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Abstract, The aim of this paper is to introduce and study the class of boundedly
non-ad(/iitivev processes. The main result is the decomposition in theorem (2.1) and
theorem (3.1), which says that a boundedly non-additive process is the sum of a
non-positive subadditive, a non-negative superadditive and an additive process. By
this decomposition we can extend the mean and local ergodic theorems for super-
additive processes of M. A. Akcoglu and U. Krengel to boundedly non-additive
processes. At the end of this paper some examples are given.

1. Definitions
For a=(a;), b=(b)eR’ I=1 we set:

as=b (a<b): ©®a,<b, (a;<h;), forl=i=<l;

(a,b[={ueR"a=u<b}, [[(a bD:=II;_, (b-a);

0=(0,0,...,0), e=(1,1,...,1); R.={aecR"a=0};

I ={[a, b[: a, beNg}, with Ny:={0, 1, 2, ...}; and finally

I,={[a, b[: a, beR.}.
Let 7=(7.)uc (I =N} or R}) be a measurable semigroup of measure preserving
transformations on a measure space (X, Q, P). For a Q-measurable function f we
denote the equivalence class of all functions, which are a.s. equal to f, by f. Let
be the vector lattice of these equivalence classes, and let T = (T, ), ., be the semigroup
of linear operators acting on . by the relation T,f = f(7,-).

Let F be a set function defined on I, (I.) with values in .#. We distinguish the
following conditions:

(1.1) T,F;=F,,, whenever JeI, (I,) and ueN}(R.);

(1.2) if J,, ..., J, are disjoint sets in I, (I,) and if J=J7_, J; is also in I, (L)
then F; =Y | F;;

(1.3) sup{[1(J) ' FydP: Je I, (L), [ (J)> 0} = y = y(F) <+,

(1.4) | Fpo, o dP <+00, where f*, f~ denote the positive and negative part of an
fe M.

Definition (1.5). If F satisfies (1.1), we will say that F is a stationary process with
discrete (or continuous) parameter. If F also satisfies (1.2), (1.3), and takes values
in L,, F is called a superadditive process. If —F is a superadditive process, F is
called a subadditive process. F is called an extended superadditive process if F
satisfies (1.1), (1.2) and (1.4). If —F is an extended superadditive process, F is
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called an extended subadditive process. F is called an additive process, if it is a
superadditive and a subadditive process.

For the next definition we need some further notation. We denote a set by the
letter M, iff it is contained in I, (I,) and its elements are disjoint sets. For two sets
M,, M,we write M, <« M,, if every element in M, is the disjoint union of elements
of M,. For I€ I, we set

M, ={[u,u+e[: ue I nN{}.

For Ie I, (I,) and {I} <« M, <« M,, we define

d"M,My)= Y |F—- Y F
IeM, Jelv:z
Jco

d*(Mh MZ):: Z (F]_ Z FJ)* for*=+’ -,
ITeM, Je M,
J=1

For A=(M;) <i<m, meN, with {I}=M,<a M, < --- <aM,, where M,, consists
only of finitely many elements, we define:

m-—1
F;k(A)': Z d*(Mb MH—l), *=”’ +’ -
1

i=

Let A(I) be the set of all such A. In the discrete parameter case we define

F¥*:=max {F¥(A): Ac A(I)}, *=",+,-,

and

p(F)=sup {H(I)_' J‘F’,’ dP: [ (I)>0, IeId}.

In the continuous parameter case we suppose that for every countable K < A(l ),
sup {Ff(A): Ae K}, *=",+, —, is in L, and their integrals are uniformly bounded.
Then F¥:=sup {F¥(A): Ac A(I)}, *=", +, —, exists and is in L. If this is satisfied
for every I € I; we define:

p(F)=sup {ﬂ (n™ JF’,’ dP: ]’I(I)>0,I€Is}.

Definition (1.6). A stationary process F is called locally boundedly non-additive if F’
is integrable for some I with [] (I)> 0. It is called boundedly non-additive if p(F)
is finite.

p(+) is a seminorm on the vector space of all stationary, boundedly non-additive
processes, with a common semigroup T. If we build the canonical quotient space
relative to p, we obtain a Banach space, where two processes are identified iff their
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difference is additive. This can be seen easily. The only non-trivial part is the
completeness of the quotient space. Let { F,},.n be a Cauchy sequence in the quotient
space, and F, a representative of F,. If {n;} increases fast enough we have

p(Fo~F, )<27, iz2,

Then the processes F*, * =+, — defined by

F>Ik= Z (Fni,l—‘Fni_,,I)*-‘_Ffl,I, *=+’_; IEId (Is)a
i=2

exist and they are non-negative superadditive processes. The equivalence class of
F, which is defined by
F=F{-F;, el (L),

is the limit point of the sequence. Let F be a superadditive process, then we obtain
the following relationship between the constants y(F) and p(F).
In the discrete parameter case:

p(F)= Y(F)‘J Fioo dP.

