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Abstract

We study stationary processes given as solutions to stochastic differential equations
driven by fractional Brownian motion. This rich class includes the fractional Ornstein—
Uhlenbeck process and those processes that can be obtained from it by state space
transformations. An explicit formula in terms of Euler’s I'-function describes the
asymptotic behaviour of the covariance function of the fractional Ornstein—Uhlenbeck
process near zero, which, by an application of Berman’s condition, guarantees that this
process is in the maximum domain of attraction of the Gumbel distribution. Necessary
and sufficient conditions on the state space transforms are stated to classify the maximum
domain of attraction of solutions to stochastic differential equations driven by fractional
Brownian motion.
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1. Introduction

Let (2, ¥, P) be a complete probability space carrying a two-sided fractional Brownian
motion (B,H ):er With Hurst index H € (0, 1), i.e. a centred Gaussian process with covariance
function

EBI By = Lt + |57 — |t — 5?1, s,t € R. (1.1)

Fractional Brownian motion has stationary increments and is self-similar, i.e. for all ¢ € R,
H\ D | H, pH
(Bey) = lel™ (B, t €R,

where ‘2’ denotes equality in distribution; in particular, Béi = 0. A Hurst index of H = %
corresponds to standard Brownian motion. Further properties can be found in [14].

Our goal is to investigate the asymptotic behaviour of partial maxima of stationary solutions
X given by a stochastic differential equation of the form

t t
Xi — X; =/ u(xu)du+/ c(X)dBI, s <i, (1.2)
N N
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for continuous functions p and o > 0. The integrals are interpreted pathwise as Riemann—
Stieltjes integrals. For an analytic treatment and conditions on p and o for the existence of
such solutions, we refer the reader to [5].

A prominent example is the Ornstein—Uhlenbeck model, which corresponds to linear p and
constant 0. More precisely, for y, o > 0, we define the fractional Ornstein—Uhlenbeck process
(FOUP) by

t

ol = a/ e 7 dBH,  teR. (1.3)
—00

The process 0770 = (OtH 2%y, g is stationary and provides a pathwise solution to the

stochastic differential equation

t
0, — Oy = —y/ O, du+ o (B — BH), s <t. (1.4)
N

As 0179 is a Gaussian process, classical results due to Pickands [11] and Berman [1] apply,
giving a limit result for partial maxima. Standard references summarizing the extreme-value
theory of Gaussian processes are [2], [10], and [12]. We present explicit calculations concerning
the FOUP in Section 2.

As was shown in [5], under certain conditions on p and o, the solution X to (1.2) can be
represented as a state space transform of the FOUP. Consequently, in Section 3, we investigate
the full class of processes that can be obtained from the FOUP by state space transforms. We
give condition necessary and sufficient to characterize the maximum domain of attraction for
such processes.

In Section 4, we return to the original problem. Working within the framework of [5], we
obtain conditions necessary and sufficient to characterize the maximum domain of attraction
for stationary solutions to (1.2). These results are based on asymptotic inversion results, whose
proofs can be found in Appendix C.

Our approach bears some similarity to those of Davis [8] and Borkovec and Kliippelberg [4],
who investigated the extremal behaviour of diffusion processes given as solutions to stochastic
differential equations driven by Brownian motion. Whereas they used the classical Ornstein—
Uhlenbeck process as a reference process to obtain the extreme behaviour of other families of
diffusion processes, we use the FOUP instead. In those papers, scale functions and time changes
of the classical Ornstein—Uhlenbeck process are the core arguments. Since such methods do
not exist for processes driven by fractional Brownian motion, we use a slightly different, but
related, approach.

2. Maxima of fractional Ornstein—Uhlenbeck processes

For any continuous-time process X = (X;);>0, we say that it belongs to the domain of
attraction of some extreme-value distribution G, and we write X € MDA(G), if there exist
normalizing constants ar > 0 and b7 € R, for T > 0, such that

-1 D
ay ( max X; —br)— G,
0<t<T
where, throughout, 2> denotes convergence in distribution as T — oo.
Possible extreme-value distributions are the Fréchet distribution ®,, o > 0, the Gumbel

distribution A, and the Weibull distribution W, « > 0. For details on standard extreme-value
theory, we refer the reader to [9] or [10].
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In this section, we derive the extreme behaviour of the FOUP given in (1.4). As itis a
Gaussian process, we can apply the theory of [1], [2], and [11]. The behaviour of partial
maxima of a Gaussian process can be related to the behaviour of the covariance function at 0
and infinity. For any ¢ € R, we define the covariance function

H,y, H,y,
pH,y,o(h) = E(Ot ¥ UOH_;;U), h eR.

As the FOUP is stationary, the function ppy 5  (-) does not depend on ¢. Throughout the paper,
we write 0f = Ol and o = pn.1,1- In the following lemma, we summarize some
properties of p (see Appendix A for a proof).

Lemma 2.1. (a) Symmetry: pg y.o(h) = pH,y,6(|h]).
(b) Scaling property: py.y.o(h) = (@%/y*") pu(yh).
(c) Asymptotic behaviour at infinity [7]:

102

——e " forh eR,ifH =1,
PHyo(h) =12V 2 2.1)

O*"=2)  forh — oo, if H # 1.

(d) Asymptotic behaviour for h — 0:

FQH+1) 02 o2
Tyz_y—7|h|2H+o(|h|), H <1,
102
— —vlh _]
pH,y,U(h) = §7e i |’ e |
rQH+1) o> o2 FQH+1) o2
oy P T P e, H

We can now formulate a result for the partial maxima of a FOUP.

Theorem 2.1. Let y,o > 0. Then

(o a?’y)_l<01;1tzi§xr O,H’V’U — ab?’y> 2 A,
where
QY =y I'2H + 1)1/2’
2(log T)!/2
pHY _yTQH+ D2 1 —H loglogT  C(H,y) )
=Y 2172 2H (logT)'2 " (log T)172 )’
C(H,y) =log(yT QH + 1)'/?" 3ty @)~ 1/220 =12

<2(log /2 +

and #Hp g is Pickands’ number, a constant.

