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Abstract

It is shown, given any positive real number A and any point (x,, x5, x3) of R; and any lattice A in
R5; that there exists a point (z,, z,, z3) of A for which

—d(A)/8\ < (zy + x)(z5 + x3)|z3 + x3] < Ad(A)/8,
which generalizes a theorem due to Remak.

1980 Mathematics subject classification (Amer. Math. Soc.): 10 E 15.

Let A denote a lattice in euclidean 3-space R,, so that A is the free group
generated by three linearly independent points X, X,, X5 of R;. The number
|det(X,, X,, X3)| is called the determinant d(A) of A, and is independent of the
choice of basis. Let II X denote the product of the coordinates of a point X in
R,. A theorem of Remark [12] asserts that, given any point X € Rj, there exists
a point Z € A such that

II(Z + X)| < d(A)/8,

the equality sign being necessary if and only if X =3(z,, . . . , z,) mod A, where
(2,0,...,0),(0,2,,0,...,0),...,(0,...,0,z,)isa basis of A.

Simplifications of Remak’s proof have been given by Davenport [5] and
Mabhler [8], while different proofs have been given by Birch and Swinnerton-
Dyer [1] and Narzullaev [11]. Our objective is to give a proof of the following
extension of Remak’s theorem.
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THEOREM 1. Given any lattice A and any point X = (x,, x5, X;) in R,, to any
Dositive real number X there corresponds a point Z = (z,, z,, z5) of A, depending on
A, such that

—d(A) /8N < (z; + x)(z; + x,)|23 + x5} < A%d(A)/8.

The equality sign is necessary if and only if either

@A) A = 1and X =1(zy, z,, z3) mod A, where (z,, 0, 0), (0, z,, 0), (0, 0, z5) form
a basis of A; or

@A =m+1)/(m—VYor(m—1)/(m+ 1) where m=2,3,... and for
some positive numbers t, t,, t3, A has a basis of the form

(LA + A7), 50 = A7), 0), (1A =A™, ,A + 171, 0),(0, 0, 1)

and X = (—t)A, 1\, 3¢;) mod A.

The method of proof is the projective one due to Birch and Swinnerton-Dyer
[1]. Define the homogeneous minimum of A as m,(A) = inf|[] Z| extended over
all points Z of A other than the origin, where [IZ denotes the product of the
coordinates of Z. By the projective method, Theorem 1 follows if

(a) it is true when m,(A) = 0, and

(b) it is true when m,(A) is a positive attained minimum.

PROOF OF (a).

LeEmMMA 1. If A is a lattice in R, and A > 0, then given any point X € R,, there

exists a point Z of A such that
—d(A) /4N < TI(X + Z) < A%d(A) /4.

The equality sign is necessary if and only if either

WDA=land X E%(zl, z;) mod A, where (z,, 0), (0, z,) form a basis of A; or

A =(m+1)/(m—1)or(m—1)/(m+ 1) where m =2,3,... and for
some positive numbers t,, t,, A has a basis of the form (t;A + A7), ,(A — A7),
(t;A =A™, 6\ + A™Y). Further, if A has a basis of this form than necessarily
X = —(f{,A, A) mod A.

The case A = 1 is due to Minkowski [10], and the first part for general A is due
to Davenport [6]. The enumeration of the best possible cases is due to Blaney

2]

LEMMA 2. If A is a lattice in R, and \ > 0, then given any point X = (x,, x;) €
R,, there exists a point Z = (z,, z,) of A such that

~d(A)/4N* < (z; + x))z, + x,] < A%(A)/4.
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The equality sign is necessary if and only if A = 1 and X and A are as given in
Lemma 1.

The case A = 1 is again Minkowski’s theorem while the extension to general A
is contained in [14].

By a standard transformation we mean a linear map of the type x;, — £,x,
Xy > IyX,, . . ., X, —> L, X, Where t,, t,, . . ., t, are positive real numbers such that
Lty -t =1

LEMMA 3. Let A be a lattice in R, for which m,(A) = 0. After a permutation of
the coordinates there exists an integer p with 1 < p < n — 1 and a sequence of
standard transformations T, such that the sequence of lattices T,(A\) converges in
the sense of Mahler [9), to a lattice Ay with a basis of the form X; = (x;),
iL,j=12,...,n, wherex,.j=0for1 Ki<pandp+1<j<n.

