the push-forward of the
stack morphism [E /Gt ] — [E/G] is d;. Hence the summation is finite.

Here is our main result:

Theorem 1. The I-function I zm (=z,t, u) lies on —z’]ﬁagf(m.

1.5. Equivariant theory

We prove Theorem | using a natural fibrewise action of a torus S := (C*)” on F™. Let A be the
equivariant parameters of S. The action defines the S-equivariant /-function for F | denoted by
I;n) (z,t,u,A). Theorem 1 follows from its equivariant version by taking 1 — 0.

Theorem 2. The I-function I;n) (-z,t,u,A) lies on —Z—l/jag“;n).
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We prove Theorem 2 through a characterisation of Lag;n) (Theorem 3). The characterisation
determines whether or not a function

G & Mt ull © Hy (F™.Q) (2) 8 Qllg. 0. t.ul]

lies on —z‘lﬁag;n) [[t, u]]. Here, for a rational function in z we consider its z~'-expansion when we
need to view it as a series.

Theorem 3. Suppose that G has the following properties:

1. the initial condition in Section 2.2.1,
2. the recursion relation in Section 2.2.2 and
3. the polynomiality condition in Section 2.2.3.

Then G(—z,t,u, A) lies on —z‘lﬁagfﬁ") at each t and u.

1.6. Plan of the paper

We explain properties in Section 2.2 and prove Theorem 3 in Section 2.4. A brief strategy is as follows.
We first produce a function, say F, associated with G which lies on the Lagrangian cone. Then we show
G = F using the characterisation properties for G. In Section 2.3 we discuss a converse of Theorem 3.

We will show that I;n) satisfies the characterisation properties in Sections 3 and 5. In Section 3 we
will compute the residues at some simple poles to check that equation (2.2.7) holds for the /-function.
The quasimap spaces are introduced and studied in Section 4, which is quite independent from other
sections. Then we write /S . in terms of the quasimap spaces and check the properties for it using the
geometric interpretation in Section 5.

As an application of our main result, in Section 6 we show how the g = 0 Gromov—Witten invariants
of the base and total space are related to each other when F" is assumed to be Fano or Calabi—Yau.

1.7. Relationship to previous works: What is new and what is not
When Y = SpecC, Theorem | specialises a result by Bertram, Ciocan-Fontanine and Kim [2, 3]. When
n =ry =1, Theorem 1 proves Elezi’s conjecture [9] as a special case.

Conjecture 1 (Elezi [9]). Let Ly := Oy and Lj, j # 1, be nef line bundles on Y such that —Ky —
Y.jc1 (Lj) is ample. Then we have

IP(@;:,L,) JP(@;:le)'

In [4], Brown proves Elezi’s conjecture. He considers a toric fibration 7 : T := EB;:ILj J(CH" =Y,
n < r. It has r many toric divisors

Dj = @i;thi//(C*)n cT

and n many line bundles P; corresponding to the ith factor of the torus (C*)". For t = 37", tic{(P;), he
defined the /-function

r 0
. . [Toeeoo (D + 52
Iz tu) =t ) el (Jm(ﬁ)(z’“))l_[—Dj.,B( Aaily

BEEff i1 [Is22% (D + s2)

Theorem 4 (Brown [4]). The I-function I{—z,t,u) lies on —z~' Lag

For Theorem 4, Brown also used a characterisation [4, Theorem 2]. His characterisation has a fairly
different aspect from ours because he used an asymptotic analysis to check whether the /-function
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satisfies the characterisation properties, whereas we will check it using the geometric interpretation of
the /-function.

Our characterisation is motivated by [10, Proposition 4.5] and [6, Lemma 7.7.1]. Essentially, both
assert that a function satisfying the recursion relation in Section 2.2.2 and the polynomiality condition
in Section 2.2.3 lies on the Lagrangian cone.

In [10, 6], the I-functions were interpreted in terms of suitable moduli spaces. The recursion and the
polynomiality were checked by virtual localisation [13].

1.7.1. Characterisation properties

Since our target space is a fibre bundle over Y # SpecC, the recursion and polynomiality used in [10, 6]
for Y = SpecC are not enough. So they need to be modified. Since the recursion relation is a recursive
argument with respect to the fibre direction, we need an initial condition of that recursive argument in
terms of the base space Y. This is the reason why the initial condition in Section 2.2.1 is imposed on the
characterisation theorem. The polynomiality condition should be extended to any directional derivative
along a vector at the origin on the cohomology of Y; see formula (2.2.8) for the precise statement. These
modifications are newly designed.

1.7.2. Quasimap moduli spaces
For a construction of moduli spaces, we have to keep two things in mind. First, the invariants of such
moduli spaces produce I;(n) as a generating function. Second, the construction must be natural enough
to check the characterisation properties for I;(n) easily.

An immediate approach to the construction might be a direct generalisation of [10, 6] — constructing
a space of maps which project prestable maps to the base Y and quasimaps [7] to the fibre. However, this
approach is not good enough to meet the first purpose. So we will introduce a new idea which considers
a space of maps which project prestable maps to Y and quasimaps from contracted domain curves to
the fibre. In Section 4, we formalise this construction.

Remark 1. In Section 3, we will compute residues in the recursion relation without using moduli spaces.
But this computation can be done by virtual localisation as well.

2. Characterisation theorem

In this section, we would like to explain characterisation properties and prove Theorem 3. Since it
characterises elements in the Lagrangian cone which is generated by the J-function, we start with a
study of that function.

Indeed, though the characterisation can be generalised to any fibre bundle with a nice fibrewise torus
action, we prefer to focus on Fm,

2.1. J-function

We have seen the definition of the J-function in formula (1.2.2). Its equivariant version J;n) is described

in the same way. Meanwhile, there is an alternative expression of Ji“” providing a geometric meaning
for the variable z. Consider the so-called graph space

MG i (ﬁ"),ﬂ) = Mok (]’(") x P, (B, 1)) ) (2.1.4)
Then the C*-action on P!,

C*xP' 5P, (¢ [xy]) e [yl
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defines an action on MGO,/( (.7-'(") ,,8). If we set the convention 0 = [0; 1], oo = [1; 0], then we obtain
ecs (T()Pl) =2z, ec: (TDOPI) = -z,

where z = ec+(Cy) is the Euler class of the 1-dimensional C*-representation with weight 1. On the

domain curve for an element in ﬂco,k (]3("), ,8), there is the unique rational component P! which

identically maps to the P!-factor on the target space. We call this component on the domain curve the
distinguished P'. By abuse of notation, we will denote this component simply by P! when there is

— c
no danger of confusion. Let Fi g € MGy (]—'("), ,8) be a component of the C*-fixed locus, where

oo € P! is neither a marked point nor a node. There is an isomorphism Fj g = /Vo, k+1 (]:(") R ﬁ), unless

(k,B) = (0,0), (1,0), defined by contracting P! to the extra marked point. We call it the distinguished
marked point. Since P' maps constantly to F  we can define an evaluation map ev, : Fr g — Fm

by the constant image of P! It is eve = €vi41 through the isomorphism Fy g = ﬂo,kﬂ (]-'("),B) if
(k,B) # (0,0), (1,0). Hence J;m (formula (1.2.2)) can be rewritten as

vir

[Ty evi(t) [Fip]

e Nvir .
©os ( Fiop/ MGo i (F™) ﬁ))

B
I (1) = %(ev.)* 2.1.5)
B

where NV denotes the virtual normal bundle with respect to the C*-action. The term ¢ €
Q[[Eff (]-'(”))” can be thought of as q(ﬁ(“"’urfV ))iQ”*B € QI[[g,Ql under the isomorphism

Q [[Eff (f<">)]] =~ Q[[¢, Q]]. Note that for (k, 8) % (0,0), (1,0), we have

€Crxs (NFk,B/MGO,k(]:(n) ﬁ)) =2(z=ye)

from the contributions of moving and smoothing the nodal point = 0 € P'.
There is one more useful description of the J-function. We define an operator

Si(2): Hy (F,Q) [2] @ Qllall - Hg (F. Q) (2) ®c Qllql),
g [T i ® [Mo e (7, 8) |

Yoyt Z UV p—
(m.B)#(0,0) SR

Letting {y;} be a basis for H (]—'(”) , Q) and t; be a formal variable corresponding to y;, one can check
that S (2) (y:) = z0;; J;n) using formula (1.2.2). On the other hand, by [8, Proposition 1(i)], we have
Tf£ N ﬁag]_—(n) = ZTfﬁ

at any point f € Lag ), where T L denotes the tangent space to Lag ) atf. Hence any directional
derivative zd f lies on zTr L C Lag m . Applyingitto f = —zJ;n) (=z), one can check that S; (-z)(y)

lies on —z‘lﬁagsf(n) for any y. For the special case y = 1, we have

Si(2)(1) = Ji(n) (2.1.6)
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by the string equation of Gromov—Witten theory [12, (SE)]. Conversely, {S;‘ (-2) (71')}1' spans
T_, B (_Z)E as a free Q[[¢]][z]-module [8, Proposition 1]. This property is called the reconstruction
Fin '

of the Lagrangian cone.

2.2. Characterisation properties

Now we explain characterisation properties for a function

G € H[[t.u]] € H (f(”), Q) (2) ® Q[[q, O, t.ull.

Note that the J-function (formulas (1.2.2), (2.1.5) and (2.1.6)) is defined on the whole cohomology
te H* (.7-{"), Q), whereas G is the function on the restriction H> (]-"("), Q) oH*(Y,Q) Cc H* (f-{"), Q).

By abuse of notation, we use t for the variable on H? (.7-"("), Q); u denotes the variable on H*(Y, Q).

2.2.1. Initial condition
Let i : Y < F™ be the inclusion of an S-fixed locus. We denote its image by Y# := u(Y). In [8], the
Ny ) 7w -twisted Gromov-Witten theory on ¥ = Y* is defined using the pairing

/Yegl (Nyy/ﬁ,,)) aUb, a,beHy(Y)=H (Y)[].

This gives rise to the twisted Lagrangian cone ﬁ; [8, Section 7-10].

