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A NEW APPROXIMATION OPERATOR
GENERALIZING MEYER-KONIG AND ZELLER'’S
POWER SERIES

BENNY LEVIKSON

0. Introduction. In this paper we introduce a new approximation operator
of the Arato-Renyi type and study its properties. Special cases of our operator
are the power-series, of W. Meyer-Koénig and K. Zeller (see [9]) and the
generalized Berenstein power series introduced by A. Jakimovski and D.
Leviatan in [5] and analyzed by them in [6].

We prove that our approximation operator converges uniformly to the
approximated function provided this function is continuous. Using Liapounov’s
central limit theorem we analyze the behavior of the operator near discon-
tinuity points. We use these theorems along with some other probablistic
arguments to give new results for the generalized Berenstein power series.

The motivation for using probablistic methods came from the interesting
paper by M. Aratoand A. Renyi[1]. Such methods simplify proofs, give insight to
them, and thus enable a better understanding of the approximation mechanism.

In the first section we summarize the main results, while their proofs along
with some additional lemmas are given in Section 2.

1. The main results. Let X, (# = 1) be nonnegative independent random

variables with means m, and variances b,. We define the following approxima-
tion operator

A1) QU = 3 f(Cu)0ral®)

where

(1.2) {Qn,o(x)=Pr (X, > x}

Q,,,k(x) = Pr {Xn_l_ e +Xn+k—1 é X <Xn+ [ +X7L+k}, k ._—>: 1
ntk—1
(1.3) Cor= 2. my;, k=0
j=n

The following conditions
(14) m, >0 (m=z=1)
1.5) m,—>0 (Bn— )
(1.6) 2=t My = ~+ 00
1.7 ¢ =b)/m,—0 (n—0)
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are natural ones to impose in order to ensure that Q,(f, x) is an approximation
operator. Indeed condition (1.5) guarantees that on the set

{X,,+...—}—Xn+k_1§x<Xn+...+Xn+k}

x will be “close” to X, + ... + X, A condition of type (1.7) assures that
X, will be “close” to its mean m, and condition (1.6) is needed to ensure that
20 Qui(x) = 1.

Indeed we have:

THEOREM 1. Let X, (n = 1) be independent nonnegative random variables with
means m, and variances b,. Suppose (1.4), (1.5), (1.6) and (1.7) are satisfied.
Then

(1) For every continuous function f on [0, 0],
(1.8)  lim Q.(f, x) = f(x) uniformly in [0,a], 0 < a < .

(ia) For every continuous function f on [0, 0] and any numbers (e, ) satis-
fying Cox S ey S Cypp1 we have

i 2 Fen) Ounl®) = £(x)

uniformly in [0, a], 0 < a < 4.
(ii) For every bounded function f on [0, 0] and for any continuity point
xo (0 < x9 < ) of this function one has

(1.8a) lim Q,(f, x0) = fiXo).

n-—oo

The next theorem analyzes the behavior of Q,(f, x) at a discontinuity point

of f.

THEOREM 2. Let X, (n = 1) be as in Theorem 1. For 0 < xy < o and n large
enough denote

(1.10) r(n) = r(n, x0) = max {k: C,x < x0}.
Suppose (1.4), (1.5), (1.6) and (1.7) are satisfied, and for some § > 0 we have

n+7(n) 1/(2+498) n+7(n) 1/2
(1.11) { Z ElX] - mj\2+6} = 0{( Z b]) } (n—)oo)
£ =

j=n

and
n+r7(n) 1/2

(1.11a) Mutrn) = 0 {( Z bi) } (n—o0).
J=n

Then for any bounded function f on [0, 0],

(1.12) 1/2(" 4 17) £ liminf Q,(f, x0) £ lim sup Q.(f, x0) < 1/2(LT + L7),

n-oo
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where L+, L=, I+, I~ are respectively, the right and left upper limits and the right
and left lower limats of f at x,.

In particular, if x, is a discontinuity point of the first kind we conclude that

(1.13) 1Iim Q,(f, x0) = 1/2{ f(xo+) + flxo—)}.

n-0o

Let us now turn to a special interesting case of these operators, namely the
generalized Berenstein power series. To get these operators take the random
variables X, (n =2 1) to be exponentially distributed with means a,~! > 0
(respectively), namely their densities are given by

(@ > 0)

