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Abstract

A recursive method of A. C. Mukhopadhay is used to obtain several new infinite classes of Hadamard

matrices. Unfortunately none of these constructions give previously unknown Hadamard matrices of
order <40,000.

1980 Mathematics subject classification (Amer. Math. Soc.) : 05 B 20.

1. Preliminaries

We refer the reader to Wallis, Street and Wallis (1972) or Geramita and Seberry
(1979) for all the definitions and notation used in this paper.

2. First construction

THEOREM 1. Suppose there exists a skew-Hadamard matrix U of order p+ 1.
Further, suppose there exist two (1, — 1) matrices A,, B, of order q satisfying:

() A, Bf = B, A],
(ii) A, AT +pB, Bl =q(1+p)I,
Then there are two (1, — 1) matrices of order p’ q,j >0 satisfying
@y Ar+j BrT+j = Br+jArT+j’
(iiy A,+;A7,;+PB,,;B},; = qp’(p+ DI
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Also, there exists an Hadamard matrix of order qp’(p + 1) for every j=0.

Proor. Define 4,,, =J,x B, and B,,; = I x A, +S x B,, where the rows and
columns of U are arranged until it is in the form

1 1 .. 1
— 14V
I1+S
-1
with VVT =pl, ., 8T =—S,JS =0, SS" = pI —J. Now we have

(i)’ Ar+1B;r+1 = Br+lA;'r+1’
(iiy 4,4, Als +pB,+1BY, =pJ x B, Bl +pl x A, AT +p(pI —J) x B, B

=qp(1+p)l,,

We proceed by induction to obtain the matrices of order piq, j = 0.
The required Hadamard matrix is now obtained by considering
IxA;  ,+VxB,,. [/

It now remains to find initial matrices A4, and B,. If there is a skew-Hadamard
matrix or order p+ 1 written in the form

I .1

I+S
-1

then 4, =J, B, =1,+S, are suitable matrices. If there exists a symmetric
Hadamard matrix of order p+5 written in the form

1 1 1
1

M )
1

then A, = J,,,—2I,,,, B, = M are suitable matrices. Further, if Q is the back-
circulant (1, — 1) incidence matrix of a cyclic (v, k, ) difference set and there exists a
cyclic (v,(v—1)/2,(v—3)/4) difference set with (1, —1) incidence matrix L where
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p =v—4k+4/,then A, = Q and B, = L are suitable matrices. We summarize these
results for convenience :

COROLLARY 2. Suppose there exists a skew-Hadamard matrix of order p+ 1. Then
(a) there exist Hadamard matrices of order p’*'(p+1,j = 0;
(b) when there exists a symmetric Hadamard matrix of order p+5 there exist
Hadamard matrices of order pl(p+1)(p+4),j = 0;
(c) when there exists a cyclic (v,k,A) configuration and a (v,(v—1)/2,(v—3)/4)
configuration with p =v—4(k— 1), there exist Hadamard matrices of order
vpi(p+1), j =0.

EXAMPLE, (a) gives Hadamard matrices of orders 23-7*1 2%2.3.11/%1
22-5-19*1 j > 0.

(b) gives Hadamard matrices 23-11-7/, 22-45-114, 23-19-3/-5,j > 0.

(c) gives Hadamard matrices of order 22-3-31-11/ j > 0.

CoMMENT. The matrices just constructed of orders 77*! and 11-7/, j > 0, have
been called 8-Williamson matrices as there are eight of them and they can be used ina
Plotkin array.

Hence, since there is an orthogonal design of type (3,3, 3,3, 3, 3, 3, 3) in order 24
(see Geramita and Seberry (1979)) there are Hadamard matrices of order 8-3-7/*!
and 8-3-11-7,j > 0.