And in the continuous parameter case, if in addition sup {[] (1) [|F;| dP: I e I,
1 (I)> 0} is finite:
p(F)= ‘Y(F)—SF,
where sg is defined by
Sg = lim H ([0, t- e[)—l J F[O,le[ dP.
-0+

For the second equality see the proof of lemma (4.7) in [1].

2. The discrete parameter case
THEOREM (2.1). Let F be a stationary process with discrete parameter. Then

F=F"-F +G, (2.1.1)
where G is defined by
G, = Z , F[u',‘+e[. (2.1.2)
ue I NNy

Furthermore, F* and F~ are non-negative extended superadditive processes. If p(F)
is finite, then F* and F~ are superadditive processes.

Proof. For Ae A(I) with A=(M,),zi=m and M,, # M, we obtain
FT(A)=Ff(A), *="+,-,

with A'=(M,,..., M,, M;). Let A*(I) be the set of all Ae A(I) of the form
A=(M,,..., M, M,). We obtain:

Ff=sup{F[(A): Ac A*(I)}, ="+, -
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So A(I) can be replaced by A*(T). First we show (2.1.1) and
Fi+F;=F" forevery I € I, (2.1.3)
For every Ae A*(I) we obtain
Fi(A)-Fi(A)=F, - ¥ F,.

JeM;

Let A; e A*(I), 1=i= N. The last equality implies

F;(Al)V"'VF;—(AN)=(<FI_ b FJ>+F;(A1))

JeM;

v-~~v((F,— y F,)+F7(AN))

JeM;
=<F]‘ Z Fj)+F;(A1)V"VF;(AN)
Je M,
Hence
F;L(Al)V' . 'VFT(AN)—F;(AI)V' --vFi(AN)=F,—- Y F, (2.14)

JeM;

In the case {A,,..., Ay} = A*(I) we obtain (2.1.1). We further obtain

F7+F;=2F;+(F,— ¥ F,)
JeM;

=(2F;(A1)+(F,— Y F,))v---v(ZF}(AN)+<F,~ y F,))

JeM; Je M,
=Fi(A)v- v Fj(AN)=F].
By definition F*, F~, and G satisfy (1.1), and we have F*=0 for *=", + —, Next

we shall prove (1.2) for F'. For F~ the proof is the same.
Let I, 1=j=n, in I, be disjont sets, such that I=U;'=, I; is also in I, Take

such that F; = Fy(A})v v F}j(A}Vf). Put /=max l,. For p=(p,,...,p,), 1<p;=<
N, let M{={I}, and for 1=<k=1 let M£,, be the collection of all sets in M¥;,,
1=j=n, where we set M}/; =M}, if k=<1, , and MY, = M, otherwise. Set A? =
(M{, ..., Mf.,), then we obtain
Fi= max Fj(A")= Y Fj,
=1

esp=N J

with N =(N,,..., N,), and (1.2) is proved.
(2.1.3) implies y(F*)+ y(F~) = p(F), and this proves the last statement in theorem
(2.1). O

The decomposition (2.1.1) is minimal in the sense that for every decomposition
F=H'— H?+ H, with non-negative superadditive processes H;, H, and additive
H, Ff=H! and F;y=< H?, for I, is satisfied. For equivalence classes mod P,
lim,_ . f, =f a.s. means that lim, .o fo :f a.s. is satisfied iffn, f are representatives
of f,, f Theorem (2.1) and theorem (2.5) in [1] yield:
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THEOREM (2.2). Let F be a stationary process with discrete parameter, which satisfies
Fioer€ Ly and p(F)<+o0, Set J,==[0,n- e[, neN. Then

lim [1(J,)"'F,,

exists a.s.