_ _ Jazexp (—au) tZ0
(1.14) gx,(t) = g.(t) = { 0 t<0

In this case Q,(f, x), which is now denoted by K, (f, x), takes the form

(115) Ku(f,%) = X f@n) 7 guso)

where

ntk—1

(116) dn.k b Z a,»‘l
j=n

and

WD) gt = (ve) @

(* stands for the convolution operation). Since in this special case of exponen-
tially distributed independent random variables C,, = d, , and, by an argu-
ment similar to that of [1, pp. 96-97], Qn:(x) = @™t gox(x). It is easily

shown that
n+k

(1173) gn.k(x) = (-l)k (H aj) [an)‘--y an+k]
j=n

where [a,,..., a,4x] denotes the divided difference of the function exp (—#x) at
the points ¢t = a, ..., t = a,+r. We have also (see [7, (4.5)], or by differentiating
(1.17a))

(1.17b) d/dx g, x(x) = i (n 11 (x) — gnk(x))

The generalized Berenstein power series K, (f, x), n = 1, were introduced
by A. Jakimovski and D. Leviatan in [5]. For a, = n, n 2 1, K,,(f, x) turns
into a variant of the operator defined by W. Meyer-Konig and K. Zeller in [9].

The following theorems describe the approximation properties of K, (f, x)
for continuous, discontinuous and continuously differentiable functions

respectively.
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To see how Theorem 1 is applied to K,(f, x) note that conditions (1.4),
(1.5), (1.6) take now, respectively, the forms
118) a, >0 (m=1),
(1.19) a, >0 (n— o),

(120) Z a‘n—l = + 0,
n=1
and condition (1.7) is identical with (1.19). Thus Theorem 1 reduces to

THEOREM 3. Assume a, (n = 1) satisfy (1.18), (1.19) and (1.20). Then the

conclusions of Theorem 1 apply to K,(f, x).

To see how Theorem 2 is applied to K,(f, x), note that condition (1.11)
takes now the form

n+k(n) 1/(2+9) n+k(n) 1/2
(1.21) Z a]-—(“a) =0 ( Z aj—z) (n— o)
j=n Jj=n

where

(1.22) k(n) = k(n,x0) = max {j;d,,; = xo}.
It is easily seen that (1.21) implies

n+k(n) 1/2
Zla) Apikn) =0 a; n — 0
(1.21a) - = ( )

j=n
which is the analogue of (1.11a). Using a modified version of Lemma 2.1 in
[2] it follows that (1.21) is equivalent to

(1.23) ( max (,Lj_z)/(nim)aj_2)—>0 (n— ).

n= jEntk(n) j=n

Hence we get

THEOREM 4. Suppose (1.18), (1.19), (1.20) and (1.23) are in force, then the
conclusions of Theorem 2 are valid for K,(f, x).

It is easily seen (by comparing with the integral ft") that the sequences
a, = n*, o = 1, satisfy (1.23) as well as (1.18), (1.19) and (1.20). Thus (1.13)
holds for our operator with these sequences and in particular it holds for the
operator of W. Meyer-Koénig and K. Zeller. However one should realize that
condition (1.23) is not always satisfied. On the other extreme end we can prove:

THEOREM 5. Assume that a, (n = 1) is an increasing sequence satisfying
(1.18), (1.19), (1.20) and

(1.23a) ( max a,—z)/(ngfn)afz) —1 (n—>o0).

nS JSn+k(n) j=n
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Then for any bounded function f on [0, 0]
Y+ (1 — e < lim K, (f, %0) < Tim K, (£, %0)

n—co n—00

(1.24)
Se'LY4+ (1 - hHLm
where 1=, It, L=, Lt are as in Theorem 2.

In particular if x¢ is a discontinuity point of the first kind,

(1.25) lim K,(f, xo) = ¢ flxo+) + (1 — ¢ )f(xo—).

n-—-00

THEOREM 6. Suppose (1.18), (1.19) and (1.20) are in force and f € C'[0, o]
then

(1.26) lim%Kn(f, x) = f'(x) uniformly in [0,a], 0 <a < .

n->co
2. Proof of theorems. The following lemma is basic for this paper.

LemMmA 1. Let X, (n = 1) be nonnegative independent random variables with
means m, (n = 1) and variances b, (n = 1). If b, and m, satisfy (1.4), (1.5),
(1.6), (1.7) then

@21) Y Qul) =1 for 05z <.

Proof. By the definition of Q,;(x) we have

l
ZO Qui(x) = Pr{X,+ ...+ X, > xl
k=

PriX,+ ...+ Xop1— Coi1 > x — Gy iy}
Pr {an + ... +Xn+l - Cn,H-lI < Cn,l+1 - x}

1%

for sufficiently large I

bn++bn+l

(Cn. 1 x)2

Qnmn + LR + Qn+ lmn+l
(& = Coyin)’* '

by Chebishev’s inequality, the independence of the X ,’s, and the definition of
¢»- Now by (1.7), ¢, = K, for each n = 1, hence

1— =1-

b+ ..+ b

G ;1-1\:1—%5_»1 (1—> o).
n, I+

1 —
(x — Cu,131)

I am indebted to D. Leviatan for pointing out that Lemma 1 requires proof.

