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1. Introduction. The integral

0 d o
o(x, m) = f KuBirIKinBar) (LY

arises in problems of scalar wave propagation in welded elastic wedges. In (1.1), K;,(8,r) is
the modified Bessel function of the second kind and m, t are real. It is shown that Q(t, m)is a
generalized function that includes a complex shift operator. We shall investigate the pro-
perties of this operator and establish a new integral transform based on the kernel Q(z, m).

A summation formula based on Q(z, m) is derived, which facilitates the evaluation of sums
involving the Jacobi polynomials. Finally, Q(t, m) is used to obtain a new multiplication
theorem for the MacDonald functions.

2. Representation of delta functions via the Kontorovich-Lebedev (K-L) transform. The
K-L transform of a function f(r), 0 < r < o0, is given by the relation

k0 = [ T 2, B

where 7 is real and B is a complex constant, [1, 4]. If f(r) is such that f(—:) is continuously

o

d ..
differentiable and both rf(r) and r ﬁ{ -—} are absolutely integrable over the positive real

axis, the inversion formula assumes the form [5],

2 o0
fir= 7_'5_2J. F(t)K,(Br)t sh nt dr. (2.2)
0
This pair of reciprocal formulas can be combined to yield the integral theorem
2 0 : [ <] . . d&
f) = —| Tshar Ki(Br)dz f(c)Ku(ﬂs)z- (2.3)
0 0

Writing (2.3) in the form f(r) = J a;’(f)é*(r—-é)dé, where 6%(x) = 2H(x)d(x) is the unit
0

+ This research has been sponsored by the Cambridge Laboratories (AFCRL), United States Air Force under
grant AFOSR-73-2528A.

https://doi.org/10.1017/50017089500002603 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500002603

110 ARI BEN-MENAHEM

impulse function (6(x) is the usual Dirac function and H(x) is the Heaviside unit step function),
we obtain the representation

2 o
8*(r—ro) = 5| tshnt K, (Br)K,(Bro)dr. 2.9
ntry o
Similarly, from (2.1) and (2.2),
F(t)= %J K,-,(Br)?j Fm)K,(Br)m sh tm dm 2.5
o] 0
and therefore
@ d
(r+m)+é(t—m) = % tshnt J K, (Br)K;.(Br) —r—r , B>0. (2.6)
0
Furthermore, since [5],
K (y) = f e S cos (t€)d¢ 2.7
7]
and
né(t—m) = J cos &(t—m)dE, 2.8)
0
it follows that
né(t—m) = K, _ )(0). 2.9)

Consequently, (2.6) can be recast in the form

® dr 7K im(0)+ K- m)(0)
= . . —=Z . 2.10
QO(Ts m) J;) Ku(ﬂr)Ktm(ﬁr) r 5 r shmt ( )
The integral J K, (x)dt = me™* verifies that the normalization constant in (2.9) is correct.
-

We may generalize the concept of the Dirac delta function to include complex arguments in the
following sense: consider the identity [3, p. 67],

a1<i m=—t
—(Ty)gi) = '—‘}[Ki(m-r)"' l(y)+K"('"+r)_ 1()’)]

0

= —Re{Kign--()} = —-re‘v ¢ ch £ cos §(m —1)dé.

If we interpret
Kim-v+ 1(0) = nd[m—(r£i)]

then, for any entire function f(m)

r [&g;_@] f(m)dm= —n Re[ f(x+5)]. 2.11)
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Jw I:K.i(m - t)(y)] f(m)dm
~ y y=0

[ ]

J Kim-o(y) chym dm = f K. (y) chn(z+x)dx

—-® ]

The same result holds for

For example

-]
=ch 'TTJ K () chyx dx = nchyr e™» "

- o

T
In the limit y— 0
d £}
[E;I Kim-o(y) chym dm] = —ncosy chyt = —n Re[chp(t+i)].
—w y=0

Clearly (2.11) can be extended to algebraic and differential operators of higher order.