Proof. We apply the following result on Gaussian processes, due to Pickands [11]
and Berman [1]; see, e.g. [10, Theorem 12.3.5]. For any normal process (X;);>o such that
Berman’s conditions hold, i.e.

1—dh* +o(ln*1), h— 0,

o((logh)™1), h — oo, 22

E(XpXo) = {
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for constants d > 0 and H € (0, 1), we have
Q2log T)'/2 (max X, — Br(H, d)) LN

where

1—H loglogT Vv (H,d)
2H (logT)V/2 = (2logT)V/?’

W (H, d) = log(d"*" 3t (2m)~1/220—H)/2H),

Br(H,d) = 2logT)'/? +

For t € R, define a normal process X,H’V’” = (PH,y,0 (0))~1/2 O,H’V’a. Condition (2.2) for
h — oo is ensured by (2.1). From Lemma 2.1(d) we obtain, for d = y2H T 2H + 1),

EXTOXTT) = 1= Y om0 ) o2 PH + o(1h ) = 1 — d|nPH + o(1h*1).
Hence, for this value of d, we have

2log T)‘/Z( max X777 _ gr(H, d)) A
0<t<T

. H . .
and, therefore, with a, "7 as defined in the theorem, we obtain

rQH +1D\"?
(aa;l’y)_l<0r£taXT oltro _ ;LH(—( 2+ )) Br(H, d)) LAY

Choosing C(H, y) = ¥ (H, y* /T (2H + 1)) proves the result.

Hyl

Remark 2.1. (a) Henceforth, we write O, Ay — = 0, Setting M;{ v = maxo</<7 OtH v,

we see that " "
bT,V MTay b
—1)— A.
H,y bH’V
ar T

As b vy /aT — 00 we conclude that M V/bH RGNS 1, where ¢ 5 denotes convergence in

probablhty The dlstrlbut10n of My Ay thus becomes less spread around b " as T becomes
large. Consequently, bT ¥ quite premsely describes the growth of the partial maxima for large T'.

(b) Observe that aT’VbT’ — 1/88Y = TQH + 1)/(y?H21/2). The convergence-to-types
theorem (see [9, Theorem A1.5]) allows for different scaling, namely

sy pIY (M — Ty B A

(c) For the definition of Pickands’ number, we refer the reader to [10]. The precise shape of the
curve H — Jfry is unknown, but a simulated curve can be found in [6].
3. State space transforms and extremes

In this section, we extend the result on the maximum domain of attraction for the FOUP to
more general processes. We will use the notation of Remark 2.1 throughout; in particular, we
seto = 1.
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In [5], the authors termed a function f: R — R a state space transform (SST) if f is
continuous and strictly increasing. An SST f maps R to an open interval I = (/,r) = f(R)
called the state space of f. If we define X"/ .= (0", t € R, this yields a rich class of
stationary processes driven by fractional Brownian motion on arbitrary open intervals 1.

The next theorem gives necessary and sufficient conditions on the SST f to have X 77/ ¢
MDA(A).

Theorem 3.1. Let f: R — R be an SST with X,H’y’f = f(O,H’y), t € R, as above.

(a) Assume that
lim L0 /¥ = fO)
y=oo f(y+1/y) = f(y)

Then, for 8™ as in Remark 2.1(b), we have

=x forallx e R. 3.1

sty

For” + 17677 = fb7)

Hy.f H,y D
xEr! _ pap ) A.
(ogltasxr d fbr) =

(b) Assume that there exist normalizing constants ar > 0 and br € R such that

~— H ~ D
aTl( max X7 bT) — A.
0<t<T

Then (3.1) holds and possible choices of the normalizing constants are

1 3
ar = m(f(b?*y + W) — f(b?’y)), br = fI).

T

Proof. Let My = MTH’V and M7 = maxo<;<r X,H’y’f. As f is increasing, My = f(Mr).
We write by = b;{ 7 and § = §#-7 and recall that by — oo for T — oo. Furthermore, observe
that T +— br is strictly increasing for all sufficiently large T'.

(a) For such T, the function g7: R — R,

S br +x/@br)) — f(br)
gr(x) =34 ,
f(br + 1/br) — f(br)

is well defined. Assumption (3.1) implies that lim7_, o g7(x) = x for all x € R. Furthermore,

* 8
P(MT =it %> N P(f(bT + 1/br) — f(br) (f(M7) — f(br)) = gT(x)>
$ -
B P(f(bT + 1/br) — f(br) (M7 — f(br)) = gT(x)>.

In particular, by Remark 2.1(b), the left-hand side converges pointwise to A(x). Thus,
Lemma B.1(a) (of Appendix B) applies.

(b) As above, we write P(M7 < br + x/(8br)) = P(a; (Mt — br) < gr(x)), where

gr(x)=ag' <f<bT + é) - 15T>. (3.2)

https://doi.org/10.1239/aap/1127483745 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1127483745

748 B. BUCHMANN AND C. KLUPPELBERG

By Lemma B.1(b), we find that gr (x) — x for all x € R. In particular,

S =br _ o0y o,
ar
1 f(br +1/b7) — f(b 1
Ef( T+ /~T) for) _ —(37(8) — g7(0)) — 1.
ar 8

By the convergence-to-types theorem, we conclude that (f (br + 1/br) — f(br))/é and f (br)
are possible choices for ar and br, respectively. Substitutingar = (f (br +1/br) — f(br))/$
and by = f(br) into (3.2) yields

-1
<f<bT + %) - f(br)> (f(br+ l}) - f(br)> = %ér(rﬁx),
T T

and the right-hand side converges to x for all x € R; thus, (3.1) holds.
The following example illustrates (3.1).
Example 3.1. Letg € (0,2] and let f: R — R be an SST given by f(x) = e x> 0.
(a) If g € (0, 2) then, for all x € R, we have
L SO/ fO) eG4 x/y)T 1) -1
y=oo f(y+1/y) = f(y) =0 exp(y4[(1+1/y?)7 —1]) — 1
Therefore, X-V-/ ¢ MDA(A).
(b) If g = 2 then, for all x € R, we have

FO+x/) =) e e

=00 f(y+1/y) — f(y) y—=o0 e2HI2 1 e2-1"

Thus, X-¥-/ ¢ MDA(A). In fact, Theorem 3.2, below, will show that X 77/ € MDA(®,,).

