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SUMMARY

Prevalence and incidence measures are the common way to describe epidemics. The reproduction
number supplies information on the potential for growth or decline of an epidemic. We define an
actual reproduction number for infectious disease transmission that has taken place. An estimator
is suggested, based on the number of new infections observed in a given time-interval, the number
of those infected at the start of the interval, and the length of the infectious period. That
estimator is applied to HIV among men having sex with other men over the period, 1977-1995, in
Scandinavia. The actual reproduction number was estimated with acceptable certainty from the
period, 1981-1982, yielding a value of 15 secondary cases. A value of less than one secondary case
was assessed for the period, 1988-1995, in Denmark and Sweden. The actual reproduction
number gives us some additional understanding of the dynamics of epidemics, compared with
prevalence and incidence curves.

INTRODUCTION identified using the concept of reproduction numbers
[2-5]. This tool was developed to study the potential
spread of an infectious disease.

The basic reproduction number, Ry, is the repro-
duction number when all subjects are susceptible, i.e.
the average number of secondary cases the infection is
transmitted to during a typical individual’s infectious
period in a situation where all persons are susceptible.
The effective reproduction number, R., is the repro-
duction number when not all subjects are susceptible.
If R, is estimated to be >1, the introduction of an
infected subject in a population will set off an epi-
demic. If R, is >1, an ongoing epidemic will increase.

The ideas behind this concept can be applied to
* Author for correspondence: Dr E.J. Amundsen, Norwegian describe an epidemic that has taken place or is de-
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0105 Oslo, Norway. ) >
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Common measures for describing epidemics include
the prevalence pool, or the number of live cases at a
given point in time and the absolute rates, or the
number of new cases per time unit [1]. The prevalence
measure describes the magnitude of the epidemic, and
the absolute rates over time give us information about
the development of the epidemic. When both the
absolute rates and the prevalence pools are positive,
neither measure tells us whether an epidemic is de-
creasing or increasing. However, measures for increase
and decrease of past and recent epidemics can be
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other infected person during his/her infectious period’.
An increase has occurred if ‘each infected person was
replaced by more than one other infected person
during his/her infectious period’.

The distinction between, on one hand, the esti-
mation of the actual spread of an epidemic that has
occurred and, on the other hand, the potential for
spread in a population where all are susceptible (Ry),
or the potential for further spread when some are
already infected (R.), is not always made in the
literature. Potterat et al. [6] state that, ‘In principle,
this basic reproduction number should be estimable
from individual level data; that is from observing the
number of persons to whom one infected individual
spreads the disease.” Potterat applies this concept to
Chlamydia infection, based on contact-tracing and
DNA amplification testing. Haydon et al. [7] also
obtained an estimate of the ‘case-reproduction ratio’
as directly as possible from the data for the 2001
foot-and-mouth outbreak in the United Kingdom.
Haydon reconstructed ‘epidemic trees’ from records
on infected properties that might have or did give rise
to other infected properties. Borgdorff et al. [8] used
DNA ‘fingerprints’ of all Mycobacterium tuberculosis
isolates from January 1993 to June 1995 to identify
groups of patients that had isolates with identical
fingerprints. Borgdorff’s group estimated what they
called an effective reproduction rate associated with
recent transmissions [8].

The literature on such direct estimation of recent
increases or decreases of infections is scarce [9]. The
main body of the literature on R, and R, relates to the
potential for spread and control. Earlier, more simple
deterministic mathematical expressions have been re-
placed by more advanced models, both deterministic
and stochastic models [10-18].

In earlier studies, the reproduction numbers for
potential development were originally defined as
population measures. These were calculated accen-
tuating a person with the ‘typical’ risk behaviours in
the population, for example, in a situation with a
heterogeneous mixing of partners. Later models, with
distributions of risk behaviours and other parameters,
have now been applied, and, thus, the reproduction
numbers can now be viewed as means in distributions
for individuals.

Estimation of actual reproduction numbers via in-
dividual (or subject) reproduction of cases is difficult
to achieve since individual disease transmission is
not recorded or recordable. Population, or group,
measures need to be developed. In the study of HIV
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epidemics and the actual spread of HIV, it has been
practically impossible to establish actual chains of
who infected whom. The problem of estimating
prevalence pools and absolute rates has been a chal-
lenge, in and of itself.

