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FIRST HOMOLOGY OF IRREDUCIBLE 3-MANIFOLDS
BENNY EVANS

I. Introduction and definitions. In [2], J. Gross provides an infinite
collection of topologically distinct irreducible homology 3-spheres. In this
paper, we construct for any finitely generated abelian group 4, an infinite
collection {M,} of topologically distinct irreducible closed 3-manifolds such
that H,(M;) = A for each 1.

The proof consists of first constructing a closed irreducible 3-manifold M 4
with H;(M,) = A, and then providing a method for producing more such
manifolds with the same first homology group.

All maps and spaces in this paper are assumed to be in the piecewise linear
category, and all subspaces are assumed to be piecewise linear subspaces.

A 3-manifold M is irreducible if each 2-sphere in M bounds a 3-cell in M.
A compact 2-manifold (or surface) F in a compact 3-manifold M is properly
embedded in M if FM bdM = bdF. (bdX is used to denote the boundary of
the manifold X.) A surface F properly embedded in a compact 3-manifold M
is incompressible tn M if given any disk D in M with D M F = bdD, there
exists a disk D’ in F so that D’ M\ D = bdD’ = bdD. In this paper we agree
that 2-spheres and disks are not incompressible. A well known consequence
of the loop theorem (see [6]) states that a 2-sided properly embedded surface F
in a compact 3-manifold M is incompressible in M if and only if
ix: m1(F) — 71 (M) is an injection.

Haken [3] has shown that given a compact oriented irreducible 3-manifold
M, there is a unique integer P (M) = 0 associated with M with the following
properties.

(1) There exists a collection {F;|1 £ 7 < P(M)} of mutually disjoint
orientable incompressible surfaces properly embedded in M such that no pair
of surfaces F;, F; cobound a product in M.

2) If {Gi1 =7 = k} is a collection of mutually disjoint orientable incom-
pressible surfaces properly embedded in M, and if & > P (M), then some pair
G, G, cobounds a product in M.

We shall find P(M) a convenient topological invariant to determine that
certain manifolds are not homeomorphic.

We refer to Crowell and Fox [1] as a reference for the basic notions we shall
use concerning knot spaces.

II. Construction of the manifolds.
LemMa 1. If M is an irreducible, orientable, closed, 3-manifold and if

Received November 20, 1970.
686

https://doi.org/10.4153/CJM-1971-076-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1971-076-3

IRREDUCIBLE 3-MANIFOLDS 687

m1(M) 5# 0, then there exists a closed, irreducible, orientable 3-manifold M’ with
PM') > P(M), 7o (M) # 0, and H,(M') = H,(M).

Proof. Let {Fi|1 ¢ < P(M)} be a mutually disjoint collection of closed
orientable incompressible surfaces in M such that no pair F;, F, cobounds a
product in M. Since 71(M) = 0, no component of M — ULY) F, is simply
connected. Let J be a simple closed surve in M — UFY? F, such that J is not
contractible in M. Let N(J) denote a regular neighbourhood of J in
M — USSP Fy, and let My = cl(M — N(J)). If My is a solid torus, then M
is a lens space and so P(M) = 0. It is easy to choose a new noncontractible
curve J* in M in such a fashion that M;* is not a solid torus. Thus in any
case, we are able to choose J so that M, is not a solid torus.

Let S be a 2-sphere in M;. Then .S bounds a 3-cell B in M. Since J is not
contractible and J M S = @, we must have J N B = @. If follows that M
is irreducible.

Suppose the boundary of M; is compressible in M;. Let D be a disk in M,
with D M bdM; = bdD, a nontrivial curve in bdM;. Since M; is irreducible,
cl(M; — N(D)) is a 3-cell where N(D) denotes a regular neighbourhood of
D in M;. Then My would be a solid torus contrary to our choice of J.

Let K be a knot space (the complement of the interior of a regular neigh-
bourhood of a simple closed curve in S?), which contains a closed incompress-
ible surface G of genus greater than one. H. Lyon [5] has shown that there
exist knot spaces which contain closed incompressible surfaces of arbitrarily
large genus. We assume that K is embedded in S3. Let m be a nontrivial curve
on bdK such that m bounds a disk in cl(S® — K). We shall refer to m as the
meridian of K. Note that m generates the first homology of K. There is a
unique curve / in bdK called a longitude of K such that I is not contractible
in bdK, but ! is homologous to zero in K.