Under the additional hypothesis of differentiability, the next corollary provides an efficient
method to calculate normalizing constants. This is then illustrated in Corollaries 3.2 and 3.3.

Corollary 3.1. Let f be an SST differentiable on (zg, 00), with f'(z) > 0 for all z € (z¢, o).
Assume that

!/
lim M =1 locally uniformly in x. 3.3)
oo f(2)
Then )
Hy.f H,y\\ D
—_ X —f A. 34
7, i X1 =g 00) % S

Proof. Let x € R. For all sufficiently large y > 0, we can find 6, € [0, 1] and éy e [0, 1]
such that
fO+x/»—=f» _ xf’(y tox/y) O .
FO+y) = fO) F' ) o +0y/y)

y — o0.

Therefore, (3.1) follows from (3.3) and, consequently, X Hy.f ¢ MDA(A).
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Furthermore, for some 67 € [0, 1] and the quantity 8HY in Remark 2.1(b), we have

1 fOFY +1/677) — F077) 1 1 S G +6r/bi7) o
§H.y af”’f’(bf’y) §H.y af”’bf’y f/(bIT{”’)

’

thus, (3.4) follows by the convergence-to-types theorem.

Corollary 3.2. Let € be a slowly varying function on [xq, 00) for some xg > 0, i.e. £: [xg, 00)
— RY is measurable and lim,_, 5, £(tx)/€(x) = 1 for all t > 0. If f is an SST with state
space I = (I, r), differentiable on (xy, 00) and such that, for some p € R,

f'(x) =xPe(x) forall x > xo,

then X1:7-f € MDA(A).
Define
CII;I,]/ — 2(p—2)/2y—H([7+1)F(2H + 1)([?+1)/2’ (3 5)
ar = cf,l’y(log T)P=D2¢((log T)'/?).

Then ar and by = f (b? "Y'y are a possible choice of normalizing constants.

Proof. By [3, Theorem 1.5.2], convergence in regular variation is locally uniform; thus,
locally uniformly in x,

. flz+x/2) . z(1+x/Z%)
lim ———— = lim ——— =

= 1.
= [M2) e L@)

Consequently, X-V"" ¢ MDA(A) by Corollary 3.1.

Agcording to (3.4), we find that a?’yf’(b;{’y) ~ ar, as given in (3.5), and, thus, that ar
andbr = f (b? 7"y are a possible choice of normalizing constants, by the convergence-to-types
theorem.

Corollary 3.3. Let £ be a slowly varying function on [xg, 00) for some xo > 0. If f is an SST
with state space I = (I, r), differentiable on (xo, 0c0) and such that, for some p € R, q € (0, 2),
and k # 0, we have

F(x) = xPex)e™  forall x > xo,

then X7/ ¢ MDA(A).
Let C;I’y be as defined in (3.5), and define
ey =242y =al P 2| 4 1)1/2,
ar = c, " (log T)P~D2e((log 7)) exp(xéy 7 (log T)4/?).

(@) Ifk > Othenr = 0o and ar and by are a possible choice for the normalizing constants,
where

br = (q) ' BEYP= I eI Y exple (b7 T).

(b) Ifk < Othenr < oo and ar and by are a possible choice for the normalizing constants,
where

br =1+ (gi) " B by ) exple (b7 )1).
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Proof. In view of Corollary 3.2, in order to prove (3.3) it suffices that, for 0 < ¢ < 2,
(z+x/2)1 -7 = qxzq_2 +0(Z77%) = o(1), 7 — 00,

locally uniformly in x. Hence, Corollary 3.1 applies and X#-V-/ € MDA(A). Asq < 2,
observe that

~ exp(0((log T)4=2/2 loglog T)) — 1.

H,
H,y f/(bT V)
v

If « > O then f(x) — oo as x — oo and, hence, r = co. Without loss of generality, suppose
that xo > 0. For x > xo, make the change of variable z = (log Z)]/q; this yields
exp(x?)
f(x) _ f(-xo) — q—l / ZK—I(IOg Z)(P—tﬁ-l)/qg((log Z)l/q) dz
exp(xg)
Karamata’s theorem [3, Theorem 1.6.1] applies for ¥ > 0 and, for 5 := ¢*' — o0,

n
g / 7 N(log2)P=1t D/ ¢((log 7)) dz ~ (qic) ' n* (log n) P=4 D9 ¢((log n) /7).
n

0

Thus, for x — 00, we have
fx) = f(xo) ~ ¥ (x), Y(x) = (gk) " e(r)xPat e

Note that @7 — oo and a; ' (i) = O((log T)@~9/2); thus,

a; (Foiy =y i) =o.

lim
T—o0
An application of the convergence-to-types theorem implies part (a).

The proof of part (b) is similar.

We now want to derive an analogue of Theorem 3.1 for the domain of attraction of the
Fréchet distribution. To this end, we use the fact that, by a logarithmic transformation, for a
suitable choice of normalizing constants dr,

- Hy.f D
ar'(H,y) max X" 5 o,
0<t<T

for some « > 0, if and only if

Ot( max log X,H’y’f

— log&T) > A.
0<t<T

Using this result, we can translate Theorem 3.1 as follows.
Theorem 3.2. Let f: R — R be an SST.

(a) Assume that there exist a k > 0 and a zo € R such that, for all z > zg, both f(z) > 0 and
log f(z) = Skz* + h(2), (3.6)
where h: R — R satisfies

lim h(z+x/z7) —h(z) =0 forallx € R. 3.7
—> 00
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Then, for a = 8™ /i (with 8™V as in Remark 2.1(b)),

1 .
max XZH’V’f > By
f b7y 0si<T

(b) Assume that there exist normalizing constants ar > 0 such that

Then a possible choice of ay is ar = f (hITi’y). Furthermore, there exist a function
h: R — Rsatisfying (3.7) and a zg € R such that both f(z) > 0andlog f(z) = %KZQ + h(z),
where k = 8%V o, hold for all 7 > zo.