Denoting by G* := 3 (4 p) q?QP G’(‘d’D) the pullback u*G, we define

% = ;QDGI(‘LID,H,D)’ dp = (D (dety"F/)), € Z".

The initial condition for G asserts that

0 Glg=g=o = e#7 /% and
o G';(—Z, t,u) lies on _Z—lﬁl)f.

2.2.2. Recursion relation

Let u,v : ¥ = F™ be S-fixed loci in F™ such that there exists a 1-dimensional orbit connecting ¥*
and Y. Then for each point in Y#, there is a unique 1-dimensional orbit connecting this point to a point
in Y. The tangent space to a 1-dimensional orbit at each point in Y# forms an S-equivariant line bundle
onY = Y# Let

Xuw € HAY,Q),  d,, €Eff (ﬁ")),

be, respectively, its first Chern class and the class of a representative of the 1-dimensional orbit.
_ S
For each integer k > 0, since Y# = Y, we have an embedding ¥ <— My, (]-'("), kd,,,v) defined by

the k-coverings of orbits. Note that the two marked points correspond to 0, co € P!, the poles of orbits.
Let

Nvir = NWL
:uaV,k Y/M()’z(_F(n) ,kd‘uyv)

be the virtual normal bundle to Y in Mo,z (]:(”), kdﬂ,v).
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We say that G satisfies the recursion relation if each coefficient of G¥, as a series in g, Q, t and u, has

o finite-order poles at z = 0 and z = co and
o simple poles at z = —x,, ,/k for k € N, with residues given by

qkd‘,,,, Xu,v
Res,_ wuy GH(2)dkz = —1—""_eg (Nyu ) f(n)) G” (— - ) . 2.2.7)
: es (N;f\’,’ k)

2.2.3. Polynomiality condition
Let {6j} be a basis for H* (Y, Q) and u;; be the corresponding variable inu = 3 ;u;6; € H*(Y, Q). Also

let E; , := det F; @ n*u* det F; be the bundle on F™ _Then the polynomiality condition for G says that

o for each u and j, the rational function

(20,6 (z. 9). G* (-2, ge ™% yl'EW))Y 2.2.8)

has no poles in z = 0, where y;s are formal variables.

2.3. Converse of Theorem 3

The J-function J;m satisfies the initial condition (by [4, Theorem 2] and the reconstruction of £};) and
the recursion relation [4, 6, 10]).

Proposition 1. J;W satisfies the polynomiality condition as well.

Proof. Recall from equation (2.1.5) that JJST( is a summation of the integrations over Fy gs. The term

n)

__ c
Fy g is a component in MGy j+1 (}'("), ﬁ) . We consider other components

- Cc*
F:iﬁQ C MGO,k+1 (]:(")”8) , kitky=k, B1+ B2 =P,

where k|-marked points, of degree S, are concentrated on 0 = [1;0] € P! and k,-marked points, of
degree f3,, are concentrated on co € P'. Note that

k2,
E kfﬁf = Fiy.py Xz Fig sy (2.3.9)

Let HGO,M (]-"<"), ,8) be the S-fixed locus in MG x4 (f-{"), ﬁ) consisting of objects for which the
M

S
image of P! lieson Y# (}(”)) .Let (F,fl2 /[;12) be the substack of F,]:f ’gf taking the marked point to Y#.
B, .

With these spaces, a short strategy of the proof is as follows. Following the idea in [6, Section §7.6],

n)

we express the function (2.2.8) for G = J;( as a sum of the integrations over MG(), K+l (}'(”) R ﬁ) s (see

7]

equation (2.3.15)). This seems reasonable because the latter (the right-hand side of equation (2.3.15))

is a sum of the integrations over (F Iflz'glz) s by virtual localisation. On the other hand, it is equal to
P

the former (the left-hand side of equation (2.3.15)) due to the isomorphism (2.3.9) and equation (2.1.5)

for J;(n). Then, since MGOJM (f-{"),ﬁ) is an S-fixed locus, not a C*-fixed locus, the latter is a
M

polynomial in the C*-equivariant parameter. In other words, it does not have a pole in z = 0.
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For each class S and i = 1,...,n, we would like to construct a C* x S-equivariant line bundle E; g
on MGo,kH (]-'("),,6’) such that

Bl = ev; (det Y @ 7" Oy (1) ® Cp, (e Fr -0y (1)) (2.3.10)

where C, denotes the C*-representation of weight *. Using the S-bundle det F; @ 7*Oy (1), we obtain an
S-morphism ¢; : F" — PN for some N; (which may not be an embedding). It induces an S-morphism

MGokn (F™,8) — MGon (PV01.8) @2.3.11)

It automatically becomes a C*-morphism as well by the definition of the graph spaces (2.1.4). By
forgetting marked points, contracting all components except for the distinguished P! on the domain
curve and replacing contracted points on P! with base points with the same degrees as the contracted
components [6, eq(3.2.3)], we obtain a morphism

(2.3.12)

MGor (BV. 1) — P ((Sym“*ﬁH" (. 0x (1>))@M+1)

In [6, eq(3.2.3)], this morphism is written as
Go k41,58 (PNi) — 0Go k+1,0.8 (PN[) .

It is just a notational difference; they are exactly the same [6, Section §3.3, 2"eq]. The quasimap moduli
space (in the sense of [7])

R

is a compactification of a space of morphisms of degree 1,8 € Z from P! to PVi by allowing base
points. The line bundle E; g is defined as the pullback of the dual tautological bundle of the projective
space by the map (2.3.12) o (2.3.11). See [6, Section §3.3] for a more detailed construction; equation
(2.3.10) is explained in [6, eq(5.2.1)].

Using 7* ((det F) |Yy ® Oy (1)), we can construct a C* xS-line bundle E; g ,, on MG k41 (]-"(") , B)
in the same way. Indeed, the construction comes through the forgetful (and stabilisation) morphism

MGo ket (-7:("),,3) — MG a1 (Y, 7. ).

Then the restriction of E; g ,, is

Ei’ﬁ’”|Fkkf,}flz =evin® (" detFy ® Oy (1)) ® Cmﬁz(y*det;ly@oy(])). (2.3.13)
Then setting & g ;, = Ei g ® EXB,#’ we obtain by equations (2.3.10) and (2.3.13) that
5i,ﬁ,H|F,fl{~[§2nﬂcwl( Fg), T Ch, (det 7 ) mpo (et det F) = Cpa(Ei ) (2.3.14)
Let
Nl\;ir = NV

- ﬂGO,kH(}_(n),ﬁ)#/ﬂGO,kH(]:(")’ﬁ)
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be the virtual normal bundle with respect to the S-action. By abuse of notation, we set ¢# := ¢¢QP for
B =(d,D) and t :=t + n*u, and consider

vir

MGo k1 (}—("),ﬁ)

B k
" g H Sicr(Epu)yi * * *
Z, = - — N e&i C1{&ipu evy (tevy,, (por™6;) .
k,ﬁzzo k! e xS (NI_‘:l ) g *
where pg := ec+(O(1) ® Cy) € Hy.. (P'), s0 polo = z and pole = 0. Recall from Section 2.2.3 that {5;}

is a basis for H*(Y, Q) corresponding to the variables {u;}. We observe that Z, has no poles in z = 0,
because each factor of the denominator has a nontrivial A-term.
For the morphism pt : MG (.7-"("), ﬂ) — SpecC to the point, we prove that
i

-z 2 YiEi —
(zﬁjfﬁ,,) (z.q). I >k, (—z, ge e EiY ))Y = (PO:Zy, (2.3.15)

using virtual C*-localisation [13]. The fixed loci are a disjoint union of | F’ ( kz. 52) s. By abuse of notation,

we denote by N Vir the virtual normal bundle to (F k2.3 2) in ﬂGo, K+l (f-{ ), ) Then we obtain
u

k1,B1
s oy o [(F;fi’ﬁf ), G [
Z, = e neXial&pavi| fevt (t)evi,, (pord;) .
u a k+1 J
k,B>0 ki +hka=k k! ecoxs (NVT)
P1+p2=p

vir

a=1
By equation (2.3.14) and the projection formula, we obtain pt, for each term

k2.2
& [(Fkl,,el ),,

E €C*xS (NVir)

k
= q ZZ: leZ(E; H)/ i (CV.) ( ( )) | |evz(t)evz+l (poﬂ*éj) ,
k! ky. 52 2,52

klﬂ ecrxs (Nk. Bn) a=1

vir

k
(pt)« A eZic1(Eipu)vi 1—[ evy (thevy,, (por™s;)

a=1

kafo o Nvir and PD stands for ‘Poincaré dual’. Setting N,‘(”;, =

where N :
ki kz BZ/MGO Kt (FUV,8)

vir
Fr g/ MGy i (F™ sﬁ)
the right-hand side is

/ (ev)* (PD (V) &
[F

and lettlng N V” be the bundle Ny ‘”’ with the inverse C*-action, the integration on

kzﬁz]vir Nkz,ﬁz l_[ ev, (t)evk+l (POiT (S])
ky.B ecxs \ Ny, g a=1
~ ( k ) / z(eva)* (7°(6°)PD (Y,)) TTEL, evi(t)evi | (n°6;)
ki [Fkl Bl]wr eC*xS (NZ::BI)
* * k: *
y / (eve)* (7*(65)PD (Yu)) T1,2, eviy(b)
[sz Bz] o eCc*xS (Nk‘;l;)’z)
This proves that the identity (2.3.15) holds true. Hence the left-hand side of equation (2.3.15) has no
poles in z = 0. O
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Since we have seen that S; (z) () lies on the Lagrangian cone which is spanned by the J-function, it
seems reasonable that S; (z) () satisfies the characterisation properties as well.

Proposition 2. The function S; (z)(y) satisfies the recursion relation and the polynomiality condition.
The initial condition holds if y|4-0-0 = 1.

