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ABSTRACT

We endow certain GKZ-hypergeometric systems with a natural structure of a mixed
Hodge module, which is compatible with the mixed Hodge module structure on the
Gaufi-Manin system of an associated family of Laurent polynomials. As an application
we show that the underlying perverse sheaf of a GKZ-system with rational parameter
has quasi-unipotent local monodromy.

Introduction

At the end of the 1980s Gelfand, Kapranov and Zelevinsky introduced differential equations,
which are a vast generalization of Gaufy’s hypergeometric equation and which are nowadays
called GKZ-hypergeometric systems. Since then, GKZ-systems have found applications in many
fields of mathematics like representation theory, combinatorics and in particular in the area of
mirror symmetry.

The initial data for a GKZ-system is an integer matrix A together with a parameter vector .
It is regular singular if and only if it is homogeneous, i.e. if the vector (1,...,1) is in the row span
of A. For a fixed matrix A the structure of the GKZ-system depends heavily on the parameter §.
The easiest case is when [ satisfies a so-called non-resonance condition. Then it was shown
in [GKZ90] that the solution complex of the corresponding GKZ-system is isomorphic to a direct
image of a local system, defined on the complement of the graph of an associated family of Laurent
polynomials, under the projection to the parameter space. In another direction, Adolphson and
Sperber [AS12] showed that a non-resonant, homogeneous GKZ-system is isomorphic to a direct
factor of a Gaul—Manin system of a family of affine varieties constructed from a related family
of Laurent polynomials.

However, the GKZ-systems which appear in mirror symmetry are usually resonant. It was
found by Batyrev [Bat93] that the periods of some families of Calabi—-Yau hypersurfaces in
toric varieties are among the solutions of these GKZ-systems. He achieved this by studying the
variation of mixed Hodge structures of the complement of the corresponding affine varieties inside
the dense torus of the toric variety. The results of Batyrev were refined by Stienstra in [Sti98],
where he proved that the relative cohomology bundle of this affine family is actually isomorphic
to a GKZ-system outside its singular locus. This result of Stienstra endows the smooth part of
a GKZ-system with a (geometric) variation of mixed Hodge structures.

The proof of [GKZ90] consists, among other things, in showing that the total Fourier-Laplace
transformation of a non-resonant GKZ-system, which has support on an affine (generalized)
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toric variety, is isomorphic to the middle extension of a rank one bundle which is defined on
the dense torus of this variety. This was generalized by Schulze and Walther in [SW09]. Using
the theory of Euler—Koszul complexes, which was developed in [MMWO05], they identified a set
of so-called non-strongly-resonant parameters (including the non-resonant ones), for which the
total Fourier-Laplace transformation of the corresponding GKZ-systems is isomorphic to the
direct image of the rank one bundle under the torus embedding. This result turns out to be
crucial for our study, as we prove that such GKZ-systems with integer parameter (which are
resonant by definition) carry a mixed Hodge module structure, which extends the variation of
mixed Hodge structures on the smooth part found by Batyrev and Stienstra.

In order to prove this, we use a comparison theorem of d’Agnolo and Eastwood [DEO3]
between the total Fourier-Laplace transformation and various so-called Radon transformations
to show that the GKZ-system can be written as a certain Radon transformation of a mixed
Hodge module. But this endows the GKZ-system with the structure of a mixed Hodge module,
because the Radon transformations (unlike the total Fourier Laplace transformation) preserve
the category of mixed Hodge modules.

The benefit of this approach is that we can show that the GKZ-system endowed with this
Hodge structure sits inside an exact 4-term sequence of mixed Hodge modules where the two outer
terms are constant variations of mixed Hodge structures and the second term is isomorphic to
the GauBB—Manin system of an associated family of Laurent polynomials. This establishes a tight
relationship between this Gaufi—Manin system and the GKZ-system which turns out to be very
useful in computing various Landau-Ginzburg models in mirror symmetry (cf. [RS10, RS12]).

Let us give a short overview of the paper: in the first section we review the definition
of GKZ-systems and the theorem of Schulze and Walther which expresses the GKZ-system
as a total Fourier—Laplace transformation of a direct image of a rank one bundle, when the
parameter [ is not strongly resonant. We first prove some basic facts on the geometry of the set
of strongly-resonant parameters sRes(A) for general matrices A and also in the easier case when
the associated semigroup NA is saturated. By using a result of Walther [Wal07] on the holonomic
dual of a GKZ-system and results of Saito [Sai0l] on their classification, we are able to prove
a result which is in some sense dual to the one of Schulze and Walther, namely we identify the
parameters for which the total Fourier—Laplace transformation of a GKZ-system is isomorphic
to the proper direct image of the rank one bundle under the torus embedding.

In the second section a tight relation between certain (direct sums of) GKZ-systems and
Gaufi-Manin systems of associated families of Laurent polynomials is established (Theorem 2.1
and Corollary 2.3). More precisely, we show that there exists a morphism between the Gaufi—
Manin system and the GKZ-system with an O-free kernel and cokernel. Using a description of
the Gaufi—-Manin system by relative differential forms, we explicitly compute this morphism, in
the case when the semigroup NA is saturated, which gives interesting insight into the structure
of these Gaufi-Manin systems. Finally, when the matrix A satisfies some extra homogenity
condition, we restrict these systems to a hyperplane and recover the above-mentioned result of
[Sti98, Theorem 8].

In the last section we show that the results in the second section carry over into the category
of mixed Hodge modules (Propositions 3.3 and 3.4). This enables us to prove that a homogeneous
GKZ-system with a non strongly-resonant, integer parameter vector 3 carries a mixed Hodge
module structure. If the parameter vector § is rational we show that the GKZ-system is a
direct summand in a mixed Hodge module, which shows that the underlying perverse sheaf has
quasi-unipotent local monodromy.
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1. GKZ-systems

In this section we will prove various facts about GKZ-systems. An important ingredient, which
we will need in the next section, is a theorem of Schulze and Walther [SW09] which expresses the
Fourier—Laplace transformation of a GKZ-system as a direct image of a rank one bundle under
a torus embedding, when the parameter vector § is not in the set of so-called strongly-resonant
values. We will prove some basic facts about this set which will be essential in the following.
By combing results of Walther [Wal07] on the holonomic dual of a GKZ-system for generic
parameter 8 and of Saito [Sai01] on isomorphism classes of GKZ-systems, we are able to prove
in Proposition 1.14 the dual statement of the theorem of Schulze and Walther.

Let X be a smooth algebraic variety over C of dimension n. We denote by M (Dx ) the abelian
category of algebraic Dx-modules on X and the abelian subcategory of (regular) holonomic
Dx-modules by Mj,(Dx) (respectively (M, (Dx)). The full triangulated subcategory in D*(Dx),
consisting of objects with (regular) holonomic cohomology, is denoted by DZ (Dx) (respectively
D}y (Dx)).

Let f: X — Y be a map between smooth algebraic varieties. Let M € D’(Dy) and
N € D(Dy), then we denote by fy M := Rf.(Dyx @L§> M) (respectively ftM := Dx_y <§L§>
f~IM) the direct (respectively inverse) image for D-modules. Recall that the functors f,,
I preserve (regular) holonomicity (see for example [HTT08, Theorem 3.2.3]). We denote by
D : D% (Dx) — (D%(Dx))°PP the holonomic duality functor. Recall that for a single holonomic
Dx-module M, the holonomic dual is also a single holonomic Dx-module [HTTO08, Proposition
3.2.1] and that holonomic duality preserves regular holonomicity [HTT08, Theorem 6.1.10].

For a morphism f : X — Y between smooth algebraic varieties we additionally define the
functors f; :==Do fy oD and fT:==Do ftoD.

DEFINITION 1.1 [GKZ90, Ado94]. Consider a lattice Z¢ and vectors ay,...,a, € Z¢ which we

also write as a matrix A = (ay,...,a,). In the following we assume that the vectors a,...,q,

generate Z¢ as a Z-module. Moreover, let 8 = (f1,...,84) € C% Write L for the Z-module of
integer relations among the columns of A and D¢n for the sheaf of rings of algebraic differential
operators on C™ (where we choose Ap, ..., A, as coordinates). Define

Mﬁ = D(C"/((DL)LG]L + (Ek - 5k)k:1,..A,d)7

where

DL = H 8/\7[1 - H alii7

i:0;<0 7:1;,>0

n
Ep =) ariXioy,;
=1

Mﬁ is called a GKZ-system. It is a holonomic D-module by [Ado94, Theorem 3.9].

As GKZ-systems are defined on the affine space C", we will often work with the D-modules
of global sections M ﬁ =T(C", Mi) rather than with the sheaves themselves. Here D denotes
the Weyl algebra C[A1, ..., A\](Oxnyy.-., 00, )-

Ezample (I). The easiest examples of GKZ-systems are the ones associated to the matrix A = (1).
These are simply the D-modules

Dc/Dc (A0 — B).
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FIGURE 1.