This lemma is due to Birch and Swinnerton-Dyer [1].
LemMMA 4. If a,, a,, ay; by, by, bs; m are positive real numbers such that
a,a,a; > mand bbby > m then
2
II (a6, + b,ay) > 2m(a, + b)),
i=1

with equality if and only if a, = b, for i = 1, 2, 3 and a,a,a; = m.
This is proved in [14].

By a divided cell in R, we mean a generalized paallelopiped having a vertex in
the interior of each generalized coordinate octant. Such a divided cell is said to
be regular if any line segment joining two vertices of the cell and crossing
exactly one coordinate plane is necessarily an edge of the cell.

LeEMMA 5. If C is a divided cell in R, of area A(C) then at least one of its
vertices (x,, X,) satisfies
~A(C)/a? < x,x, < AN%4(C)/4
with strict inequality unless the vertices of C are of the form =(t,A, t,\),
(A7, A7) where 1), 1, are positive numbers such that t,t, =3 A(C).

The proof of this is due to Cassels [3] based on a method due to Sawyer [13].
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LeEMMA 6. If C is a regular divided cell in R, of volume V(C) then at least one of
its vertices (x,, X,, x3) satisfies

—V(C)/8N? < x,x,| x5 < AW(C)/8,
with strict inequality unless the vertices of C are of the form

(N A 1), = (G, AT ),
+ (LA, AT ) and  E (LA LA, —1y),

where t,, t,, t; are positive numbers such that t,t,t; = V(C)/8.

PrOOF. Assume that all the vertices of C lie outside the region consisting of
the points (x,, x,, x3) such that

—V(C)/8A% < x,x,| x5 < A?V(C)/8.

Let P = (y,, 55 y3) and Q = (zy, z,, —z;) be two vertices of C such that y,z, >
0, y,z2; >0, y; > 0 and z; > 0. Project C into the coordinate plane x, =0,
parallel to the edge PQ of the cell C. This projection yields a divided cell D of
R, with area A(D) = V(C)(y; + z5)7\. The vertex (x, y, 0) of D obtained from
the projection of P is given by

x = (y3+ 23) ' (yiz3 + »320),
If y, ¥, > 0, then by the initial assumption,

Y1Y2ys > AV(C)/8 and  z,z,z, > NW(C)/8
and therefore also, by Lemma 4
xy > (93 + 23) " AW(C) /4.
However, if y, y, < 0, the initial assumption implies that
Y1 yays < -V(C)/8\r  and  z;z,z, < -V(C)/8\?,

and, again by Lemma 4,

< = (y; + 23 V(C)/4N,
contrary to Lemma 5. This proves Lemma 6, except when the equality sign is
needed; in which case, Lemma 4 implies that y, = z; for i =1,2,3; and
|¥1¥273] = A?V(C)/8. The projection of P is then (z,, z,, 0). Lemma 5 then
implies that (z,, z,) is one of the points *(#,A, ,A), *(¢,A7}, LA™Y, where
t,t, = V(C)/8z,, which completes the proof of Lemma 6.

Let A be a lattice in R; and let X € R,. We say A + X has a divided cell if
eight points of A + X form a regular divided cell of volume d(A).
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LeMMA 7. If A + X has a regular divided cell, then Theorem 1 is true for these
values of A and X.

PrOOF. Let C denote a regular divided cell of A + X. By Lemma 6, Theorem
1 is true with strict inequality unless the vertices of C are of the form
(A LA ), (AL AT ), (AL AT ) and (-1, -1, 1),
where ¢, t,, t; are positive numbers such that #,7,¢;, = d(A)/8. Then A contains
the two-dimensional sublattice A’ generated by

(LA +ATD, 60 =AT",0), (A=A, 5,0 +217Y),0),

with d(A’) = d(A)/2t;. Therefore, by Lemma 1, with X taken as (—£;A, —1,A),
there exists a point Z’ = (z}, z3) of A’, such that

—d(A) /8N < (z; — tA)(z5 — LAt < A%(A)/8.
As (z; — H4A, 25 — LA 1) € A + X, Theorem 1 is true with strict inequality,
unless the equality sign holds, in which case Lemma 1 implies that A is one of

the listed exceptional values, and hence A + X is one of the exceptional cases
listed in Theorem 1.