Now suppose there is a conference matrix of order p + 3 which can be written as

where XT = X, XJ =0, XX" =(p+2)I—J,,,. Then
J o u-a (X4 X-1I
A'_<—J+21 J ) and B’_(X—I —X+I>

A, AT+pB, Bl = I, x[(p+2)J +(p—2)J +41]+2pl, x(XXT+1I)

satisfy

=1, x[2pJ+41-2pJ +2p(p+3)I]

=2p+2)(p+ 1)L
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This gives Mukhopadhyay’s Theorem 3.1 as a corollary to the theorem :

COROLLARY 3. Suppose there exists a skew-Hadamard matrix of order p+1 and a
symmetric conference matrix of order p+ 3 then there is an Hadamard matrix of order
2p°(p+1)(p+2) forj = 0.

ExaMpLE. This means there are Hadamard matrices of orders 23-3/-5, 2*-7/-9,
23-117-3-13,2%-15/-17, 24-23/-3-25, 23-277-7-29, j = 0 an integer.

Using the result of Mathon (1978) that there are symmetric conference matrices of
order (g +2)q* +1 when q is a prime power and g+ 3 is the order of a conference
matrix we have :

ExaMPLE. There exist Hadamard matrices of order 8-11-45-43",
16-32-5-72-11-439" for every r > 0.

3. Second construction

Suppose there exist amicable orthogonal designs of types ((1,p); (1, p)) in order
p+1 which can be written in the form

Xy y —u v
—y v

()X = i xI+yS and Y= CuU+w |
—y v

where
ST=—S8, U'=U, VvI=V, §J=0, VI=0, UJ=0,
SST=wW'=pI—-J, UUT=1, SUT=UST and SV'=1Vs".

In Geramita and Seberry (1979), Theorem 5.52, it is proved these amicable
orthogonal designs exist whenever p = 3 (mod 4) is a prime power.

THEOREM 4. Suppose there exist amicable orthogonal designs of types (1, p); (1,p))in
order p+ 1 which can be written in the form (*). Further suppose there exist four (1, — 1)
matrices A,, B,, C,, D, of order q satisfying

@) X, YT = Y, XT when X, Ye{A,B,C.D,},

(ii) A, AT+ B, BT + pC,CT +pD, Df = 2(p+1)qI,,
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Then there are four (1, — 1) matrices or order p’ q satisfying
() X,.; Y-rr+j = Yr+jX;'r+j when X,,.%,;€{A4,.;B,.;C1; D0y},
(i) Ar+jArT+j+Br+j B.rr+j+pcr+j C;r+j+pDr+jDrT+j =2p(p+1)ql.

Also, there exists an Hadamard matrix of order 2p/(p + 1) q for every j > 0.

ProoF. Define A4,,,=J,xC,, B,,,=J,xD,, C,.,=1,xA4,+8xC,
D,,,=UxB,+VxD,.
Now 4,,,, B,,,C,.,, D, are four (1, — 1). matrices of order pgq for which

iy X, 4, YrT+1 =Y X.T+1 when X, ,,, Yr+le{Ar+l’Br+ 6 Crs 1,Dr+1},
() A, AL +B,, Bl +pC,, Cl +pD,, DI, =2p(p+ Daql,,

We proceed by introduction to obtain the matrices of order piq, j > 0.

We now note that if an orthognal design of type (1, 1, p, p) exists in order 2(p+ 1)
then the 4,, B,, C,, D, are called ‘suitable’ matrices, that is they can be substituted for
the variables of the orthogonal design to form an Hadamard matrix. We further
observe that an orthogonal design of type (1, 1, p, p) exists in order 2(p + 1) whenever
there is a skew-Hadamard matrix of order p + 1. This shows the required Hadamard
matrices exist. //

We use the theory of cyclotomy to obtain possible starting ‘suitable’ matrices for
our theorem. In Wallis (1973) it is shown that for a prime power
q=25+4t> =4f +1 (f odd) there are two supplementary difference with para-
meters 2— {4 f+1; 2f,f. 1(5f— 3)} which have circulant symmetric (1, — 1) incidence
matrices A4,, B, which satisfy

A AT+B,Bf =(7f+3) I+ (f-1)J.