If we assume (8 € Z, then it is easy to compute that the left-action of d) is invertible if and only
if B > 0. The generalization of this property will be shown in Theorem 1.9 and Lemma 1.11.
Furthermore the holonomic dual of D¢ /Dc (A0 — ) is Dc/De(ND + 5+ 1), the corresponding
statement for general GKZ-systems is given in Proposition 1.12.

Denote by

d
NA := {Z via; € Z| (i)i=1,..a € Nd}

i=1
the semigroup built by the columns of A seen as elements in Z? and similarly for ZA and R, A,
where R are the real numbers bigger than or equal to zero.
The semigroup ring associated to the matrix A is Sy := C[NA] ~ R/I4, where R is the
commutative ring C[0y,,...,0),], 14 is the ideal

IA:{DL,ZEL}

and the isomorphism follows from [MS05, Theorem 7.3]. The rings R and S4 are naturally
Z%-graded if we define deg(dy;) = a; for j =1,...,n. This is compatible with the Z%-grading of
the Weyl algebra D given by deg(\;) = —a; and deg(d,;) = a;.

320
A:<1 1 1>'

A simple Grébner basis computation shows that the ideal I4 is generated by the single box-
operator O3 _5 9, i.e we have

Ezample (II). Consider the matrix

S4 =~ C[01,02,05]/(05 — 87 - 93).

The Z2-degrees of S4 can be read off from Figure 1. Notice that NA = Ry A N Z? (condition
(1.4)) is not satisfied.

If we substitute 0y, — p;, the ideal I4 goes over to an ideal IscC Clua, - - -, ptn)] and we clearly
have the following isomorphism

C[NA] ~ Clpa, ..., ptn) / La-
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Furthermore, we have a ring homomorphism

Clua, . pin)/Ta —> Clyi', ., y7],
d

wi = yto= [T v
k=1

If we define Y’ := Spec(C[NA]) and T" := Spec((C[ny, ... ,yfit]), the ring homomorphism above
gives rise to the following map
ha:T —s C", (1.1)

where Y’ is the closure of the image of h4.

Let W be a finite-dimensional complex vector space and W' its dual vector space with
coordinates A = (A1,...,\,) respectively p = (p1,...,ptn). Let (-,-) be the standard euclidean
pairing with respect to these coordinates.

DEFINITION 1.2. Define £ := Oy e 2 and denote by py : W xW — W/, py : W/ xW — W
the canonical projections. The Fourier-Laplace transformation is then defined by

L
FL(M) :=por (pf M ® L) M € D)(Dy).

In general, the Fourier—Laplace transformation does not preserve regular holonomicity. But
for the derived category of complexes of D-modules with so-called monodromic cohomology,
regular holonomicity is preserved. Let 6 : C* x W' — W' be the natural C* action on W’ and
let z be a coordinate on C*. We denote the push-forward 0,(z0,) as the Euler vector field €.

DEFINITION 1.3 [Bry86]. A regular holonomic Dy-module M is called monodromoic, if the
Euler field & acts finitely on the global sections of M, i.e. for a global section v of M the
set €"(v), (n € N), generates a finite-dimensional vector space. We denote by D2 (Dy) the
derived category of bounded complexes of Dyy-modules with regular holonomic and monodromic

cohomology.
THEOREM 1.4 [Bry86].

(i) FL preserves complexes with monodromic cohomology.
(i) In D?

mon

(Dw) we have

FLoFL~Id and DoFL~FLoD.

(iii) FL is t-exact with respect to the natural t-structure on DY (D) respectively
D?non(DW)'

Proof. The above statements are stated in [Bry86] for constructible monodromic complexes.
One has to use the Riemann—Hilbert correspondence, [Bry86, Proposition 7.12, Theorem 7.24]
to translate the statements. So the first statement is Corollaire 6.12, the second statement is
Proposition 6.13 and the third is Corollaire 7.23 in [Bry86]. 0

Remark 1.5. By [Bry86, Proposition 7.12] a complex in D2 (D) corresponds to a complex

of sheaves of C-vector spaces with constructible, monodromic cohomology, where we call a sheaf
of C-vector spaces monodromic if it is locally constant along the orbits of the C*-action on the
fibers of W’. Let myr : W/\0 — P(W’) be the projectivization of W’'. This characterization shows
that a complex M € DP_ (Dy) is monodromic if its restriction to the complement of zero is

isomorphic to 7}, N for some N € foh(Dp(W/)).
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Because of the discussion above the hypergeometric system Mg can be seen as the total
Fourier—Laplace transform of a D-module which has support on Y’. In [SW09] it is shown that
FL(Mﬁ) is isomorphic to h 4 4 OTIQB for certain 8 € C?, where we denote by Op yg the D-module

Dy /Drr - (y10y, — B, - -+, YdOy, — Ba)-

Notice that GKZ-systems are not monodromic in general. However, in Lemma 1.13 we will
give a sufficient condition for the matrix A in order that the corresponding GKZ-system is
monodromic.

DEFINITION 1.6 [MMWO05, Definition 5.2]. Let N be a finitely generated Z%graded R-module.
An element a € Z¢ is called a true degree of N if N, is non-zero. A vector o € C? is called a
quasi-degree of N, written o € qdeg(N), if « lies in the complex Zariski closure qdeg(NN) of the
true degrees of N via the natural embedding Z¢ — CZ.

Schulze and Walther now define the following set of parameters.

DEFINITION 1.7 [SW09]. The set

sRes(A) := U sRes;(A)

j=1
is called the set of strongly-resonant parameters of A, where
sResj(A) == {8 € C?| B € —(N+ 1)a; — qdeg(Sa/(Dx,))}-

Notice that we use the convention deg(d;) = a; instead of deg(d;) = —a; as in [SWO09],
because this leads to simpler formulas.

Remark 1.8. The set sRes(A) is a proper subset of the set of resonant parameters, which was
introduced in [GKZ90] and which is defined by

Res(4):= | ] z'+cCF
F face of A

where a face F of A is a set of columns of A minimizing some linear functional on NA € Z¢ and
CF is the C-linear span of F'.

The condition on 3 for FL(Mﬁ) being isomorphic to h4 1 Oleﬁ is now the following theorem.

THEOREM 1.9 [SW09, Theorem 3.6, Corollary 3.7]. Let NA be a positive semigroup, meaning
that 0 is the only unit in NA. Then the following are equivalent:

(i) B ¢ sRes(A);
(iii) left multiplication with Oy, is invertible on Mf‘ fori=1,...,n.

We now want to characterize the set sRes(A). For this we have to understand the geometry
of the sets qdeg(Sa/(9y,)) for j = 1,...,n. We use the following definitions and notation
of [MMWO05]. Let Sr be the semigroup ring generated by a face F, then a Z%graded R-module
M is called toric if it has a toric filtration

O=MyCcMyC---CM_CM=M,

meaning that, for each k, M, /Mj_; is a Z%-graded translate of S r, for some face Fj, of NA,
generated in degree oy, which will be denoted by Sp, (o).
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Now by [MMWO05, Example 4.7] one easily deduces that the Zd-graded rings Sa/(0;) are
toric for j =1,...,n.
The toric filtration ' ' ‘
O:Mchfc---chj:SA/<8Aj> (1.2)

with M ,g /M g_l ~ Sp,,(ak,;) gives us the following decomposition of the degrees

l
deg(Sa/(0x,)) = | J deg(Sr, , (an))

k=1
respectively of the quasi-degrees
L
adeg(Sa/(0x,)) = | adeg(Sr, , (ax.5)) (1.3)
k=1

of Sa/(0y;), where only faces Sp, , occur which do not contain a;. The quasi-degrees of a z°%-
graded R-module Sg, where F' is a proper face of NA, are just the C-linear span of F', which we
denote by CF. (Here we use the embedding Z¢ < C?.) Thus the quasi-degrees of S,/ (On,) are
just finite unions of translates of the linear subspaces CFj, ;.

The following lemma shows that a translate of the cone Ry A does not meet the set of
strongly-resonant parameters. (Notice that the following lemma with 04 = 0 is stated in [SW09,
Corollary 3.8], but not proven. An easy counterexample of their claim is provided by A = (2,5).)

LEMMA 1.10. Denote as above by sRes(A) the set of strongly-resonant vectors (3. There exists
04 € NA such that
(RyA+d54)NsRes(A) = 0.

