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REPELLING INVARIANT CURVES IN PLANAR DISCRETE
DYNAMICAL SYSTEMS

FraNcisco ESQUEMBRE

Constructive, simple proofs for the existence, regularity, continuous dependence
and dynamical properties of a repelling invariant curve for a discrete dynamical
system of the plane with an attracting fixed point with real eigenvalues are given.
These proofs can be used to generate a numerical algorithm to find these curves
and to compute explicitly the dependence of the curve with respect to the system.

1. INTRODUCTION

A common and useful way to understand the behaviour of the dynamical system
generated by the iteration of a map of R™ (n = 1 or 2) into itself is to find simple
structures in the phase space of the system and to describe the dynamics in terms of
the effect caused by the presence of these structures. Typical structures are fixed and
periodic points and, in dimension two, invariant curves and circles. For these structures
to be of dynamical relevance, a kind of attracting or repelling behaviour is required, and,
usually, a certain regularity is also of interest. Most commonly, changes in parameters
governing the system may cause these curves to change form, behaviour or, simply,
appear or disappear following different kinds of bifurcations.

In this paper we shall study repelling invariant curves coming through fixed (or
periodic) attracting points of a two dimensional map such that the eigenvalues of the
differential of the map at the fixed point are both real and their absolute values are
different and smaller than one. Aronson, Chory, Hall and McGehee made clear in [1]
that the precise determination of the behaviour of orbits near the fixed point (apart
from the obvious convergence to it) is of importance for the description of the changes
in smoothness and even total break of invariant circles born in a Hopf bifurcation. The
results we give in this paper can be used for this determination (see [2]).

As a new aspect, we consider the case where the iterates arc composed of possibly
different maps T, , while in the classical theory, all the T, are equal. In this particular
case, many (but not all) of our results can be found in [4]. However, our proofs use
elementary estimates, while in [4] knowledge of manifolds and vector bundles is pre-
supposed. Although the existence has been proved elsewhere (see [3] for the unstable
curve and (5] for the stable one), it has been done in a different context.
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To our knowledge, the precise determination of the dependence with respect to the
map describing the dynamics that we give in Proposition 4 is new. Also, our proof of
the existence of the unstable curve is constructive and can be used in numerical studies.

The main results are obtained for the case in which the fixed point is the origin
and the principal directions of the linearised model the OX and QY axis. Theorem 6
summarises all the results for the general case.

All through this paper n > 0 means that n is a non negative positive integer.
We shall consider families of maps {T,: R? —» R? | n > 0} of the plane and denote
T" =Tp0Tp_10 ...0Tp, for all n > 0. Given any (zo, o) € R?, we shall denote
by (Zn+1; Ynt1) = T™(z0, ¥0), for all n > 0. The set {(zn, yn): » € N} (or simply
(Zn, yn),) will be called the orbit under the family {Th: n > 0} (or simply (T),)
with initial condition (z¢, yo)-

2. EXISTENCE AND PROPERTIES OF A REPELLING INVARIANT CURVE
We shall need the following topological lemma.

LEMMA 1. Let {T,: R? - R? | n > 0} be a family of continuous maps of the
plane. Let F and K be two subsets of R?, F closed and K compact, satisfying

(1.1) To(R>—F)CR?>—F, foralln >0
(1.2) FNT™YK)#0, for all n > 0.

Then, there exists po € K such that T"(pg) € F, for all n > 0.

PROOF: Consider the family of closed subsets of K given by
G, = (T")_I(F NT*(K))N K. Then, Go # 0, G is compact and Gn41 C Gn, since
if 2 € Gpy1, then T Y(z) = Ty 41 (T™(z)) € FNT*(K); hence T™(z) € FNT™(K)

and z € G,,. Take now py € [ Gn (#0), then T™(ps) € F, for all n > 0. 0
n20

PROPOSITION 2. Let {T,: R? - R?|n > 0} be a family of C* maps that can
be written in the form T,(z, y) = (az + fn(z, ¥), by + gn(2, ¥)), and such that
(2.1) £a(0,0) = gn(0,0) =0, for all n > 0 (the origin is a fixed point of T, ),
(2.2) given any fixed n and zo, the mapping a: R — R, a(y) = yn» (where
(Zn, yn) = T™"Y(z0, y) ), has at least one zero,
(2.3) there exists 0 < € < ([b] —|a|)/2 such that ||Dfn(z,y)|| € € and
|Dgn(z, y)|| < €, for every (z, y) € R? and every n > 0.