Proof. (a) As before, let M7 = maxo<;<7 XZH’V’f and M1 = M;I’y, and write by = b?’y
and § = 87, Set x = alogy for y > 0. Observe that

Dy (y) = Ax)
— Tli_)m@P(MT <br+ %)
= lim P( MT < M)
T—o0 f(bT) f(bT)
1 -
= Tli_)mooP<mMr < yOr(xlog y)), (3.8)

where we have set

2
k({ x x
log 07 (x) = E(E) —i—h(bT + E) — h(br).

Assumption (3.7) implies that y6r (a logy) — y for all y > 0. Thus, Lemma B.1(a) applies
to the limit in (3.8) and g7 : RT™ — R with g7 (y) := y6r (alog y).

(b) Again, let y > 0 and x = « log y. Replacing f (br) by ar in the proof of part (a), we obtain

1 -
Dy (y) = Alx) = TlgnmP< Mr < ér(y)>,

ar

where g7 : R™ — R is defined by

~ 1 alo
aro = —f(br + 52, (3.9)
ar 1) bT
Lemma B.1(b) applies to g7, i.e. gr(y) — y forall y € RT. Specializing to y = 1, this yields
f(br) ~ ar; thus, f(br) is a possible choice for ar, by the convergence-to-types theorem.
Substituting 47 = f(br) and k = §/a into (3.9) yields, for T — oo and y € RY,

1 llogy
f(br)f(bT+E br )9
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Equivalently, for x € R, we have

. flz+x/2) x
lim ——— =¢

7—00 f(Z)

As f(br) ~ ar, where ar > 0, there exists a zg such that f(z) > 0 for all z > zg. Set
h(z) =log f(2) — %KZZ for z > zg and h(z) = 1 for z < zo. Observe that

fz4+x/2) 1x?
L Yk — —— Z

X
h<z+z> — h(z) = log 7@ K 22

I
+
N =
\Y
N
[}

Thus, 4 is a function satisfying (3.7).
Remark 3.1. (a) The boundedness of 4 in (3.6) does not imply (3.7). To see this, let h(x) =

sin(x?2); then
h(z+2) = hx) = 2cos( 22 ) x
Z+Z — h(x) =2cos| z —{—x—i—ﬁ sin x—{—ﬁ .
Thus, for all x € R\ (;rZ) the limit in (3.7) does not exist.

(b) Observe that Theorem 3.2 covers Example 3.1(b) with «k = 2 and 2 = 0 in (3.6).
Furthermore, suppose that & satisfies (3.7) and, in addition, 2(z) — 0 for z — oo. Then
the scaling constants ar depend on « and b?’y only; i.e. we may choose

ar = exp(s(by ")) ~ f(br 7).

(c) In general, knowledge of « alone is not sufficient to calculate the scaling constants ar.
Therefore, observe that (3.7) holds for 2(x) = «,x?, x > 0, k, # 0, even when p € [0, 2).
However, for any choice of ar we must have

~ H, H,
ar ~ exp(%x(bT "2 4 ip (b HP).
As b;l ¥ — o0, the scaling constants a7 clearly depend on both kp and p.

The following corollary complements Corollary 3.1.

Corollary 3.4. Let f be an SST differentiable on (zp, 00) for some zp € R. Assume that
f () > 0 forall z > zy and that
. (log f)'(z +x/2)
lim —————= =

—>00 Z

k € (0, 00)
locally uniformly in x. Then, for « = §%°7 /i, we have

1
max XH’V’f Y d,.
f(br) 0<t<T

Proof. Set h(z) = log f(2) — %/czz. Then £ is absolutely continuous on [xg, c0) and we

obtain . )
I
h(z +x/2) — h(z) :x/ (log /) (ZZJ"”/Z) da — kx — %
0

the right-hand side of which tends to O for z — oo, by dominated convergence. Theorem 3.2
then applies, and the remainder of the proof follows.

2
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For completeness we state the analogous results for the Weibull distribution.
Theorem 3.3. Let f : R — R be an SST with state space I = (I, r) C R, where r < oo.

(a) Suppose that there exist a k > 0 and a zo € R such that bothr — f(z) > 0 and
log(r — f(2)) = —3x2> + h(2),

where h: R — R satisfies (3.7), hold for all z > zq. Then, for o = 87 Jk, we have

1
BE—— v (max X,H’V’f —r) 2 v,.
r— flbg ) OsI=T

(b) Assume that there exist normalizing constants ar > 0 such that

1 H D
_—( max X, vt —r) — .
ar \0<t<T

Then a possible choice of ar is ar = r — f(b;l’y). Furthermore, there exist a function
h: R — R satisfying (3.7) and a zg € R such that bothr — f(z) > 0 and

log(r — f(2)) = —3kz* + h(2),

where k = 8™ Ja, hold for all z > zo.

Proof. Set x = —alog|z| forz < Oand o = 8H’V//<. Observe that Wy (z) = A(x). The
result follows along the lines of the proof of Theorem 3.2.

We now collect results analogous to those of Remark 3.1 and Corollary 3.4.

Remark 3.2. (a) If & satisfies (3.7) and, in addition, h(z) — O for z — oo, then we may
choose

ar = exp(—3k(by ")) ~r — f(by7).
(b) For p € [0,2), kp # 0, and h(x) = kpx?, x > 0, we obtain
dr ~ exp(—e ) 4 1, (2P,

Corollary 3.5. Let f be an SST with state space I = (I,r) C R, wherer < oco. Let [ be
differentiable on (zg, 00) for some zo € R, and assume that f(z) > 0 for all z > z¢ and that

o (ot = )Y G+ x/2) _
1m =

700 Z

—Kk € (—00,0)
locally uniformly in x. Then, for « = 8% /i, we have

1
—H( max XIH’V’f - r) > W,
r— by 0s=T

Remark 3.3. Here, we have only considered SSTs of the FOUP. However, SSTs are of course
more generally applicable to any stationary Gaussian process.
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4. Maximum domains of attraction of solutions to fractional integral equations

In this section, we return to the maximum domain of attraction problem for a family of
processes defined as solutions to the stochastic differential equation (1.2). Therefore, let I =
(I, r) € Rbeanopen, nonempty interval and let i, o : I — R be a pair of continuous functions,
where o is nonnegative.