Proof. Choose some non-zero vector ' in the interior of NA, i.e. in NAN (R4 A)°. As we assumed
that NA is a positive semigroup, the set Ry A is a strongly convex cone in R?. We noticed above
that qdeg(SF) is the C-linear span of the face F', therefore we can conclude that

Ry A+a + o Nadeg(Sp,, (ar;)) =0

where we have used qdeg(SFkJ(akJ)) = qdeg(SFkJ) + ak] As every oy for j = 1,...,d
and k = 1,...,l; lies in NA, the element o” := Z] 1Zk L 0j also lies in NA. Now
set 4 := o/ + . We have Ry A + 64 C Ry A+ o' + aj; and therefore

Ry A+ 0aNqdeg(Sa/(0y;)) = 9.
As —a; lies in —NA, this shows that
RyA+6aNqdeg(Sa/(0y;)) — (I +1)a; =0

for every [ € N and therefore R; A + §4 NsRes;(A) = @. As this is true for every j =1,...,d,
this shows the claim. O

Ezample (11 continued). We continue our study of the GKZ-systems associated to the matrix
320
A= <1 1 1)
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FI1GURE 3.

and the corresponding strongly-resonant values sRes(A). The degrees and quasi-degrees of
S4/(0;) are sketched in Figure 2.

Notice that qdeg(S4/(9;)) is a finite union of translations of the linear spans of faces, which
do not contain a;. The set sRes(A) which is the union of the sets sRes;(A) = —(N + 1)a; +
qdeg(Sa/(0;)) and a possible choice of the cone §4 + Ry A are sketched in Figure 3. The open
cone —(R4 A)° will become important if one considers the holonomic dual of a GKZ-system with
B ¢ sRes(A) (cf. Proposition 1.12).
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The lemma above can be improved in an important special case. We call the semigroup NA
saturated if
NA=Q,ANnZz% (1.4)
and homogeneous if there exists a linear function h : Z¢ — Z satisfying h(a;) = 1 for all columns
a; of A.
LEMMA 1.11. Let NA be a saturated semigroup. Then

RiANsRes(4) =0.
If moreover the matrix A is homogeneous, then
Z4\sRes(A) = NA.

Proof. First notice that because NA is saturated the true degrees of S4 form exactly the set
NA. Now observe that a monomial P in S4 is non-zero in S4/(0y;) if and only if degP — a; is
not in NA.
As we observed above qdeg(SF) is the C-linear span of a face F' of NA. If a; ¢ F' consider
the finite set
Ipj = {t €[0,1) | (adeg(SF) + 1t - a;) N (NA) # 0}

The set
Vie= | U adeg(Sp)+t-a;= |J | CF+t-q

F:a;¢Ftelp,; F:aj¢Ftelp;

is Zariski-closed and contains the degrees of S4/(9,;) and therefore qdeg(S4/(dy;)) C V;. Looking
now at the definition of sRes;j(A) we see that

sResj(A) = {8 | B € —~(N+1)a; + qdeg(Sa/(0x,))} < |J -1+ 1)a; +V;.
leN

But we clearly have R{ A N (J;en(—(1 4 1)a; +Vj) = @ and therefore Ry ANsRes;(A) = @. This
shows the first claim.

Now assume that A is homogeneous. First notice that the first claim shows NA C Z%\sRes(A).
In order to show the other direction, let 8 € Z¥\sRes(A) and ' € NA. We have the following
isomorphisms

M ~ FL(ha 4 Opr) ~ M. (1.5)

We need the following definitions of [Sai0l]. Let o be a facet of Q1 A, i.e. a codimension one
face. To each facet we associate a unique primitive, integral support function F, satisfying the
following properties:

() Fo(ZA) =Z;
(i) Fy(aj) >0forallj=1,...,n;
(i) Fy(aj) =0 for all a; € 0.
Because of the isomorphisms (1.5) and [Sai01, Theorem 5.2] we have
Fo(B) = Fo(8) 20
which shows 8 € Q. ANZ¢ = NA. O

In the next proposition we want to show that the holonomic dual of a GKZ-system ./\/li with
B ¢ sRes(A) is isomorphic to M;ﬁ with —/’ chosen appropriately. For this we have to introduce
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the following set:
DsRes(4) := | ) (z2nQ;A)+CF.
F face of A
Notice that a parameter 8 € C? with 3 ¢ DsRes(A) is called semi-nonresonant in [Sai01]. It is

easy to see that
DsRes(A) N —(R4A)° = 0.

Ezample (II continued). Now we sketch a real picture of the set DsRes(A).

| —]

L

L

AL

I

AL
A
AL

T

—(RyA)° — DsRes(A)

PROPOSITION 1.12. Let A be homogeneous and 3 € Q%\sRes(A). Then
DM ZMZ

for all B' ¢ DsRes(A) with 3 = —p' mod Z.

Proof. By [Wal07, Theorem 4.8] there exists a Zariski open subset U C C? of parameters
(depending on A) such that ]D)Mﬁ is isomorphic to M;ﬁ_m' for all 8 € U, where €4 is the
sum of the columns of a matrix A’, where A’ is a matrix which generates the saturation of NA.

Now let 3 € Q%\sRes(A), there exists an a € Z% such that B4+a € UN (54 + Ry A). We have
the following isomorphisms

DM = DM~ MO o B

The first isomorphism holds because of Theorem 1.9 and Lemma 1.10 and the last isomorphism
holds because —3 — a — €4 € —(R4 A)° and [Sai01, Corollary 2.6]. O

In order to prove the dual statement of the theorem of Schulze and Walther above, we will
need the following lemma.

LEMMA 1.13. Let A be homogeneous and § € C%, then the GKZ-system Mi is monodromic. In
particular, the D-module ha 4 (OpyP) is monodromic for every 3 ¢ sRes(A).

Proof. If A is homogeneous, by definition there exists h : Z¢ — Z with h(a;) = 1. This gives rise
to a linear combination of the FEuler field € in terms of the operators Ej:

n d
E=> N0i=> hpEy,
=1 k=1
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where hy, are the components of h with respect to the standard basis of Z¢. Therefore & — b is
Zero in Mi, where b := Zzzl hiBk. This shows that € — b acts on the monomial

n

[1¥ Tlor
=1

i=1

by multiplication with >0, d; — >.° , e;. Taking a general element v, the space € (v) is a
subspace of the finite-dimensional C-vector space generated by the monomials appearing in v,
which shows the first claim.

The second claim follows from the fact that ha  Opy® ~ FL(Mﬁ) for 5 ¢ sRes(A) and
the fact that the Fourier-Laplace transform sends monodromic D-modules to monodromic
D-modules. a

PROPOSITION 1.14. Let A be a homogeneous d x n integer matrix and let 3’ € Q¢ with ' ¢
DsRes(A), then /
FL(hA’TOT/gB ) ~ Mg

Proof. First notice that we have
FL(hatOry”) ~ FL(ha1Opy”")
for 8" € —(R1A)° with 8” = 8/ mod Z%. By the definition of h4 + we have
FL(ha1Ory”") = FL(Dha 4 (Opy* ")),

where we have used that ID)(’)T/QIB” ~ (’)T/Q*B"“‘ holds for every a € Z. Because of Lemma 1.13
and the fact that the monodromic Fourier-Laplace transform commutes with duality, we have
the following isomorphism

FL(Dha 4 (Opy®477")) = DFL(ha 4 (Opy®4~5")).
We conclude by applying Theorem 1.9 and Lemma 1.10
DFL(hAmL(OT/y‘SA_ﬁ”)) ~ ]D)./\/li(‘_ﬁ ~ ./\/lﬁ,
where the last isomorphism follows from Proposition 1.12. O

We need still another fact of the theory of hypergeometric systems Mi. Let 3,3 € C¢ so
that 8 — 8 € NA. We denote by 8°~# the element [T, 9] in Mi, where (7;)i=1,...n is chosen

such that (58— 8")r = >, ax:- Notice that this is well defined in ./\/li due to the box-operators
(Op)ieL- There is the following rigidity result for morphisms between such GKZ-systems.

ProposiTiON 1.15. Let ) : Mi, — Mi be a non-zero D-linear morphism, then (up to
multiplication with a non-zero constant) 1 is given by right multiplication with 9° —F,

Proof. In the course of the proof we will work with the modules of global sections instead
of the D-modules themselves. First notice that ¢ is determined by the image of [1] € M gl
because fo is a cyclic left D-module. Let P € D so that ¢([1]) = [P]. Define for x € C? the
C[A10x;5 - - - AnOy, ]-module

(ME) = {[Q) € M? | (Ey, + r) - [Q] = 0 for all k € {1,...,d}}.
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From [Sai07, Ch. 4] it follows that there exists the following C[A;0),, ..., An0),]-module
isomorphism for 8+ k € NA:

d
(C[)\la,\l, Ce /\na)\n]/ Z(Ek -+ /ik)CP\la)\l, e ,)\na)\n] — (]\42),.C (1.6)
k=1

gADY) == g(M\1dx,, ..., AnOy,) —  g(ADy)D T

In order that v is well defined, we must have [P] € (M ﬁ),ﬁr. Therefore P can be chosen to
lie in C[A10y,, ..., A0y, ]07 7. We will write ¢([1]) = [f(Adx)d° 7] for short and compute the
image of 0; = 9" — P

0=9(]0" -]
=@ =) (1) = (@ =) (A0n)* ]
= [(fA +17)9" — fax +11)9" )"
= [(fQA0x +17) = f(A0x +1F))" 077
€ (M) ars—p (1.7)
where AlT € Z with kth component (Al*)g := Y"1 | ai(I*);. Because of (1.6) we have

d
FOON+17) = fF(NIy +17T) EZEk+ (AIT) e — BL)C[MOx,,s - - -5 AnO,, -

Notice that for a relation [ € N™ we have
d

FQON) = FQON+1) € (Ex — BL)C[A10x,, - -, Al ).
k=1

The statement above is a statement in a commutative ring. For better readability we set x; =
AiOy,, then the statement above can be expressed as (recall that Ey = > | agi\idy,)

d

fl@) = fle+1) €Y ((A-z)p — B)Cla].

k=1

Because the columns of A generate Z<, i.e A has full rank, we can find a v € C? with A-~v = 3.
Thus we have

f() = f(y+1)=0.