For notational convenience,let T" = bdM;, N(J) = D X S!,a = (bdD) X 0,
and b = v X S', where v is a point on bdD. Let k&: bdK — T be a homeo-
morphism that maps ! onto ¢ and m onto b, and let M’ be the adjunction space
M, UK. Since both K and M; have incompressible boundary, M’ is again an
irreducible 3-manifold.

Suppose G cobounds a product in M’ with some surface F;. Then since T°
separates G from F;, we have 7' C G X [0, 1], and %1 (T") — 71(G X [0,1])
is an injection. But this is impossible since as proved in [4] the fundamental
group of a closed surface of genus greater than one contains no abelian sub-
groups other than the infinite cyclic group. A similar argument shows that
no pair F;, F; can cobound a product in M’. It follows that P(M’) > P(M).

We now claim that H,(M) = H;(M'). From the exact homology sequence
of the pair (M4, a) we obtain

Hi(a) 3 Hy(My) — Hy(M, @) — 0.
The relative homology group Hi(M,, @) is isomorphic to H1(M; U Ca) =
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H, (M) where Ca denotes the cone over the simple closed curve a. This together
with the Mayer-Vietoris sequence yields the following commutative diagram
whose rows are exact.

Hy(a) 13 Hy(My) — Hi(M) =0
l ]N@ 1
Hy(T) 228 1,01 @ Hi(K) — Hi(M?) — 0

Commutativity of the diagram follows from the naturality of the maps
11, 13, j1, j» and the fact that 4,(a) = ! which is homologically trivial in K.
Define

fe HI(MI) __)Hl(Ml) @Hl(K)
1 (@) 0 @ (H(TD))
Recalling that H,(K) is the infinite cyclic group generated by m = 45(b), it is

straightforward to verify that f is an isomorphism. This completes the proof
of Lemma 1.

by f(®) = (x,1).

THEOREM. Let A be a finitely generated abelian group. Then there are infinitely
many closed orientable irreducible 3-manifolds { M ;} with H1(M ;) = A for each 1,
and if © #£ j then M ; is not homeomorphic to M,.

Proof. According to Lemma 1, it suffices to construct only one closed
orientable irreducible 3-manifold M, with m (M) # 0, and H:(M,) = 4
for each finitely generated abelian group 4. We shall need three basic mani-
folds for the required constructions.

The first manifold we need is a Seifert fibre space M; over a surface of genus
n with one boundary component , and % singular fibres Ay, hs, . . . , hx. M1 can
be constructed as follows. Let F be a closed surface of genus # and let F;
be the surface obtained from F by removing the interiors of 2 4 1 disjoint
disks whose boundaries we label 7, ki, ko, ..., hy. Set My = Fi; X S'. The
boundary of M, consists of tori X ST, hy X S, ..., &y X S Choose points

X0, X1, - - - , X on the curves 7, hy, ...,k and put w; = x; X S, 0 =7 = k.
M, is completed by sewing solid tori D; X S! onto the boundary components
h1 X S, ..., kb X St of M,, so that the curve (bdD;) X 0 goes to the curve

h&iw;~! where a; is any nonzero integer. The integer ; will be refered to as
the ¢ndex of the fiber h;. Van Kampen's theorem yields the following presenta-
tion for w1 ().

13 n
m1(My) = (Ph gy, 7, hh'w|fiI_-Il hy = [[1 [Po g, b = w, [w, pi]

= [w,q:] = [w, b;] = [w, 7] = 1>,1 Si=nl1Zj=k
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Note that in case the genus of M, is zero, the relation r II}_; 7, = II7,[p, ¢.]
is to be replaced by the relation 7 I1f; #; = 1. We shall need the following
information about M;.

LEMMA 2. If the genus of M, is greater than zero, or if the genus of M, is zero
and My has at least two singular fibres of index greater than one, then bd M, is
incompressible.

Proof. Since M is irreducible and orientable we need only show that M, is
not a solid torus. We have that

k
Hl(Ml) = 2nZ @ (r, hj,‘ZU[TH hi = l,hiai = W,
i=1

[hiy sl = [r, by] = [w, 7] = [w, k)] = 1),1 SjER1ISiZE

In particular we see that if # £ 0, then H{(M;) # Z, the first homology
group of a solid torus. If the genus of M, is zero, then

k
m(My) = (h,, nwr[l hi= 1,0 =w, [w k] = [w,1] = 1), 1<j=<k
i=1

Let G be the smallest normal subgroup in 7;(4;) containing the element w.
Then

(M) /G = (hj,r}r - (I;kl h,>—1, B = 1)

= (ylhi7 =1) 1=j=<k
=Ly ¥ Loy % .. . % Ly,.
Since at least two of the a;’s are not equal to one, we have that m; (M) has

a factor group that is a nontrivial free product. Thus 71 (M) # Z since each
factor group of Z is abelian. This completes the proof of Lemma 2.