THEOREM 1A. If A is a lattice in R, with my(A) = 0, then Theorem is true for
A.

PrOOF. By Lemma 3, there exists, after a permutation of coordinates, an
integer p = 1 or 2, and a sequence of standard transformations T, such that the
sequence of lattices T, (A) converges, in the sense of Mabhler [9], to a lattice A,
with a basis of the form Z; = (x;, x;5, X;3), i = 1, 2, 3, where x; = 0for 1 <i <
p and p + 1</ < 3. Denote by AP the p-dimensional lattice of basis
(%> Xip -+« 5 Xp), i =1,2,...,p. Further, denote by A the 3 — p-
dimensional lattice of basis (x; pab - s Xphi=p+1,...,3

The point X of Theorem 1 may be replaced by any point congruent to X
modulo A. Also, the truth of Theorem 1 for A and X is equivalent to the truth of
Theorem 1 for T, (A) and T, (X) after some permutation of the coordinates
independent of k. As T,(A) > Ay as k — oo, it follows that T,(X) may be
chosen from a bounded region independent of k. Therefore, replacing the
sequence {7, } by a subsequence, if necessary, we may assume that T,(X)
converges to a point X = (X,, X,, X3), say.

As Theorem 1 remains unchanged when the x; and x, coordinates are
interchanged, we may, without loss of generality, assume that the permutation of
coordinates, given by Lemma 3, is one of the three (x;, x,, x3) = (x;, x;, X3) or
(x}, x4, X5) OF (X3, X,, x;). As p may be 1 or 2, this results in six cases, which we
consider individually in what follows.
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Case 1. (x;, x5, X3) = (%}, X5, X3} and p = 1. By Lemma 1, there exists a point
(up u3) € AP, such that
u = |(u; + X%)(u; + ;)] < 3d(AF),
the equality sign being necessary only if A{Y has a basis of the form (z,, 0),
(0, z5), where (X,, X3) =1(2,, z;) modulo AQ.
Let m, n be integers for which
(43, u3) = m(xp, X33) + n(x3, X35),
and put xf = mx,, + nx,;; + X,.
If u = 0, then, for any u, € A,
(uy + xP)(u + X)lus + X3l =0
and as (4, + mx,, + nx;;, u,, u3) € Ay, Theorem 1 holds for A and X. Thus, we
may assume that u 7= 0.

Suppose, first, that u, + x, > 0.
As d(AD)AAP) = d(Ay), 50

%d(A&l)) < d(A,)

8(uy + Xy)lus + %3]

There exists u; € AJ’, such that

—d(A§")/22* < (uy + x}) < AH(A)/2,
with strict inequality unless A = 1 and x} =3d(A{’) modulo d(AJ"). Therefore

—d(Do) /8N < (uy + x})(u, + Xy)|uy + X, < N%d(Ag)/8.
If the inequality is strict, then, for sufficiently large k, T, (A + X) satisfies
Theorem 1, and therefore also, A + X satisfies Theorem 1, with strict inequality.
Otherwise, A = 1, and A has a basis of the form (z,, 0), (0, z;), z; > 0, z; > 0,
and (X,, X;) =1(z,, 2;) modulo AY. We may assume that X is chosen modulo
Aq, so that (X, X3) = —3(2,, 23), and then we could take u, = 0 or z,, u; = 0 or
z,, with the corresponding x} = 1 d(A{”) modulo d(A).

Hence Ay + X has a regular divided cell with vertices 1(+ d(AJP), *z,, *z,).
By convergence, T, (A + X) has a regular divided cell for all sufficiently large k,
and so, by Lemma 7, the theorem follows.

Therefore, we may assume that u, + x, < 0.

