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Determin&nt&l Systems of Points.

By Dr WILLIAM P. MILNE.

(Bead and Received 9th June 1916).

The following interesting system of points presented itself
while I was investigating certain properties of the cubic curve.
"What I have called a " Determinantal System of Nine Points" is
really a generalisation of the nine points defined by two systems of
three parallel lines crossing one another.

The following definitions will be required in the sequel:—
Let ABC be a given triangle, and let it be used as the

triangle of reference. Let P = (X, Y, Z) be any assigned point.
Then the polar line of P with respect to the given triangle is

— + •—- + -==0, and the polar conic of P with respect to the given
JL 1 A

X Y Z
triangle is 1 H =0. Also let the polar line and the

x y z
polar conic of P with respect to ABC intersect in the two points
P1 and P", whose coordinates are easily shewn to be (X, w Y, orZ)
and (X, w'Y, <oZ). We shall take P ' = (X, oY, u?Z) and
P" = (X, oy*Y, wZ), with a similar notation for other points
throughout the discussion.

Consider now any three assigned points Pt Q2 Jt3. Let P1 be
isolated, and let Q2 PJ and Rs P{' intersect in Q3. Let also R3 Pt'
and Qt P^" intersect in R3. Let iZ, and P3 be similarly defined by
the isolation of Q2; also P2 and Qt by the isolation of R3. We
thus obtain the following scheme of points:—

A P, ?,
Q, Q* Q* -> «' (I.)

defined by the leading term P, Q? R3 (following the determinantal
notation) along with the triangle ABC. The arrowheads and the
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index letters u' and u" signify that given Px Q2 R3 and isolating P , ;
Q2Q3 and R2R3 meet in P,', while Q2R2 and QSR3 meet in P,".
Similarly with the other intersections. The following schemes
follow at once, where in each case P{ Q2' R3 and Px" Q2" R3" are the
leading terms:—

p< pi pi
Jr\ rt ri

Qi Q* Qs -» «" (II.)

u

P a n it T> a

1 r \ r3

<?l" e2" 03" -» « (III.)

We are now going to shew that if we had begun with any other
triad of points defined by a term of the above determinantal
expansion (I.), the same set of nine points would have been obtained.
To establish this result we require the two following typical
theorems involving the "assigned" points P^Q^R, and the
" derived " points P,, P3, Q3, Qlt Rlt R2 :—

(1) Px,Ps,Qi are collinear.

(2) P2 ) P3, Qi are collinear.

I t is to be noted that (1) involves an "assigned" point Pj',
while (2) does not.

To prove P , , P 5 , Q3 collinear is tantamount to proving
Px", P2", Q3 collinear, and this is true from the construction of
Scheme (III.) above.

To prove (2), we shall prove that P2, P3, Qi, Ry' are collinear.

Let also p = y1z.2 — y1z1, q = z1xi — z2x1, r^x^y^ — :

A = a;, i/, «,

«s y2 «s
ok y> "2

and
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Then regarding P2 as the intersection of the lines P,
<J2 Rt", we obtain

P, a ( ^ + <oX2 + <o2Z,; Y1

where
Z, =^ a:3

s

J»' and

3 a?,)

Also, interchanging a> and <o2 in the coordinates of P a , we
obtain

G i S ^ + oi'Z. + wJ:,; Y1 + to272

Hence

&' = (2T, + w*Z, + « Z 3 j o ) ^ +

Let us now form the line-coordinates of P , Q', getting

where
£ . • 0

z31

x31

x,
Y3

1

Zi
1

z3
x,
1

Y,
1

zl1

1

X.
Tx

1

The line-coordinates of P2 Q' are therefore (L2, o>M3,
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Evaluating L3, M3, ilf, in terms of the expressions given above
for Xx, Y1, etc., we obtain

L2 = S [ A (y2 z3 - y3 z2) + 3{x1yizi y3 z3 - yt z.2 z3 (x, ya + x3 ya)

-»iyjy»(

M3-S[ A(«2a:3- z^) + 3{yxzaxaz3x3-zx K2X3(y2z, + y,

&! = S [ A(a;2 y3 - x3 j/2) + 3 {«, Xi y* x3 y3 - x1 y* y3 (a, x3 + z3 a?2)

Now, on the assumption that .&, does not lie on the polar conic
of i5!, in which case S would vanish, we see that the line
coordinates of P2 QS are unaltered if we interchange the suffixes
2 and 3. Hence the line coordinates of P3 R-[ are proportional to
those of P2 Qi, proving that P2, JP3, Q\, R\ are collinear.

Let us now consider the two triads of points Px Q3 Rt and
P2Q3Rlt in the first of which P1 is an "assigned" point, while
Q3 and R2 are " derived " points, whereas in the second of which all
three are "derived" points. We wish to shew that if we take
either of these triads as the "assigned" triad, the "assigned1'
triad together with the six " derived" points form the same
system of nine points as above

(1)
If we isolate -Pj, and we know that Q3 P\ a n d R.2 P^' meet in

Q,, and that i?2 P,' and QSPJ' meet in R3.
Again, if we isolate Q3, we know that P, Q3 and i?2 Qa" inter-

sect in P 2 , since Pj P2 Q3 and P2 R2 Q3" are collinear by what has
been proved above. The rest follows immediately.

(2) P,Q3R1.
If we isolate Pt, we know that Q3 P2' and R1P2" meet in Qx,

while Q3 P2" and Rx Pa' meet in ^ 3 , by the theorems above proved.

We have thus proved that the scheme 0/points

Pi P , P,
Qi Q* Q,
Ri Rt R3

form a closed system of nine points, and that the same system is
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obtained Jrom any of the six triads of points defined by the terms of
the expansion of the above determinantal form by using the con-
struction above defined.

In virtue of the above property, we have called the (P, Q, B)
system of points a " Determinantal system of nine points with
respect to the base triangle ABC."

Many further interesting properties of such systems would
certainly be found on further investigation.
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