Then, if we denote by F the closed set {(z, y) € R? | |y| < |z|}, the following state-
ments hold,

(2.a) if {(Zn, Yn)}n>0 C F, then |yn| < |2a| < (la| + €)™ |2o|, for all n > 0,

https://doi.org/10.1017/50004972700016579 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700016579

(3] Planar discrete dynamical systems 471

(2.b) if, on the contrary, there exists no such that (zn.,, yno) does not belong to
F, then |y,| > k(|b] — €)", for every n > ny, with k a positive constant,

(2.c) for every zg € R, there exists yo, |yo| < |2o|, such that {(Zn+1, Ynt1) =
T™(20, 40)}n0 C F.

Notice that (2.3) implies |a| < |b|.
PROOF: We note that for every (z, y) € R? the following inequalities hold,

(2.) by + ga(z, y)| 2 16l 1y} ~ lgn(z, y) — 9(0, O)}
= |b] [yl = |Dgn(&r, &2)(=, )]
> (bl ly| — [| Dgn (&1, &) lI(=, ¥)II
2 (bl lyl — eli(=, ¥)II,

for some (&1, &2)|| < ||(=, ¥)I|, and
(2.41) laz + fa(2, ¥)| < lal |2 + € l(=, Y) -

F is a closed set such that T, (R? — F) C R?—F since, if (z, y) ¢ F, then |y| > ||
and, since |by + ga(z, )| > (] - €) (2, Y]l and loz + fa(, )] < (lal + &) (2 )],
la] + € < |b] — € yields Tn(z,y) ¢ F.

Given z,, we define K(zo) = {(z0,y) € R? | |y| < |zo]}. Ko is a compact set
satisfying F N T™(K(zo)) # 0, for all n > 0, since for every n and zo, (2.2) gives
the existence of y, € R such that T™(zo, §) = (Znt1, 0) € F. Moreover, |g,| < |20
or, equivalently, (zo, ¥p) € K(zo), since |yy| > |zo| means (xo,%,) ¢ F and then
T™(zo, yo) ¢ F.

Using Lemma 1 with (T%),, F and K(zo) we obtain the existence of p; =
(z0, ¥o) € K(z9) such that T™(zo, yo) € F, for all n > 0. This gives (2.c).

To prove (2.a) we only need to notice that (zn,yn) € F, for all n > 0, implies
(@n, yn)ll = lzal and, by (2.ii), jznt1] = lazn + fa(Zn, yn)l < (la] +€)[2zn|. By
iterating this argument, |z,| < (|a| + €)" |zo].

Now, if (Zng, Yno) ¢ F, then (za, yn) ¢ F forevery n > no and |[(zn, yn)|| = |ynl
for every n > ny. Hence, by (2.1) |yn+1| 2 (|b] — €) lyn| and, by iterating this up to

n=ng,

lynl = (1Bl — €)™ 7™ lyno| = (18] —6)"(‘,7,,!—1/%-

Taking k = (|yno|)/(([b] — €)™), we obtain (2.b). 0

We denote by h, the map defined from R into R by hy(zo) = yo, where yp is a
number such that T™(zg, yo) € F, for every n > 0. This map exists thanks to (2.c)
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and verifies that the orbits under the family (T,),, of points of its graph remain in the
cone F.

Since the linearised behaviour of any orbit would be analogous to (a™z, 4™y},
and since |a| < |b|, this property is far from teing trivial. The next result shows that,
in fact, this property yields the uniqueness of h,, and therefore the invariance of its
graph under the action of the family (T,), and the global Lipschitz condition (with
constant smaller than or equal to one) and thus continuity. Moreover, it is also proved
that the curve is repelling in the sense of (3.b) below.

PrOPOSITION 3. Let (T3),, be afamily asin Proposition 2 and let (=X, vh).,
and (2%, y2)_ be two orbits under the family contained in F. Then,

(3.a) |yi —y,lll < Izi - :c,l1| < (la| + &) I:z:(z, - :t:(l)l , for alln > 0.

In particular, this yields the uniqueness of h,. Let (¢n, yn), be an orbit under the
family such that yo # hy(zo) , then

(3.b) lyn — hn(za)] = (18] — 2e)" lyo — hu(zo)| > 0, for alln > 0.