There exists #; € A§” such that

—INH(A) < uy + xF <IATH(AP),
with strict inequality unless A = 1 and x} =3 d(A{”) modulo AQ. As

a(0g)) < - g 250

8(uy + X))|uy + %)
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we again obtain
_4A)
8A2
The rest of the argument parallels that given for u, + x, > 0.

< (uy + xP)(uy + X)lus + x| <

Nd(A)
T

Case 2. (X}, Xy, X3) = (X, X5, X3) and p = 2. Since AY is one-dimensional,
there exists an integer n such that

~3d(A§) < nmxyy + X3 < 7d(APD).

Put x¥ = nx;; + X, and x§ = nx;, + Xx,. By Lemma 1, there exists a point
(uy, uy) € AY such that

_dA)

42

< (uy + x¥)(uy + x3) <

)
NA),

and therefore also
d(A)
8A2
As (u; + nxyy, 4, + nxy,, nxi3) € A, if the inequality is strict, then Theorem 1A
follows as before. Otherwise, by Lemma 1, A{"? has a basis of the form
A+ A7, 5 = A, (A — A7Y, (A + A7Y), for some positive real num-
bers 1,, 1,. Moreover, (x}, x§) = (-t,A, —1;A) modulo A, and further, nx; + x;
=1 d(AQ). Then A, + X contains the points

@) = (6\7 —A 7, 1d(AR)), = (4, A, 3d(AF))-

Now (n — Dxy; + X3 = —3d(AP), so put x; =(n— Dx; + X, x; =
(n — 1)x5, + %,. Applying Lemma 1, there exists a point (u}, u5) € A§’, such
that

- Zd(A
<+ X0y + ey + T < 2AD

_d(Ay) A%d(AS”)
et

< (uy + xP)(uy + x5) <

4\ 2
and therefore also,
d A 4 / ’ ’ —_ Azd A
_ 8(>\2) < (U + X))y + x|(n = Dxgy + 5 < é )

If the inequality is strict, Theorem 1A follows. Otherwise, since we already know
a basis for AY’, Lemma 1 implies that

(%1, x3) = (~t/A, —1,A) modulo A},
and therefore also, that A, + X contains the points

* (tA7, A7, —1d(AR)),  x (6 LA, —1d(AD)).
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These four points, together with the four points (i), comprise the vertices of a
regular divided cell of Ay + X. By Lemma 7, Theorem 1A follows as before.

Case 3. (xy, X3, x3) = (X, X3, x,) and p = 1. By Lemma 1, there exists a point
(uy u3) € AP such that

[(uy + X)(u; + X5)| < %d(Ag))-

The proof now parallels that of Case 1, dividing into cases according to the sign
of u; + X,.

Case 4. (x;, x5, X3) = (X, X3, x,) and p = 2. As in Case 2, there exists an
integer n such that

-3d(AP) < nxy + X3 < 3d(AS).

Put x¥ = nxy; + X, x§ = nx;, + X,, and suppose first that nx;; + 3 » 0. By
Lemma 2, there exists (1, u,) € AJ’ such that

_4(A8)

AZd(ASD
an? < (u; + xP)|u, + x3| < -—L“——),

and therefore

d(Ao) _ _ Ad(py)
- 9}\3 < (uy + xP)|uy + x$|(nx;; + %3) < R

The proof is then completed as before. Suppose now that nx;; + ¥; < 0. By
Lemma 2, there exists (¢, u,) € A" such that

Nd(A)
V)

d(A§V
< (uy + xP)|u, + x3| < (T[:\E—),

and therefore also

d(A) A’d(Ay)

3 < (uy + x¥)|u, + x’z“l(nx33 +X;) < 3

The proof is then completed as before.

Case 5. (x), X5, X3) > (X3, X5, x,) and p = 1. By Lemma 1, there exists (1, #3)
€ A{ such that

d(A)
422
There exist integers m, n such that

< (uy + 5,)(uy + %3) < A—zi(‘tﬁ)—)

(up, u3) = m(xy;, x33) + n(x3 x33),
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$O put xf¥ = mx,, + nx; + x,. Then, there exists (u,) € A" such that
Iul + xrl < %d(A&l))’
and the proof is completed as before.