The aim of this article is to define the actual repro-
duction number for an epidemic that has occurred, to
suggest an estimator for this number, and to apply it
to HIV among men infected through sex with men in
Denmark, Norway and Sweden. The actual repro-
duction numbers are compared to estimates of absol-
ute rates and prevalence pools from 1977 to 1995,
obtained by back-calculation methods. The infor-
mation and understanding obtained are summarized.

METHODS

We define, fairly loosely, the actual reproduction
number, R,, as the average number of secondary cases
per case to which the infection was actually trans-
mitted during the infectious period in a population. A
stochastic perspective is applied, and, therefore, we
will distinguish between R, (an underlying true mean)
and different estimators for R,. The ideal design for
estimating R, would be a cohort of subjects infected
at the same time. These subjects could be followed
over their infectious period, and the number of sec-
ondary cases counted. As in earlier published works,
group figures can be totalled from individual records.
This type of ideal design hardly ever exists, in practice,
for infectious diseases, and, therefore, other types of
estimators have to be constructed for R,.

A possible and practical way to establish an esti-
mator follows: In a short time-interval, an estimator
of the transmission rate of the infectious agent will,
intuitively, be the number of new cases in the interval
(the absolute rate) divided by the number of those
infected by the start of the interval (the prevalence
pool). This estimator would tell one how many new
subjects an already infected subject transmitted the
infectious agent to, on average, during the given in-
terval. Multiplying this quantity by the average length
of the infectious period gives an estimator of how
many new cases one subject transmits the infectious
agent to, on average, if the situation in the short time-
interval is extended to the entire infectious period. A
formal expression of this estimator is:

R.(i)=(X;/Pi_1)*D, *)

where X is the absolute rate in interval i, P;_, is the
prevalence pool at the end of the preceding interval,
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and D is the length of the average infectious period.
The estimator can only be applied when P;_; is
greater than zero. There is no simple expression for its
variance even when both X; and P,_; are normally
distributed.

The proposed estimator for R, in (*) will be a mix
of the values for the actual transmission of infections
(from the P;_; subjects to X; new subjects) and poten-
tial development in the period, D. The length of the
interval, 7, should actually be chosen such that none
(or few) among the X; actually transmit the infectious
agent further onwards.

This estimator can be applied to HIV among men
infected through sex with men in Denmark, Norway
and Sweden. For these countries, estimation of the
true absolute rates and the prevalence pool over time
was carried out based on data from national registries
of diagnosed HIV and AIDS cases [19-21]. The back-
calculation models used were time-inhomogeneous
Markov models, where new cases of HIV were
assumed to follow a Poisson process. The models and
results are described in Amundsen et al. [22], and the
theoretical background is given by Aalen et al. [23].
Late reporting, possible under-reporting, and double
reporting of HIV and AIDS are discussed and are
found to have a minor influence on the results.
Absolute rates were estimated from 1977 to 1995, and
no positive values were assessed before 1977. Thus,
the prevalence pool at time ¢ could be calculated as the
sum of HIV absolute rates from 1977 up to time ¢,
minus an estimate of those persons who died or emi-
grated from 1977 up to time ¢. The number of deaths
among HIV-positive persons before AIDS diagnosis
was unknown, so population death rates among men
aged 25-64 years were applied. Deaths among per-
sons with AIDS were notifiable and available from
the registries. Sensitivity studies were conducted
regarding the effect on absolute rates of variation in
deaths rates and emigration [22].

The uncertainty in the proposed estimator for R,
was estimated by a method described in Aalen et al.,
the “fast’ method [23]. The fast method is based on the
maximum-likelihood estimates (MLE) of the absolute
rates (X; values) and their covariance matrix. One
thousand estimations of R, were simulated from a
log-normal distribution with the MLE means and
covariance structure for the X; values. The absolute
rates could be estimated separately for each half-year
for the epidemic among men infected through sex
with men in Denmark, Norway and Sweden, but with
large uncertainties due to the low number of known
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cases. It was, therefore, necessary to join several sub-
sequent intervals in the final model.

First, separate estimates were made for each half-
year. Second, years with fairly similar estimates of
absolute rates were joined to reduce the number of
parameters and hence the uncertainty. This procedure
induced fairly large jumps in absolute rates from one
time-interval to the next in the peak period of the
epidemic [22]. As a result, the absolute rate in this
study was replaced by a moving average, with a band-
width of 1% years for Denmark, and 2% years for
Norway and Sweden. These band-widths were the
narrowest which conserved the curve given by the
originally estimated absolute rates over time, and also
removed presumably uninformative variation in the
estimates for R,.

