A FURTHER NOTE ON LOTOTSKY-TYPE
TRANSFORMATIONS

A. MEIR

1. In two recent papers by V. F. Cowling and C. L. Miracle (1; 2), the
regularity of generalized Lototsky transformations, as well as their application
to the geometric series, has been investigated. The main interest of the papers
centres around (1, Theorems 3.1 and 4.1) and (2, Theorem A). In (1, Theorem
3.1) and in (2, Theorem A), the authors stated and proved a set of sufficient
conditions for the regularity of Lototsky-type transformations. In (1, Theorem
4.1), they proved under certain additional conditions that these transformations
sum the geometric series > z" to (1 — z)~1if Rez < 1.

In this note we shall show that (1, Theorem 3.1) is actually weaker than,
and (2, Theorem A) is equivalent to (4, Theorem 3.C). We shall also include
a slightly improved version of (1, Theorem 4.1) and a simplified proof for it.

For the definition of Lototsky-type (or [F,d,]) transformations we refer
to (3). The notation of this note will follow that of (1). For brevity, we shall
also use the notation

(1.1) 1 4d =r, n=12...
2. For convenience we restate (4, Theorem 3.C).
TuEOREM. Suppose d, # —1 (n =1,2,...) and

2.1) Ul (du) + Dldpy + 1] < + .

Then a necessary and sufficient condition for the regularity of the [F, d,]-trans-
formation is

(2.2) 2 ldn+ 17 = + .
(1, Theorem 3.1) and (2, Theorem A) can be deduced from this result as
follows:

A simple computation yields
(|da] + D2d, + 172 = 1 + 4p, 7,72 sin2(6,/2).
Thus (2.1) is equivalent to

2.3) f}l pu 2 sin?(6,/2) < + <o
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Since the first assumption of (1, Theorem 3.1),

Z Pn—l = + o,
n=1

obviously implies (and is implied by) (2.2), we see that (2, Theorem A) is
equivalent to (4, Theorem 3.C).

Furthermore, it was shown in (2, Theorem 1) that the second assumption
of (1, Theorem 3.1),

E Pnh10n2 < 4+,
n=1

implies (2.3), and therefore, as just mentioned, also (2.1). Thus we may
conclude that (1, Theorem 3.1) is not stronger than (4, Theorem 3.C). That
(1, Theorem 3.1) is actually properly included in (4, Theorem 3.C) follows
from the simple example, given in (5),

d, = 1-n72, n=12...,

where 7 =4/(—1).

3. The following is an improved version of (1, Theorem 4.1).

THEOREM. Suppose the [F,d,)-transformation is regular, the sequence {d,}
satisfies (2.1), and
3.1) limp, = + .

n->00
Then the [F, d,)-transformation sums the geometric series 32" to (1 — z)7! iof
Re(z) < 1, and does not sum it if Re(z) > 1 and 2 # —d, (n = 1,2,...).

Proof. By (1, pp. 426-7), the [F,d,]-transformation sums the geometric
series to (1 — z)7!if and only if

N
(3.2) g ]l @+ 2)@d+ 17 =001), asN— .
n=1
(3.2) obviously holds if 2 = 0 or 2 = —d, for some 7. For other values of
z we obtain by an easy computation, setting z = x + 17y,
3.3) e +2%dy +12=14+a,+2x — Db, +c, =1+ ¢,
where

a, = (x> + > — 1)r,72, by = pu 7208 by, 2yp, 7,72 sin b,.

From (4, Theorem 3.C) it follows that (2.2) holds for a regular [F, d,]-trans-
formation. Therefore by (3.1) we have also

(34) ; Pn 7n_2 = 4o,
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Thus (3.1) and (3.4) readily imply

N N
(8.5) D =0(01) 2 para ], asN — o,
n=1 n=1

Since by assumption (2.1) and therefore also (2.3) holds, we have by (3.4)
N N

(3.6) Db =2 para (1 — 2sin*(6,/2))
n=1 n=1

N
= [1+0(1)]'2Pn7n—2» asN— o,
n=1
Using the inequality |sin ] < 2]sin(6/2)| we obtain

n2=1 |E7l| < 4|yl * n2=1 Pn 7n—2l5in(0n/2)\-

By applying the Cauchy-Schwartz inequality to the right-hand side, we
obtain :

v N T !
; lcn] < 4|y| [;} Pn 7'n—2 sin2(0n/2):l [ ;1 Pn fn—-{l ’
which, in turn, by (2.3) and (3.4), implies that
N N
3.7 Sien=00) 2 pata asN— o,
n=1 n=1
Since 1 + ¢ < exp(¢) for all real ¢, we have
N N
Ul (1 +1t) < eXP{Z_‘,ltn},
and thus by (3.3) and (3.5)-(3.7),
N R j N
I:Il ‘Z + dnl2l1 + dnl_ < eXpl[z(x - 1) + 0(1)]' Zl Pn rn-2 3
as N — o, Thus by (3.4),if x < 1,
N
[1GE+d)1+d) " =0(1), asN—w,
n=1
which proves that the [F,d,]-transformation sums » z* to (1 — 2)~! if

Re(z) < 1.
On the other hand, for t > —1,

1+t >explt —2(1 + )11
Therefore, if 3% —d, (n =1,2,...),

(3.8) IJI A +t) > eXP{ Dol — A+ tn)"]}.

n=1
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Now, by (3.1) and (3.3),

ty = O(r,™")
and thus, by (3.1) and (3.4),
N N N
(3.9) Z tn‘l(l + tn)—l = 0(1)- Z 7'71_2 =0(1)- E Pn rn—z, as N — =,
n=1 n= n=1

By (3.3) and (3.5)-(3.9), we have, if 2% —d, (n =1,2,...),

fjl |z + |1 + da| ™" > eXP{[fZ(x — 1) +o(1)]- Zv:l Pn rn“z}

as N — «. By (3.4), this implies that (3.2) does not hold if x > 1. Thus the
[F, d,]-transformation does not sum » 2" to (1 — 2)~! if Re(s) > 1 and
z# —d, (n =1,2,...). This completes our proof.
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