Proof. The function satisfies the recursion relation by [4, Theorem 2]. For the polynomiality condition,
we can do the same computation as in the proof of Proposition 1. For the initial condition, we use
equation (2.1.6) and the reconstruction of ﬁg, together with [4, Theorem 2]. O

2.4. Proof of Theorem 3

Using the same ideas as in [6, Lemma 6.4.1], we obtain the following lemma:

Lemma 1. Let G € H|[[t,u]] C H (]-'(”), Q) (z) ®q Qllg, O, ¢, u]l be a function satisfying Gly=p=-0 =
eIz Then there exist

o r(t.w) € Hy (F.Q) [lg. 0.t.ul] and

o P(t,u,2) € Hy (F,Q) [z] &5 Qllg, 0. t,u]

such that the following are true:

1. 7(t,u) =t +7n*u+ 0(q, Q).

2. P(t,u,z) =1+0(q, Q).

3. G(¥) - Sj'(t,u) (2)(P(7(t,u),z)) € z‘zH; (]:(”), Q) [[z‘] ,q,0,t, u]] using the z~'-expansion at sim-
ple poles.

Proof. We first write

P = Z quDP(d’D) and 71 := Z C]dQDT(d,D)
(d,D) (d,D)

and find P4 p) and 74 p) inductively. We will use an induction on the partial order
(d',D')<(d,D) < D'<D or D' =D,d <d.

For (d, D) =0, we set Py := 1 and 7¢(t, u) := t + 7*u so that they satisfy 1 and 2. For the coefficient of
q°Q°, 3 follows from the asymptotic property

Strru (D) () = T2yl +0(q) (2.4.16)
and the initial condition for G.
Now we fix (d, D). Suppose that P4 pry and 74 pry are determined for all (d’, D’) < (d, D) such
that after z~!-expansion, the equality
G = S:(P(r)) mod z72 (2.4.17)
holds in all coefficients of g% QP with (d’,D’) < (d, D). By comparing the coefficients of ¢g?Q"

in both sides of this equation, we can uniquely determine P4 p) and 7(4,p) as follows. Using the
asymptotic property (2.4.16), we write the right-hand side of equation (2.4.17) as

SU(P() = e"EP(1) +0(q. Q).
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The coefficient of ¢?QP in O(g, Q) mod 772 is already determined by the induction assumption. The
coefficient of g?QP in emffu)P(‘r) is

e u

1
e = (P(d,D) + —T(d’D)) + ((mod z_z) — known terms by the induction) .
z

So Pa,p) + %T(d’ p) is uniquely determined up to mod z~2. It determines P(4,p) and T(4.p)- |

By Proposition 2, S (P (7)) satisfies the characterisation properties. Now we would like to prove
Theorem 3. We assume G satisfies the properties as well. Set F* := u*S% (P(7)). Lemma 1 implies that
GH = F* mod z72, after z~!-expansion, for all . The next lemma tells us that they are actually equal
as rational functions. It follows from the idea in [6, Lemma 7.7.1].

Lemma 2. We obtain G* = F* as rational functions for all u.

Proof. We first write

Mo d D l; mj ~H
GH = Z 9°Q |_|ti ||MJ G (htt).m=(m; ) d.)
i J

(1=(;),m=(m;).d.D)

Let F (’f m.d.D) be a function similarly defined using F*. For the proof, we will use an induction on

(1, m, d, D) for the colexicographic order,

,m’,d’,D’) < (1,m,d, D)
< D'<D,orD'=D,d <d,orD'=D, d =d, m" <m,
orD'=D,d =d, m"=m,1' <l

‘We would like to recall 1 € Z’;O,
induction, we have G/(ll,m,O,O) =
condition.

Now we fix (1, m, d, D) with (d, D) # (0,0). Suppose that

m € ler%nkH*(Y)l, d € Z" and D € Eff(Y). As the first step of the

F 5 m.0.0) for all 1 and m, since both G# and F* follow the initial

M _ M
G(l',m',d’,D’) - F(l',m’,d’,D’)

forall (I’,m’,d’,D’) < (1, m, d, D) and for all u. We will show that

K _ M
G(l,m,d,D) =F (1,m,d,D) (2.4.18)
in several steps.
Step 1. For any 1’ and m’, we have
H M * -1
Gyt ap) =l apy €HSY Q) [2,27] (2.4.19)

for all i as rational functions in z. Here is a proof. Since

(V,m’,d - kd,,,,D) < (1, m,d, D)
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for any £ > 0 and v, we have

M Kdyiv * v Xup,v
S Gt (S (szr )H M*G(l’smﬁd*kdu,v,l)) (_ k )
v,k
kdl-l.v /\/
- ‘U FY, (_ﬂ)
(NV” )“ Fel (v o d—kdy . D) \ ™ "
v,k
=Res,__uuv Fg,,m,’d’D) (2)dkz, (2.4.20)

where the first and third equalities follow from the recursion relation for G# and F¥, respectively, and
the second equality comes from the induction assumption. Then formula (2.4.19) is obtained by the pole
conditions in the recursion relation and equation (2.4.20).

Step 2. By formula (2.4.19) and Lemma 1, we obtain

1% % =2 7% -1
Gy oy = Flh oy € TH(V.Q) [ (24.21)

for any I’, m’ and u.

Step 3. Recall that {6j} is a basis for H*(Y, Q). Let {6j} be its dual basis. We write G’(’Lm,d’D) as
u . '
G(lm d,D) Z G(lm d D)éj
J
and consider the similar expression for F¥ a Let A*J be the difference
m,d,D)’

(Za”jG”(Z, q), G* (—Z, ge i y"E"*”))Y - (Zau,-F”(Z, q), F* (—z,qe‘Z i y"El‘v#))Y,
let A” " m.a.p be the coefficient of degree the (Lm,d,D)-term in A*/ and let e; :=
o,..., O, 1,0,...,0) € leraonkH*(Y)l be the jth standard basis. Then by the induction assumption, we
can check that

I’y ) 0 1,0
Mim.a.p) =2 (mj +1) (G(1 mie;.d.0) L (l,m+ej,d,D)) (24.22)

- (mJ + 1) Z (Gl(lljm+e]—e o,d D) éllfn+ej—e ir,d D))

J'#j

H.Jj 1, J
_mJ(G(lmdD) F(lmdD))
+ e R (an(dna)) (Gl(tl’,fn,d,D) (=2) - F(l;:ljn,d,D) (—Z)) ’

By formula (2.4.21), we may write

Aj,l,m
H.J M. Jj —2 J,lL.m 1
G(lmdD) F(lmdD) (A T+) (2.4.23)
where Aé’l’m, A{ ’l’m, ... € Q(A) are uniquely determined A-functions. Putting equation (2.4.23) into

equation (2.4.22), we observe that the coefficient of 77! is

Z "“‘(Z vi (di = (dp.y), )) + A (2.4.24)

s>0
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The polynomiality condition for G# and F* says that this coefficient must be zero for every j. Hence we
have AZM™ = 0 for all s when d # dp. .

Step 4. When d = dp ,, equation (2.4.18) follows from the initial condition for both G and F. Since
both G} (—z) and Fjy (=z) lie on —z~' £}, and they are equal to each other up to z2H3(Y, Q) [z7'] ®¢
QI[O, t, u]], we have G’; (-2) = F{,‘ (—z) by the reconstruction of £§ [8, Proposition 1, or Section 8]. O

Proof of Theorem 3. Lemma 2 tells us that G = S;(P(7r)) where the right-hand side lies on
—Z_lﬁag;m. This proves Theorem 3. O

3. Recursion relation for I-function

In this section, we would like to prove the following proposition:

Proposition 3. For each fixed locus p, Ii’(‘:) = u*l;") has simple poles at z = —x,,/k for k € N,
with residues
R 15 (kg = — L N Sy (- 3.0.25
eSZ:—XyT’V Fn) (Z) = ir €s Yl—l/]:(”) F) - k . ( .U. )
es (N/t,v,k)

Note that this proposition does not guarantee that these are all simple poles.
Before providing a proof, we introduce some terminology in combinatorics. Each fixedlocus y : ¥ —

Fm g assigned to I* = (I(’)‘, I{‘, LI, I:;l), an ascending chain of subsets of [r] :={1,2,...,r}:
O=I'clclic..-clfclt =[rl, |1%] = r:.

Two different fixed loci u and v are connected by a 1-dimensional orbit if there are integers @, By, €
[] such that I# is replaced with I” by exchanging @/, ,, and 3, , . Let ng’vandn}l,v, 0< n?“, < n,l“, <n,
be indices determined by

ng,v :=max {i : |1/ 0 {uy. Buv}| =0},
n/lm, :=max {i : |[I¥' 0 {uy. Buv}|=1}.

0

Since u # v, we have Ny

< n;lm,. We distinguish «,,, and g, , by the property

@,y € Iff,g o Buvd I:L ) (3.0.26)

(hence @y, = By ).
The family of 1-dimensional orbits connecting Y'* to Y is isomorphic to P (L(,W & Lﬁw) c Fm,
Note that the convention (3.0.26) is equivalent to

v 2P(Ly,, ®0), ¥V 2P(0®L,,).

A,y

_ S
On the corresponding component ¥ — My, (]—"(”),kdﬂyv) , the universal curve is also isomor-

phic to P (L(,M & Lﬁw), and the universal morphism from the universal curve P (L & L,gw) to

Qu,v

P (LQW @ Lﬁw) c F is the k-covering morphism. We denote it by f.

Proof of Proposition 3. We divide the proof into several steps.

Step 1. In the first step, we check that I]Sr’(’fl) has simple poles at z = —y,, . /k, k =1,2,3,....
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The Atiyah-Bott localisation theorem tells us that for an equivariant class K €
H? (P (L(,N @ Lﬁw) ,Q), we obtain

WK —-vK

dyy(K)-1=p.u(K) = eH (Y,Z) =7, (3.0.27)

wy

where p : P (L(,W @ Lﬁw) — Y is the projection morphism.