Since f is a polynomial this means that f has constant value f(7y) on the affine subspace
7 + ker(A). But this means

d
f(y+z) e f(vy +ZA z),Clx
k=1
respectively
d
() + Y _((A-2) = B)Clal.
k=1

If we substitute A\J) back, we get

w([1]) = [P] = [f(00N)° 7] = [f(7)9° 7],
where we have used (Ej — 51’6)85_’8/ = 9%=F'(E}, — ;). This shows the claim. O
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In the rest of this section we will consider special types of GKZ-system. Let A be a d X n-
matrix with ZA = Z?. We define its homogenization as being the d + 1 x n + 1-matrix

11 ... 1

A= : A . (1.8)

We will consider the GKZ-system M% with E = (Bo, ..., Bq) € CH! and denote the coordinates
of the underlying space as Ao, ..., Am.

Notice that the semigroup NA is always pointed, thus every statement above applies to these
kinds of matrices.

Later we will need the following lemma.

LEMMA 1.16. Let A be a d X n integer matrix with ZA = Z% and let 8 € Q% If B ¢ sRes(A),
there exists an ng € Z such that = (Bo, B) ¢ sRes(A) for all By € Q with By > ng.

Proof. Fix a 8 € Q%. At first we prove that there exists an ng € Z, such that for 8y > ng the
element (B, 3) ¢ sReso(A). For this we have to compute the quasi-degrees Q! Nqdeg(S 5/, )-
Recall that Q4! Nqdeg(S 7/0x,) is a finite union of translates of Q-linear spans of faces of QA
which do not contain @y = (1,0,...,0) (cf. (1.3)). Thus we can find an ng € Z so that for every
Bo = ng the element (8o, B) ¢ sReso(A) = —(N+ 1)ag + qdeg(S7/00).

Now assume additionally that 8 ¢ sRes;(A) for some j € {1,...,n}. Recall that this means

B¢ —(N+1)a; + qdeg(Sa/0y,).

Notice that qdeg(S7/0x;) C Q x qdeg(S4/0dy;). But this means

sRes;(A) = —(N + 1)a; + qdeg(S3/0x,)
C —(N+1)(Q x a;) + (Q x qdeg(S4/dy,))
= Q x sRes;(A).

But this means that (5o, 5) ¢ sRes;(A) for any Sy € Q. Summarizing we have shown that if
(¢ sRes(A), then (Bo, ) ¢ sRes(A) for any Sy € Q with Sy > ng, but this shows the claim. O

2. Families of Laurent polynomials and hypergeometric D-modules

In this section we will show that certain (direct sums of) homogeneous GKZ-systems arise as
Radon transformations of some D-modules on the projective space. This approach to GKZ-
systems is a crucial step in order to endow them with a mixed Hodge module structure.
Additionally, this enables us to establish a strong relationship between (these direct sums of)
GKZ-systems and the Gaufi-Manin system of an associated family of Laurent polynomials
(Theorem 2.1), which will give interesting insight into the structure of these GauB—Manin
systems.

Let B be an integer d x n-matrix, where we denote the columns by by,...,b,,. We assume
that the columns of B generate Q.

Using the Smith normal form we can write B as

C-Dy-Dy-M
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with C = (¢y,...,¢4) € GL(d x d,Z), M = (my,...,m,) € GL(n X n,Z) and
€1 1
Dy - Dy = : 0
€d 1

We then set
A= D2 - M

and we consider its homogenization A as in (1.8).
Furthermore, we associate to the matrix B the following family of Laurent polynomials

@B:SXW—>(C/\OXVV,
(yl,...,yd,)\l,...,)\n)l—) (-Z)\iybi7)\1’...7)\n>,
i=1

where S := (C*)4, W := C".
Set V :=C,, x W. We will construct a Dy -linear morphism with Oy -free kernel and cokernel
between the GauB-Manin system H%(¢py Ogx) and a direct sum of GKZ-systems.

THEOREM 2.1. Let B and A be as above and let pp: SxW — Cy, x W be the corresponding
family of Laurent polynomials. Let

o1 (Q/Z)" - Q*'\sRes(A)
o'+ (Q/Z)" > QH'\DsRes(A)
be sections of the projection pr : Q™1 — (Q/Z)™! and let I := (Z x (1/e)Z%) N im(o)
respectively I' := Z x (1/e)Z%Nim(c"), where (1/e)Z% = (1/e1)Z x - --x (1/e4)Z and e = (ey, ...,
eq) are the elementary divisors of B. Then we have the following exact sequences in M,,(Dy):
0 — H*Y(S,C) @ Oy — H(pp,+Osxw) — P M5 — H(S,C)® Oy — 0,
pel
0— Hd(S, C) ® Oy — @ M% — ’HO(QOBJLOSX{/V) — Hd_l(S, (C) ® Oy — 0.
E{ell
Remark 2.2. A priori the existence of a section o : (Q/Z)*! — Q41\sRes(A) is not clear,

however using Lemma 1.10 we can guarantee the existence of such a section with image contained

in 5’ + ({0} x [0,1)%) for some 5’ €03 + QLA.

In the case where the columns of B generate Z%, i.e. in the case B = A, we can be more
precise with respect to the allowed parameter vector .

COROLLARY 2.3. Let A be an integer d x n-matrix with ZA = 74 and let p 4 be the corresponding
family of Laurent polynomials. For every B B’ 74+ with B ¢ sRes(A) respectively ﬁ’ ¢
DsRes(A) we have the following exact sequences in M,y,(Dy):

0— H"(S,C)® Oy — H(pa+Osxw) — M% — HY(S,C)@ 0y — 0,  (2.1)
0— Hd(S, (C) ® Oy — Mi: — HO(SDA,TOSXw) — Hd_l(S, C) ® Oy — 0. (2.2)
If in addition NA is saturated, the set {3 € Z4T | B ¢ sRes(A)} is precisely NA.
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Proof. The statements follow from the fact that the elementary divisors of the matrix A are all
equal to 1. The last statement is the second statement of Lemma 1.11. O

In order to derive the exact sequences in Theorem 2.1 we have to recall briefly the definition
and some simple facts about the Radon transformation for D-modules.
On the level of D-modules the Radon transform was discussed by [Bry86] and some variants

were later discussed in [DE03].
Consider the following diagram

where we denote by Z the hypersurface given by the equation ). juiA; = 0 and by U its
complement in P(V’) x V. Consider the following functors from D?, (Dpy+)) to D2, (Dy):

R(M) = nd, (7{)"M ~ moy iz i} nf M,
RO(M) =75 (7)" M ~ moy juijint M,
RUM) = w3y (1 )M = may juy jimi M,

Rest(M) := moy ()T M.

Notice that the various Radon transformations give rise to the following triangles.
PROPOSITION 2.4. Let M € D% (Dpy)), we have

R(M)[~1] —> Rest(M) —> RO(M) — 2>,

RUM) —> Rest(M) — R(M)[1] =,
where the second triangle is dual to the first.

Proof. The first triangle follows from the adjunction triangle

(i2)+(iz) T [~1] —> id —> (ju)+(v)" —= .

The second triangle is dual to the first. O
The following proposition relates the Fourier and Radon transformations introduced above,
and will be quite useful in the next section.

ProprosiTION 2.5 [DE03, Proposition 1]. Let V be a C-vector space, V' its dual space,
p: Blo(V') := V(Opyy(—1)) — V' the blowup of V' at the origin, and consider the following
diagram.

Vl

Blo(V')~—V\{0} =, 3V
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Let M € th(DP(V/)). Then we have

Consider the map
g:S— P
Y1y sya) = (LoyPo . cybo). (2.3)

In order to construct the morphisms between the (proper) GauB—~Manin system of ¢pp and
the direct sum of GKZ-systems, consider the following exact triangles in DP (V) from
Proposition 2.4:

R(g: O5)[~1] —> Rest(gt Os) —> R°(gt Os) —> (2.4)
R2(g4 Os) —> Rest(g4 Os) —> Rlgy Og)[1] —— .