3. An integral of Titchmarsh. We shall next use a result of Titchmarsh [7}. Consider
the Hankel transform pair

f(x) = rJv(xt)\/x_: F(Hdt, F(x)= j va(xt)\/; findt (vz—1J2) 3.1)

and let g(x), G(x) be similarly related. . Assuming that 1 and g? are integrable over (0, c0), we
invoke Parseval’s formula

JwF (x)G(x)dx = jwf(x)g(x)dx (3.2
for the particular case ’ ’
J0) = x**VEK (ax), g(x) = x*T"HEK (bx). (3.3)
The inverse Hankel transforms of these functions are
F(x) = 2*7a*x 4T (A+ v+ 1)(@® +x?) "4 V7!
G(x) = 2"V b*x* 4T (u+ v+ )b+ xH) ¥ (3.4
Thus the application of (3.2) yields directly

L xAHEE2RLR (ax)K ,(bx)dx

© 2v+ ld
= 2““”"a‘b"l"(l+v+1)F(u+v+1)f i (3-3)

0 (a2+x2)l+v+1(b2+x2)u+v+1'
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The integral on the right is evaluated by putting x = btanf and expanding in powers of
e=1—a?/b* 2 0, for b = a. Hence the Titchmarsh integral

Q(4, u; p) = J K (ax)K (bx)x"~'dx
0
2073gh (o d—p\ _[p=A+u\_[p—i—-p\_[p+itp
“r(p)b“ﬂr< 2 )r( > )T

p+i—p p+i+
XZFI( 2 u, 2 #QP;E)s (3‘6)

where p =2v+A+pu+2 and ,F, is the hypergeometric function. It can easily be demon-
strated that (3.6) reduces to (2.10)ifa=b=>0, A =it, u = im and p - 0. Indeed

Qe ) = | KulKinP)F

PR G i G e M G e M G
=0 8I'(p) 37

If r = mor © = —m, the expression on the right of (3.7) varies like T'(p) and therefore tends to
1
infinity. If |t| % | m|, this expression varies like 0 which tends to zero. Using the Mellin-

Barnes integral [9],

1 [i= _ T(a+ B+ (a+)I(f+6)
Eaf—iwl“(a+s)l"(ﬁ+s)l‘(y—s)l"(é—-s)ds = Tatfirto) (3.8)
with
a=y=4Hp+it), f=0=4%p—ir), s=1}im
and the relations
LA 1 C
T2 = - lImpoy=2 (3.9)
we obtain, from (3.7), (3.8) and (3.9),
© 2
f 041, m)de = — (3.10)
—w T shnt

in accordance with (2.6).

4. Properties of O(t, m). The integral (1.1) is an even function of both tand m. Itisa
special case of the Titchmarsh integral for the parameters

Bi=a<b=p, A=i, p=im, e=1—(B,/B,)* 20 “4.n
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at the limit p - 0. From the explicit expression (3.6), we deduce that Q(t, m) diverges at
T= txm. Itcan be shown that in the neighbourhood of p = 0 it behaves like

o Te/2)cos {xIn B, B)}.

Certain results from the theory of the hypergeometric function ,F, can be applied in order
to recast (3.6) in other convenient forms. Invoking the relation [4, p. 38]

lim—=——>F(A—1,B~1;p; ) =(A—1)(B—1)¢,F (4, B; 2; ¢), 4.2
p—0 r( )

where

A=1+-’2-(r+m), B=1+%(t—m), 4.3)

and using I'(ix)I'(—ix) = ﬁ, (3.6) yields, for |r| # Iml,

oFi(A,B;2;¢)
cham—char’

Qr, m) = 8 el = In (8,/8>). (4.4)

The fact that Q(z, m) is real and even in 7 is not obvious from (4.4). Using however the trans-
formation of [3, p. 47],

\2F1(4, B;1+it; 1—~¢)

(A4, B;2;¢) = T(—i7)

T(A)[(B)
t e~ (ig) 2 I(Z}?,;)lr_(;;; 179 2N, N=0,1,2,..), (5
where 4 denotes the complex conjugate of 4, etc. Thus
O(t,m)=¢— 4 J—%
ke I_fg;(%) ,F (A4, B; 1+it;1—¢) (4.6)

and clearly
Q(T, m) = Q(—T:_m) = Q(T’_m) = Q(—T’ m)