Recall that Hy.1,; = —c; (n*L;). For simplicity, we denote H; := —c (7*L;) during the proof. We
obtain

0=wu'Hy,,-V'Hg,,=uHg,, —v'Hg,,, (3.0.28)

Xﬂ,v = /'l*H‘YM,v - V*Hﬁy,v = V*H(l[l,v - #*Hﬁu,v’

Ay

by applying K = H; and " the dual of the tautological bundle over P (L(,M ® LBM). Then by putting

the equations (3.0.28) to u*(formula (1.4.3)), we observe that Ii’(’;) has simple poles at z = — ., /k,
k=1,2,3,....

es(V ) . . .
—————/~ explicitly. From the definition of the virtual
€s (Nyu 1F(n) )

Step 2. In the second step, we compute

normal bundle N*'” | [13], we have
IR

2

es (ROP* (f]:T]:(’U

es (Rlp* (f,fT].m

mov . .
P(Lau,v@Lﬁy,v)) ) . - (’u H:B#w" —H Hau,v)
es (R (1)

es (N7 ) = (3.0.29)

mov
P(L“u,v $Lﬂu.v)) )

The first fractional term on the right-hand side is obtained by deformation-obstruction spaces of the
universal morphism, and the second fractional term on the right-hand side is obtained by automorphism

spaces of the universal curve with two branch points. Here, 7}, = ker (TP( Ly L) p*Ty) is the
u,v M,V
relative tangent bundle of p.

es Nvi:
We can compute M using equation (3.0.29). The restriction of the tangent bundle 7 xx») to
es(Nys o
P (Law @ Lﬁw) becomes
Ty ® @iSnngom (@jeliﬁile, ®j€IiH\Iilile)

n

® Hom (EBJ-e[ruO Lj,@jelrllo \];“0 ’jiay’VLjGBS)
1189 Ryt
® ®ng.v+]<i§nu,

1 VHOm (®jeliﬂ,j¢(l”,vl’j @S, @jelilil\liﬂLj)
V
@Hom (eajel’f‘l ,j#a/.l,vLj @S, @jel;fll H\I’fl] sj¢ﬁ/.1,VLj @S )
v TRY .y

®®;.,,1 . Hom (@ jerr Ly ®jepmn L j) . (3.0.30)
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In (3.0.30), all bundles over Y are considered to be pullbacks to P (L(,M & LBM) along the projection

morphism p. Since the moving part occurs where S or S exists, we obtain

mov
P(L"Ily" GBL;;;“,)) )

mov
P(L"#,ve)Lﬁ,u,V)) )

= l—l (ﬁ (,u*Hl ~W'Hg,, + SX;:V)

es (Rop* (fZT]_—(n)

es (RIP* (f;T]dm

-1

lel”o s=1

7RY

£ X
* % n,v

o | B

1'6(1“ NG ) Vi,

"L,v*' n?,,‘,+l ’ Hv
k X
* % \V

SRR

lEI”] REZ s=0

Ly
2k ¥
* * v

<[] (1" Hay, = 1°Hp,, = s722). (3.0.31)

s=0

‘We also obtain
* * 2
- (ﬂ H,Bu,v —M Ha/y,v) ( -1
=|\u"Hq,, —1'Hg,, — Xu, ) (3.0.32)
es (Rp. (T,)) ey e Ry

by a direct computation. Combining equations (3.0.28), (3.0.29), (3.0.31) and (3.0.32), we have

- (#*Hl ~ W He,, +57% (3.0.33)

es (Nyu/]-‘(")) ler”,
O7RY

k
0 (e

re(r* " 14
e( n,}'l’v-ﬁ-l\ "B,VH)’ iﬁ”’v

X 1—[ (ﬁ (,u*Hl - y*HﬁW - s)%)

s=

es (N7 ) M ( o )ﬂ))_l

k-1
x (ﬂH"Hv_ﬂ*Hﬁuv § ""’)
s=1
k-1 X
* L,V
X (u ngw u Haw +5 l]z )
s=0
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Using equation (3.0.28), one can see that this is equivalent to

(Nvlr ) k
v,k | | | | * * Xy
-\ ( (V Hl -V Hﬁy,v - k )

es (NY”/]_—(n)) lerv, \s=l
g,y

k-1
X 1_[ ( (V*Hﬁ#yv —Vv'Hp + s%))

s=0
l’e(]"1 \IVO ),l’:#ary,v
n +1 ”u,v+1

-1

(3.0.34)

yTRY
k-1 Y
,V

X (V*Hl ~V'Hg,, + s%)

1D, I#Bu.y \s=0

v
2k-1 ¥
VvV
X l_[ (V*Hﬁ ,—V'Hq,  + sL).
. u, k
s=0
s#k

Step 3. In the third step, we show that equation (3.0.25) holds true. From formula (1.4.3), we observe
that each coefficient of Ii’ff” (z)is

n de‘df' (u*Hiy — " Hip + 52)
Z l—[ l_[ 5;):—00 M il U il (3.0.35)
5 dl=d; i=1 \1<l#l<r; Hs=—co (w*Hiy = p*Hip + 52)

0
[Mye—co (W*Hiy — " His1 p + 52)
dl-d’!
1<l<ri, 1<l <y [ ghl o8 ( *Hij— W Hip +SZ)

> T I

¥y dl=d; i=1 \1<l#l'<r; - (M*Ha,,(z) —WHg, 1+ SZ)

X

4

S oé ( Ho,() — ' Heg, ) + SZ)

0 (#*Ho'# () —HHeg, )+ SZ)

S§=—00
X 1—[ dl-d’ ’

c—d:
t<iri 1<l <rg [[L 3" (u*H«mz) -1 Hg, ) +SZ)

where 0, : [r] — [r] € &, is a permutation of r such that [r;41]\[r;] maps to I” l\I", i=1,...,n
Note that o, can be taken as any such permutation, because of the symmetry of d ll for each i. We compute
aresidue of equation (3.0.35) at z = —y,,,,/ k. It is enough to consider the case when the denominator of

the right-hand side of equation (3.0.35) contains a factor (,u*HaW - W'Hg,, + kz). Then the residue is
(equation (3.0.35) - (ﬂ*H% - Hg,, + kz)) I (3.0.36)
: . =X

To verify equation (3.0.25), it is enough to show that formula (3.0.36) is equal to

es (N,‘:lur/ k) Hf’g_d'{/ (V*Ha. —V*Hg () — S /k)
Z 1_[ 1_[ §=—00 v (1) o, (') X,u,v

0 * *
(Nwm">) syaiea i=t \i<tzr<n s=oo VHoy ) =V Ho ) = SXuv 1K)

0 * *
o V'H = V'Hq, () = SXuvlk
y M-« (V'Heo, ) o (1) = X [K) , (3.0.37)

1_gl’

d;—d
rstsrtstsrin [LEQ™ (V Hoy @) =V Hoy ) = SXur /)
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where
o £ 0 ; 1
g = di—k ifn,, <i<n,,,
i~ e 0 1 .
d; ifi <n,,orn,, <i,

and 0, = 0 © (@, Bu,v) € Sy is a permutation of [r], because

4
n

ST % (0 Hoy ) =V Ho) = 530 1K)

0 - x
»y di=d; i=1 \1<iz#l<r; 1ls=—co (V'He, () = V*Ho, @) = SXuv/k)

M- (V"Heor, (1) = V' Her, (1) = Xy [ k)
14

—d
tst<riists<nia [T & (V"He, ) = V*Ho, (1) = SXpuv k)

X

is the coefficient of / f(’;) (=xu,v/k) and we have an identity

it

e )(;1 V/kqdeZl t;d; —q llVe )(;1 v/l»qd ezlh
induced by equation (3.0.27) and

1 ifn?  <i<
d'u,y (det}:\/):{o 1 n/l,v ILsn

ifi<n,,orn

Here, (a/,l,v,ﬁ#,,,) denotes the permutation exchanging @, , and §, ,. For any integers m and [ #
u,vs Pu,v, We obtain

oo (,u Hay,v —uH - SX/J,V/k)

H?:—oo (ﬂ*Ha,,,v —uH; - SXM,V/k)

(3.0.38)

e (V*Hﬁw + X,y —VH - S)(”’V/k)

Hg:—oo (V*Hﬁy,v +XI15V - V*Hl - SXﬂsV/k)

_k * *
e (v Hg, 6 —v HI—SX/,’V/]{) k-1 X

= ’ ]_[(VHﬁ/AV VH +s A )

Hg:—oo ( *Hﬁuv . V*Hl — SXII V/k) s=

where the first equality comes from equation (3.0.28). Doing the same computations for / = 8, ,, and
for the inverse of most of the left-hand side of equation (3.0.38)), putting all into equation (3.0.35) and
using equation (3.0.34), we obtain that formula (3.0.36) = formula (3.0.37). m]

4. Quasimaps to GIT fibre bundles

In [7], the quasimap moduli spaces Qg (X, ) for a GIT quotient X = W /G are constructed, which
provide another compactification of Mg (X, 8) (definition (1.1.1)). In [5, 6], Ciocan-Fontanine and
Kim showed that a certain generating function of invariants of ‘graph’ quasimap spaces lies on Lagy
and is equal to Givental’s /-function when X is a (complete intersection in) toric variety or partial flag
variety [2, 5]. In this section, we will construct quasimap spaces for GIT fibre bundles. In Section 5 we
will show that I; , can be written in terms of ‘graph’ quasimap spaces Using this, we will show that it

satisfies the characterisation properties so that we can conclude that IS f(n) lies on the cone by Theorem 3.
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4.1. GIT quotients and their presentations

Let G be a linearly reductive algebraic group acting on an affine variety V. Suppose that V has at worst
locally complete intersection singularities. Let Y be a smooth projective variety and 7 : E — Y be a
fibre bundle with the fibre V. Suppose there exists a fibrewise G-action satisfying the following property.
For each y € 7, there is an affine neighbourhood U C Y and a G-equivariant isomorphism

o (U)=Exy U—-VxU

such that ps o ¢ = 7| r-1(y7), where py : V X U — U is the projection morphism.
For a fixed character 6 € y(G) := Hom(G, C*), we define a GIT quotient

E[ oG := Proj é (Roﬂ*(E x ©9)®")G,
n=0

where Cy is the 1-dimensional representation of G determined by 8. Then E /¢ G is a fibre bundle over
Y with the fibre V /¢ G.