In the following we will calculate each term of the triangles above.
Consider the following map

h:T— V' (2.5)
(y07"'7yd) = (y0790'gb17--~73/0'gb”)7

where T ~ (C*)4+1, V! ~ CrHL,
These maps give rise to the following diagram, where the lower square is cartesian.

V/
]
T — V\{0}
S —L~P(V")
Here, the map 7 is the canonical projection and j is the canonical inclusion. The map 77 is the
projection given by
np: T—> S,
(Yo, Y1, -+ ¥a) = (Y155 Yd)-

In the next lemma we compare various D-modules constructed from the D-modules Og
respectively Op = 77; Og, living on the d-dimensional torus S respectively d + 1-dimensional
torus 7.

LEMMA 2.6.

(i) The functors hy and hy are exact.
(ii) We have isomorphisms

J+7 9405 ~ hyOr,
jim g Os = hiOr,

in the category of monodromic, D-modules on V.
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Proof. (i) The exactness of hy follows from the fact that the map h is quasi-finite, affine and
from [BGK+87, VI, Proposition 8.1]. The exactness of h follows by duality.
(ii) To prove the second point, observe that the following diagram is cartesian.

T v\ (0}
‘i
S Pv)
Using base change with respect to 7 (see for example [HTTO08, Theorem 1.7.3]) we get
719105 ~ hyn} O ~ h,Or,

where we have used that ﬂ'; Og ~ Or.
From this follows

hyOr ~ jihyOp ~ jontg Og.
The second isomorphism follows by duality and the fact that #f = 7. O
In the next proposition we compare the direct image of Ogxw under pp with the Radon
transform of g4 Og. Here and in the following we will identify V with Cy, x W.
PROPOSITION 2.7.

(i) Let pp: S x W — Cy, x W be the family of Laurent polynomials defined above. Then
we have the following isomorphisms in D, (Dy)
R(9+05s) ~ ¢+ Osxw,
R(910s) ~ B 1Osxw -
(ii) There are isomorphisms
/Hi'(Rcst(ngOS)) = Hd—H(S? C) ® Oy,
H' (Rest(910s)) ~ Hq—i(S,C) @ Oy
in D%, (Dy).
(iii) There are isomorphisms
R:(9+0s) ~ FL(hy Or),
RO(QTOS) =~ FL(hTOT)
in D%, (Dy).

Proof. (i) Consider the following diagram, where the square is cartesian.

S x W —

7TZ
r—= P -V
|
S =PV

Recall that the hypersurface Z in P(V') x V is given by > " (A\jpu; = 0 and I' is the fibered
product of S and Z. The map g : S — P(V’) is given by

g: S—P(V'),
(Y1,---,Yd) — (1:g91:...:gbn).
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Thus I' is the smooth hypersurface in S X V' given by Ag + Yo Aigbi = 0. Notice that we have
an isomorphism ¢ : S x W — I" given by

n
(y17""yd7)\15"'5>\n)'_) <y17"'7yda_z)‘iybi7)\17"'7)\n)-
i=1

‘We have
R(g+0s) ~ 75, (7{)" g4 Os ~ 7 kg " Os

by base change with respect to the map 7rlz . B
Notice that 7722 okoi = ppg by the definition of I'. Using the fact that n* Og ~ iy Ogxw, we
obtain

R(9+0s) ~ v+ Osxw-

The second statement is just the dual statement of the first.
(ii) Consider the following cartesian diagram.

P(V') x V
/ X
P(V') v
\pt /

Rest(9+05) ~ moq 1 g1 Og ~ af; apy 9405 ~ ajras4+Og

‘We have

by base change with respect to ay. We obtain
HiRcst(g-i-OS) = HdJri(Sa (C) X OV-
For the second statement we have R (g+Og) ~ (ﬁaSTOS, which gives
H'Rest(910s) ~ HIT(S,C) ® Oy ~ Hyi(S,C) @ Oy,

where the last isomorphism follows from Poincaré—Verdier duality.
(iii) The first statement follows from the second isomorphism in Proposition 2.5 and
Lemma 2.6(ii). The second statement is again the dual of the first. O

Recall the following triangles in D, (V) from above:

e} i}
R(91 O)[=1] — Rest(9; Os) — R%(9; Os) — (2.6)

R(gs O5) —> Rest(g4 O5) —> Rlgy Og)[1] = .

Using Proposition 2.7, this will enable us to extract information about the cohomology of the
(proper) direct image of ¢p.

PRrROPOSITION 2.8. Let ¢p : S x W — V be the family of Laurent polynomials defined above.
Then:

(1) H*(pp+O0sxw) =0 for k ¢ [—d +1,0] and H*(pp+Osxw) =0 for k & [0,d — 1];
(ii) H*(pp .+ Osxw) is isomorphic to the free Oy -module H'*F(S, C)@ Oy for k € [~d+1, —1]
and Hk(ngB,TOSX w) is isomorphic to the free Oy-module Hy_1_1(S,C)®@0y fork € [1,d—1];
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(iii) there are the following exact sequences in M, (Dy):

0 — HYHS,C)® Oy — HO(pp 1 Ogxw) — FL(h,Or) — HY(S,C) ® Oy —> 0,
00— Hd(S, (C) ® Oy — FL(hTOT) —> HO(@B,TOSXW) —> Hd_l(S, (C) ® Oy — 0.
Proof. Notice that we have
HIRE (94 Og) ~ HFL(hyOp) =0 for i # 0, (2.7)
HR®(9105) ~ H' FL(h;Or) =0 for i # 0, (2.8)

by Proposition 2.7(iii), the exactness of h, respectively h+ (cf. Lemma 2.6(i)) and the exactness
of the Fourier-Laplace transformation. Additionally the following holds:

R(9+0s) ~ o5+ Osxw € D5, (Dy), (2.9)
R(910s) = ¢5,1Osxw € D) (D), (2.10)

where the isomorphisms hold by Proposition 2.7(i) and the statement about the cohomology of
¢B,+Osxw holds because ¢p is affine and therefore ¢p  is right exact. The claim about the
cohomology of ¢p +Ogxw follows by duality.

Now we take the long exact cohomology sequence of the two triangles in (2.6). For the first
triangle we get

0 — H ™ (Rest(9405)) —> H(R(9+0s)) — H(RZ(9+0s)) —> H’(Rest(94+0s)) — 0

and

H' ™ (Rest(9+05)) ~ H'(R(g4+Og)) for i < —1,
because of (2.7) and (2.9). For the second triangle we get
0 — H(Rest(9:0s)) = H(R°(9:0s)) — H’(R(1Os)) = H'(Rest(9:0s)) — 0

and
H' (R(910s)) =~ H (Rest(910s)) fori > 1,

because of (2.8) and (2.10). Applying Proposition 2.7 to the single terms shows the claims. O

In order to relate FL(h4Or) respectively FL(h;Or) to GKZ-systems, we need the following
lemma.

LEMMA 2.9. There are the following isomorphisms in D?, (Dy):

FL(h,Or) ~ FL(hz , (Or Ly OMY),

vele
FL(hiOr) ~ @ FL(h 1 ,(Or - 7)),
v€le
where
hzg: T — Vv,
Wos----9a) — (y2,...,y%)
and I, is the set Hizl ([0,er, — 1] NN) /e, € Q%, where ey, ..., eq are the elementary divisors of

the matrix B.
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Proof. First notice that the map h (cf. equation (2.5)) can be factored into h = h ;o fp, o fo,
where
fo:T — T
(y07 s 7yd) = (y07g917 s 7Q§d)

fDl T — T
(y07"'7yd) = (y()?y(lilw")ysd)

and

ha: T — V'
(Y0, -+ ¥a) = (Yo Yoy™, - - -, yoy**)
= (™, y™)
which corresponds to the factorization B = C'- D1 - A. Notice that fo is an isomorphism, because

the matrix C' with columns ¢; is invertible, i.e. we have fo Or ~ Or. A simple computation
shows that

D101 =~ @ D/ (Dryody, + Dr(19y, — 1) + -+ + Dr(Yady, — Va))
y€Ele

— @ OTy(O’V).

vyele

Therefore we have
h+OT ~ hg7+ ©) fD1,+OT ~ hg7+<

D @Ty(om) _

v€Ele

Using the additivity of the functors h 3 , and FL, this shows the first isomorphism. The second
isomorphism will follow by duality and the fact that

D(Or - y'°7) = D(Dr/(Dryody, + Dr(y18y, — 1) + -+ + Dr(Yady, — 7a)))
~ DT/(DT(yanO + 1) + DT(y18y1 +7 + 1) + -+ DT(ydayd + Y4 + 1))

If we use that Op - y(®) ~ Op - yOI+9 for every @ € Z4+!, we get D(D, e, Or 07y ~
D1, Or- Q(OW), which shows the second claim. a

Proof of Theorem 2.1. By Proposition 2.8 the only thing which we have to show for the first
sequence is the identification of FL(h4Or) with @EEI M%, where I = (Z x (1/e)Z%) Nim(o),
o : (Q/Z)41 — Q¥1\sRes(A) is a section of the projection p : Q41 — (Q/Z)4+! and (1/e)Z% =
(1/e1)Z x - -+ x (1/eq)Z. Notice that we have

FL(h4Or) ~ @ FL(hg7+OTg(077)) ~ @ FL(hg,JrOTga(p(Oﬂ)))

v€Ele ~vel,
~ _ By ~ ]
~ P FL(hz Ory’) = P M;
pel Bel

by Lemma 2.9, the fact that OTQ(OW) o~ (’)Tga“‘(oﬁ) for every a € Z%!' and Theorem 1.9(i).
This shows the existence of the first exact sequence. The second sequence follows by the same
reasoning, using instead the section o’ : (Q/Z)*! — Q4! N (RA)° and Theorem 1.9(ii). 0
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If the semigroup NA is saturated and NA = Z¢ we can compute the morphism between the
GauB-Manin system H°(p; Ogxw) and the GKZ-system M% as well as the kernel and cokernel.