PROOF: Given (T,), and (=}, ).,
derived from the given one and defined for n 2> 0 by the formula

we consider the family of maps (AT,),,

ATp(u, v) = (au + Afa(u, v), bv + Aga(u, v))
= (au + fa(u + 20, v +92) = fa(2n, ¥a), b0 + gn(u + 20, v + 37)
—gn(2n, ¥n)) -

(ATy),, is of class C! and shares some of the properties if (1), . More precisely,
(8i) AT,(R>-F)CR*’-F
(3.1) if (¥ng, Vng) ¢ F then [vn] > k(|8] — €)™, for all n > ny.
This is true since Afn(0,0) = Aga(0,0) = 0, [D(Afa)(w, v)|| = ||Dfa (v+ 2L,
v+ y,lt)” < e, and ||D(Agn)(u, v)|| € €. Hence, if (un, vn) ¢ F,

lenti1] = lawn + A fa(tn, va)| < laf fun] + € [[(un, va)ll = (la] + €) |val
[vn+1] = [bvn + Agn(un, va)| 2 [b] [on] - €[|(un, va)ll = (18] - €) [vn]

and then, (¥nt1, Unt1) ¢ F. From here, we obtain (3.ii) as in the proof of Proposition
2.

Consider now the orbit with initial condition (uo,vo) = (2% — =}, ¥d —¥3)-
It is easy to see that then ATn(z2 -zl,y2 —3yl) = (2241 —zhi1s ¥241 — Vis1)
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and, hence, (un,vs) = (22 -z, 92 - y,lt) , for all n > 0. Thus, if we sup-
pose lyﬁo -—y,l‘ol > Iz,z,o —z,.|, we obtain that (22, -z, Y2, —y,“o) ¢ F im-
plies Iy,zl-—y,ltl > k(b —¢€)", for all n > 0. On the other hand, (2.a) implies
92— 32] < 2] + 93] < |23] + [o4] < (Jal +)"(js3] + |ab]) . From both inequal-
ities we would obtain (the case |z3| + |23| = 0 being trivial), (18] —€)/(la| +€))" <
k/(|z4| + |=2|), for all n > 0, which is impossible because of (|b| —¢€)/(la| +¢) > 1.
Thus, |y2 —yi| < |22 —2}|, for all » > 0. Now, if |vn]| < |ual, for all » > 0, we
have that |uny1| < (la] + €) |un| < (lal + €)™ Juol, and |22 ~ z%| < (la} + €)™ |22 — =]
From both, (3.a) follows.

To show (3.b), given (Zn41, Yn+1) = T™(Z0, yo) such that yo # hu(zo), consider
the orbit of (zo, hu(2o)), denote it by (=}, y3), and construct the family (ATy),
as above. For the initial condition (u¢, ve) = (0, yo — hu(z0)) ¢ F, we obtain |v| 2
(18] — €) |vol, with v1 = b(yo — hu(zo))+g0(20, Yo)—go(2o, hu(20)) =01 —hu(z}) ; hence
|y1 - hu(z})l > (18] — €) lyo — hu(zo)|, With z] = azo + fo(zo, hu(z0)). On the other
hand, [3; — hu(e1)] > |91 ~ ho(ed)] — [hu(ed) = hu(@2)] > (] =€) 0 — h(z0)] -
|zl — 21| and, since z1 = azo + fo(zo, ¥0), |z1 — 21| < €lyo — hu(zo)|. From both
inequalities, {y1 — hy(21)] 2 (|b] — 2¢) [yo — hu(z0)| > 0. By iterating this argument,
we obtain the desired result. 0

3. DEPENDENCE OF THE CURVE WITH RESPECT TO THE DYANMICS

An important aspect of this curve is its dependence with respect to the family of
maps (Tn),. The next proposition shows an explicit relationship between differences
in the families of maps and the corresponding curves. This result will also allow us to
study the regularity of the curve in the case [a| + € < 1.