In order to examine the behaviour of Q(z, m) at m = +1t and m = —1 on the real m axis for all

values of &, we shall make use of the multiplication theorem of ‘the modified Bessel functions
[3, p. 130]

Kifaz) = " § (K L0 -] @

https://doi.org/10.1017/50017089500002603 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500002603

114 ARI BEN-MENAHEM

Choosing a = §,/8,, z = B,r we have

. A |
Ki(Bir) = €K (Br)+ €™ Y m(gﬁz"ﬂ)"Knﬂ(ﬁzr)' (4.8)
n=17:
But since the left-hand side of (4.8) is real and even in =,
ke aﬁzr
K;(Bir) = cos ktK;(B,r)+Reje' Z a1l o Kicen(B2) ¢ 4.9)
n=17:

Multiplying both sides of (4.9) by ™ 'K,,(B,r), integrating with respect to r over (0, c0) and
using 3.6) withp=n,a=b=§,, A=im p=it+n, yields

n?cos kt okt 2FI(A B;2;¢)

i [5( +m)+6(t—m)]+e

o(t, m) = . (4.10)

chmm—chnr

where ¢*",F (4, B;2;¢) is real and even in 7 and m according to (4.5). Thus Q(z, m) is a
generalized function and the representation (4.10) is valid for all real values of t and m.

To expose further the nature of Q(z, m), we shall consider integrals of the form

U(r) = J ) Q(t, m)g(m)dm, 4.11)

where g(m) is an entire even function in the complex m-plane. Substituting from (4.10), this
integral is evaluated by the method of residues: half a residue at m =7 and m= —7 and a
full residue at m= +1+2in(n=1,2,3, ...). It turns out that the half-residues at m = +7
cancel each other, thus indicating that the singularities of Q(z, m) on the real m-axis are fully
accounted for by the delta-function terms in (4.10). The contribution of the poles above the
real axis amounts to

2 ©
T ke Fi(4,B;2;¢) p
‘% J‘_w chmm-—chnt g(m)dm
jen? . 2
- 215:1::19”“ 29 +is)Fy(2+n,—n+it; 2; 8)— g(—1+is), F1(—n, 2+ n+it;2; &)}
n=0

(s = 2n+1)), (4.12)

where g(m) is such that the integral over the infinite arc vanishes (see Appendix B).
However, [3, p. 212]

1 .
F.(-n2 i1;2;8) = —— P12 4.13
2Fi(—n,2+n+it;2;¢) L (1—2¢) (4.13)
—2ike .
2Fl(n+2,—n+ir;2;e)=71—4_—1Pf,"'")(l—Zs) (4.14)
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where P&#)(x) is the Jacobi polynomial by Szegd definition [6]. Hence

2 <) « 9. 2 © (1,it)

T . .Fi(A,B;2;¢) en " P (1 —2¢)
= ikt 27 Ny d —_— ikt P AR S S
4 € J cham—chant g(m)dm shmIm € Z

n=1

&
L)

The special case g = 1 is important. A straightforward integration yields
@0 @ d [eo]
f Q(s, mydm = 2f KB~ f Kin(Bar)dm
- 0 0

,€08Qt
tshnt’

[} d -
B ﬂi[ Kir(ﬂ1r)e—ﬂ2'—’ =
0 r

where

1B <7t 0) B4
Q=ch 'Z=Jogtan{-~=), cosf ==
2 Vi B

Letting ¢ — 0 in (4.10), we find that
lim Q(z, m) = Qo(z, m) = —{

-0

tshnr

8(r+m)+8(z— m)}

in accordance with (3.10).