In [5], conditions on i and o were obtained such that a stationary solution X to (1.2) exists
and is of the form X = X#7./, for some y > 0 and an SST f. These conditions were
summarized into the concept of H-proper triples (I, u, o) (see [5, Definition 3.4]). For such
triples, the ratio (/o possesses a unique, absolutely continuous extension ¥ : I — R, which
determines the SST f and the so-called friction coefficient y according to the relations

y = —oyy’ Lebesgue almost everywhere on I, f_1 =——. 4.1

The number £ := f(0) is called the centre of the H-proper triple (I, i, o).
For the reader’s convenience, we recall that, for H-proper triples, the function z — 1/0(z)
is necessarily locally integrable and the following formula holds for the inverse function f~!:

f‘l(z)=fzd—w zel (4.2)
§

ow)’
We start with a simple example.

Example 4.1. (Fractional Vasicek model.) For og, y > 0,let u(x) = —y(x — &), € R, and
o(x) = 09, x € R. Define an SST f: R — R by f(x) = & + opx. The triple (R, u, o) is
H-proper for all H € (0, 1) with friction coefficient y, SST f, and centre &£. For this choice
of u and o, observe that X = X*-7-/ is a solution to (1.2) and therefore serves as a natural
extension to the fractional case of the usual Vasicek model driven by ordinary Brownian motion.
It is a mean-reverting stationary Gaussian process. Theorem 2.1 implies that X € MDA(A);
more precisely,

(ovag™)~! (max X — (& +o0by)) 2 A,

Although Example 4.1 shows that H-proper triples may exist for certain models for all
H € (0,1), they indeed only exist for Vasicek models (see [5, Remark 3.3(vii)]). When
considering more general models we restrict ourselves to a choice of H € (%, 1), which is
uncritical for most models.

Formulae (4.1) and (4.2) provide us with two different representations for f~!; the first
is based on the ratio n/o and the second on the integral representation (4.2). The results
of Section 3 and asymptotic inversion rules yield different characterizations of the maximum
domain of attraction.

We start with the maximum domain of attraction of the Gumbel distribution. The proof of
Theorem 4.1 can be found in Appendix C.1. The equivalence of the conditions (i), (ii), and (iii)
(of part (b)) is a direct consequence of (4.1) and (4.2).

Theorem 4.1. Let H € (%, 1). Suppose (I, i, o) to be H-proper, with friction coefficient vy,
SST f, and centre &. Let r be the absolutely continuous extension of w/o to 1. The following
assertions are equivalent.

(a) X"v-f ¢ MDA(A).
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(b) There exist a zg € I and a function g: (zo,r) — R7T such that, for all x € R, there
exists a 71 € (zo, r) satisfying z + xg(z) € I forall z € (z1, r), and one of the following
equivalent conditions holds for all x € R:

@ lim QU M e+xg@) — @) =x
(i) lim Y W @QW(z +xg(:) — v (2) =X,

2 dw z+xg(2) dw
(iii) lim —_— =X
@ Je o(w) J; o(w)

In the case r = oo, the proof of the following corollary illustrates a possible construction of
g as in Theorem 4.1(b). Analogous results hold for r < oo.

Corollary 4.1. Let H € (%, 1). Suppose (I, u, o) to be H-proper, with friction coefficient
y, SST f, and centre §&. Suppose that r = oo and that there exists a zo € I such that
£: (z9, 00) — RT is a slowly varying function. Then

(a) if there exists a p < 1 such that o(z) = zPL(2) for all 7 > zp > max{0, &}, we have
XH.v.f e MDA(A); and

(b) if there exists a q < % such that 0 (z) = z(logz)?€(log z) for all z > zo > max{l, efl,
we have X-7:/ ¢ MDA(A).

Proof. In both cases, we check condition (iii) of Theorem 4.1(b).

(a) Define g: (zg,00) — RT by g(z) = 0(2)/ f;a_l(w) dw. Karamata’s theorem [3,
Theorem 1.6.1] implies that

im 8@ _ (1= p) lim £2(z)z?P~2 =0.

=00 7 7—00

Thus, for all x € R, we can find a z; > zg such that z + g(z)x C (z0, 00) for all z > z;.
In particular, as £ is strictly positive and o: I — R (and 1/0) are continuous on (z1, 00).
Consequently, for z > z1, the mean value theorem provides a 6(z) € [0, 1] such that

o(w) o(z+0@)xg@)

/Z+xg(z) dw xg(z)
b4

On the other hand, by definition,

ow) J; ow) o(1+6(x)xg(z)z=")’

/Z dw [#t8@ dy xo(2)
£

The right-hand side tends to x for z — 00, as g(z)/z — 0, and convergence in regular variation
is locally uniform on (0, co) (see [3, Theorem 1.5.2]).

(b) Define g: (z9, 00) — RT by g(z) = 0(2)/ f; o~ !(w) dw, as in the proof of part (a).
Substituting y = log w yields

z log z 1
/ o_l(w)dw :/ dy.
20 log zo y9L(y)
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Karamata’s theorem [3, Theorem 1.6.1] implies that

lim 8@@)

7— 00 Z

= (1-¢) lim £(log 2)2(logz)?1~ ! = 0.
Thus, for all x € R, we can find a z; > zg such that z + g(z)x C (zg, 00) for all z > z;. The
remaining part of the proof follows along the same lines as does that of part (a).

Theorem 3.2 yields a characterization of MDA(®,) in the following theorem; see
Appendix C.2 for a proof. The equivalence of the representations (i), (ii), and (iii) (of part (b))
is a direct consequence of (4.1) and (4.2).