The theorem remains valid if (J,),cn is a regular family of sets with lim,,_. J, =Py,
as defined in [1]. If (X, Q, P) is a finite measure space, then we can replace the
condition p(F) <+0c0 by the existence of the time constant of one of the processes
F* and F~ in (2.1.1). E.g. we can suppose y(F~) <+oo. Then, by theorem (2.5) in
(1], lim,.[] (J,)"'Fj, and lim,. ] (J,) ' G,, exist a.s. and are in L,. By a trunca-
tion argument like that in [4, p.188] the existence of lim,_ . [] (],,)“F}”n follows
from theorem (2.5) in [1]. Together these prove the last statement. Let F be a
stationary process with discrete parameter on a probability space (X, Q, P) with
Fiax € Ly for [n, k{e I,. Y. Derriennic [2] proved that (1/N)F, N[ converges a.s.
and in L,, if the following two conditions are satisfied:
(a) there is a sequence (h)en< Ly, b =0, with supy=, || A <+ and
Fion+k = Fiong = Finnei = T"hy (T=T),

for every n and k,
(b) inf (l/N)J Fio,np dP > —00.
N=1

From this result the Shannon-McMillan-Breiman theorem follows at once (see [2]).

If we replace supi., ||hlli <+ by supi=; b€ L, in (a), then F is boundedly
non-additive. The question arises as to whether all processes which satisfy (a) and
(b) are boundedly non-additive.

3. The continuous parameter case
THEOREM (3.1). Let F be a stationary process with continuous parameter which satifies
p(F) <+4co. Then

F=F'-F +G, (3.1.1)
where F* and F~ are non-negative superadditive processes and G is additive.
Proof. Fix I€l. As F is boundedly non-additive, there is a countable set K =
{A,,...}= A(]) with
F¥=sup {F¥(A): Ac K}, ®=" 4 —,
Put f%:=F¥f(A))v: - v Ff(Ay). We obtain f%1F¥ and f% =f~+f~. Hence
=F7+Fj, (3.1.2)
Put gy = F; — fx+fn, and let G be defined by G, == limy ..., gn. Now we will show,
that F*, G and — G satisfy (1.2). Together with (3.1.2) this implies that the F* are
superadditive processes. Let I, ..., I, be disjoint sets in I, such that \ |, =1L
Take K;={A}, Aj, ...} A(I;) with
F¥=sup {F¥(A): Ae K}, l<i=m
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Put f%'= F¥(A})v - - v Ff(AYN). By the same argument as in the proof of theorem
(2.1), we obtain BY,... By € A(I) with

F¥(BY)v---vF(BM)= T f&"
i=1
So forevery NeN, Ff=YT"  fk'is satisfied, and (1.2) is proved for F*, ="+, —,
It remains to prove

Gi=31 G (3.13)

Let A;=(Mi,..., M%) and Aj=(Mi,..., M ), 1<i<m, jeN. For 1<i=m
let MY be the collection of all intersections of sets in M’}w and in M’}(j, 1=sj=N.
Let My be the collection of all these intersections. We set

Z'IV= ZNFJ and ZN= Z F].

JeM; Je My

Because Y-, Zy = Zy is satisfied, (3.1.3) follows from
Zy->G; and Zy- G, (3.1.4)
By M <« M’ ; and My <« Mg for 1=<j=< N, we obtain
ini= (M, M, M) e A(T)

and

An=(M, ..., M, My)e A(I).
Put h¥%'= F’l':(A;,N) Ve FT{(A'}V,N) and h%=FF(A N)v---vFi(ANN),
*=+,—. We obtain Ff=h¥'=f¥%" and F¥=h%=f%. This implies Zi=
F,—hy'+hy'> Gy and Zy = F,—hN+hy-> G, and (3.1.4) is proved. O

We will call a process F bounded, if

R b(F):=sup {H (n™ J |F;| dP: I I,]] (I)>O}
is finite.

THEOREM (3.2). Let F be a bounded and locally boundedly non-additive process. Set
J,=[0,t-¢[, tcQ. Then
lim [J(J,)"'F,

>0+

exists a.s.
Sketch of the proof. We can assume IFE’O,”[ dP <+o0o, for an r>0. Let J=

[0,a[<[0, r-e[ with a=(a;)>0. Let b, be the largest integer n=<r/a; and let
¢ =(b;- a;). We obtain
1
(H b,-) I Fj dPsJ. Flo dPsJ Flo.re dP.
i=1
This and [0, r-e[ < [0, 2¢[ imply

™ J F;dP=I] ([0, )™ I Fiore dP=2'T[ ([0, r-e))" I Fo,rer dP.
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So
sup {H n I F7dP:Jel, [[(J)>0,J<]o0, r'e[}