Suppose that for some r € Z.gand ny, . ..,n, € Zsg,aT := (C*)"-action on V which commutes with
the G-action on V, and a positive integer m € Z, there is a morphism of varieties ¢ : ¥ — H;:l Pl

Y Y — | |PY!, (T xG)-actiononV, m € Zsg |, (4.1.39)

-
j=1
which satisfies the following five conditions:

1. Eis the pullback of a vector bundle [(]‘[;zl C"f) xV/ T] on [(H;‘:l C"j) / T] under the composition
morphism between stacks:

1R

Y L npnj—l PN l_] [CnI/C*]
j=1 j=1

[Tev|m|.
j=1

In other words, we have a fibre product

. [(H§= 1 @n_/) XV /T] (4.1.40)

| |

()]

To simplify notation, we set W := H;zl C%andV:=WxV.
2. The morphism £ — [\7/ T] in diagram (4.1.40) is G-equivariant.

. T (OV)TXG = C as C-algebras.
4. V5(G,0) = V5(G, 6) # 0, and it is nonsingular. Moreover, the G-action on V*(G, 6) is free.

W

Before stating the fifth condition, recall that ]—[;:1 Pu~l = W/ T, where 1 = (1,...,1) € y(T) =
7. Set @ :=ml+6 € y(T) & x(G) = y(T x G). The fifth condition is then:

5.

s (T X G, 5) — WS (T, 1) x V*5(G, 6).
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Condition 4 guarantees that £ / ¢G is nonsingular and an open substack of [E/G]. We write simply
E /G instead of E [ ¢G. We will label both E /G — Y and [E/G] — Y by 7 when the context is clear:

E|G—— [E/G]

ek

Y.

From conditions 1 and 2, we have a fibre diagram

[E/G] —> [V/TxG] L V/TXG] (4.1.41)

P |

Y ——— [W/T] —— [SpecC/T].
Conditions 3 and 5 guarantee that the GIT quotient

V/5(TxG) = [fi (T X G, 5) /T x G]
is a nonsingular, projective, open substack of [17/ T X G]. Moreover,

E|G—=V/[#TxG)
Y— > W/iT

is a fibre diagram, and hence E |G is projective as well.

Definition 1. A presentation of (E, G, 0) is a datum (4.1.39) satisfying conditions 1-5.

4.2. Presentation of F"”

Recall that L; — Y, j = 1,...,r, are line bundles on Y, and F := EB:.:] L; — Y is the sum of L;. We
define ‘

n—1
E = @ Hom (O?”, O?ri“) ® Hom (O;fr", F) Y
=1

for given numbers 0 = ryp < r; < --- < r, < rpy1 = r, where Hom(A, B) denotes the space
Spec, SymHomo, (A, B)". We define a G := [;_; GL,,(C)-action on E by

EXG—E,  ((B)L € E.(A)L €G) > (47} - Bi- A

n
) s
i=

1

where A,+; = Id,. Set 9 := det” € y(G). Then V*(G,0) = V*(G,0) # 0, and it is nonsingular.
Moreover, the G-action on V* (G, 0) is free. The quotient E /G is then isomorphic to F.
Choose any ample line bundle O(1) on Y and let

E' = é_é Hom (05", 03" ) @ Hom (OF"", F (1))
i=1

be a twisting of E for an integer / > 0. Then a G-action on E’ is defined in the same way as it acts on E.
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Proposition 4. The quotients
E'|G=E|G

are isomorphic as fibre bundles. Moreover (E’,G,0) has a presentation (Definition 1) if | is large
enough.

Proof. Take a positive integer [ such that L} = Lji(l), j =1,...,r, are generated by their global
sections. Then E [ ¢G = E’ [ ¢G. Setting n; := dimH° (Y, L}), we have a morphism

\
Y, ¥ > P (HO (Y, L}) ) = pri-1
such that w; ((’)Pn_,»fl (1)) = L}, and therefore we obtain  : ¥ — H;.:l P!, Define a T := (C*)"-
action on V = €B'_, Hom (C"7, C"i+1) by

TxV -V, ((tl,...,l‘r),(b,')in:l) = (bl,...,bn,l,diag(tl,...,t,) 'bn).

Conditions 1 and 2 for (E’, G, 0) are satisfied with the ¥ and T X G-action on V.
Consider the following T x C*-action on V:

n-1 r
V= @ Hom (C"#, C"*1) @ Hom | C", @ Cejrides |- (4.2.42)
i=1 j=1
where e, j = 1,...,r, are the standard basis for y(T) = Z", and idc- € x(C*). Note that we consider

the trivial action on C without a subscript. Set u; := e; +idc+ € y (T x C*) for each j. Set

n
l:i=e;+---+e, and a:Zrlwidc* € y(T xC).
i=1

Note that setting

A:C* > G, t— (t-1d,)7

i=1’

we have @ = 8 o 1. Now we can choose m € Z satisfying the following conditions:

o ml+ « is in the interior of the cone generated by ey, ...,e,,ujforall j=1,...,r.
o ml+ «a is not in the cone generated by ey, ...,€;,..., e, ui,...,uforallj=1,...,r.
Then (¢, (T X G) — Aut(V), m) becomes a presentation of (E’, G, 6). O

4.3. Stable quasimaps
Suppose that (E, G, 6) has a presentation

Y = | |PY L TXG — Aut(V),m € Zsg |.

,
Jj=1
‘We choose a class

B= (B Bo) € Ker (Pic(Y)V ® PicT™*6 (V)Y - X(T)V) , (4.3.43)
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where the morphism is defined by using diagram (4.1.41). Here (-)¥ = Homz(—, Z). Note that for F\"”
(with the presentation in Section 4.2), choosing g is equivalent to choosing a class in H» (]—'("), Z). For
g,k € Zso with 2g + k > 2, consider the data

(¢:(C,p1,....pk) = (Co.p1s.-spk), f: C > Y, Pou) (4.3.44)
satisfying the following conditions:

o (C,pi1,...,px)and (Co, p1, - .., px) are prestable k-pointed curves of genus g.

o ¢ is the contraction of all rational tails on C. A rational tail is a maximal (with respect to a partial
order defined by inclusions) connected tree of rational curves with no marked points, attached to
other components at only one node on C.

o fis of degree §’, and f restricted to each irreducible component of a rational tail is nonconstant.

o P is a G-principal bundle on Cy.

ouel (C(),Pf X (TxG) V).

o Bo(L) =deg (u* (Pf X(1xG) L)) for all L € Pic™C (V).

Here, the (T x G)-principal bundle P may be defined on Cy by using f as follows [6]. For 1 < jo < r,
having

.
c Lyl [Tz — B!
j=1

is equivalent to the existence of a surjective morphism of sheaves on C

GanO Pjo
c ‘Cjo — 0,

O

where L, is the pullback of O]Pn jo~! (I) on C. Let Ty, ..., T; be rational tails on C and C be the closure
of C\ (Uﬁlei). Let tq,...,#; be the corresponding points of 71,...,T; at C. Consider the following
morphism of sheaves on C:

GanO Pjo |6

1
O " — Ljle — Lile ® O (Z deg (L |r,) 'fi) :

i=1

Since C is isomorphic to Cyp through the composition C < C — Cy, this map gives rise to the morphism
of stacks

Co — [C0 /C*]

with degree deg L j,. So we have the morphism of stacks

Co— | | [CV/C] = [W/T]

-
J=1

with degree d := (deg Ly, ...,deg L,) € Z" = Hom (PicTW, Z). Note that d is the image of 8’ under

\
r

Pic(Y)¥ — Pic HP"-/"I = PicT(w)".

Jj=1
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In conclusion, we have the T-principal bundle O y on Cy, and the T-equivariant morphism
Or - W. (4.3.45)

Now define Py := Q¢ X, P.
We call the data (4.3.44) a genus g, k-pointed quasimap with degree 8, or simply a quasimap with type
(g, k, B). Now, we want to define a stability condition on quasimaps. For a quasimap with type (g, k, 8)

(¢:(C’p19"'7pk)_) (CO’p]""$pk)’f:C_)Y’P$u)’

we have the morphism Py — W through formula (4.3.45), which defines the section Cy — P X(1xg)W.
Combining this with u, we have the section

u: Co — Pf X(TxG) (WXV)

Thus we obtain a quasimap (Co, P, ) in the sense of [7].

Definition 2. A quasimap
(¢:(C7p15"‘,pk)_)(Co,pl,""pk)3f:C_)Y7P’M)

is 6 -prestable if (Co, P f,ﬁ) is (5= ml + 9)—prestable in the sense of [7]. It is @ -stable if, for each

irreducible component C’ C Cy, f|¢c’ is nonconstant or (Co, Py, J) |c’ is 0*-stable in the sense of [7]
with respect to 6.

Definition 3. An isomorphism between two quasimaps

(¢:(C?p1?"'7pk) - (CO,PI,---,pk),fZC—>Y,P,M) and
(" (C".ptseeopi) = (Cpyseespl) [/ CT > Y, Pu)

is a tuple of isomorphisms
(q (C — C’,f:P%qZ‘)P')
such that
flea=f.  gqepa=p; and  quu'=(.6)ou,

where

o go:Co— C is an isomorphism between the contracted curves induced by g and

o { is an isomorphism Q r — q,9 }, between the T-principal bundles on Cy induced by f and f”
which commutes the diagram

Qr — 09}

o

w.

Note that ¢ is uniquely determined by the condition /" o g = f.

We denote the moduli space of (pre)stable quasimaps with type (g, k, 8) by
0 (E)G, ).
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Then there is a morphism of moduli spaces of prestable quasimaps
QPrke(E//G :8) N Qpre (V//g‘(T % G),ﬁl') ,

where 8" := deg (Co, Py, Zi) The latter space is in the sense of [7], which is an Artin stack, locally of
finite type over C. Since the stability condition is an open condition, Qg « (E /G, ) is an open substack
of 07 (E|G. ).

4.4. Quasimap moduli spaces

Let M, (Y, B’) be the stack of genus g, k-pointed prestable maps to Y with degree 8’. It is an Artin
stack, locally of finite type over C. Let EIR; « (Y. B") be the substack of M, x (Y, B) whose objects are
nonconstant on each component of a rational tail. EIR;,, «(Y,B’) is an open substack of M, « (Y, B’)
[15, Lemma 5.1]. There is a morphism of stacks

OV (E[G.B) — M, (V. B,
(¢: (C’p]7'~"pk) - (C()?p]’-"’pk)?f’P’u) = ((C’pl’-“’pk)’f)'

We define a morphism of stacks
0l (VIF(TXG).p") = QU (WhT.d),
((C(),p),P,M) g ((Co,p),Q = P/G,Lt :Co— O Xr W) >
where u’ is the composition
Co — P xrxg V — P x1x W = Q X1 W.