Case 6. (x,, x,, X3) = (x3, X;, x;) and p = 2. The proof parallels that used in
Case 4.
This completes the proof of Theorem 1A, and therefore of (a).

ProOF oF (b).

LemMa 8. If 0 < b < 2, ;' <s< 4, t, x and y are real numbers such that
-2/bs < xy < 2s/b, and either |x + y| < 3/b or |x —y| <3/b, then there
exists t = 1y, modulo 1, such that

-1/bs < (x + 6)(y + 1)|t| <s/b.

Proor. First, choose ¢ = ¢, modulo 1, so that 0 < ¢ < 1. We may assume that
t # 0, otherwise the lemma is trivially true. We further assume that x and y do
not satisfy the conclusion of the lemma and show that they do not satisfy the
hypothesis. Thus, x and y do not satisfy either of the inequalities
-1/bst < (x + &)(y + t) <s/bt  and

“1/bs(1 =) <(x+t~1)y+1t—1)<s/b(l — ).

Case A.
(i) (x+0)(y + 1) <-1/bst and
(ii) x+:r-—D(y+r—-1D<-1/bs(1 —1).
Multiplying (i) by (1 — ¢) and (ii) by ¢, and adding, we obtain
w+ 21—+t~ 1)P< - (1——:-1 + Ti—t)/bs < —2/bs.

Hence xy < -2/bs, contrary to the hypothesis.

Case B.

i) (x+t)(y+1t)>s/bt and
(x+:t=—1D)(y+t—-1)>s/b(1 —1).

Putting f =31 + e, so that |e| <3, (i) and (ii) become

1) (x +e +%)(y + e +%)(%+ e) >s/b and
(ii") (x+e—%)(y+e——;-)(—;-—e)>s/b.
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Multiplying these two inequalities together, we obtain

> 1 21\l 5 2/p2

(i) ((x+e) 4)((y+e) 4)(4 e)>s/b.

Suppose first that x + e + 3 > 0. This implies, by (i), that y + e + % > 0. If,

further, x + e — 3 < 0, then by (ii’), y + ¢ — 3 < 0, which implies that |x + e]
<31 and|y + e| <3. It follows from (iii) that

contrary to the inequalities s >} and b < 2. Hence, x + e — 3 > 0, and there-
fore also by (i), ¥ + e — 3 > 0. Inequality (iii) then implies that

(x + &)y + e)z(% - e2) > 52/ b
Ife < 0,sincex >1 — eandy >4 — e, this inequality implies that
x7yz > 4 SZ / b2,
contrary to the hypothesis. Therefore e > 0. But then, by (i),
xy > 2s/b,
contrary to the hypothesis. This shows that we must have x + e + 3 < 0.

It follows that x + e — 3 < 0. Replacing x, y and e by -x, -y and —e
respectively, interchanges inequalities (i") and (ii") while replacing the inequality
x+e—3<0byx+ e+ 1>0. Hence we are lead to a contradiction exactly
as before. This completes Case B.

Case C.
(i) (x+0)(y+ 1) <-1/bst and
(ii) (x+t—D(y+1t—-1)>s/b(1 —1).
Setting { = xy and 7 = x + y and subtracting (ii) from (i), we obtain
n<-1/bst —sb(l —t)+1—2¢
(i <-(2/bVi(1-1))+1-2s
If n > —3/b then this implies that
“3/b< - (2/6Vi(1 —1) ) +1 -2
As b < 2, this implies that t <3 and
-2
V(i =)
Writing f =5 — e, where 0 < e <3, this inequality may be written as
0> (7 — 10e)(1 — 2¢) + 96¢* + 64e?,

-3<2—-4..
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which is impossible, since all terms on the right side are positive. Therefore, to
avoid a contradiction, it is necessary thatn < -3/, so that |x + y| > 3/b.