We will first deduce the description of the Gaufi—~Manin system by relative differential forms.
This description is well known to the experts but the author could not find a suitable reference.
To compute H%(¢+ Ogxw) we factor the map ¢ into a closed embedding

S xW — S x V,
(1) = (5, Fly M), 2) = <y - me)
=1

and the projection p : S x V — V. The image of i is the smooth hypersurface I' given by
I':= {)\0 + Z?:l )\iyﬂi = 0} B
The direct image Brgxy := i1+ Osxw is isomorphic to Dgxy /I, where the ideal I is given by

I= <DS><V(8)\i — y%0x)i=1,..n + Dsxv (3;% — gt Z aki)\iyaia)\o>
k=1,....d

Z:1 T ety
+ Dgxyv <)\0 + Z )\iy“i> > .

=1

Thus we can identify Br|gyy with Osxw[0y,] which has the following action of Dgyy:

(9@ 8},) =gl
Or (g ® 3h,) = (Or,9) ® O, — 9(0x, F) ® 0!
= (0\,9) ® @g\o +g- ygi ® 8§\40r17
Dy (9 @ 0%,) = (By,9) ® K, — g+ (8, F) ® 4!
= (0y,9) ® 85\0 +g- yk_l (Z akMiyai> ® 35\#,
=1
M(g@dh,) =g - Fed\, —1-go0d"
=g- (—Z)\iyai> ®8§\0 —l-g®ﬁf\gl,
=1
Xi(g ® 03,) = Xig ® 83,
k(g ® 94,) =Yg ® 95,

The direct image under the projection p: S x V. —> V is equal to

p+Brisxyv =~ Rp*QTg—;C%//v(BF\SXV) ~ Rp, (%" ®04 Brisxv)-

As the map p is affine, this is equal to p*(de ®0g Brisxv), where the differential on the last

complex is given by
d

dw® Q) = dw@Q-i-Zdyk/\w@@ka,
k=1
If we use the isomorphism Brigxy =~ Ogsxw[0),], the latter complex becomes isomorphic to
P*Q;;Cf,v /W[a,\o] with differential given by

dw® d,) = dw® 0y, — dyF Aw @ OH.
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Thus the Gaui-Manin system H°(p1 Ogxw) is given by

p*Qg‘xW/W[a)\O]
(d = Drgdy FA)POG 1y iy (O]

(2.11)

with the following Dy -action:
I(w®d\,) =we 8?51,
O, (w®04) = (Oh,w) @, —w(OrF) @\ = (O\w)® 0, +w-y% @, (2.12)
Mw@dy)=w-Fod, —1l-wad'

—w- (—Z)\iyai> 0, —l-wed !, (2.13)
=1
Xilw®d%,) = Aw ® A4
for w € QSXW/W

If we use the element wy := dy1/y1 A -+ A dyq/yq as a global section for the (locally) free
sheaf ngw W of rank one, we get an isomorphism

» ( Osxw[0x] w())
"\ WOy, — YrOy, FOr) (Osxw [0r)) k=1, /)

H (04 Osxw) =~
PRrRoPOSITION 2.10.

(i) Up to multiplication with a non-zero constant the map
¥ H (94 Ogew) —> MPY
is given by .
P (H Yy Wy ® 8§\0> = 8f\0_m+18/7\nll . 8)\7"71” ,
i=1

where m = Y| m;.
(ii) The image of ¢ in M(E’Q) is equal to the submodule generated by Oy, ..., 0\,
(iii) The kernel V=1 of 9 : HO(p1 Ogyxw) —> ./\/l 09 spanned by n flat sections given by

m
Zaki)\iggi cwg fork=1,...,n
i=1

Proof. In the course of the proof we will use the modules of global sections instead of the
D-modules themselves.

First, we prove that ¥ (wp) # 0. As 1 is not equal to zero and Dy-linear (in particular
Oy-linear), there is an element b = [[iL; y™%wy ® 05 with m; € Z for i = 1,...,n such
that ¥(b) # 0. Recall that we have 9y - [\, 0\ - wo = H?,l Y iwy ® OF for n = Z?:o n;
and n; € N. Let I = {i1,...,in} = {1 | my < 0}, I¢ = {1,. n}\I and set mjy =
Y icr(=mi). We have ¢([[;cze y™%wo ® 850+m1+k) 8’;0 [Lic; 0" @D( ) for every k > 0. Notice
that ([ [;cze y™%wo @ 8§+m1¥ ) # 0 because for every j € {0,...,n} the element Jy; acts
bijectively on MAO’Q) (cf. Theorem 1. 9(iii)). Set k = max{0, > ;e mi —s —my} = max{0,m —s}.
The element [],c e y™%wo ® 83+m’+k can be written as P - wy for P = 0}~ mtk [Licsc 0\ € Dy.
We conclude that 0 # (P - wg) P - 1)(wq), which shows ¥ (wp) # 0.
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The element wq satisfies the following relations:

n
(Aoaxo +) Aﬁ&-) © Wy = —wo,
i=1

n n
D apididy, - wo =Y apdiySwo @ Oy, = ykdy, - wo =0,

=1
li-a; li-a, I _
O, - wO:(H yle — H y a’>w0®a,\0—0
3:1,<0 3:1;>0

for I = deg(0O;). This shows the existence of a morphism MEI’Q — I'(V,H(1Ogxw)) which
sends 1 to wp. If we concatenate this morphism with the morphism

w:F<V,H0( +osoxw)> — M3",

we get a non-zero morphlsm M ~10 5 %0 Now the only non-zero Dy-linear morphism (up
to a constant) from M>"Y to i A~’* is right multiplication with 9y, (cf. Proposition 1.15). But
this shows that the image of wg 1n M 00 is 0y, (after a possible multiplication with a non-zero
constant).

From the discussion above we now get for some general b =[], Yy iwg ® 8f\0 the following

identities
al)fg Ha ml <H yngle 8s+m1+k> s m+l~c H 8mz WO

el iel¢ iel¢

Because left multiplication with respect to all dy; is bijective in M%’Q (cf. Theorem 1.9(iii)), this

gives
n
T o (wo).
=1

This shows the first point.

In particular 0y,,...,0y, is 1n the image of the map T'(V,H(¢4+Osxw)) — M00 We
conclude that the submodule of 122 b 0 which is generated by 0y, ..., 0\, lies in the image. Notlce
that 1 does not lie in the image because otherwise the map Would be surjective. But this shows
that the image is in fact equal to the submodule generated by 0Jy,,...,0,, as the cokernel
H?(S,C) ® Oy has no Oy-torsion. This shows the second point.