PROPOSITION 4. Let (Ti(z,y) = (¢ + fi(z, ), by + 9i(2, ¥))) 150, 1= 1, 2,
be two families of maps satisfying the hypotheses of Proposition 2, with € > 0 satisfying
(2.3) for both families at the same time. Given any zo € R, we denote y§ = hi(zo) the
unique real number such that T,-"(:co, y(’;) € F, forevery n 2 0 and i =1, 2. Then, if
|Dfi(2, y) = Dfi(z, v)|| < 8, and || Dg2(=z, y) — Dgr(=, y)|| < 6, for every n > 0 and
every (z, y) € R?, and if for instance |a*| < |a?|, we obtain

26 + |a? — o | + |82 — b1

2 1
lyo_yo|< Ibz|_la2|_2€ Izﬂl-
PROOF: We shall show by induction that if
26+ |a? — a1 + [t — b
2 1
- >
|y0 y0| = lbz‘_lazl_zs IZOI
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was true, then we would also have, for every n > 0,

. s Bl e
(4.3) |92 — ya| > 62 — |a2] — 2¢

(4.ii) 2% — za| < |92 —wal,

(l'] +€)" Izl

where (:r,f,, yi)n is the orbit under (T,’;)n with initial condition (zo, y,';).
For n =0, (4.1) is true by hypothesis, and (4.i1) holds trivially. Suppose that both
inequalities are true for a given n. Then,

%241 — vnta| = 995 + 2 (23, 93) — b'yn — gn(2n, 32)|
= |6 (¥2 —vn) + (8% — ')yn — (92 (<2, ¥2) — 92 (=n> ¥2))
+(g2 (=%, ) — gn(zh, ¥i))]
> [*] |92 — va| = [62 = ¥} |ya| = || Dgi(&r, &) [|(=2 — 2 92 — wa) |
— ||(Dg? = Dgp) (€2; &)| || (zx, wm) |-

Therefore, proceeding similarly for z,

|yn+1 yn+1| 2 lb l lyn yn| € “(zn Trr Yn y:x)“
é ||( ﬂ’yﬂ)” | ' Iy"l"'l’

and
251 — Zaga| <a?] |28 - 20| + € [[(2] — 27, 42 - i)
+8||(zn, yn) || + |a® — @ ]3] -
Since ||(z}, v3)|| = |=i| < (|a*| +€)" |2§] and ||(24 23, v2 — ) || = [v2 — w2

(this because of (4.ii) for n), we obtain
2~ 2ol < (] 4 €) g2~ 2] + 5+ [0 — @) (o' + €)ool
and
@) s — sl > (5] ) o~ gd] = (5 [~ 8 ) ([a*] +)" .
Thus, (4.ii) for n 41 is obtained from

(|a®] +€) [v2 = wal + (6 +]a® — a'])(la'] + )" |zl
< (|b2| — e) |y,2,_ —y,lll — (5+ |b2 —bll)(lall +e)"lzol,

which is equivalent to (26 + |a® — a*| + |82 — B!|) (|a*] + e)n |zo]
< (|8?] — |a?| — 2¢) |y2 — 1|, and this, equivalent to (4.i) for n.
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Now,

vasr —vneal = (I8°] =€) |92 —va| = (6 + 6" =]} (|a*] +€)" Izo]
26 + [a? — a?| + |82 — 8 n
> (9]~ 2L =V ) ) e

= (4% = 8*|)(|a"| + &) Izl

and property (4.i) for n+ 1 follows from

26 + |a? — al| + [ — B! n
(¥ =<) ||b2|—|al2|—l2e (o] +.4)" o

= (8 +[8* =) (|a’| + &) ol

26 + |a® — a*| + |p% - B!
g ||b2|—|al|—lzs et 4™ faal,

which is equivalent to

(26 + |a® —a| + [8* — 8 ) (|6*| —€) — (6 + [b* = B ]} (|6*] - |a*| - 2¢)
> (26 + |a® — a*| + |67 - 8*[) (|6%] - |a?| — 2¢)
— (84 [8* - B} (|6*] - |a| - 2¢) > 0,

and this is equivalent to (6 + |a? — a'|)(|6?| — |a®| — 2¢) > 0, which is true by hypoth-
esis (2.3).