By (1),
¢ < —m— 1’~1/bst.
Hence
(x—yY=n>—4 >79°+4m + 42 + 4/bst.
If |x — y| < 3/b, this implies that
(vi) 9/b%* > v + 4m + 41> + 4/ bst.
But 72 + 4m has a minimum at = —2¢ and, by (iii),
n<-(1/bst) —(s/b(1 — 1))+ 1 -2t < -2t
Therefore, substituting this value for 7 in (vi), we obtain

_.9_>L(L+2)+(.—s__ 1)2+_—2__
b2~ bst\ bst (1-0b (1 — Hb*’

Hence

.. 1 1 (1 s 2
e 2> w2 (=)
The first term on the right of (vii) is larger than 1/b%if st < 1, hence st > 1. But
then st > 4¢(1 — 1), thatiss/(1 — £) > 4. As b < 2, (vii) then implies that

1 4
$>"b-—1 or b >3,

contrary to hypothesis. It follows that |[x — y| > 3/b.

Case D.
@) (x+0(y+1)>s/bt
(ii) (x+t—-1)(y+t—-1)<-1/bs(1 - 1).

Changing x, y into —x, —y, and replacing ¢ by 1 — ¢, turns inequalities (i) and
(i) into the corresponding inequalities for Case C, without changing |7|. Hence,
by symmetry, Case D follows from Case C.

This completes the proof of Lemma 8.

LEMMA 9. If (x|, x5, X3) € Ry and A is a lattice in R, then there exists a point
(21, 23, 23) € A such that

z;+x, >0, z3+x,>0 and
1
(zy + x))(z; + x))|z3 + x5] < Ed(A)’

with equality only if m,(A) = 0.
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This lemma is due to Cole [4].
COROLLARY. If A <3 or A > 2, then Theorem 1 is true.

PROOF. If A > 2, the solution given by Lemma 9 clearly satisfies Theorem 1. If
A <3, Lemma 9 asserts that there exists a point (z,, z,, z;) € A such that
zy+x;,>0,z, + x, <0,and

1
(z) + x (=22 — x))|z3 + x5 < Ed(A)~

Here we have applied Lemma 9 to the point (x,, —x,, x3) and the lattice
obtained from A by changing the signs of the second coordinates. Hence

1
—Ed(A) < (z; + x)(z3 + x)(2; + x3)|z3 + x5 €0,

giving a solution satisfying Theorem I, unless the equality sign holds on the left,
in which case m,(A) = 0. Since this has been taken care of by Theorem 1A, the
corollary follows.

THEOREM 1B. If m,(A) > 0 and is an attained minimum then Theorem 1 is true.

PrOOF. We assume, by way of contradiction, that Theorem 1 is false for A
with some point X and a value of A2 = s, say. Then strict inequality in Theorem
1 cannot be attained for any point of A. By homogeneity, we may further
assume that d(A) = 8. The corollary to Lemma 9 implies that § <s < 4. Set
m,(A) = b, and let a be a positive number for which a* = b. As Theorem 1 is
invariant under standard transformations and m,(A) is attained, we may assume
that the point (*a, £a, +a) € A for at least one choice of signs. Further,
changing the sign of a coordinate leaves the inequality of Theorem 1 invariant,
apart from possibly replacing s by s~'. Hence, we may assume that (g, a, a) € A.
By a well-known theorem of Davenport [7], it follows that d(A) > 7b, hence
b <8/7.

Denote by A,, the two-dimensional lattice obtained by projecting A into the
x, y plane, parallel to the vector (a, a, a). Then the projection of a™'A is a”!A,.
As my(a~'A) = 1, applying Lemma 8 with b = s = 1, it follows that a~'A, has
no point (x, y) 7 (0, 0) such that

-2 < xy <2
and either |x + y| < 3 or |x — y| < 3. Hence a™'A, has no such point for which

Ix| + |y < 2V2,
and therefore A, has no such point for which

|x| + |y| < 2V2 a.
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Let (¢, 1) # (0, 0), be a point of A, such that A, has no point (x, y) # (0, 0)
for which

x| + |yl <& + |nl-
By Minkowski’s fundamental theorem,
1| + In] < 4a7/%, since d(A,) = 8a.

Because of the symmetry in Lemma 8, there is no loss of generality in assuming
thatn > £ > 0.