<2'TI ([0, &) j Fly. .o dP <+

is proved, and we obtain the decomposition (3.1.1) for all I <[0, r- e[. By additivity
and stationarity we extend G to all I € I, We obtain a bounded additive process,

for which the existence of
lim [[(J)7'G,, as.
>0+
teQ

is proved in [1]. It remains to prove lim,o+ ;cq [1 (J}) ' F¥ =0 as. for * =+, —. This
can be done in almost the same manner as in the proofs of theorem (4.2), lemma
(4.7) and lemma (4.8) in [1]. ]

THEOREM (3.3). Let F be a boundedly non-additive process with continuous parameter
for which
sup {| Fr.»(l : [a, b[<[0, e[ and the coordinates of a and b are rational}

is integrable. Set J, =10, t- e[, t€ Q. Then
lim ] (J,)7'F,

t—>00
teQ

exists a.s.

The theorem can be proved by a reduction to a discrete case following the proof
of theorem (2.5) in [1]. Both theorems remain valid if {J,},.q is a regular family of
sets. One can define stationary processes indexed by more general sets than intervals,
and it seems that the results carry over to that setting.

5. Examples
In this section we give some examples of non-additive processes, which appear in
percolation on a lattice. These processes are given by a family of r.v.’s F = (Fp, [ € 1),
where (Fp, ..., F;,) has the same distribution as (Fy .., ... Fr4,), forall I ,..., I, €
I, ueNg. As in the 1-parameter case (see [3]) we can pass to an equivalent process
F with sample space R™, which is a stationary process, defined as in definition (1.5).

Let the graph L be given by a lattice of dimension d =2, where the set E of sites
is Z%. Two points in Z¢ are neighbours if their Euclidean distance is 1. The bonds
connect any two neighbours. The set of bonds will be denoted by K. All bonds are
unoriented. Furtherlet{ U, l € K} beaset of non-negativei.i.d.r.v.’s with a finite mean
see [5].
Example (4.1). We suppose d=2. For a fixed 0=n=<+0w let E,:=ZX
{keZ:|k|<n+1}. Let the graph L, be given by the set of sites E, and the set of
all bonds of L whose end points are in E,. For I<n+1 we define

M., :={(m, p):|p|=1}.

For a path w consisting of a connected string wy, . . ., w,, of bonds, put U,, = Z.'-n:; U..
Let W,, .., be the set of all paths connecting M, to M., Put

X on,m(x) =inf{U,(x): we W, ..}, m,<m,.
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For 1=0, X—(X{,,I m,) 18 a subadditive process. For [=n, X is a superadditive
process. For 0 <I<n, X{", is bounded by

m 1
2 Z ZI: IU((_;t l)(]x))+ Z Xl 1,i Xz),ma

j=0i
meN,; so in this case X is a boundedly nonadditive process.

Example (4.2). We suppose d =2 and || U= C <+, (I€ K). For I, let L,
be the subgraph of L, whose set of sites is E; =Z% N I, and whose set of bonds K,
contains exactly all bonds of L whose end points are in E,. Let SL; be the set of
all connected subgraphs of L, having the set of sites E, and which contain no
circuit. We define pointwise:

F(x):= inf{ Y Ul(x):K"is the set of bonds of a graph L'e SL,}, Iel,
leK®
We will now show that F is a boundedly non-additive process. As F is non-negative,
this statement follows by (2.1.1) and (2.1.3) from: Fj(x)= C [] (I), uniformly in x.
To prove this fix € I, and xe X. Let A=(M,),=;=m € A(I). Suppose
Y F{x)=Fi(x),

o=y
JeM;,,

forajwithl1=<j=m~—1anda Je M, Let, for I'e I; and xe X, L(I',x)e SL, be
a graph with set of sites E(I', x) and set of bonds K(I', x), which satisfies

Fr(x)= ¥ Ulx).
le K(I';x)
We complete the graphs L(J', x), J'e M;,,, J'< J, to an element of SL,. The set of
bonds of this graph may be denoted by K*. By the definition of F, we obtain
F](x) = . ZI:<‘ UI(X).
So we obtain:

(Fy(x)— JZJ Fy(x))"=C- card (K"\ U K(J', x)).
JeM; JeM,u

The number of new bonds we use for all completions like those described above is
smaller than [] (I) and they all are different; so Fj{x)= C [[ (I) is proved.
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