Theorem 4.2. Let H € (%, 1) andlet (I, u, o) be H-proper, with friction coefficient v, SST f,
and centre €. Let  be the absolutely continuous extension of (1 /o to I. The following assertions
are equivalent.

(a) There exists an o > 0 such that X € MDA(®y,).

(b) We have r = oo and there exist a k > 0 and a function h: (max{l,1}, 00) — R such
that both ~ ~
lim (log D2 (h(xz) —h(z)) =0 forallx >0 (4.3)
—>
and one of the following equivalent representations holds for all 7 > max{1, l}:
@) f7'(@) = @/)*(log2)'? + h(2),
(i) ¥(2) = =y (/i)' *(og ) + h(2),

172 _
(iii) / (—> (log2)'? + h(2).
a(w)

If either condition (a) or condition (b) is satisfied then a = 8™V /i, where 87 is the quantity
in Remark 2.1(b).

As an application of Corollary 4.1 and Theorem 4.2, we present a family of models that,
depending on the choice of parameters, belong to either MDA (A) or MDA(®,,).

Example 4.2. Let H € (%, 1),q € (1 —H),1),00 >0,a <0, and b > 0. Calculations
similar to those of [5, Section 5] show that (I, i, o) with

I =R, w(z) = azlogz + bzllogz|9, o (z) = opz|logz|?

is H-proper. Furthermore, (4.1) shows that y = (1 — g)|a|. We obtain two cases, as follows.
For g = % we observe that

a 12 b
Y(z) = —(ogz)/* + —, 7> 1.
o0 o0

Setk = 00 and h(z) = b/ao Theorem 4.2(b) applies to v; thus, X 77> /€ MDA(®,,) for
o= 25” ¥ /og. For g < %, Corollary 4.1(b) implies that X/7:/ € MDA(A).
Calculations show that the SST f can be explicitly written as

b 1/(1-q)
f@)= eXP<SgH<Go(1 —q)Z — ;) ) zeR.

oo(l —q)z — —
a
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Hence, we could also have made our argument using the theory given in Section 3. In this

case, Example 3.1 shows that X7-/ ¢ MDA(G) for any extreme-value distribution G and
1

any g € (5, ).

For completeness, we conclude the section with the corresponding results for MDA (W, ).
The following theorem is based on Theorem 3.3; its proof can be found in Appendix C.3.

Theorem 4.3. Let H € (%, 1) and let (I, i, o) be H-proper, with friction coefficient y, SST f,
and centre &. Let r be the absolutely continuous extension of it /o to I. The following assertions
are equivalent.

(a) There exists an a > 0 such that X € MDA (WV,,).

(b) We have r < 00 and there exist a k > 0 and a function h: (0, r — ) — R such that both

1133 llog z|'/?(h(xz) — h(z)) =0 forallx >0 (4.4)
Z
and one of the following equivalent representations holds for all z, 0 < z < min{l,
r—1}:

@ [ —2) = @/ ?llogz'? + h(2),

(i) ¥(r —2) = —y@2/K)llogz|'? + h(2),

2\1/2 B
(111)/ (—) |10gz|1/2+h(z).
a(w) K

If either condition (a) or condition (b) is satisfied then o = SH’V/K, where 88V is the quantity
in Remark 2.1(b).

Appendix A. Proof of Lemma 2.1
It remains to show parts (b) and (d) of Lemma 2.1.

(b) By the self-similarity of fractional Brownian motion, we obtain

0 h
PH,y.0(h) = 02E</ e’ stH/ e v(h=s) stH>
—00 —00
) P 0 yh
=O'ey E(/ edBA/y/ edBA/y>

= —2 (yh)
PHY
VZH

forh € R.

(d) The closed formula stated for H = 1s well known (see e.g. [7]). Thus, by parts (a) and (b),
it suffices to investigate the case with y =oc=1H ;é 5.and h | 0.
By partial integration applied to (1.3), we observe that

t t
—0 —00
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where the integral on the right-hand side is interpreted as a Lebesgue integral (cf. [5, Proposi-
tion 2.3]).
By (A.1) and Fubini’s theorem, we have

0 0
o (0) = / / e’ 152 E(Bsfll Bg) dsi dsp
—00 —00
1 0 0
_! / / ST (151 PH 4 5o — (51— 52/2H) sy disa
2 ) ol

1 [ fo°
ZF(ZH"'D_E[ / e—(s1+s2)|sl_S2|2Hdslds2_
0 JO

The integral on the final line can be interpreted as a multiple of the expectation E | S — S»|*H,
where S; and S, are independent standard exponential random variables. As S1 — Sy is a
two-sided exponential random variable, we obtain

// 192 15— P dsy dsp = = [ e MlsPds = T(2H + 1).

Hence,
pu(0) = 1T QH +1). (A.2)
Now let & > 0 and set

du(h) =TQH +1) — /oo e S (h +5)* ds,
0

i (h) = (F(2H+1)/ e ds—i—/ s g / / 251 + 52)° dszdsl)

By Fubini’s theorem and (1.1), we have
0 1 0
E(Blf’ f ¢ By’ ds) =5 f W = — (h =)y ds = (1" + p ()
—0o0 —0o0

and, similarly, ¥4 (h) = E(f°_ e*BF ds [ e* BH ds).
By (A.1),

0 h 0
pH(h)—,oH(O)z—E</ eSBSHds<B,{f—e’1/ eSdes+/ eSBSHds))

—0o0 —0oQ —0o0

0 h 0
- _E<B,f/ e'BF ds + (e - I)E/ e'Bl ds/ e'BH ds>

—0oQ —0o0 —0oQ

0 h

—i—E(/ e B ds/ e'BH ds)
—o0 0

=1 + o) + " = DETQH + 1) + yu ) + ¥ (h).
(A.3)

For H < %, we can differentiate both ¢z (h) and g (h) under the integral sign, by dominated
convergence. We obtain

du(h) = ¢ (0) + ¢y (0+)h + o(h) = —T'(2H + Dh + o(h),
Vi (h) = YE0) + ¥y (0+)h + o(h) = o(h).
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Equation (A.3) yields
pr(h) — pr(0) = —=An* + 10 QH + Dh — AT QH + Dh + o(h) = —11*" + o(h).
By (A.2) and part (b), we find that

o2 FQH+1) o2

1
Py () = g (P () + pi (vh) = pir () = — ~o?h*" +o(h).

2 y2H 2
For H > %, both ¢y and Yy are twice differentiable under the integral sign, i.e.