The average length of the infectious period in this
study was set to 11 years. This represented the median
incubation time from HIV infection to death for per-
sons who were approximately 30 years old at infection
during the period before the widespread use of highly
active anti-retroviral treatment (HAART) [24]. Men
infected through sex with men had a median age of
30-35 years at the time of diagnosis in all three
countries, indicating a median age at the time of in-
fection of 25-30 years in the Scandinavian countries.
In the back-calculation models used to estimate ab-
solute rates, the median time-period from infection to
AIDS symptoms was 84 years up to and including
1987, while this period rose to 9-9 years in 1995. This
reference data made a good model fit for Danish and
Swedish data, while a rise to 9-3 years was applied to
the Norwegian data, due to less use of AZT and other
treatments during the period [22]. Time measures,
from the onset of AIDS to time of death, were also
added.

RESULTS

Among men infected through sex with men, the esti-
mate of R, varied substantially at the start of the
epidemic, due to few cases. The estimated values of R,
are shown in the Figure from the point in time for
each country at which the number of observations
was large enough to give a stable curve, with a suf-
ficiently narrow confidence interval (CI).

The estimates of actual HIV reproduction numbers
were highest in 1981-1982 for Denmark and Norway,
when each person would infect more than 15 second-
ary cases, on average. After 1981-1982, there fol-
lowed 2-3 years when estimates of R, decreased at the
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Table 1. Periods with the estimator of R, of <1 and
significantly <l for Denmark, Norway and Sweden*

Denmark Norway Sweden

<1 1988.2-1995.2 1986.1-1987.1
1992.2-1995.2
1990.1-1995.2 Never

1988.2-1995.2

1989.1-1990.1
1992.2-1995.2

Signifi-
cantly <1

* The notation 1988.2 means second half year of 1988 and
1990.1 means first half year of 1990.

same time as absolute rates and the prevalence pool in
each country continued to increase.

The estimates of R, became <1 from 1988 in
Denmark and Sweden, and during 1986-1987 and
1992-1995 in Norway (see Table 1). R, was signifi-
cantly below this threshold for periods in Denmark
and Sweden, but not in Norway.

By the end of the study period, the absolute rates
had stabilized in all three countries. The estimate of
R, was 0-55 (95% CI 0-45-0-67) in Denmark, 0-85
(95% CI 0-57-1-27) in Norway and 0-58 (95% CI
0-36—0-95) in Sweden in 1995.

The prevalence pool decreased significantly in
Denmark by the end of the study period, when R, was
most stable, to <1 after 1988. In Sweden, at this time,
the prevalence pool stabilized. In Norway, where the
R, was never significantly <1, the prevalence pool
still increased towards the end of the study period.

DISCUSSION

A measure for actual spread of an infectious disease in
a population, the actual reproduction number, R,,
has been defined. An estimator for R, has also been
suggested, as constituting the new infected persons in
an interval (the absolute rate), divided by the preva-
lence pool at the beginning of the interval, multiplied
by the mean duration of the infectious period. As
applied to the HIV epidemic among men infected
through sex with men in the Scandinavian countries,
the estimate of R, declined from more than 15 sec-
ondary cases to approximately <1 during the years,
1981-1995.

In this study application, the average length of the
infectious period was set at 11 years. Until 1996, when
HAART was introduced on a population-wide level
in developed countries, the infectious period varied
with the strength of an individual’s immune system to
fight the virus. Age at the time of infection is a good
indicator of this strength [24]. Because a fairly similar
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mean age at diagnosis was identified in each of the
three countries in our study, the length of the infec-
tious period was not a critical aspect for comparison
between the three countries, or over time. However,
it is important with respect to inferences that may
be drawn regarding the size of R,. For comparisons
of persons with different age distributions, different
lengths of the infectious period should be used. After
1996, the length of the infectious period will vary
more, depending also on access to HAART, the type
of treatment, and personal adherence to treatment.