Once we have proved that Iyg - y&l > (26 + |a2 - a1| + Ibz - bll)/(|b2| - Ia.2| - 2%)
implies (4.i) and (4.i1), notice that by iterating (4.iii) we obtain

k
n +€
|y,2,+1—y,1,+1| (|bzl_ ) * lyo—yol (6+la —a D ]zol(lbzl—s) Z (||:2I ) :

The series i ((|a1| + e) / (|b2| - e))k is a convergent geometric series of positive terms
k=1

and its sum is (|a!| +¢€)/(|6?| — |a'| — 2¢), hence

n §+ |a? — a*|) [zo] al'l+e
Vs = vha| 2 (67| - €)™ ('yﬁ_ygl'( ||b2|-e| 0 |bz|l— ||a’|-2e

> (8] - &)™ (|ys - Bl et '”°') S0

02| — |a?| — 2¢

(This is because of (4.i) for n = 0 and because |b?| — |a'| — 2¢ > [b?| — |a?| — 2¢.)
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On the other hand,
|y — wal < |Wa| +lvn| < |25] + |=3]
<leol (1] +9)" + (2] +)")
< 2l2of (|a?| +€)".

From both inequalities we obtain,

|6?] — € 2|
il +e ) = g — 53l = (5+ la? — o) ool (I62] ~ Jo?| - 2€) ™"
for all » > 0, which is not possible. This ends the proof. 1]

REMARK. Since the solution for the linear case Tn(z, y) = (az, by) is the line y =0,
we obtain, in particular, that |hy(z)] < O(¢) |z|, where O(e) goes to zero as € goes to

Z€ro.

4. REGULARITY OF THE INVARIANT REPELLING CURVE

PROPOSITION 5. Let (Tyn(z,y) = (az+ fo(z,¥), by + gn(z, ¥))),., » > 0 be
a family of C' maps of the plane satisfying the hypotheses of Proposition 2. If, addi-
tionally, |a| + ¢ < 1 and (DTy),, is equicontinuous at every point, then h, defined as
above is of class C! at every point.

PROOF: Given any z} € R and given z2 # z} any point close to z}, consider the
sequences of points given by (:c:", y;) = T"(:cf,, y(‘;) and yi = h, (zé), t=1,2. Let us
construct the following families of maps,

S,ll('u,, v) = (au + D1 fn (z;, y,ll)u + D3 fn (:c:‘, y,ll)'v, by + Dlg,,(:c,l‘, y,l‘)u
+Dagn (20, ¥n)v) ,

Sﬁ(u, v) = (au + D1 fn (fl(n), y,ll)u + sz,,(a:}l, fz(n))v,
bv + Dign (63("")’ yrlx)'“' + ngn(z;, 64("'))1’) ’

where £;(n), 7 =1, 2, 3, 4, are real numbers satisfying for every n > 0,

€j(n) — 23| < |22 —=h|, j=1,3,

|€5(n) —vn] < |2 —wa| (< |22 —=L]), i=24,

Fa(z2, 92) = fa(2hs v2) = Difa(ba(n), v2) (22 — 2L)
+ D2 fa(=3, é2(n)) (W2 — v2),

gn (2%, 2) — gn(2h, yn) = D1gn(&s(n), vi) (2% — =3,)
+ ngn(:z:n, {.;(n))( - yn)
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(S:;)n, i =1, 2, are two families of linear mappings that, since |a| + ¢ < 1, are close

1

to each other, if zZ is close enough to z}. More precisely, if we set §(zl, z2) the

supremum of the quantities

llen(z7 y:;) - len(z:n yrlz)l ’ |D2fﬂ($3n y) - D2fﬂ(z:n yrlx.)l ?
|D1gn (2, yn) — Dign(zn, ¥a)| and |Dzgn(23, y) — D2gn(zn, va)|

for every n 2 0, |z —zi| < |22 —2i| and |y —¥}| < |2 — yi|, then, because of the
uniform equicontinuity of (DT,),, in the compact set B(0, |z3| + |z3|), and because
of |yh —wn| < [2f — 24| < (lal + )" |2§ — 23|, [va| < |25] < (lal +€)" [=5] < [=5] <
|z4| + |z2|, this supremum is finite and lim §(zL, z%) =0.