In the notation of Theorem 1, if X denotes the projection of X into the x, y
plane parallel to the vector (a, a, a), then A, + X is the image of A + X under
this projection. Applying Lemma 8 with b = a® and s = A%, we claim that
A+ X has no point in the region K in the plane given as the set of points (x, )
such that

and either |x + y| < 3/a? or |x — y| < 3/a% To see this, assume by way of
contradiction that A, + X contains such a point (x, y). Then x/a, y/a satisfy
the hypothesis of Lemma 8. Therefore, given any real number f,, there exists
t =ty (mod 1) such that
N < (£ + t)(y + t)|t| <=,

a a®

sa® a

Hence, there exists ¢’ = at, (mod a) such that

A< (x+ )y + )Y < AL
As (x, ¥) €E A, + X and (a, g, a) € A, there exists a real number ¢ such that
(x + ac, y + ac,ac) € A + X. Taking f, = ¢ in the preceding argument, we
find that (x + ¢, y + ¢, t') € A + X, and Theorem 1 is true for A, X and A\*
with strict inequality, contrary to the hypothesis. This establishes the claim.

We obtain the desired contradiction proving Theorem 1 by showing that
A, + X does contain a point of K.

Assume first that A, + X contains no point (x, ) such tat 0 < x < ¢ and
0 < y < 7. The projection of A, + X into the x-axis, parallel to (£, n), is a grid
of determinant 8(an)~". Let (y, 0) be a point of this projection that is closest to 0.
Then

vl < &(am)™.
In what follows, there is no loss of generality in assuming y > 0. As n > ¢ and
€] + [n| > 2V2 a, it follows that n > V2 a, and so

y<2V2a32
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For some real ¢ with 0 < ¢ < 1, we have, say,

(xpy) =0 +tEn) =P €A+ X  and

(xp ¥) = (LO+ (U~ DEn) = P, EA + X,
where x,, x,, y,, ¥, are non-negative real numbers.
We assert that neither P, nor P, lies in the region given by

{Gu ) x +p1 > 302} 0 {(x,9)] [x = y] > 3a7?).

To prove this assertion, assume first that |x, — y,| > 3a7% As
xp=n=vy+t§—n) <y <2V2a?<3a?

SO
(i) yl - x] > 30_2.
Now x, +y, >0 and x, — y, <y <3a> Hence, if x, —y, < -3a and
X, + y; > 3a7? then y, > 3a2 that is (1 — £)y > 3a% But (i) implies that
tm > 3a2 Hence 7> 6a2 As £+ q <4a’'/? it follows that 7 < 4a”'/2,
Whence a® > 9/4, which is a contradiction. Therefore, either |x, + y,| < 3a™

or |x, — y,| < 3@ If P, =(x,y,) € K, we have a contradiction, hence x,y,
> 2/as >3a',since s < 4; thatis

(i (v + (¢ = DB — D < 3™
Inequalities (i) and (ii) imply that

tn =% —3a2>y>(1— 0+ a(l - )™
Hence
m - (2a(1 — Hm)"' > 3a2

The left hand side of this inequality is negative at t = 0, and tends to —o0 as ¢
tends to 1 from below. Hence it must have a maximum in 0 < ¢ < 1, for the
inequality to hold. This maximum is then achieved at t = 1 — 1/9V2a and ¢
may be replaced in the inequality by this value to give

n>3a2+V2al2
But as 7 < 447'/%, this contradicts @* < 8/7. Therefore we must have |x, — y,|
< 3a2
Now assume that P, satisfies |x, + y,| > 3a72 As
X;=ya=v+ (= 1)E+n) <3a?,
it follows that

(i’) Xy — V2 < —30_2.
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Since P, = (x,,y,) does not lie in K and |x, — y,| < 3@ it follows that
Xy y; > 2s/a, that is

., 2s .1 . 1
(i) (y+t£)tn>7>5a , since s > .

Inequalities (i’) and (ii") imply that
Qam)"' -t <y <(1 - +m) —3a?
and therefore also
m + (2am)™' < 4a™'/? — 3q72.

For 0 < ¢, the left hand side has a minimum at ¢ = l/n\/%, so V2 al/?2 <«
4a7'/? — 3472, again contrary to @*> < 8/7. Therefore P, lies in |x + y| < 3a7%
This proves our assertion concerning P, and P,.