In this study application, the susceptible popu-
lations studied have not been isolated within their own
countries. People travel due to employment and va-
cation. Some men get infected abroad having sex with
men not in the prevalence pool in their home country.
There may also be persons in the prevalence pool in a
country that infect people from abroad who are not
registered as having HIV in the same country, and do
not live in the same country. The estimated value of
R, may, therefore, be biased.

It is difficult to state the direction of the bias
for men infected through sex with men in the
Scandinavian countries. It is possible to adjust the
estimate for R, down if information about newly di-
agnosed persons who were probably infected abroad
can be deduced from the absolute rates. It is more
difficult, however, to find information on the number
of persons living abroad who were infected by
persons in the country under study. The effect of this
bias can be studied using sensitivity analysis, com-
bining knowledge from behavioural studies and
making reasonable assumptions. In addition, we note
that misclassification of the mode of infection may
also create bias.

Statistical variation in our study was assessed using
the so called ‘fast’ method used by Aalen et al. [23].
The use of 1000 replications created stable distri-
butions. The ‘fast’ method produced results similar
to the more thorough and time-consuming bootstrap
methods which could have been applied. A more
direct distributional approach could also have been
used since it is common to assume that the X; values
are independently Poisson-distributed and can be ap-
proximated by normal distributions; the distribution
of the ratio between the means of two normally
distributed variables, however, remains generally
complex [25].

Regarding the confidence intervals for the estimates
of R,, these were wide during the early part of the
epidemic: the upper 95% CI limit in the Figure was
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Table 2. HIV-diagnosed intravenous drug users in Latvia and Lithuania

1996 1997 1998 1999 2000 2001 2002 2003*

Absolute rates

Latvia —¥ 5 120 194 382 630 393 393

Lithuania 4 23 37 46 49 55 379 379
Prevalence poolsi

Latvia 0 48 1198 301 656 1235 1562 1877

Lithuania 4 259 604 102 145 192 548 890
Estimates of R,§

Latvia — — 2773 177 139 10-6 35 2-8

Lithuania — 633 157 84 53 4-2 21-7 7-6

* Figures for illustration only.

+ Data prior to 1997 not available per transmission group.
1 Sum of absolute rates minus 4 % annual death estimate.
§ Assuming infectious period of 11 years.

62 for Denmark in 1981 ; for Norway, the values were
28, 37 and 42 for 1982-1983 (1982 — first half, 1982 —
second half, and 1983 — first half, respectively). The
confidence intervals for estimates of R, in Sweden are
given beginning in 1983.

Changes in R, over time for HIV epidemics may be
caused by several factors. In a situation with constant
risk behaviour and a decreasing number of susceptible
persons, the R, would decline by necessity. Change
can also follow from a change in sexual behavior at
the individual level, or from a saturation of high
activity groups and a diffusion of the virus into lower
activity groups. Further, the average infectivity may
change over time. All explanations for change in
R, —or one or more of them —may act at the same
time. It is, therefore, not possible to identify directly
the effect of HIV risk behaviour change in the
Scandinavian countries from the change in R,. The
estimated distribution of persons in different stages
of disease progression indicates only minor changes
in average infectivity after the first initial period
(data from back-calculation models is not shown).
Although saturation in core groups may be a partial
explanation for the reduction in R, seen for the early
part of the epidemic, changes in behaviour are prob-
ably a further reason [22]. Further, by using local
knowledge, it is possible to get closer to probable
reasons for the epidemic’s change.

Additional and different conclusions can be reached
from the estimates of R, than are obtainable from the
estimates of absolute rates and prevalence pools over
time. First, in a period of increasing curves for the
prevalence pools and the absolute rates, the number
of secondary cases dropped dramatically for the same
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period. Note that the estimates of R, for Denmark in
1981 were approximately 20 secondary cases, while by
1985, this figure had dropped to approximately six
cases (see Fig.). The declining R, values show that
each infected person did, to a steadily lower degree,
transmit the disease. This slowly decreasing rate of
infection transmission is difficult to read from the two
other measures, taken independently.

Second, additional conclusions are obtained based
on the speed with which R, decreases, including
whether it reaches a value of <1. The epidemic in
Norway did not reach this situation during the epi-
demic study period, with a value of R, significantly
<1, while the epidemics in Denmark and Sweden did.
Due to similarities in the epidemic situation, this
indicates that more prevention efforts were needed
in Norway regarding HIV transmission among men
having sex with men. Additionally, sustained values
of <1 predict a declining prevalence pool. Sustained
R, values of <1 in Denmark were followed by a
declining prevalence pool. The values of R, will not
necessarily decrease during an epidemic. If the agent
(HIV, in our example) is spread to groups with higher
risk activities, then R, will increase again. Further,
risk behaviour may contribute to maintain R, values
of >1 on a continuous basis.