Then we have

PIE(ENG, ) —= 0P (V/g(T X G). 5"

| l

M (V.5) 0P (WT.d).
In order to define a morphism of stacks
My (Y. B) = 0L (WhT,d),
which makes this diagram commutative, we use the morphism of contraction of rational tails
Mex — Mg r. (4.4.46)
Here, MM, « denotes the moduli stack of genus g, k-pointed prestable curves. For ((C, p1,...,pk), f) €

EIR;‘k (Y, B’), we obtain the contraction of rational tails (Co, p1, . .., px) € M, x using formula (4.4.46).
We now define a morphism

M, (Y,B) — Qpre (W/hT,d),
((C’plw-"pk)’f) — ((COale--,Pk),Qf’u, : CO - Qf X1 W) .
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Then the diagram

PI(ENG, ) —= 08¢ (V/g(Tx G). ") (4.4.47)

| l

M (V. ) ———= 0y WT.d)

is commutative.

Lemma 3. The commutative diagram (4.4.47) is a fibre diagram. Moreover, the space

PIENG.B) = 00 (VIGT X G). B") Xgrreqw pyray Wy (Vo) (4448)

is an Artin stack, locally of finite type over C.

pre

Proof. There exists a canonical way to recover an object in (E /G, B) from a given one in

pre (V// (TxG),p ) pr (W 1 T.d) Ele « (Y, B") which deﬁnes an inverse morphism

pre (V// (TxG),p ) Xlef(W//lT,d) iIR;’k(Y,,B') - pre(E//G B).
If X, ) (over Z) and Z are Artin stacks, locally of finite type over C, then so is X' Xz ). O

Corollary 1. Q, «(E/ G, B) is a DM stack, locally of finite type over C.

4.5. Properness of Q. x(E /G, p)

For a degree class 8 = (B8’,50) and a line bundle M = M’ ® My on E |G with M’ € Pic(Y),
My € Pic™G(V), we define

BM) = ' (M) + Bo(Mo).
Then it is well defined — if M’ ® Mg = N’ ® N, then
B (M) = B'(N") = Bo(No) — Bo(Mo)
by equation (4.3.43). Let O(1) be any ample line bundle on Y and define
L= (0(1) ®u* ( Oy l(m))) “[E x Cg/G], (4.5.49)

where i : EJ/G <— [E/G] is the open immersion. Then £ is an ample line bundle on E/G. By
[7, Lemma 3.2.1], a quasimap with type (g, k, 8)

(¢:(C,p1,....pK) = (Co,p1s---spr), f:C—> Y, Pou
satisfies B(L£) > 0, and
B(L)=0 — B=0 < (C,f)and (Cy, Py,u) are constant.

Therefore, the number of irreducible components of the underlying curve C of stable quasimapsto E /G
is bounded, and so is the number of irreducible components of Cy. The boundedness of Qg « (E /G, 5)
then follows from [7, Theorem 3.2.4]. Hence, it is of finite type over C. Using the valuative criteria
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and the properness of moduli of stable maps or stable quasimaps [7, Proposition 4.3.1], we obtain the
following proposition:

Proposition 5. O, «(E |G, B) is proper over C.

Proof. We will use the fibre product (4.4.48) of moduli of prestable (quasi)maps. For the valuative
criteria, let R be a discrete valuation ring over C with the quotient field K. Set A := SpecR and let
0 € SpecR be its unique closed point. Then A? := A\{0} = SpeckK.

We first prove separatedness. Let

(((Cor Pro- -5 Pk) P} (€ P o i) 1)), =102,
be two objects in
Qo k(EJG.B)(B) € Q¢ (V]4(T % ). B") Xgrre w yr.ay Wy (V- B)(A)
which are isomorphic over A°. We prove that they are isomorphic over A. Let
(€G- pTs - ) Pu) € Qg (VN g(T X G), B7)
be the stabilisation of ((C’f),p‘i, S ph) ,Put). Since Qg x (V) 4(TxG),B”) is proper over C

[7, Proposition 4.3.1] (and hence separated), they are isomorphic over A. So we may assume that they
are identical:

((C{)l,pil, : ..,pﬁf) ,P’l,u’l) = ((C{)z,piz, : ..,p;f) ,P’z,u'z).
Denote it by ((C('), Pl p;c) P, u’) . Adding additional marked points 7y, . .., 7; on C{, until

((€pleeephorioon) o f') and ((Cphopforie.in) )
are stable, we see that they are isomorphic over A because /\_/lg, x+1(Y, B’) is proper. So
((Cl,p},...,p}c) ,fl) and ((Cz,p%, . ..,pi) ,fz)
are isomorphic over A as well. Now since ((C, P ph) ,P,u) is the pullback of

((C('), Plreees pl'() ,P’,u’), they are also isomorphic over A. Hence separatedness is satisfied.
Completeness is a bit more complicated. Let

(((Co, 1>+ - > i) Pou) . ((C, p1s - -, Pi)s f)) (4.5.50)

be a stable object in Qg’rke (V//é(T X G),IBN) Xngke(W//lT,d) wt;’k(y’ﬂl) (AO) We would like to find
its extension over A (by shrinking it if necessary). Let ((C(’) Pl p;() ,P’,u’) be the stabilisation of
((Co, p15-- > pk), P,u). Since Qg & (V//g(T X G),ﬁ”) is proper over C, we have its extension

((Co-71 - 31) Poit’) € Qo (T 5(T X G),B) (A).

Hence, we have a family of prestable quasimaps
((Co-71, - 74), Q@ = P16 iy : 8 — Q' xx W) € QU (WNT, d) (A),
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where i, is the composition

Co P spa V= P xra W = O xp W.

By adding additional marked points vy,...,v; : A — @(') (this is possible because we have a family over
A, not A%) until

((C,p1yee s PiksViseesVe), f:C>Y) emg,kH(Y,,B') (AO)

becomes stable with v; = ¥;|,0, we have its extension over A:

((@

k) — (@0, Pls-e-s ﬁk) be the contraction of rational tails. Then it is obvious that

NS % .,v,) it Y) € M1t (Y, B)(A). (4.5.51)

i

-
&
ST
—_—
f}ll
'Eu
i

(C’o,ﬁl, .. .,ﬁk) |AO = (Co,pl, e ,pk).

Again, by adding marked points 7, . . ., # on Co until

((Co-P1s s P15 s 10) Pott) € Qs (VIT X G, B7) (A°)
becomes stable with r; := 7|40, we can find its extension

((Cos P1s-vvs PrsFroe vy 71) , Poil) € Qg it (VIT X G, B7) (A). (4.5.52)
Although formulas (4.5.51) and (4.5.52) seem to give an extension by forgetting extra marked points, we
need one more step for formula (4.5.51), since it may have redundant components. For now, we cannot

contract them yet.
To be more precise, adding marked points Gy, . . ., §, on Cp until both

((CoPrs- s P Qs - Gm)s ) € Mg tsm(Y, B) (AO) (45.53)
and

((8(),[51,...,ﬁk,ql,...,qm),é SZ'b/G,IZT :Cp — QX W)
€ Qg,k+m (W//IT’ d) (A)

become stable with ¢; := §;|50, we obtain an extension of formula (4.5.53):
((ésﬁl9 e aﬁk’ ql, e ,qm) 9f) € Mg,k-f—m(yaﬂ,)(A)'

Now let (é, Dls-ves ﬁk) be the contraction of rational components in rational tails of (C’,ﬁl, .. ,ﬁk)

on which f is constant. Note that we could not do this before, since we had the extension of C/,, not of
Co. We define f : C — Y for which

C

~
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is commutative. So we have an extension of ((C, p1,.. ., pk), f):
((Cp1s- o px) . F) € My L (7. B0 (A). (4.5.54)
Let q) (@ DPls---s ﬁk) — (@0, DPls--es ﬁk) be the contraction of rational tails. Then it is obvious that

(é(),ﬁls--~,ﬁk) |A0 = (C()’pl"--’pk)'

The construction gives rise to the contraction morphism
c: (@o,ﬁl,...,ﬁk) — (Co, P1s- -+ Pk) -
So we obtain
((éo, Plr..., ﬁk) Po= P = c*ﬁ) € Q¢ (V)T X G.B") (A), (4.5.55)

We can check that the pair ((4.5.55), (4.5.54)) is in Q” (E |G, B)(A). We can define its stabilisation
using the ample line bundle £ (4.5.49) on E J/G. This produces an extension of formula (4.5.50). ]

4.6. Obstruction theory

For a reductive group H, let %unfi’k be the moduli space consisting of ((Cy, p1,--.,pk), P), where
(Co, p1, ..., pr)is agenus g, k-pointed prestable curve and P is a principal H-bundle on Cy. Let Sg 1 g,
be the stack consisting of ((Co, pi,...,pk), P,u € T'(Co, P X1xg V)), where ((Co, p1,-..,pkr), P) €
Bun®:* . such that u (P x1xg V*"(G, 0)) is a set of finite points in Cy"™ \{p1>--.,pr}. Then we have

TG
a fibre diagram of forgetting morphisms

P (VIg(T X G). B") — Gy,

l |

e (W/hT, d) Bun
and hence
ok (E]G.B) —= Q7' (V// (TxG), /3") —— Gyt (4.6.56)

l » l

M, (V. ) ———= 0, (WNHT.d) Buns*

T

is a fibre diagram by diagram (4.4.47).
Let ui : Sg x5y — EBunig;’k be the rightmost vertical morphism in diagram (4.6.56). This can be
factored into

1

g.k
ngﬁo —> EBunT G

k
—> EBun‘g
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Consider the universal curve €y, the universal principal T X G-bundle B and the universal section u:

B X(1xG) V
u/(\LP
(%)
-

Hy g.k
Ce.k.80 Buny .-

By using a similar argument to the proof of [7, Theorem 4.5.2], we obtain a relative perfect obstruction
theory for ,ui:

£} = (R (). (w'T,))" € DY (Sqip)-

where T, is the relative tangent complex of p. We define a complex

E}, = Cone (El'[—l] — ]L#; [-1] — (,u}) Lﬂ%) e D (Se.kp) »

where Lﬂl] (resp., ]Lﬂ%) is the relative cotangent complex for y} (resp., ,u%)

Let yu : ma{;’ (Y. B) — EBun:gE’k be the composition of the bottom morphisms in diagram (4.6.56).
Consider the composition

poWy (Y, B) £, %uni’k £, SpecC.
It can be factored into
ﬁlté’k(Y,ﬁ’) i) My k i SpecC,
where p is the forgetting morphism. Consider the universal curve and the universal morphism f:

f

Y ¢

2

’ ’ /1/
img’k(Y,,B ) — E)Rg,k-

The complex
B3 = (R (m2),(f'Ty)” € D (W, (¥.5)

is then a relative perfect obstruction theory for . We define a complex

E” := Cone (Eg[—l] - Ly [-1] - (ﬂ;)*Lsmg,k) e D (EIRé.k(Y,ﬁ/)) .
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To eventually find a perfect obstruction theory relative to %uné;’k, we would like to find a morphism
(12)"Lgg, «k — E” commuting the diagram
T

(2) Lg et ——=E”

~ |

Law, v

To do so, consider the contraction of rational tails ¢ : € — € of the universal curve on EIJE’g Y. B).
Then we obtain a commutative (not a fibre) diagram

Te (=2 pi) — [Ty

vli ivz

¢*T(50 (_ Zi pl) - ¢*TBT|(50'
Indeed, the complex E”" is isomorphic to the dual derived push-forward of
Cone(vy)[-1] — f'Ty.

Hence the morphism is induced by v,. Now we define a complex
E?, = Cone ((M)*L%uni,k = E) e DP (E)Jt;,,k(Y,ﬁ’)) .

Letting p; : QZ;(E//G,,B) — Ggkpo P2 - QZ;(E//G,B) — M, (¥, B) be the forgetful
morphisms, we define

B = (pTEﬁl @pZE,'u) lo,x(z16.8) € D7 Qe (EIG. ). (4.6.57)

This is a relative perfect obstruction theory for Q, x (E /G, B) over %un‘%k [1, Propositions 7.2, 7.4].

Theorem 5. The moduli space Qg 1 (E |G, B) is a proper DM stack over SpecC. Moreover, it is equipped
with a natural perfect obstruction theory.

vir

The virtual fundamental class [Qg, «(EJG, ﬁ)] has dimension

B(ci([E/G])) + (1 — g)(dim(EJG) - 3) + k. (4.6.58)

4.7. Graph spaces
For g,k € Zs¢ and 8 = (B, Bo), consider the data

(¢:(C,p1,...,pk) - (CO,P1,---,Pk),f:C—>Y,P,u,a:C—>P1) (4.7.59)

satisfying the following:

o (C,pi1,-...,px)and (Co, p1, - .., px) are prestable k-pointed curves of genus g.

o « is aregular map with degree 1 € H, (Pl) = 7. This condition is equivalent to the fact that there is
an irreducible rational component C; in C (called the distinguished component) such that «|c, is an
isomorphism and a on other components are contractions.

https://doi.org/10.1017/fms.2021.48 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.48

32 Jeongseok Oh

o ¢ is the contraction of all rational tails on C. By a rational tail, here we mean a maximal connected
tree of rational curves not having C; as a component with no marked points, attached to other
components at only one node on C.

o fis of degree f’, and f restricted to each component of a rational tail is nonconstant.

o P is a G-principal bundle on Cp.

ouel (C(),Pf X (TxG) V).

o Bo(L) =deg (u* (P X(1xc) L)) for all L € Pic™C (V).

We call the data (4.7.59) a genus g, k-pointed graph quasimap with degree 8, or a graph quasimap with
type (g, k,B). It is 6-prestable if (Co, Pf,ﬁ, a/()) is a a-prestable graph quasimap in the sense of [7],
where aqg : Cop — P! is the induced morphism by «. It is 6-stable if, for each irreducible component
C’ c Cp whichis not Cy, f|c- is nonconstant or (Co, P fo E) |cr is 0*-stable in the sense of [7] with respect
to 6. We denote the moduli space of stable graph quasimaps with type (g, k, ) by 0G, «(E[G,p).

Theorem 6. The moduli space QG4 (E |G, ) is a proper DM stack over SpecC. Moreover, it is
equipped with a natural perfect obstruction theory.

We define a C*-action on QG, « (E /G, B):

C" X QG4 (E[G,B) — QG k(E]G.B),
(t,(¢,f,P,u,a)) — (¢,f,P,l/l,(Y[),

where «a; is the composition of & with P! — P!, [x; y] — [tx;y].

4.8. g = 0 graph spaces
Form, k € Zso and B = (B’, Bo), consider the data

(¢:(C,ql,...,qm,p],...,pk) — (Co,q],...,qm),f:C—>Y,P,u,a/:C—>P1),

satisfying the following:

o (C,q1s---+qm>P1,---,Pr) is a g = 0 prestable (m + k)-pointed curve.
o (Co,q1,---,qm) is a g = 0 prestable m-pointed curve.

o «a is aregular map with degree 1 € H, (P!) = Z.

o ¢ is the contraction of all rational tails on C after forgetting p1, ..., pk.

o fis of degree 8’ and stable on each contracted component.
o P is a G-principal bundle on Cy.

ouel (C(),Pf X(TxG) V).

o Bo(L) =deg (u* (P X(1xc) L)) forall L € Pic™C (V).

We can define the stability condition for these data as before to construct a moduli space denoted by
0G ik (E |G, B). Then it is a proper DM stack over SpecC equipped with a natural perfect obstruction
theory. Furthermore, it comes with a natural C*-action.

There are evaluation maps evy : QG (E[G,B) — Y, evaluating at pi,...,px, and evy :
0G ik (E|G,B) — E /G, evaluating at g1, . . ., gpm.

5. Characterisation properties for the /-function

In this section, we will show that IJST(’; )= I does not have poles outside of z = 0, 00, —x,,,,,/k, and

S
Fm
satisfies the initial and polynomiality conditions using quasimap moduli spaces.
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5.1. Graph-space expression of 1 ;n) and its initial condition

o
Let OFr g C QGok (]-'(”) , B) be a component of the fixed locus, where each node, marked point and

degree is concentrated on 0 € P' = Cy. Since P'\{0} maps constantly to 7", we obtain an evaluation
map ev, : QF; g — F.

Proposition 6. The I-function IS w can be written as

dpD vir yk x
— et & i dit; [QFk’ﬁ] Ha:l eVa(l,t)
=ez ) B% o) | e (CV.)* »
P=d, " N
eerxs ( QF 5/ QG (F™ ,,B’))

Proof. Let fk,ﬁ =Fr.p XAGox (¥.D) 0G|k (]-"("),,B) be the fibre product sitting in the diagram

OFip Fip QG (J—'{"),ﬂ)

| ¢

Fr.p — MG (Y, D),

where Fi p — /VGo,k (Y, D) is defined in equation (2.1.5). Using definition (4.6.57), one can decom-
pose the virtual normal bundle (with respect to the C*-action) to get

vir vir vir
X = ecn _ - ecs = ). 1.
eens (N QFk,B/QGO\k(-F(")»,B)) ces (N Fk,D/MGo,w,D)) eens (N QFk,ﬁ/Fk,ﬁ) (5.1.60)
Note that the S-action on N}‘;i’ [FGox(¥.D) is trivial. As explained in equation (2.1.5), we have
k,.D 0,k >
ec (NVir J— ) = ec+ ( vir R ) = 1 lfﬁ/ - 0’
S\ P /MGy (v.0) Fip/MGox(Y.D)) ~ \z2(z—y) if B’ #0,

which contributes to 7% (Jp). Since the flag bundle F™ can be thought of as a tower of Grassmannian
bundles, QF g is a disjoint union of products of flag bundles on Y [2, Lemma 1.2]. Following the
computation in the proofs of [2, Theorem 1.5] and [3, Theorem 1], we obtain

1 14
_ . n M1%°% (Hyy - Hip + s2)
s (V)= [Tl [] =——>—=
ec XS( OFi5/Fip 2. O o (Hiy—Hip+s2)

> df:di i=1 \1<I#l'<r; §=—00

M0 (Hiy = Hivip + 52)

dl-d"
1<l<r, 1<l <riqy Hsl:—oé“ (Hl,l — Hi+1,l/ + SZ)

X

More precisely, ev; of the right-hand side is equal to the left-hand side. O
As a corollary of Proposition 6, we obtain the initial condition for Ii(") :

Corollary 2. I;n) satisfies the initial condition.
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Proof. Let 1, : QF ]’: 5 OFy p be the substack taking the marked point to Y# C F _ Then the

pullback of the /-function I F(’: L= H ]i(m i

o, Ty eviw

* dnD
S _ At q°Q i diti

B 2ot 2 2 e,
k.p=(d.D)

" NVir
€c*xS ( QFf,ﬁ/QGOIk(}_m)’ﬁ))

Since NQF,ﬁ',;/QFkB = ev*Ny,,/f(m, where ev, denotes the evaluation map to Y = Y# (beware that ev,

is the map to F1"), ;(ﬁ) becomes

vir
H k *
Sou 70" s 4. [QF,(,B] [15_, evi(u)
I>, =e= ——e2i4li(ey,),
F k!
k.p=(d,D)

* . Nvir
feens ( QFk,ﬁ/QGmk(f("’,ﬁ))

Hence by using the decomposition (5.1.60) as well as the string and divisor equations of Gromov—Witten

i
theory, we observe that (I;")) (defined in Section 2.2.1) becomes

-1
. (5.1.61)
QOF, (dp.u D)/ & (dp s D))

Recall that V, W, G and T were introduced in Section 4.1 for the GIT presentation E /G of Fm,
Letting  and f be the universal ones

( ]:(n)) Z QDJD (Z /’l t+ I/l) L eC*XS (szr

OFi 5 xP —L > [V/TxG]

"