As P, and P, do not lie in K, it follows that x,y, > 2a”'s and x,y, > 2(as)™".
Hence

X1¥3 + %91 = (5 )yt + (v )y 3’
> 2(5)’2)"1_l "')’1(-‘)"2)_1)“_l <4a’.
However, from the choice of vy, it follows that
d(A,) > 8a7,
which is a contradiction. _
We have therefore shown that A, + X contains a point (xy, y¢) such that

0<x<§and0 <y, <.
As (xg, ¥o) — (£, m) cannot lie in K, either

xo——£+y0—n<—3a'2,

in which case x, + yo < 4a7"/? — 3a7%; or

1
(x0 = &(yo—m) >2a7's > 50—1,
in which case, by the arithmetic-geometric mean inequality,
E—xg+n—y,>V2al?

so that x, + yo < (4 — V2)a™'/% As V2 a™'/* < 3a7?, it follows that in either
case,

Xo +yo < (4 —V2)aV? < 3a.
Therefore, as (x,, yo) is not in K it follows that

XoYo > 2a’ls.
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Similarly, it follows that
'E—xo+77_)’o<(4“\[2_)a_1/2, and

(¢ — x)(n — yo) > 2a7's.
Therefore, again by the arithmetic-geometric mean inequality,

/2 /2
Xg+yo > 2 7.5‘ and £—xo+n—y,>2 f.

Adding these two inequalities, we obtain £ + 1 > 4V2s/a. As¢ + 7 < 4a7'/?,
this implies that s < %

Now redefine the point (x,, y,) as that point of A, + X for which x, > 0,
¥, 2 0 and x, + y, = « is as small as possible. Similarly, redefine the point
(x5, »,) as that point of A, + X for which x, < 0,y, <0Oand x, + y, = —Bis as
large as possible. By what has already been shown,

a,B<(4-V2)a'? < 3a2,
hence x,y, > 2a”'s and x,y, > 2a”'s. Let R denote the rectangle of points
(x, y) given by
-BLx+y<a and |x —y| < 4a72,
Ass < %, so R is contained in the set of points (x, y) given by

xy > -2(sa)  and  min(|x + y|, |x — y|) < 3a2
Therefore, R contains no point of A, + X in its interior. It is easy to see that
each vertex of R has coordinates of opposite sign. Hence, R contains the points
(x» ¥1), (X3, ¥,) on its boundary. Now, all points of A, + X lie on lines parallel
to the segment (x,, y;) — (x5, y,) and spaced so that any two adjacent points on
one such line are the endpoints of a segment congruent to (x;, y;) — (x5, y5). It
follows that there exist numbers p, 6 > 4a”'/2, such that the rectangle R’ of
points (x, y) given by
B<Lx+y<a and -p<x —y <o,
contains points (x5, y3) and (x4, y,) of A, + X such that
X3~ V3= —p and Xqg T V4= 05

and such that R’ contains no point of A, + X in its interior. Therefore
X3y < ~2as)™ and x,y, < —2(as)”". If neither point is a vertex of R’, then the
two triangles with vertices (xy, ¥1), (X3, ¥3), (X3, 1) and (xy, »1), (X2, ¥2), (X4 )
contain no point of A, + X apart from their vertices. It follows that the four
points form the vertices of a divided cell of A, + X, which therefore has area
8a7!, contradicting Lemma 5. Hence, at least one of (x,, y3), (x4, y,) is a vertex
of R’. This implies that the lines x + y = —8 and x + y = « are two adjacent
lines of lattice points of A, + X. Neither of these lines can intersect a coordinate
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axis in a point of A, + X because such a point (x, y) satisfies |x + y| < 3a
and therefore |xy| > min(2a™'s, 2a's™"). It follows that there exist four points
(x,, ¥, i =1,2,3,4 forming the vertices of a divided cell of A, + X, and
satisfying

x{y; > 2a’'s fori =1,2;
xly] < -2as)™" fori=3,4;

again contradicting Lemma 5. This proves the theorem.
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