Proof of Theorem 1. (i) Given ¢ > 0 there exists 8 (¢) such that | f(x1) — f(x2)]
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< efor |x; — xa| < 8, x1, x2 € [0, a]. Thus we have (by Lemma 1)
(22)  Qu(fix) —flx) = 221 (n) + 22 (n) + 25 ()

where
2. ) = k;j (f(Cui) = &) Qur(x) j=1,2,3
I = {k:|Cpy — x| < 8}
In=1{k:Cpx—x 28}
Ii={k:Cp—x = —8}
Clearly

(2.3) 21 (n) < e foralla.

Let k= ki(x) = min {k: kB € I} ky = ko(x) = max {k: k€ I3}. As [ is
bounded, say | f(x)| = M

Za (ﬂ) <2M Z Qn k(x) = 2M 2 Qn k(x)

ke I3

=2MPrix <X, 4+ ...+ Xops}

2M Prix — Coporr < Xu 4+ oo + Xoio — Cukona)
{
{

I

2M Pr {x — n ke — Mpyr, < X+ ...+ Xn+k2 - nvk2+1}
2M Pr {6 — Mpytry = =X+ ...+ Xn+k2 - Cn+k2+1}r

IIA

where this inequality follows from the very definition of C,;, and the mono-
tonicity of probability.

Asm;— 0 (j —> o) we can find N, such that §/2 > m, for n > N; and in
particular we have /2 > m, 4, if n > Ny

So

IA

25 () S2MPr {6 — myps, < X+ .00 4+ Xoje — Cugapa}

é 2M Pr {5/2 é X'n + e + Xn+k2 - Cn+1:2+1}
n+k2

<2M- (4/8%) - 2 by
=n

by Chebishev’s inequality. As k.(x) is an increasing function of x, once we
show that
n+k2(a)
2 bi<a

j=n

it will follow that this sum is less than e for every k.(x) where x € [0, a].
As ¢; — 0 (j— ) we can choose N, such that ¢; < e?/(4a) for j > N,.

https://doi.org/10.4153/CJM-1976-032-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1976-032-6

AN APPROXIMATION OPERATOR 307

Hence for n > N,

n+ke n+ke n+ko
Z b; Z gm; < (66 /4a) Z Mj; = Cngatt1” (65 /4a)
i—n j=n
S a-(°/4a) = /4.
So
24) >3(n) £ 2Me for m > max (N, No), x € [0, a].
Similarly

(2.5) X2 (n) < 2Me forn > N,

Hence part (i) follows from (2.2), (2.3), (2.4) and (2.5). Part (ii) is proven
similarly.

To prove conclusion (ia) observe that given e > 0 we have for any |[x — y| <
8(e), |flx) —f(¥)| < eand 0 < C, y41 — Cpx = Myyy— 0 as n — o0 uniformly
ink =1,2,....Henceforn > N(e), | f(ear) — f(Cux)| < eand

0ulf) = 3 fen)Ose) | = ¢ > Q) =«

Conclusion (ia) follows now from conclusion (i) of our theorem.

LEMMA 2. Let X, (n = 1) be independent random variables with means m,
and variances b,. Suppose that for some xo, 0 < xo < 00, and some 6 > 0, (1.11)
and (1.11a) are satisfied. Then

7(n)

(2.6) lim Z Qni (o) = 5

n-yoo k=

(27) lim Qn.r(n) (xo) = 0.

Proof. Let
ntk 1/2
B(n, k) = {Z bj} .
j=n
r(n)
(2.8) lim }: Qnix(xo) = lim Pr {xg < X, + ... 4+ Xoirim)
noo k=0 N300

o — Gt _ Kot o A Xy — Cn,r<n)+1}
= lim Pr{ BGn,rin) ~ Bn, r(n)) :

By the definition of 7(z) and condition (1.11a) we have

Lo — nrn)+1‘ Mot 7n)
(29 0= B(n, ,(n()) = B(n, r+(n())

As (1.11) is Liapounov’s condition for the triangular array

Xk — My
Bn,r(n))’

-0 (n—o )

Xox = n<k=<n+rkn),
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we conclude that

: X+ ...+ Xn+r(n) — Ln,r)41 } _
(2.10) lim Pe { B, r(m)) =5 = 26

uniformly in —c0 = 2 = 0.

(compare with Theorem B (ii) on p. 275 in [8] and Theorem 4.3.3 in [10]).
(2.6) follows now from (2.8), (2.9) and (2.10).