OFy g,

we obtain an isomorphism

[ mov
Ngfr“k,ﬁ/ﬁ.ﬁ = (R”*f T[V/TxG]/[W/T]) (5.1.62)

by the construction of E, from diagram (4.6.56). Using the notation in equation (4.2.42), we define a
T x G-equivariant subspace of V

VH —HGL HC cv.

jEI”

Note that the G-action on V# is given by right multiplications. Let [W/T]# := [W x V¥/T x G] C
[V/T x G| be the corresponding substack. Then it is the S-fixed locus in [V /T x G| corresponding to
u, isomorphic to [W/T]. For a morphism P! — [W/T] of degree D, the pullback of the line bundle
det [W X (Hjeli" (Cej) /T] to P! is of degree (dp.u);- Hence when d = dp ,, the universal map f
factors through

£ QF;(”(LIDWD) x P! — [W/T]* < [V/T x G].
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Since Ny rjn/[v /1x6] = T[v /1<) /1w )l iw /1y, We have

vir

mov
F = (Rn.f*N i )
: OFy (ap )i (ap u0) ( / [W/T]#/[V/TxG]

by formula (5.1.62). Its Euler class is then

-1
QF, (dpu-D) /ﬁk,(dD”u,D))
. movy —1
=ecxs ((Rﬂ*f N[w/T]“/[V/TxG]) )

19— (H; — Hy + s2)
- 1_[ 1_[ :ll —dy ’ (5163)
i=1 et rerf ls=—co (H; — Hp +57)

L eC <S (NVlr

where H; = —c(L;) and d; = D N H;. Putting equation (5.1.63) to equation (5.1.61), we find that

M
(I;n) ; (—z) lies on —z~' L by [8, Theorem 2']. O
5.2. Recursion relation for IS o
There is another description of I;(n) following the idea of [6, Theorem 5.4.1]. Let QFjx g C

o
OG1k (]—'(”), ﬁ) be a component of the fixed locus, where each node, marked point and degree is
concentrated on 0 € P'. Set pg := ec: (O(1) ®C)) and po = ec-(O(1)) € HE. (P'); hence they satisfy

Polo = 2 = =Ppeole and poleo = 0 = peolo.

quasi

Let S* be the operator on Hg (.7-"("), Q) (z) ® Ql[g, O1l:

. t 9P o .. OFis]"" ev (ypo) TT_, eviy (u)
Squasi(¥) = €= qTeZ" 4t (eva) [ | e L 2|, (5264
k,B=(d,D ' . vir
B=(d,D) ec xS (NQFHk,ﬁ/Qle(]:(n)’ﬁ))
and let P, .s; be the series in Hg (f(”) ) Q| [z] ®a Qllg, Q. t, u]l:
Sr % L vl
Pguasi = ) Vi =i ""'/ _evy (Y'peo) | [evi(w). (5.2.65)
e L [QGu (F.5)] a=1

Pr0p0s1t10n 7. The Iﬁmctlon ) can be written as
%
]:(n) Squaw ( quasi) .
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Proof. The proof is identical to the proof of [6, Theorem 5.4.1]. We include it here because it is omitted
there. By [6, Proposition 5.3.1], one can check that the inverse of S* is

quasi

dpD ev (Y poo) evi K evE (u
Y- e—% 271 Z q kQ‘ eZ,- dit; / ) b (7 p ) (7) Hu_l a( )
i k.p=(d.D) ’ [QFik ] ec xS (Ni‘\}lir/s)

On the other hand, using virtual C*-localisation [13], one can check that

k

evy (Y peo) 1_[ ev’ (u)

a=1

'/[QGllk(Jj")ﬁ)]m
ev; (¥ Peo) HI;:] ev (u)

/ vir ; YNy
ky+ka=k [QFk; 8, % 2n) QF 1.5, ] ec xS (N]‘lenb]) ec+xS (NlTllcg ﬁz)
Bi+p2=p ’ ’

ky

_ Z (k)/ er(?’l)HazleVZ(u)
KL [oF g

ky+ko= ec+xS (NVir )
Bi+Br=B kA
* [ * k *
x/ ev;y (¥ peo) eve(yi) T1,.2, eviy (u)
[QFl\kzyﬁz]v "

b
'vir
ecrxs (Nl |k2,ﬁz)

where NV = NVir ) oy and N ’ denotes the C*-bundle N with the inverse C*-action.
m|k.B OF i g/ QG (FI™.B)

-1
Hence by Proposition 6 we obtain P, ,s; = (S* ) (IJST(H) ) which induces

quasi

S %
I]_-(n) = Squasi (Pquasi) :
O
Together with Proposition 3, the following corollary of Proposition 7 shows that I;n) satisfies the
recursion relation:
Corollary 3. [j_f(li> has poles only at z = 0,00 and —x .., [ k.
Proof. Since the denominators in S;u asi (Pq,msi) are
; z if 3=0,
ecxs (N1”|,§ /3) = ‘ h (5.2.66)
i 2(z—y) ifB#0,

poles other than z = 0, co are z = ¢. On the S-fixed locus contributing to / S’ﬁ ,» ¥ can be either nilpotent
(when the domain component containing the marked point e lies on Y#) or the pullback of -y, ,/k
(when the domain component containing the marked point e maps to the fibre). O

5.3. Polynomiality condition for IJST(n)

The following proposition shows the polynomiality condition for Ii(n) :

Proposition 8. I;n) satisfies the polynomiality condition.
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Proof. The proof is parallel to that of Proposition 1. Let
k2,2 n) «
OF, " € QGojks+1 (]:( ,,3)

be a component of the C*-fixed locus, where k; marked points, degree 31, are concentrated on 0 € P!
and k, marked points, degree 3,, are concentrated on co € P! Let

QGojist (F.5) € QGur (F7.5)°

be the S-fixed locus where the image of P! lies on YX.
We can construct a C* x S-equivariant line bundle Q&; g ,, on QGyx (]-"(”) , ﬁ) for each (i, B, 1) such
that

Qgiﬁ’”'QF,fij’?ﬂQGomﬂ (F".8), = C,Bz(deté'}’)+7r*,82(ﬂ* det 77)*

Setting QNZ” = Ngc";o‘k” (F).6) /QGu (F )’ it follows from virtual C*-localisation [13] that the

push-forward of

vir
0Gok 1(]:("),,3) }
B L
HJ T i
o) K ecxs (QN;)

k
e @ [ ev ey o)

a=1

by pt : QGojk+1 (]—'("),ﬁ)ﬂ — SpecC becomes

(zau_,-l"(z, q), 1" (—z,qe_z Zi y"E"))Y = (p:QZy,;-

Note that QZ,, ; has no poles in z = 0. This proves the polynomiality condition for I;n).

6. Application

One can naturally ask if the Gromov—Witten theory of F s related to that of Y. There is one simple
situation in which they are related to each other: g = 0 invariants for semi-positive F™ _ that is,

Cq (T]_—(n)) NnNp = 0

for any effective class 5. We will discuss it in this section. Throughout the section, we will forget
S-actions everywhere.
The following theorem follows the idea in [6, Section 5.5]:

Theorem 7. Assume that F™ is semipositive. Then we obtain

I]:(") = IO (Clet, Q) . J]-‘(") |t+ . Ht+n*u+ll (qet,Q) B (6067)
Tu Iy(qet.Q)
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where Iy(q, Q) is the coefficient of 1 € H° (.7-'(”), Qllg, Q]]) in Pgyasil=u=0 and
1(a.0)=1(@0)- Y. a0, ([Qo,z (7.8)]™ ev;(n) . (6.0.68)
B=(d,D)#0

Here, 1y(q, Q) is independent of z and invertible, and

I(g.0) € H (F,Qllg. Q1)
so that the transformation

t+n*u+1 (gé', Q)
Iy (ge', Q)

t+n'ur—

makes sense. Moreover, if F s Fano of index 1 — namely, c| (Tfm) N B = 1 for any effective class
B # 0 — then Io(q,Q) = 1. If F™ is Fano of index 2, then Iy(q,Q) = 1 and I;(¢q,Q) = 0, so that
equation (6.0.67) becomes I pny = J zn) .

Proof. First of all, the virtual dimension of QGg (}'("), ﬁ) (formula (4.6.58)) is
B (T ) +dim F™ 41,

which is greater than or equal to dim FiW 41 by the semipositivity condition. Since the maximal degree
of ¥ p in definition (5.2.65) is dim F" + 1, we obtain

Pquasilt:u:O = Z quD/ ir CV;} (PD(pt)poo) - 1. (6069)
B=(d.D) [0Gio(F".8)]
ﬁ(T]:(n)):O

Again by degree reasons, it does not have positive z-terms. Hence we have Py qsili=u=0 = Io(g, Q) - 1.
Note that Ip(g, Q) = 1+ O(q, Q), and hence it is invertible.

By formulas (5.2.64) and (5.2.66), we obtain an asymptotic property of S;uasiltzuzoz
; 1 vir . 1
Stuai M =v+= > ¢0P(evy). ([QO,2 (7.5)] eVz(y)) +0 (—2) . (6.0.70)
2 B=(d.D)#0 <
By applying v = Py asilt=u=0 to this equation, we obtain
5i(q,0) 1
L lt=u=0 = 10(q, Q) - 1 + % + 0 (Z—z) (6.0.71)

by Proposition 7. Since the virtual dimension of Qg » (]—'("), ,8) (formula (4.6.58)) is
B (Trom) +dim F" — 1, (6.0.72)

we have (9. Q) € H=* (7. Qllg. Q1l).
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t
Since 1 zn) lu=0 = €= I zm) lg=y=0,gisqet» WE Obtain

Iy =1y (qet,Q) 1+ I (t+7u+1 (qet,Q)) +0 (iz)
z z

from equation (6.0.71). Then equation 6.0.67 follows from the fact that /m lies on -z 'Lag )
(Theorem 1), which is spanned by J ).

When F™ is Fano of index 1, we have Io(q,Q) = 1 by observing the range of the summation
in equation (6.0.69). When F™ is Fano of index 2, we have I(g, Q) = 0 by the degree counting of
definition (6.0.68), since formula (6.0.72) > dim Fm, m|
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