115

(1:-—2in)}. 4.15)

(4.16)

(4.17)

Moreover, in the light of (4.10) and (4.15), we may represent O(t, m) for ¢ # 0 by the

operator
n? cos kt
Oz, m) =it {o(m—1)+d(m+1)}
en? L ST “)(1 —2¢)
- I ikt LA S — .
to m{e ,.Z=:1 3(m 'c+2m)}
in the sense that
o 2
J_ 0 mgmydm == "2 9o
en? e 2 PLLEN(1—2¢) .
t Im {e n;I - g(t— 2m)}

(4.18)

provided that g(m) is such that the sum converges. In particular, if g(r) is periodic with a

period of 2in, then
nlcosQr
tshnr

j Q(z, myg(mydm = g(z) ——

Further properties are:
lim {z shnt Q(z, m)} = n%3(m)
t—+0

QO(T: ’n) = QO('n’ T)'
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Oz, m; By; B2) = Q(m, 7; B2; B1),
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(4.22)

since the interchange of T and m has the same effect as the interchange of 8, with f,.

Therefore, if £ = ¢/(¢—1), then

n?coskrt
= (m—
o(m, 1) Y- [6(m—1)+d(m+1)]
8n? _© pl,
—1 =ikt n
+ shnt m {e ";1

(1 -26)
n

o(m—1+ 2in)} = Q(z, m). (4.23)

In Appendix A we have presented a second proof which throws light on this formula from a

different angle.

5. The Q-transform and Jacobi sums. We

integral
2
f(@) =T{y(x)} = T

The derivation of the inversion formula is obt

define the O-transform of f(x) by means of the

shnt uoQ(t, x)g(x)dx. (5.1)
0

ained by writing (2.6) with the aid of (2.4) as

follows:
ot +x)+6(r—x)
2 f dr
= —tshnr| K (K (B:r)—
T Jo I
2 [ dr [ +
=—tshat| K (fir)—| Ki(Bu)d" (r—u)du (5.2)
n JO rJo
4 [* o d © d ©
= Zeshar| KB T | Kb > f Ki(Bor)Ko(Bou)o sh o do
n Jo rlo uJo
4 [ ® dr [*® d
= —tshnt| oshrodo f KilBiDKio(Bar) = f K(B1)K o (Ba)
7 Jo 0 rJo u
that is
4 {* 0
o(r+x)+6(r—x) = o tshnt| Q(r,6)Q(x,6)sshrodo. (5.3)
Jo
Similarly,
4 B
o(t+x)+o(t—x) = T shznt| Q(o,1)Q(0,x)oshnodo, (5.4
Jo
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since in (5.2) we can start with the argument (8,r) and express 6 *(r—u) in terms of functions of
the argument (8,r).
Now, from (5.1) and (5.4),

;25 xsh nxij(r, x)f()dzr= ni“ xsh anwQ(t, x)tshntde wQ(r, 6)g(o)do
(V] 0 ¢}
= Jwg(a)dd[fg xshax j wQ(r, 0)Q(z, x)rshnr dr:l
0 T 0

= fwg(a)[é(o —x)+6(o +x)]do = g(x).
0

Hence we have the transform-pair

f(©)=T{g(x} = %rsh Rt . Q(z, x)g(x)dx (5.5)
g(x) = T~ {f 0} = % xsh nxJ?Q(r, x)f (t)dr, (5.6)

where
T 'T{g(x)} = TT {g(x)} = g(x). (5.7

Equation (5.6) can be written as

g(t) == r sh mJ O(z, x)f (x)dx, (5.8)

where Q(t, x) is given by (4.23). A collection of simple Q-transforms is given in Table 1.
These were derived by using the Kontorovich-Lebedev transform pairs given in the literature
fe.g. 1, 4].

Next we consider (5.5) as an integral equation in the unknown function g(x), that is

%r sh m:f g(m)Q(t, m)dm = f(1). (5.9
0

By (4.18), it is equivalent to the difference equation

e & P2
g(t)coskt+et Im{e"" Y ————(n—e)

n=1

g(r-—2in)} = f(1) (5.10)

which, due to (4.23) and (5.8), has the solution

0 (1,it
9(1) = f(x)cos kt + &t Im{e'"" y IM

n=1

f(z— 2m)} (5.11)

Thus, both (5.8) and (5.11) are solutions of (5.9). One form requires the evaluation of an
integral and the other the evaluation of an infinite sum, which we shall call a Jacobi sum. The
connection between the two solutions is furnished by (4.18)

H
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L@ plling >
et Im{e""z ik S Sl (1 )

n=1

g(t— 2in)} = 7%1: sh ntImQ(r, X)g(x)dx—g(z)coskz, (5.12)
0

where g(z) is entire even function in 7 and also is such that the sum converges (see Appendix B).
With the aid of (5.12), one may evaluate Jacobi sums of the type ) Z;Pf,‘_"'f)(l —2e)g(r—2in),
n=1

provided one can reproduce a function from its imaginary (or real) part. The techniques for
doing this are however well-known.