Consider the elements

n
fr = Zaki)\iygiwo fork=1,...,d.
i=1
Their image in MI%O’Q) is equal to Z?Zl ar;A;Ox, which in turn is equal to 0. Thus the fj lie in
the kernel of . It remains to show that they are flat:

n n
Dng - > aridiy®woZ = apdiy%wo @ Oy, = ypdy, - wo =0,

i—1 i—1
n n
Oy, - Z apiNiy“iwo = apy*wo + <Z aki)\z‘ya’) yHwo ® Oxg = Y0y, - y*wo = 0.
i=1 i=1
This shows the third point. o
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Remark 2.11. Notice that the first formula in Proposition 2.10 might involve negative powers
of dy,. By Theorem 1. 9(111) this is well defined, i.e. the element O)'~ 5+18m1 .0y s the
unlque element P € M2 so that for k¥ = max{0,m — s + 1} we have 8k sl HZE[ WS

= 8’;0 [Licre aAZ_ . Computing this element P in general seems to be dlfﬁcult Cons1der the

GKZ—system M%O with
~ 11 1
A= (0 1 —1)'

A straightforward computation shows that the element 8 in M 99 is equal to (A3 —4X102)0), +
Ao. One can see in this example that the expression 1nv01ves the discriminant of the associated
family of Laurent polynomials (4 = (1, —1)):

pa:C*x C? — Cy, x C?,

1
(Y, A1, A2) > <—)\1y - )\25, A1, )\2>' (2.14)

Up to now, only GKZ-systems Mffo’ﬁ ) with Bo € Z occurred. We will see that this is reflected
by the fact that we looked at all fibers of the associated family of Laurent polynomials ¢p. If the
matrix A is homogeneous, we will remedy this fact by restricting to a hyperplane inV=Cy\,xW
given by Ag = 1, which will give us direct sums of GKZ-systems M- ", with 3 € Q%

In the rest of this section let A be a d x n integer matrix with upper row (1,...,1) which
satisfies ZA? = Z¢ and let e = (eq, ..., eq) with ¢; € N>;. We define a matrix

€1
B := <A
€d
From this data we will construct a family of affine varieties pg : A - W = C” and derive exact
sequences similar to those in Theorem 2.1. For this we will need the following lemma.

LEMMA 2.12. Let i : {1} x W — V = C x W be the canonical inclusion. Then:

(i) the map iy is non-characteristic with respect to M(ﬁo’ﬁ),

(i) i M(Boﬂ) N/\/l
where A is given by (1.8}.

Proof. Let Q be the convex hull of the columns ay,...,a, of A in R¥. Denote by 7,..

the faces of @ (including @ itself). The set of singular pomts of ./\/l(fO ) i given by the union of
the hypersurfaces V(1) for l = 1,...,s (cf. [GKZ90, Theorem 4] and [GKZ94, Remark 10.1.8])
which are given by

Vin)={AeV|3yeSst farny)=urlkfon(y) =0forall k=0,...,d}

with far () = >z en, Aiy% and y% =[]} Oya’“.
There are now two possibilities. If @, € 77, then V() € {\g = 0} which follows from

Ao = Y000 fan(y) — y101fan (y) = 0.

On the other hand, if @, ¢ 7, then V(1) = p~1(V}), where p : V = Cy, x W — W is the projection
and V] is a hypersurface in W. This shows that the restriction to {1} x W is non-characteristic.
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Thus we have

Recall the definition of the generators of the GKZ-system from Definition 1.1. Because the first
row of A is equal to (1,...,1) all operators O;cr,, where L is the lattice of relations of the matrix
A are independent of Jy,. Notice also that all Euler vector fields, except Ejy, are independent of
Ao0y,- Working with the D-module of global sections instead of the actual D-module, the inverse
image can be written as

M%BO’B)/(AQ _ 1)M1%50’6).
As a Dy module this is isomorphic to
CAL, - s M) (Ongs - -5 O, ) /T

where the ideal I is generated by the Euler fields Fjy, ..., FEg4, the box-operators O;cr, and the

operator
n
Oro + > Nid,-
i=1
But this module is isomorphic to M A , which shows the claim. O

We now define the restriction of the family of Laurent polynomials in order to get a family of
affine varieties whose Gau3-Manin system will be closely related to a direct sum of GKZ-system
Mi. Let

A= {(yl,...,yd,/\l,...,)\d S (S X W) ‘ FB(Q,A) = 1},

where Fp : SxW — Cy, x W is the first component of ¢ 5. Denote by pp : A — W the projection
to the second factor. We have the following theorem.

THEOREM 2.13. Let B and A be as above and let pg : A —> W be the corresponding family of
affine varieties. Let

o:(Q/2)* - Q%\sRes(A),
o' 1 (Q/2)% - Q¥\DsRes(A)

be sections of the projection p : Q% — (Q/Z)¢ and let I := (1/e)Z N im(c) respectively I' :=

(1/e)Z Nim(c’). Then we have the following exact sequences in M,.,(Dy):

0 — HY(S,C) ® O — H'(pp+01) — P M, — HY(S,C) 2 O — 0,
pel

0— Hd(S, C) QR Ow —> @ Mﬁl — HO(pB’TOA) — del(S, (C) ® Ow —> 0.
gler

Proof. First notice that we can lift the sections o, ¢’ to sections

5 : (Q/2)™" > Q*"\sRes(A),
& (Q/Z)* > Q™ \DsRes(A)
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by Lemma 1.16 respectively by the definition of DsRes(A). By Theorem 2.1 we have exact
sequences in M, (Dy ):

0 — H'(S,C) @ Oy — H(pp+Osxw) — P M — H(S,C)® Oy — 0,
pel
0— Hd(S, (C) ® Oy — @ M% — 'HO(QOBJLOSXV[/) — del(S, (C) ® Oy — 0,
prer

with T := (Z x (1/€)Z)Nim(5) and I’ := Z x (1/e)ZNim(d’). Notice that we have Char(H%(¢p ¢
Osxw)) = Char(@gef/\/l%) respectively Char(@g,e-f, Mg) = Char(H°(¢p 1Osxw)). Therefore
by Lemma 2.12(i) the map 7; is non-characteristic with respect to all terms above. Recall that we
have if(@gef./\/l%) ~ @Dser MZ respectively ZT(@B’GT' M%) ~@Dgecr ./\/li by Lemma 2.12(ii).
Notice that we have the following cartesian diagram.

A— s SxW

S

M xw—"L oy

Using base change with respect to i1 we get if H(¢p +Osxw) ~ HO(pp,Op) respectively
it HY (e 1+Osxw) ~ H°(pp +On). This shows the claim. a

Remark 2.14. Restricting the first exact sequence of Theorem 2.13 to a generic point A € W
gives us the exact sequence of mixed Hodge structures:

0 —> Hdil(s, (C) N del(FB?l(l’A)j(C) —_— Hd(S, FB_l(]-)A))(C) — Hd(S7(C) — 0’

which is equation (55) from [Sti98]. Setting B = A and § = 0, this recovers [Sti98, Theorem
8], which says that the GKZ-system M% restricted to its smooth locus is isomorphic to the
cohomology bundle H%(S, F5'(1, ), C).

3. Hypergeometric systems and Mixed Hodge Modules

In this section we show that we can endow a GKZ-hypergeometric system with integer parameter
with a structure of a mixed Hodge module in the sense of [Sai90]. First we show that the exact
sequences in Theorem 2.1 respectively Corollary 2.3 are actually exact sequences in the category
of mixed Hodge modules. For this we have to translate their proofs into this category.

With regard to Theorem 2.1 respectively Corollary 2.3 this might be expected as the other
three terms of the exact sequences carry a natural structure of a mixed Hodge module (the two
outer terms are actually (constant) variations of mixed Hodge structures). However we can not
conclude directly that the (direct sum of) GKZ-systems carry a mixed Hodge module structure
because the category of mixed Hodge modules is not stable by extension.

For a smooth algebraic variety X, we denote by MHM (X) the abelian category of mixed
Hodge modules and by D* MHM (X) the corresponding bounded derived category. The forgetful
functors to the bounded derived category of algebraic, constructible sheaves of Q-vector spaces
respectively regular holonomic D-modules are denoted by

rat : DPMHM (X) — DY(X,Q)
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respectively
Dmod : DPMHM (X) — Db, (Dx).

For each morphism f : X — Y between complex algebraic varieties, there are induced functors fi,
fi: DPMHM (X) — D*MHM (Y), f*, f' : DPMHM (Y) — D*MHM (X) which are interchanged
by D and which lift the analogous functors f, fy, fT — [d], f[d] on DP, (Dx) respectively Rf.,
fi, 71, f on Db(X), where d := dim X — dimY’.

Let Qg be the unique mixed Hodge structure of weight 0 with GTzW = 0 for ¢ # 0 and
underlying vector space Q. Denote by ax : X —> {pt} the map to the point and set Q% := a}(@g.

Recall that by [Sai90, (4.4.3)] a base change theorem holds also in the category of algebraic
mixed Hodge modules.

Notice that the various functors R,Rcst,R‘(’c) are just a concatenation of (proper) direct

image functors and (exceptional) inverse image functors, which means they are also defined in
the derived category of (algebraic) mixed Hodge modules. Define the following functors from
DYMHM (P(V")) to D*MHM (V') by

*R(M) =74 (nZ)* M ~ mosig.iymi M,
*Rest(M) := momiy M.

Notice that unlike in the category of D-modules *R and *R s commute with the duality functor
D only up to shift and Tate twist. We therefore define the following functors from D® MHM (P(V'))
to DPMHM (V'):

'R(M) :=Do*RoD (M)~ 74 (n?) M ~ mayigyiym, M
"Rest(M) :=D 0 *Reg 0 D (M) ~ o, M.