Tp —Ty
Thus, the conditions of the previous proposition are satisfied. Take uo = 1, for
(52), the sequence ((z2 —z.)/ (=2 — z}), (v2 — vi)/ (% — 2j)),, is the unique invari-
ant sequence (u,, v,) satisfying |va| < |un|. Let v} be the corresponding initial
condition for (S,ll)n, then, according to Proposition 4,

2 _ .1 28(2l. 22
T < 2enst)
z3 — zg |b] — |e| — 2¢

Then, the limit zIirn1 (2 —v3)/ (=% - z}) exists and it equals vy. Hence h, hasa
Z0"%o
derivative at z}. )

Set now, for all n > 0, S3(u,v) = (au+ D1fn(22, yi)u+ Dafa(z2, v2)v, bv
+D1gn(z2, ¥2)u + D2ga(22, ¥2)v). (S,I,)n and (S3), are two families of linear map-
pings satisfying the conditions of Proposition 4, with § tending to zero if z2 tends
to z}. In this situation, the initial condition (1, v}) and (1, v]) satisfy |v§ — v}| <
(28)/(|b] — la| — 2¢), but we have just proved that v} = h!(z}) and v§ = k! (z}).

Thus, we obtain the continuity of Al .

5. APPLICATION TO THE GENERAL CASE

In order to apply the results obtained, conditions (2.1) to (2.3) must be satisfied.
The first condition is natural, and the last one can be obtained locally in an easy way.
We shall see now how (2.2) can also be obtained. We state and prove here our results
for the general case.

THEOREM 6. Let T: U CR? » U be a C! map with a fixed point p € Int(U).
Let a and b be the eigenvalues, both real, of DT(p), and let them satisfy |a| < |b|.

EXISTENCE. The map T has a locally invariant continuous curve coming through the
point p that can be described as the graph y = h,(z) of a Lipschitz function with

https://doi.org/10.1017/50004972700016579 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700016579

478 F. Esquembre (10]

constant smaller than or equal to one. For this purpose, an affine change of co-ordinates,
ar(z, y), has to be applied. This change of co-ordinates associates p to the origin and
the principal directions of @ and b to the OX and OY axis, respectively. This curve
is locally repelling in the sense of (3.b).

DIFFERENTIABILITY. If, additionally, |a| < 1, then there exists a curve satisfying the
conditions described that is of class C! and tangent at p to the principal direction
associated to a, that is, h, has a derivative, this derivative is continuous, and h!(0) =

0.

DEPENDENCE WITH RESPECT TO T'. The curve depends continuously on p and DT
in the following terms,

(6.a) the affine change of co-ordinates can be written in the form ar(z, y) =
Lr((z, y) — p), where Lt is a linear mapping depending continuously on
DT(p).

(6.b) given any other C! map, S: U C R? - U, with a fixed point p' € Int(U)
satisfying the existence conditions, if there exist # >0 and KCU, K a
compact set containing both p and p' in its interior, such that |p — p'| < B
and ||DT(z,y) — DS(z, y)|| < B, for every (z,y) € K, then for every
bounded I C R,

;in}){sup |hug(z) = hug(z)| : z € I} = 0.

PROOF.

EXISTENCE. using an affine change of co-ordinates like the one described and that
depends continuously on p and DT(p), we can make our fixed point be the origin and
the matrix associated to the differential of the resulting map at it be diag(a, b). Denote
the new map Ty = aroT oaz!, and define (f(z, y), 9(z, y)) = To(z, y) — (az, by). f
and g are two C! maps defined on a neighbourhood of the origin satisfying f(0, 0) =
9(0,0) =0 and Df(0, 0) = Dg(0,0) =0 (€ L(R? R)).

Let 7 : R — [0, 1] be a C* function such that r(z) = 0, for every |z| > 1 (hence,
#'(z) =0, for |z| > 1) and r(z) = 1, for every |z| < 1/2, and set k = sup{|r'(z)| : z €
R} < +o0.

Since Df and Dg are continuous at (0, 0), given any &' > 0, there exists §(¢') > 0
such that ||(z, y)|| < § implies ||Df(z,y)|| € €' and ||Dg(z, y)|| < ¢'. In particu-
tar, [l(z, )| < & implies [[f(z, w)ll = |f(=, 4) - £(0, O) < IDS(&r, &)l ll(e> | <
¢ l(z, W)l for some [|(&1, &) < (2, ¥, and [lg(z, VI < ' l(=, )
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Consider the new map, also of class C!, defined all through R? by

(6i)  T(z,9) = (o2 + flz, v), by + (=, v))

=<a,z+r( z+y )f(z,y),by+r( 2;y2)g(z,y)).

This new map coincides locally with Tp. Our goal is to find a curve invariant for 'f,
which will be locally invariant for Ty .