In this sense (5.12) plays an analogous role to Poisson’s summation formula in the Fourier
integral theory.

Let us demonstrate its usefulness by -means of an example. We choose g(m) =
msh am K, (B,ry). Then, because of (2.4),

f " (e, mg(mydm = 2r1<h(ﬁ1r)f’—'rm sh7m Kon(Br)Kin(Baro)dm

—-© [ rlo
® ar _, . 2
=2 Kir(ﬁlr)T mrgd” (r—ro) = n°K;(B17¢).
0

Therefore by (4.18), with a = B,/8,, B,r, = z, k = Ina, we obtain

. > P(l_,it) 2 -1
Ki(az) = coskt Ky (2) +(1—a?) Im{e"" y Poe2a7 1)
n

n=1

(T—2in)K1t+2n(z)} (513)

This is a multiplication theorem for the modified Bessel function of the second kind. To the
best of the author’s knowledge, this formula appears here for the first time.
In particular, for 7 =0,

Ko(az) = Ko(2) +2(a*—-1) i P{D2a2 - 1)K, ,(2).

If we choose g(m) = chm8 K;,(f,r,), we obtain the new relation

1J’°° dr _cosktchtd

) K (B)Ko{Bo/(r* + p}+2rp, cos )} K (Biro)

r tshnr

& L& PLL] —2g)
— 1 e 3 Azl A0 7
+ shnt m {e z n

n=1

(po = (B1/B2)ro)-

ch0(r—2in)K;+ 2u(ﬂ1"o)} (5.14)
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~ APPENDIX A

A multiplication theorem of the Bessel functions has the form [8, p. 140]

r
PR e

Substituting e = 1 —a?, v = it, a = f,/B,, z = B,r and invoking the definition [3, p. 212]

2Fi(=n, n+v; 1+v; BB 4 24(2) (A.D)

T(n+it)
n!I'(1+it)

where P{*)(x) are the Jacobi polynomials by Szegd definition [6], we obtain the new multi-
plication theorem for the Bessel functions

Fi(=nyn+it;l4it;1—g) = (—)rl+1 P(1 (1 —2g), (A.2)

n+2n+2

JilBir) = ¥, (Byr) +ee™ Z (=)' ——— P =26)e4 204 2(B27) (A.3)

(k =In(B,/B,).)
Invoking the definitions of the modified Bessel function [3]

1(2) = e ¥] (ze"'?); K (x)= (A9
(5.5) yields
— ___n_ ikt . .
Kit(ﬂlr) - sh e Im [e Ilt(ﬂZ’)]
_ T e 1T+2n Lo
Sh nT I { ";1 n (1 28)Iu+ 2n(ﬂ2r) (AS)
However, from (2.6) and (A.4) we deduce the result
e d . i
j KiBOln(Br) - = == [8(z-+m) +8(s—m)]. (A.6)
0o

Then, multiplying both sides of (A.5) by K,,(8,7) 7’ and integrating over (0, c0), using (1.6),
we arrive finally at the desired representation

n?coskrt

O, m) = 2tshnt

[o(m+7)+d(m—1)]

e

2 w ikt
+ Im{ y e—n—P,‘,‘_'i{)(I—-2e)é(m—t+2in)} (A.T)

shnt =1
valid in the sense of (4.18).
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APPENDIX B
From [3, p. 214] and [2, pp. 1040-1041] we deduce, after a few algebraic steps, that