Let us prove (2.7). As our triangular array satisfies the Liapounov condi-
tion, each X, , is uniformly asymptotically negligible, so > it/™ X, . and
dorrrw=1 X . have the same continuous limiting distribution. Hence (2.7)
follows from

lim Qn.r(n) (xO)

= lim Pr {Xn + .+ X S xe < X, 4+ ... +Xn+r(,,)}
=lim (PI‘ {X,l + . +Xn+,(n>>xo} —Pr {Xn + . +Xn+,(n)_1> xo})

Proof of Theorem 2. As f is bounded it has limits at x,, thus given ¢ > 0 there
exists 6 = §(e) such that

F—e<flx) < Lt+4+ e forxg<x =
IF—e<flx) <L+ ¢ forxg— 8 =x < xo.

Qn(f, %0) = {Z + Z Z + Z}f(cnk)an(xO)

k€11 kel Kkels'  kels’
=21 (n) + 22 (n) + 25 (n) + 24 (n)
where

IV = IV (o, n) = {k: [Cyi — xo| > 6}
Iy = I/ (xo,n) = {k:xy < Cpp £ x0 + 8}
I =TI/ (xo,m) = {kixg — 6 £ Cp o < X0}
Iy = 1/ (xo,n) = {k:xo = C,.}.

The proof of Theorem 1 yields
2 (n) >0 (n—o0).

By the very definition of ) o () and the convergence of >.;/ (n) to zero
we get

SA) S LT T Quileg) = (L7 + ol 5 Qualen) 4+ o1)),

Cn k>0

= (L++e)( i Qn,k(xo)-l—o(l))—>% (L* + €), by Lemma 2.

k=r(n)+1
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So
limsup Y4 (n) < %L+.
Similarly

liminf 3 (1) = %ﬁ.

n—-oo

As f is bounded we conclude from (2.7) that

lim 3¢ (n) = 0.

n—00
Now one can easily verify that

%l_ < liminf D> (#) < limsup 25 (n) < %L—.

n—c0 n->c0
Combining together all our estimates yields the required result.

The proofs of Theorems 3 and 4 are indicated in the previous section, so we
turn now to the proof of Theorem 5. To this end we need

LEMMA 3. Assume all the conditions of Theorem 5 are in force. Then

k(n)
(2.13) lim Y, Qui(xe) = 1 — ¢
n-oo k=0
Proof. Let
n+k 1/2
A('n,k) = {Z a]'—gz} .
J=n
Condition (1.23a) implies that the sum
n+k(n) -1
Xr — g

is asymptotically negligible with respect to (X, — a,7)(4 (n, k(n)))~1, that
is, the limit of

(Xn + ...+ Xn+k(n) - dn.k(n)+l)(A (’ﬂ, k(n)))—*l
is the same as that of (X, — a,~")a,~ . So we have

k(n)

}zim k; Qi (x0) = 7111_{1; Prixe <X, + ...+ Xouw!
) = 111im Prixo — duxwy+r < Xu+ - oo + Xk — Dok}
= li_;: Pr {xo — dpronsr < Xn — an '}
= };n {1 — exp (—an(®o — duxasr + @ D))}
= 1%: ¢ M im exp (—a, (%0 — dnrmy41))
=1- 6_1’""“’
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since, by the very definition of k(n) and (1.23a).
0< _'a/n<x0 - dn,k(n)+1) < anan—i—k(n)_l —0 (11 — 0 )

Proof of Theorem 5. Theorem 5 follows almost immediately from Lemma 3
and from a similar technique to the one we employ in the proof of Theorem 2.

Proof of Theorem 6. The proof of Lemma C in [7] (but using now (1.17h)
instead of [7, (2.3)]) establishes that

%Kn(f, x) = ; f(dnx) d%gn,k(x) (for0 € x £ +0)
= 3 J00) Guaa) — gus®)  (by 117D)

= 1lim > flens) (@ui1(x) — gui(x))

Noow k=0

 tim {z Fss) — Fdnr))gon ()

Noo k=0

- o) o)

Observing that the function g, ;(x) is the same as the function £\, ., in [3]
(ty = ay, to = 0, u, = e~™%) we get from [3, Satz 1] that limy,., g, y(x) =0
forn =1,2,...and 0 £ x < 0. Therefore, for0 = x < + o0,

LKD) = L () = [ s )

= 2) f'(en,k)an+k_1gn,k(x) (ne < up < dnit1)
k=

— f'(x) uniformlyin0 = x = q, foreacha > 0,
by the part of Theorem 2 corresponding to conclusion (ia) of Theorem 1.
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