Under the conditions described,

N 2, .2 2 4,02
Dife ) =+ (T ) e v+ () Dusan )

and we obtain,
if [|(z, v)|| > 6, then 2 +y? > 82 and D, f(=z, y) = 0

if ||(z, ¥)|| < 6, then Ile(:n, y)l 2k| 2l 1= ’63’)” < €'(1 + 2k).

Thus, lle(z, y)l < €'(1 + 2k), for every (z,y) € R?, and similarly for Dz_)?(:v, v),
D;g(z, y) and D,g(z, y). Given 0 < ¢ < (|b] — |a|)/2, consider €' = /(1 + 2k) > 0.
Taking T as in (6.1), with § = 8(¢'), then ”Df(a:, y)” ¢ and ||Dg(=, y)|| < €, for
every (z, y) € R?, and f(:c, y) = g(z, y) = 0, for every ||(z, y)|| > §.

Finally, the fact that f and § are zero for ||(z, y)|| = & gives (2 2). To see this,
for fixed n and 2o, the mapping a: R — R with a(y) = Oz 0 Tn- }(zo,y) (where

I, denotes the projection on the second coordinate) is continuous and, if |y| is large
enough, linear, since if |y| > K = max{|b|™", 1}§, then

T(20, y) = (az0 + flzo, ), by + (20, ) = (az0, ),

(20, y) = T(azo, by) = (a0 + flazo, by), by? + Glazo, by))
= (0-2'-'50’ bzy)a

fﬂ_l(zo, y) = (0'"20, bny):

due to |b’y| 6, for every 1 < j < n. Thus, |y| > K implies a(y) = b"y.
From this we conclude that a(K)a(—K) = —b>"K? < 0 and, hence, there exists
€ [-K, K] such that a(c) =0.
Therefore, the family (T,),, = (T\)n satisfies the hypotheses of Propositions 3 and
4. This gives the existence of h,.
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DIFFERENTIABILITY. Also, if |a|] < 1 we can choose ¢ > 0 such that |e| + ¢ < 1
and, since T, = T for all n > 0, the hypotheses of Proposition 5 hold, which yields
the differentiability of h, and the continuity of hl,. Moreover, since h, satisfies

h (az + fle, hu(z))) = bhy(z) + §(2, hu(z)), then

by (a2 + Flz, hu(2))) (a + Dif(z, hu(2))) + D2 (e, hu(2))hi(2)
= bhu(2) + D1§(2, hu(2)) + D2§(=, hu(=))h, ().

Thus, for £ =0, (a — b)h,(0) = 0, hence A/, (0) =0.

DEPENDENCE WITH RESPECT TO T. The proof of (6.a) is straightforward. Take now
S satisfying the described conditions; consider T = T as above and set T? = §,
where Sp and S are constructed similarly to Ty and T. Thanks to Proposition 4
we only need to show that there is an upper bound M = M(B) for the quatities
|Df2 (=, y) — Df' (=, v)|, || Pg*(=, y) — Dg*(=, y)“, |a* — a'| and b —b!| (at least
for ||(z, ¥)|| < 7, v a small enough positive number such that B((0, 0), v) C ar(K)N
as(K)), and that

lim M(8) = 0.

Denoting L(a, b)(z, y) = (az, by), LT = L(a, b) and Ls = L(a', §') we have
that, max{|a® — a!|, |8* — [} < || DS(p') - DT(p)|| < |DS(p') — DT(p")|| + | DT(#')
_DT(p)“ a'nd) if ”(T‘a y)“ <7,

|(Df%(2, ¥), Dg*(=, y)) — (Df (=, y), Dg*(z, v))||
= ”DSo(:l}, y) —Lg~ DTO(Z’ y) + LT” < ”DSO(Za y) - DTO(ma y)” + ”LS - LT”

and

|DSo(z, y) — DTo(=, y)|| = |LT ) DT(a;l(z, y)) oLp' —Lso DS(aEl(m, y)) o Lg! ”
<|\Lr = Ls|| | DT (g (=, w) || | 7|

+ | Ls|l | DT (a7 (=, ¥)) — DT (a3 (=, y)) || || L7

+ILs ]| | DT (a5* (=, ) || |17 — L]

+ILs|| | DT (a5 (2, 4)) — DS (a5 (=, )| [| L5 -

Using the uniform continuity of DT in K, the continuity of the norm, (6.a) and
the hypotheses of (6.b), we obtain the desired upper bound.
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