—iAz
S,(z) = Z nP“ (1 —2¢) = lz| =1, (B.1
n=1
where
1 R -
A=In +Zz+ = lnz+ InB,/B, +ch~ {(1+2)8,/2Z8,}.
R = /{(1—2)*+4z¢}.
Also
@© zze—Mt
- n p(},it)
S,(z) = ";z PUD(1—-2¢) = z S,(z) = RA—s5 R (B.2)
The particular case
z =¥
= in+In(B,/B,)+ch™'(B,/B, cosn)
leads to the new sums
o p(l,ir) 1 1—ck —ior
Y P—(——z—)cos 2nn = 3[S,(2)+S,(z*)] = Cli—zze (B.3)
n=1
© PLLing —2¢) | shtve™ie®
3 P2 oy = 41—, = L B.4)
n=1
] (1,it) iot
3 PufU=20) iy = ST (B.5)
= n ite
© P(l it) 1 h
) ————( 2 e —2in) = 1T (B.6)
n=1 ite
k=1n(B,/B;), che = p,/B,cosn,
o=¢+k, chQ=(8,/8).
Then the use of (4.18), (B.3) and (B.4) enables us to evaluate the Q-transform
72
-[ Q(r, m)chqymdm = g yrn — c0s 1}, J Q(t,m)shymdm =0 B.7)

which is valid for n<n/2. Note that the evaluation of the transform by means of integration
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(rather then summation), depends on the permissibility of interchanging the orders of integra-
tion over r and m. For example

-4}

f “0tc, mychnm dm =f Kilpsn) f “Kun(Bar)chinm dm
0 0 0

7.2 e dr 2
=_ K —ﬁzrcosn_=
2_[0 wBir)e r  Ztshar W
TABLE 1. Q-TRANSFORMS (4, B, n, u, real)
2 «© 2 o
gx) = i shnx L Q(z, x) f()dr f@= =t shrr L Q(z, x)g(x)dx
1 cosQlr chQ = 8,/p,
g(x) = g(x—2in) f(r)cosQr
g(x) = p(x)f(x) = p(x—2in) f(—x) p(DG(1) (provided G(7) exists)
xshnx K (B2ro) tshnt Ki(B,70)
cosyx cos ¢t ch¢= B, chn
chyx, n=n/2 ch ¢t cos ¢ = B cos i
1
xsinnx coTSsin ¢t Co = % :E—Z
xshnx Aytsh ¢t Ay = %::—%
ch (nx) ch (ux), n+u a2 char ch fr
2a = cos™1! {% ('I—Il)} +cos™! {% (n +/1)}
sh (nx)sh(pux) shatsh fr
et B2\ 1 [B2
2B =cos™* {E ] Il)} cos { 7. ] +u)}
do. B
xsh (ux)ch (x) rasharch fr 5 +tfcharsh fr P
xshax T +i)[(—ix)BEZ4 (), Rey > —1 Aotshzr [( +iT(— i) BEZ (v B2/B)
_ N y2—1 2i-1)/4
0 = it G
B = Legendre function Re(z—2) 24
th 2 B, mfBep (2B N\ g _
*h7 P, @ RN TING )l LELIES
ch % KialBaro) L eshre | KB Kol B3 413 + 2o cos ) &
o

https://doi.org/10.1017/50017089500002603 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500002603

122 ARI BEN-MENAHEM

is again valid only for n < m;2, or otherwise the integral over m will not converge. In general,

the validity of (4.18) and (5.12) will depend on the behaviour of g(m) in the upper complex

m-plane. In addition to its being even and entire it must have the properties: (1) g(m) =

0 [exp (mm(2)] since ,F (A, B; 2; &) behaves like exp (nm/2) for large m; (2) it is such that the
. 2Fi(4,B;2;¢)

function { =—————

{ chnm—chnz

violates (2) and the Q-transform for this case can only be evaluated by integration (Table 1).

Finally, for g(m) with period 2in,

g(m)} vanishes on the infinite upper semi-circle. Thus g(m) = cosnm

1.2 2z i« . 1—e ~iwt
¥ = PEP(1-2e)g(r—2in) = g(1) —
n=1 1 1TE
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