Finally we define *RS : DPMHM (P(V')) — D*MHM (V') by
RUM) = iy (] )" (M) = moujun iy (M)
and 'R° : DPMHM (P(V') — D*MHM (V) by
RE(M) :=Do*Rg oD (M) = 3 (n} ) (M) = maujurejiymi (M).
Using these definitions we get the triangles equivalent to Proposition 2.4.
PROPOSITION 3.1. Let M € D°*MHM (P(V")), we have the following triangles

"R(M) —> "Rt (M) — 'RO(M) =55,

%450 * * +1

Ro(M) — *"Rest (M) — *R(M) —,

where the second triangle is dual to the first.

Proof. The proof is the same as in Proposition 2.4 using [Sai90, (4.4.1)]. O

DEFINITION 3.2. Let A, I and I’ be as in Theorem 2.1. Define the following objects in MHM (V'):
N\ H

<€BM§) = M (R0, Q)

Bel

N\ H
(GBM;;”) = H (RS (9DQY))

Ber

937

https://doi.org/10.1112/50010437X13007744 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X13007744

T. REICHELT
PropPoOSITION 3.3. Let B, AV, I and I' be as in Theorem 2.1. We have the following exact
sequences in MHM (V'):
0 — H"H(HIN(S,C) @ Qff) > H* (05 Qlxw)
N\ H
- (EB M%) — HLHY(S,C) 0 Qff) - 0,
gel
N\ H
0 1 (5,0 o DY)~ (D M)
Ber
— H ™ (pp DQw) — H " (Hg-1(S,C) @ DQY) — 0.

In particular we have
-\ H ~
Dm0d<<@ Mé) ) ~ <@ M§>7
pel Bel
N\H .
Dmod((@ M}B> > ~ <@ M:TB).

Ber per
Proof. Recall that we derived the first exact sequence of Theorem 2.1 by taking the long exact
cohomology sequence of the second triangle in (2.6)

Hd_l(S)C)®OVHHO(SDB,+OSXW)%®EGIM% Hd(S,(C)®OV

SN I

H ! (Rest(9105)) —— HO(R(91.05)) —— H°(R2(9+Os)) — HO(Rest (91 Os))

where we used Proposition 2.7(i), (ii) for the first, second and fourth isomorphism. For the third
isomorphism we used the following isomorphisms

P M7 ~ FL(h, Or) = R2(g1 Os).
pel
To show that the lower sequence is a sequence of mixed Hodge modules we replace the

D-module Og with the mixed Hodge module Qg = ag(@g and apply the corresponding functors
in the (derived) category of mixed Hodge modules. Notice that there is a subtle point. In Saito’s
theory Qg lies in degree dim X and for f : X — Y the functors f*, f' correspond to the functors
f1[—dim X 4 dim Y] respectively f*[dim X — dim Y] on the level of D-modules. If we translate
the proofs above into the category of mixed Hodge modules and take these shifts into account
we get the following morphism of exact sequences.

HHH(HH(S,C) @ Q) —H (05, Qcw) — Djes Mir HHH(HY(S,C) ® Q)

- NT NT -

H(*Rest(9:QF ) ——=HT"(*R(9.QF)) — H"H(*RY(.QF)) — HI "1 (*Reat(9.QF))

The lower sequence is an exact sequence of mixed Hodge modules by construction. If we induce
the mixed Hodge module structure of H4T"+1(*R2(g.QH)) on @EGI M?P the upper sequence
becomes a sequence of mixed Hodge modules, too. The statement for the second sequence follows
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if we dualize the two sequences above

H=1 (Ha(S, ) @DQY) —> By M5 ——H 4 (0, DQY, 1) = K" Y Hyor (5, C) 0DQY)

- NT NT -

Ho T (Rese (9DQY)) = H™"H(R2(9DQY)) = H™ " (R(DQE)) —H ™" ("Rest (9DQE)),

where we have used that H(as.a3Qf) ~ HI(S,C) and Hj(agga!s(@g) ~ H_;(5,C) as an
isomorphism of mixed Hodge structures. o

PROPOSITION 3.4. Let A be an integer d x n-matrix with ZA = Z%. For every 5, B’ € 74" with
B ¢ sRes(A) respectively ' ¢ DsRes(A) we have the following exact sequences in MHM (V')

0 — HH(HY(S,C) @ Q) — A (94,.Q8w) — (Mé)H
—s HH(HI(S,C) ® Q) — 0,

0 — H "N (Hy(S,C) @ DQY) — (M7
— H_d_n(QOB,!DQgXW) - H_n_l(del(S’ Ce Q{/I) -0

Proof. The proof of this proposition is parallel to the proof of Proposition 3.3. One just has to
use Corollary 2.3 instead of Theorem 2.1. O

We are finally able to prove the main results of this section. Let A be a d X n integer matrix
with columns ay,...,a, so that there exists a linear function h : Z¢ — Z satisfying h(a;) = 1
for all 7. Recall that a GKZ-system corresponding to this matrix is called homogeneous. Schulze
and Walther have shown in [SW08] that a GKZ-system is regular holonomic if and only if it is
homogeneous.

THEOREM 3.5. The homogeneous GKZ-system Mi carries a mixed Hodge module structure if
B € Z4% and if one of the following conditions is satisfied:

(i) B ¢ sRes(A);
(ii) B ¢ DsRes(A).

Proof. Let | : Z% — 79 be an isomorphism, L be the corresponding invertible integer matrix
and I¢ : C¢ — C? its C-linear extension. First notice that for § := I(3) and A := L - A the
GKZ-systems Mg and ./\/li are isomorphic. Furthermore we have I (sRes(A)) = sRes(A) because
we have [(deg(S4)) = deg(S ) and (DsRes(A) NZ?) = DsRes(A) N Z%. It is easy to see that for
any A there exists an [ respectively L such that L - A is a d x n matrix with first row equal to
(1,...,1). But for the corresponding GKZ-system Mi the proof of Proposition 3.4 shows that

it carries a mixed Hodge module structure. O

THEOREM 3.6. The homogeneous GKZ-system Mi has quasi-unipotent monodromy if 3 € Q¢
and if one of the following conditions is satisfied

(i) B ¢ sRes(A),
(ii) B ¢ DsRes(A).

Proof. As in the proof of Theorem 3.5 we can reduce to the case where the matrix A of the
GKZ-system has (1,...,1) as its first row. Let e € N such that e- 8 € Z% and set B := e Ijyq- A.
Assume 3 ¢ sRes(A). Using Lemma 1.10 we can find a section o : (Q/Z)? — Q%\sRes(A)

with 8 € im(c). This section lifts to a section 7 : (Q/Z)4! — Q%*1\sRes(A) by Lemma 1.16.
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Applying zf to the underlying D-module of the third term of the corresponding exact sequence
in Proposition 3.3, we get the following isomorphisms

P M ~if @ M5~ if Dmod(HH" ("R (9.QF))) ~ DmodH* ™+ (i1 (“R2(9.Q¥)))
pel E/ef

which shows that Mi is isomorphic to a direct summand of a mixed Hodge module N .

There exists a stratification S = {S;} such that the restriction to S;\S;41 is a smooth mixed
Hodge module, i.e. it is a polarizable variation of mixed Hodge structures. Now it follows from
standard Hodge theory that the underlying local system of this restriction has (local) quasi-
unipotent monodromy in the sense of [Kas81]. But Mg is a direct summand of Dmod(N) from
which follows that DR(MZ) is a direct summand in rat(N) ® C. But this shows the first claim.
The proof of the second claim is similar. O

Remark 3.7. If A satisfies ZA = Z¢ one can easily show by mimicking the proof of Theorem 2.1
respectively Theorem 2.13, that for 3 ¢ sRes(A) we have the isomorphism

MG~ i R(9: 05 - 7). (3.1)

Since the underlying local system Lg of the D-module Og - y” has no Q-structure for general 3, we
can not endow it with a mixed Hodge module structure. However, the assumption of the existence
of a Q-structure can be relaxed. Schmid and Vilonen sketched in [SV11] the construction of a
category of so-called complex (algebraic) mixed Hodge modules which do not rely on the existence
of an underlying Q-structure. In order to be able to define a conjugate Hodge filtration they need
however a polarization. Notice that for 8 € R? the rank one local system L has monodromy
eigenvalues with absolute value one, hence it can be equipped with a Hermitian pairing. Thus
the D-module Og - y” can be equipped with the structure of a complex mixed Hodge module in
the sense of [SV1 1].7Using the stability of the derived category of complex mixed Hodge modules
under the (proper) direct image functors we can conclude by (3.1) that Mg carries the structure
of a complex mixed Hodge module for 3 € R? and 8 ¢ sRes(A) (equivalently for 3 ¢ DsRes(A)).
Furthermore, this shows that the mixed Hodge modules appearing in Definition 3.2 split into
complex mixed Hodge modules corresponding to the direct sum of GKZ-systems.
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