A current example for HIV epidemics in a geo-
graphical area of interest, Latvia and Lithuania, is
shown in Table 2, with data for newly diagnosed cases
per year for intravenous drug users (IDUs) [26-28].
The absolute rates for 2003 were unknown at the time
of writing, and were thus set as equal to the absolute
rates for 2002, for illustration purposes only. Assume,
for simplicity, that the rates shown in the first two
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rows in Table 2 are the number of IDUs actually
infected in the year given. In that case, the near-
doubling of the absolute rates and prevalence pools
in Latvia from 2000 to 2001 is synchronous with a
reduction in the R, estimate from 13-9 to 10-6. If the
figures in the first row had been a good estimate of the
true absolute rates of newly HIV-infected IDUs,
Latvia would have seen good progress towards a
situation with a declining epidemic. A possible re-
duction in absolute rates from 2002 to 2003 would
improve the situation even more. However, further
efforts are needed to reduce the R, value to <1.

The figures for Lithuania show a somewhat differ-
ent development. A steady decrease in R, was re-
placed by an alarming increase, from 2001 to 2002. A
stable number of new cases in 2003, as in 2002, would
then reduce the alarming R, figure by 65 %, from 21-7
to 7-6. A similar stable situation in absolute rates
from 2002 to 2003 in Latvia is synchronous with only
a 20 % reduction in R,. Knowledge of R,, therefore,
adds substantially different information than knowl-
edge of the two referenced epidemic measures inde-
pendently. We also note that because Table 2 is
presenting diagnosed cases per year, the estimated
figures for R, are not correct for the true HIV epi-
demic development. More trustworthy estimates of
R, should be established and used in the surveillance
of the epidemic, along traditional methodological
lines. In other countries, the back calculation of
absolute rates for HIV has been performed and esti-
mates of R, can thus be made [23, 29].

Both R, and R. were defined locally in a short
time-interval, or to a point in time, and are focused on
studying the potential for epidemic outbreak. The
measure, R,, is focused on estimating the actual devel-
opment that has taken place. Since the two measures
are based on the same concept, it is tempting to study
how the estimator (*) relates to R. under various as-
sumptions for the HIV epidemic. It can be shown, as
below, and in the Appendix, that R, and an expected
value for the estimator (*) of R, are equal given cer-
tain assumptions but unequal given others. Thus, it
has been illustrated that the two situations, potential
development and development that has taken place,
should be conceptualized and managed separately.

First, a simple mathematical expression for R,,
which is relevant in homogenous populations with
random mixing between partners in the case of the
HIV epidemic is:

Ry=c*f*D, **)
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where ¢ is the average number of new partners per
time unit, 3 is the average transmission rate per partner
and D is the average length of the infectious period [3].
An expression for R, in the same situation is:

N — P(1)

Re(l) =Ry N([) 5

(***)
at time ¢, where N(¢) is the population and P(¢) is the
prevalence pool at time 7 [3]. Thus, s(z) = (N(t) — P(¢))/
N(t) is the proportion of susceptibles at time ¢.

In this simple situation, assumed for (**) and (***)
where ¢ and § are constants, N; is a given sample
size at interval i, and P;_; is assumed given, the
expected number of new cases in interval i can be
expressed as:

EX;=P;_1csi_1f,

(****)

Here X; is assumed to be the sum of ‘successes’ in n
independent binomial trials where n=P;_j*xc*s;_,
with the same probability, 5, of transmitting the virus.
Dividing (****) with P;_; and multiplying with D, we
get R, equal to R., using (**) and (***). Thus, under
the assumption of random mixing in homogenous
populations, the expected value of (*), R, and R, are
alike. The independence assumption is fulfilled when
fis small, and this is true at least during the long non-
symptomatic period after the primary infection.