¢n(h) = =T QH + Dh — AT QH + Dh* + o(h?),
Y (h) = —L0QH + Dh? +o(h?);

thus, ase™ — 1 = —h + 1h2 + o(h?), (A.3) implies that
pr(h) — pp(0) = —=An* + AT QH + Dh* + o(h?).
By the same arguments as above, we have

FQH+1) o2 B 102h2H+ FQH+1) o2

2 2
T3 Tt U,

PH,y.0(h) =

Appendix B. A general convergence-to-types lemma

In this section, we state a result that forms the core of Section 3. For a probability distribution
function F: R — [0, 1], we write

D_(F)={xeR:foralle >0, Fx —¢) < F(x) < F(x + ¢)}.

Set x, := —oo if F(x) > O for all x € R; otherwise, set x, = sup{x € R: F(x) = 0}. Set
xR ;= o0 if F(x) < 1 forall x € R; otherwise, set xg = inf{x € R: F(x) = 1}.

Lemma B.1. Let F, F,,: R — [0, 1], n € N, be probability distribution functions on R, with
F continuous.

(a) Let M = (xL, xR) and consider a function g,: M — R, n € N. Let G, = F,og,: M —
[0, 1. If

lim g,(x) =x and lim G,(x) = F(x)
n—od n— oo

forall x € M, then
lim F,(x) = F(x) forallx € R.
n— oo

(b) Let M = D_(F) and consider a function g,: M — R, n € N. Again, let G, = F,; o gy, :
M — [0,1]. If

lim F,(x) = lim G,(x) = F(x)
n—>0oo n—>oo

forall x € M, then g,(x) — x forall x € M.
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Proof. (a) It suffices to show that lim,_, o, Fj;(x) = F(x) for all x € M. In contradiction to
the hypothesis, suppose that there exist an xg € M and a yg € [0, 1] and, as F,(x) is bounded,

a subsequence n’ such that
}imoo Fy (x0) = yo # F(xo). (B.1)

n—

Without loss of generality, suppose that n = n’. By Helly’s selection theorem, we can find
a subsequence n’ and a nondecreasing, right-continuous function F: R — [0, 1] such that
limy, o0 Fr(x) = F(x) forall continuity points x of F. Let C(F) be the set of such continuity
points and let x € C(F) N (xL, xg). Then, for all x’ € (x, xg) N C(F), we have

F(x)= lim Gy(x)= lim F,(gy(x)) < lim Fo(x') = I:"(x’)
n’—o0 n’—o0 n'—o0

and, hence, F(x) < limxwx’ veC(F) F(x") = F(x). Analogously, for all x’ € (xi, x) N C(F),
we have

F(') = lim Fy(x) < lim Fy(gn() = lim Gu(x) = F(x).
n—0o0 n—0o0 n—o0

Hence, F(x) = lim 4, ¥'eC(F) F(x) < F(x) and, so, F(x) = F(x) forall x € (xL,xR) N
C(F) As C(F) is dense in (x1, xr) and F is continuous, we find that xg € (x1, xg) C C(F)
contradicting (B.1).

(b) Suppose that the contrary is true. Then there exist an x € D_(F) and a subsequence n’
such that g, (x) = y € R = R U {00}, where y # x. Without loss of generality, suppose that
y € [—00, x). As F is continuous, uniform convergence of F;, — F holds. If we set F(y) =0
whenever y = —oo, then

F(y) = lim Fy(gy(x)) = lim Gy (x) = F(x),
n’—o0 n’'—o00
contradicting our assumption that x € D_(F).

Appendix C. Results on asymptotic inversion

C.1. Proof of Theorem 4.1

Theorem 4.1 is a consequence of Theorem 3.1 and the following lemma.

Lemma C.1. Let f be an SST with state space 1 = (l,r). The following assertions are
equivalent.

(a) The SST f satisfies (3.1).

(b) Thereexistazy € I andafunctiong: (z9,r) — RY satisfying the following properties:
(1) for all x € R, there exists a z1 € (zo,r) withz + xg(z) € I forall z € (z1,1);
(i) lim £ @(f 7 @ +x8@) — 71 @) = xforall x € R

Proof. We first prove that part (a) implies part (b). The SST f has representation f(z) =

v o h(z) for all z > 0, where v is an arbitrary function and h(z) = /2, By combining
Exercises 0.4.3.7 and 0.4.3.8 of [13], we can find a function a: (1, 00) — R7T such that
lim,_, s [v(zx) — v(2)]/a(z) = logx for all x > 0. As both f and % are strictly increasing, so
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too is v; moreover, lim_4, v~ 1(z) = oo. Let zg = £(0). From [13, Proposition 0.9(b)], we can
find a function g: (zg, r) — R, satisfying part (b)(i), such that

. v lz+xg()
hmfze
tr v (2)

for all x € R. Part (b)(ii) follows from the fact that, for x € R,
lim QU e+ xg@) — @)

log(v™!(z + xg(2) /v <z>)>“2 _1
logv—1(z) '

= li%n 2[log v 1(2)] [(1 +

A Taylor expansion of (1 4 z)'/? now yields the assertion.

We now prove that part (b) implies part (a). Observe that, for all x € R,

it 1| LG x8@) T
lim( f (z)][ o) 1}—x.

Consequently, lim 4, F Yz +x8@)/f 2 = 1, as lim,4, f1(z) = oo. Now define
u(z) = exp(%(ffl(z))z), z € I. Then u is strictly increasing on (f(0), r) and provides a
mapping from (£ (0), r) onto (u(f(0)), co). For all x € R, we find that

u(z + g(z)x)

lim

Ztr u(z)
. L etxg@+ '@ oy Ty = o
—lzl%lrleXP(z 1) T @ @+xg@) - f (Z))> =e".