M, is a trefoil knot space so that 71 (Ms) = (%1, Xa|X1%2x%1 = X2%1x2). The
generators X1, x5 of 71 (M) are chosen so that a meridian » is homotopic to x;,
and the longitude [ is homotopic to %1~ #xx1%x,.

M3 is a bundle with base S! and fibre H a torus with the interior of a disk
removed. Let s denote the boundary curve of H. Choose generators a, b for
w1 (H) such that [a, b] is homotopic in H to s. Let f: H — H be an orientation
preserving homeomorphism that maps a onto @ and & onto ab. We require
further that f fixes a point # on s. M3 is then the identification space obtained
from H X [0, 1] by identifying £ X 0 with f(£) X 1 for each % in H. Let y be
the simple closed curve # X [0, 1] with# X Oidentified withf(x) X 1 =2 X 1.
By Van Kampen's theorem,

w1 (M3) = (a, b, vjvav~! = a,vbv~! = ab).

Case 1: A is of the form 2nZ ® Z,, ® ... ® Z,, t; # 1,1 £ 1 < k with
n = lor k = 2. We construct M 4 as follows. Take M; to be of genus z with &
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singular fibres hy, . .., h; of indexes £y, . .., #. Sew the boundary of the knot
space M onto the boundary of M; by a homeomorphism that takes the longi-
tude of M, onto wy, and the meridian of M, onto ». M 4 is irreducible because
it is constructed by sewing together irreducible manifolds with incompressible
boundary. Appealing once again to Van Kampen's theorem,

k n
mi(My) = (Pi, qu b1, w, %1, xz[”H hi= H [P @i, X1xax1 = x2x120s,

i=1

h’flj = w, [w!pz] = [wr gz] = [w, 7’] = [wv h]] = 1,
X1 =7 W= x1_4x2x12x2>, 1=:=nl1=j=ckt

Abelianizing we obtain
HI(MA) = 2nZ @ (hl, “ ey hklhit“ = 1, [hi, h]] = 1) = A,
1=2:=k1=2j=k

Case 2: A is of the foom Cn + VNVZL @ Z,, ® ... ®Z,y, n=1o0r k = 2.
We begin as in Case 1 with M, of genus # with k singular fibres ks, . . ., ki
with indexes #1, ..., . M4 is obtained by sewing the boundary of M3 onto
the boundary of 3; by a homeomorphism that takes y onto » and s onto wj.

k n
7r1(MA) = (pu g hj, w, 7, a, byvlrI:Il hy = I:II [Pi’gi]’r =0
b = w, [w,pid = [w,q:] = [w,r] = [w, 1] = 1,

[a,0] = w,vav™" = a,vbv™" = ab), 1

IIA

t=n,1 =75k
Abelianizing we arrive at

HI(MA) = 2nZ @ (hfrbl[hi’ h]] = [h],b] = 1’ h’i” = 1)1 1
=+ 1)20Z2,0.. ®Z,=4

IIA
Iy
IA
=
p—
IA
<
IIA
-

M 4 is irreducible just as in Case 1.

Case 3: A 1is of the form Z @ Z,, t = 1. (This includes the case A = Z.)
M 4 is a bundle with fibre 7" a torus and base S?.

Let a and b be simple closed curves on " that meet in exactly one transverse
intersection. Let #: 7" — 1" be an orientation preserving homeomorphism that
maps ¢ onto b and b onto the curve ¢~ +2. Van Kampen's theorem provides
the following presentation for w1 (M ).

T (M4) = (a,b,v|vav~! = b, vbv~! = a~1H?)

H,(M,) = (a,b,vla = b,b = a" 02, [a,b] = [a,v] = [b,2] = 1)
(0, o0t =1,[b,v] = 1)

=7Z®Z,
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Case4: A = Z,,t % 1. Choose M 4 to be a lens space (the union of two solid
tori) with fundamental group Z,.

Case 5: A is the trivial group. Many well known examples are available. For
example, M 4 can be constructed by sewing together two copies M., M, of
M, by a homeomorphism that maps the longitude of M, onto the meridian
of M, and the meridian of M, onto the longitude of AM,".

This completes the proof of the Theorem.
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