Let Q be the quadratic residue matrix (defined in Lemma 1.19 of Wallis et al. (1972))
then with C, = Q+1, D, =Q—1I and p = §(f 1) we have

A, AT+B,Bf+pC, CT+pD, DI =(f +1)df + 1) 1.

Hence, using the theorem we have

COROLLARY 5. Let q=25+4t> =4f+1{f = 7(mod8)] be a prime power.
Suppose there exist amicable orthogonal designs of types (1,3 f—1)); (1, 4(f—1))) in
order 3(f + 1) which can be written in the form (*). Then there exists an Hadamard
matrix of order 27H(f— 1)I(f + 1)(4f +1) for every j = 0.

ExaMprLE. The conditions are satisfied for f= 7,15,447,... and so there are
Hadamard matrices of orders 8:37-29, 16-77-61, 26-7-2237-1879, ..., j = 0 an integer.
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There will of course be many other sets of matrices satisfying the conditions of the
theorem. For example, suppose there is a symmetric conference matrix of order
g+1 = p+3. Write it in the form

where NJ =0, NNT =(p+2)I—J, NT=N.
Then, choosing

A =J,3 B =J,.,-21,,, C,=N+I, D,=N-I,
we observe (i) and (ii) of the theorem are satisfied. This gives the following corollary

of the theorem which is very similar to Theorem 3.1 of Mukhopadhyay (1978) :

COROLLARY 6. Suppose there exists amicable orthogonal designs of types (1, p);
(1,p)) in order p+ 1 which can be written in the form (*). Further, suppose there is a
symmetric conference matrix of order p + 3. Then there is an Hadamard matrix of order
2p" " Yp+ 1){(p +2) for every non-negative integer r.

4. Third construction

The proof of the next theorem is quite straightforward :

THEOREM 7. Suppose there exists an or"thogonal design of type (a, a, ap, ap) in order
2a(p+ 1). Now suppose there exist two (1, — 1) matrices A, and B, of order q such that

(a) A, BT = B, AT,

(b) A, AT+ pB, BT = (1+p)ql.
Further suppose XT = X, XJ =0, XX" = pl—J and X +1 is a(1, — 1) matrix then

A, =JxB, B,  =JxB,
C,y1=IxA,+XxB, D, =1xA,—XxB,

are four matrices of order pq satisying the conditions

M) Xpor Yor = %o XD, when X, Yur€{4,01,Brsy, Couri Dys i)y

(i) A4y Afs 1+ B,y Bl +9C, i Cly 49D,y DYy = 2p(1+p)gl.
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Hence, using the orthogonal design of type (a,a,ap,ap) in order 2a(p + 1), we have
Hadamard matrices of order 2ap(p + 1) q.

Now if there is a symmetric Hadamard matrix of order p + 3 which can be written :

t 1 1
1
G ,
1
then
A'=<—JJ+21 J_JZI> and B'=<g —GG)
satisfy

A, AT+pB BT =2(p+2)(p+ 1) L

Hence we have

COROLLARY 8. Suppose p = 1 (mod 4) is a prime power and there is a symmetric
Hadamard matrix of order p+2. Then there is an Hadamard matrix of order

8p(p+1)(p+2).

Proor. This follows because an orthogonal design of type (2,2, 2p, 2p) in order
4p+1) exists. //

ExaMPLE. Since there are orthogonal designs of types (1,1,5,5), (1,1,9,9),
(1,1,13,13) and (2, 2, 34, 34) known in orders 12, 20, 28 and 72 respectively we have
Hadamard matrices of order 8-3-5-7, 8-5-9-11, 8-7-13-15, 16-9-17-19, ....

Final remarks

Whiteman (1976) was able to show that matrices of the same order as those
obtained by Seberry Wallis (1973) could be obtained which were circulant and *
symmetric. It is possible that his methods could be used on the results of this paper to
obtain circulant, symmetric matrices. Such matrices are far easier to use in
orthogonal designs to obtain further results.
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