Proposition 0.9(a) of [13] applies to u. There exist a z; > u(f(0)) and a function
a: (z1,00) — R such that lim,_, oo ("' (zx) — u~'(z))/a(z) = logx for all x > 0. By
monotonicity, the convergence holds locally uniformly in x on R*. In particular, for all x € R,
we have

. f@H+xzH = f@
lim 5
7—00 a(e? /2)

oooul (ezz/2 exp(x +x2/(2z%)) —u~! (ezz/z)
= lim =X

700 a(es*/?)

Therefore, for all x € R, we have

fetxzH—f@ . fetxzH-f@  aE?
im = lim =
o ferz D= f@ = ae??) ferzD-f@

X.

C.2. Proof of Theorem 4.2

We prepare for the result with a technical lemma.

Lemma C.2. Ifh: (xg, 00) = R with lim,_, o0 2% (h(z +xz2#) — h(z)) = 0 locally uniformly
in x € R for some xg € R, & € [0, 1), and B > 0, then lim._, o, 2%~ "Ph(z) = 0.
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Proof. We use the convention Zi = 0for/ < k. Let ¢ > 0 and define a sequence (z,) as
follows. Choose zg > max{1, xo} such that, for all z > zg and x € [0, 1], we have

lh(z +x27P) —h(2)| < ez +2z7F)™.
Forn > 1, setz, = zp—1 + z;fl. Observe that z, = zo + 27;01 zl_ﬁ > nzn_ﬂ. Thus,
zn = n'/U+P) nparticular, z, — ooand |h(z,41) — h(zx)| < e(n + 1)~%/I+B) foralln > 0.
Let z > zo be arbitrary. Set n; = max{n: z, < z}; then clearly n; < I8, By this choice
of n1, we have z € [z, 2y, + z,f,ﬂ) and, hence, |h(z) — h(z,,)| < €. Finally, summing and
subtracting terms gives

ni—1
1+
|h(z)| <&+ |h(zo)| + & § :(1 + k)" UHD < o 4 h(zo)| + e[ 1+ —ﬂzl—‘”f’ .
= l—a+8

Thus, limsup,_, o, 22~ P|h(2)| < e.

Corollary C.1. (a) Ifxo € Rand h: (xg, 00) — R with

Jim (h(z +xz27 H—h@)=0

locally uniformly in x € R, then lim,_, o z~2h(z) = 0.

®) If xo € Rand h: (x9, 00) — R with

lim_ (log 2)'/?(h(zx) — h(z)) =0

locally uniformly in x € RY, then lim,_, o (log z)"/?h(z) = 0.

Proof. For the choice of 8 = 1 and ¢ = 0, Lemma C.2 implies part (a). To show part (b),
set g = h oexp. Then lim,_, 212(g(z+x) —g(2) =0 locally uniformly in x € R and
Lemma C.2 yields lim,_, o z~!/?g(z) = 0; equivalently, lim,_, o (log z) ~!/?h(z) = 0.

Proof of Theorem 4.2. We first prove that part (a) implies part (b). Observe that, for all

x eR,

. f@+x/2) ox
lim ————— =¢e*.

7—00 f @
This convergence is strengthened to locally uniform convergence by [3, Proposition 3.10.2].
By Theorem 3.2, having X7/ € MDA(®,,) for @ > 0 is equivalent to the existence of a
z0 € R, ak > 0, and a function %: (z9, 00) — R satisfying (3.7) such that both f(z) > 0
and log f(z) = %KZZ + h(z) hold for all z > zo. Consequently, h(z + x/z) — h(z) — 0 as
7 — oo locally uniformly in x € R; thus, z72h(z) — 0 by Corollary C.1(a). In particular,
@) ~ @/K)*(logz)'/? for z — oo.
By [3, Theorem 3.10.4], (C.1) implies that

(C.1)

Jim 7@ @) = £ @) =« ogx
for all x > 0 or, equivalently, that

Jim (log2)' (7 (zx) = f71@) > @)™ logx
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for all x > 0. Finally, set 1(z) = f~'(z) — (2/x)"/2(logz)'/? for z > max{1,}. Then h is a
function satisfying (4.3).
We now prove that part (b) implies part (a). Observe that

lim (log2)!*(f ™' (x2) = f 7' (@) = 2) P logx

for all x > 0. Now let x > 0 and x(z) — x for z — oo. By monotonicity, for all 0 < ¢ < x,

we have
(2k)"?log(x — &) < liminf(log2)'/*(f ' (x2) — £ ' (2))
7Z—> 00
< limsup(log2)'?(f~'(x2) — F~(2))
Z—> 00
< 2) " log(x + ¢).
Consequently,

lim (log2)"/2(f ™' (x2) = £~ (@) = 20) " log x
—>
holds locally uniformly in x > 0. This implies that

lim_ (logz)"?(h(xz) — h(z)) =0

uniformly in x > 0. Corollary C.1(b) implies that f~!(z) ~ (2/x)'/*(log z)'/?; thus, for all
x > 0, we have

Jim_ @ e - 7M@) =k logx. (C2)

By [3, Theorem 3.10.4], (C.2) implies that lim,_, o f(z + x/z)/f (z) = e*. If we now set
h(z) =log f(z) — %/czz for z € R, with f(z) > 0, then & extends to a function satisfying (3.7).

C.3. Proof of Theorem 4.3

To show the equivalence of parts (a) and (b), set f (z) =1/(r— f(2)). Then f is an SST with
state space J = ((r — D=1, 00). By Theorem 3.3, having XH.v-f e MDA(¥,) for some o > 0
is equivalent to the existence of a zp > max{l,/}, ax > 0, and a function &: (z9,7) — R
satisfying (3.6) such that both f(z) > 0 and log f(z) = 3xz% + h(z) hold for all z > zo. As
in the proof of Theorem 4.2, this holds if and only if there exists a function 4 satisfying (4.3)
such that

F1@ = @/ P og )" * + ().
As f‘l(l/z) = f_l(r —2),0 < z < r — I, this is equivalent to part (b), where h = fz(l/z)
satisfies (4.4).
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