In the Appendix, R, and R, are compared within a
heterogeneous population, divided into groups with
specified partner mixing. When an infection spreads
in such a system, the number of newly infected will,
after a while, reach a stationary distribution across
the groups. The prevalence may still increase, but the
distribution remains stable. The ‘typical’ infected
referred to in the definitions of R, and R, is an indi-
vidual distributed according to this stationary distri-
bution. Within these two groups, high risk and low
risk, if the system stabilizes at 80 % of newly infected
coming from the high-risk group, the typical infected
individual is 80 % high risk and 20 % low risk. This is
clearly a very theoretical concept.

In contrast, we can see from examining the defi-
nition of R, that it will reflect the average behaviour
of the newly infected at each time-interval. We show,
in the Appendix, that the mean of (*) and R, will be
equal if the following conditions are met: (1) there
is the same average infectiousness in all groups;
(2) there is no transition of infections between the
groups; and (3) the newly infected have reached a
stationary distribution. Note that we have not at-
tempted to show equality in the absence of (1) and (2)
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above, but the equality may hold also under weaker
conditions. However, condition (3) is essential.

The time needed to reach a stationary distribution
depends on how strongly the groups are linked
(strong partner mixing), and on how far from
stationary the system is initially (for example, whether
the first infection occurred in the high- or the low-risk
group). If the distribution of newly infected over the
groups is far from the stationary distribution, the
mean of (*) and R, will be different. R, will measure
the potential spread at this point in time of the epi-
demic, whereas R, will measure the actual spread at
this point in time of the epidemic.

Another path for development is to find other esti-
mators for R,. Instead of looking at the potential if
the situation in a time-interval is assumed to hold for
the whole infectious period, as in (*), an historical
estimator is suggested, using the data available here
(X;and P;_;). The expression is:

i+m

A X
Ri)=>_ 5=
.

j=i

(*****)

where m is the number of intervals in the infectious
period D, and the interval i is the half-year of infec-
tion. The Ry, (first half-year of 1983) shows how many
secondary cases one person produced, on average, in
the 11 years from 1983 to 1994. Applied to the data
here, this is a much smaller figure than the value of R,
in the first half of 1983 because conditions have
changed during the period. But Ry(i) can only be cal-
culated for a short calendar period, i, covering the
period 1982-1984 in our data. Before 1982, stability
was low, and, after 1995, this study ended.

We also note, however, that the historical estimator
suggested in (*¥****) is biased if risk activity and other
factors regulating HIV transmission vary with time,
since infection caused by newly infected persons
entering the prevalence pool over calendar time will
contribute to the estimate. If calendar time is a more
important factor for HIV transmission (*****) may
be a useful estimator for the average actual number
of persons infected by one infected person over the
infectious period.

To our knowledge, no material on the ratio be-
tween empirical absolute rates (X;) and the prevalence
pools of HIV (P;_,) over time has been published [9].
However, in the case of tuberculosis, a fairly similar
approach has been applied [30, 31]. A transmission
index was defined as the average total number of cases
of tuberculosis attributable, directly or indirectly, to
recent transmission from a single source case. The
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ratio, X;/P;_, in (*), can be seen as such a trans-
mission indeX, where it is not possible to distinguish
between secondary cases and transmissions further
on. Using short time-intervals in the analysis, such
further transmissions from the secondary cases will be
scarce. It seems more meaningful to find estimators
for R,, instead of utilizing a general transmission in-
dex, thus staying with the more conceptually fruitful
ideas of reproduction numbers.

The suggestions made here may also be useful in the
analysis of other infectious diseases, although further
work should be carried out to establish the usefulness
of both the concept and its estimators in different
epidemic situations. In addition, better designs for
particular studies should provide alternative ways to
estimate R, [32]. When a new infectious agent occurs
or a known one re-occurs, one should try to gather
data to estimate R, from (*) to see if the number in-
creases or decreases over time, and how quickly it is
changing. The duration of infectiousness, D, may, for
example, not be known. However, the trend in the
ratios X;/P;_, for known intervals is also useful. Even
a rough idea of R, would lead to a better under-
standing of the epidemic and the needs of present and
future efforts for disease prevention and control. The
interpretation of the value of R, and the changes in
that value from one interval to the next should be
carried out by researchers with a good knowledge of
the infectious agent, together with persons knowing
how the data was established.

If incidence rates and the prevalence over time are
available from other types of data, models or esti-
mation techniques, the incidence rates divided by the
prevalence at a given point in time for low-incidence
diseases would approximate the value of the absolute
rate divided by the prevalence pool. This could be a
useful check. Additionally, new methods of identify-
ing and tracing infectious agents are evolving, in which
case R, may, more often, be fully or partly estimated
directly, as in Potterat et al. [6].

In conclusion, actual reproduction numbers for
HIV epidemics that have taken place can be estimated
from incidence and prevalence information, and this
study application shows interesting features. Estimates
of actual reproduction numbers can provide us with a
new understanding of the dynamics of epidemics, in
addition to what can be learned from the prevalence
and incidence information. Further work is necessary
to establish the usefulness of both the concept and its
estimators for different infectious diseases in various
epidemic situations.
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APPENDIX

Comparison of the mean of the estimator (*) for the
actual reproduction number, R,, with the effective
reproduction number, R., in a system of interacting
groups

Let P(¢) be a vector of the number of infected in each
group at time ¢ in a system of interacting groups. The
change in the number of infected can be described by
a system of differential equations:

P(n)=M(t) - P(1),

The matrix IMI(¢) contains elements that describes the
new infections, as well as rates for transitions between
groups and out of the system. In contrast to the use of
Markov models in the same situation, the absorbing
state is not included in the system. The matrix M(¢) can
be split in two so that M(z)=M,(7) + M,, with My(7)
generating the new infections, and M, containing the
transitions. A simple example with two groups is:

—pil —nl
i LUPPY R COPY.

M@o=| " :
e ) —(?) Ta1C2f3 B PRl —P(?) Ta2Cof3
151 12
|~ 1/d 0 . )210)
w7 ) o)

where 7; is the number of subjects, p,(¢) the number of
infected and c; is the contact rate in group i. 7; is the
proportion of group i partners that come from group
J» B is the transmission rate per contact, and d is the
duration of infectiousness. In this simple example,
there is partner mixing but no transitions between
the groups (see Stigum et al. for a more elaborate
example [18]).

Based on the transition matrix M,, we can find a
matrix L giving the expected length of stay in each of
the groups or states. The matrix product L - N (¢7) =
G(¢) gives the expected number of new cases produced
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in each state during the average infectious period, and
is called the next generation matrix [11-13].

The basic reproduction number R, is defined as the
largest eigenvalue of G(0) [11-13]. We suggest that the
effective reproduction number R.(7) be defined as
the largest eigenvalue of G(¢). This definition of R.()
gives us the number of new cases produced by a
typical infected subject during the infected period, in
a population with a number of susceptibles as at
time ¢. The phrase ‘typical infected’ means that the
newly infected subjects are distributed according to
the stationary distribution of the system defined at
time ¢.

Let the dominant eigenvalue of G(z) be called A(¢),
and the corresponding eigenvector be P,().

An estimator for the actual reproductive number
R, (1) is suggested in this paper to be the number of
new cases per existing cases times the duration of in-
fectiousness. Let v be a line vector of ones. Then, the
mean of the estimator for R,(¢) can be written:

new cases v NI(2) - P(2)

v P(f) d

R,(1) = duration =

existing cases

M, (7) times P(¢) gives a vector of the new cases,
multiplication with v will give us the sum of these. If
all groups have the same average duration of in-
fectiousness and there are no transitions between the
groups, the L matrix giving expected length of stay
will simply be a diagonal matrix with d on the diag-
onal. Then L=1d4d where | is the identity matrix.
Therefore, the following holds:

VoM (0) - P() vk ML) - P(2)

R0="""p VP
_v-L-NL(®)- P(t) v -G(D)- P(¥)
B v- P(t) v P)

If the distribution of cases P(f) over the groups has
become stationary, P(f) will be proportional to the
eigenvector of the dominant eigenvalue P;(). Given
this type of stationary distribution, we have:

V-G P() _ v A0) - Pa(0)

RO=—"70 v P0)

— () = R(1).

We have shown that the mean for our estimator of
the actual reproductive number will be equal to the
effective reproductive number as defined above if all
groups have the same average infectiousness, there are
no transitions between the groups, and the system has
reached a stationary distribution of infected persons
over the groups. R, measures the potential for spread.
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If there are weak links between some of the groups —
for instance, almost no partner mixing between two
groups (i.e. the system is almost reducible), then the
distribution of infected subjects will not reach a
stationary distribution for a long time, but will
depend on the initial conditions. In this case, R, will
be different from R,, R, measuring the actual trans-
mission taking place.
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