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Abstract

We demonstrate the global existence of weak solutions to a class of semilinear strongly damped wave
equations possessing nonlinear hyperbolic dynamic boundary conditions. The associated linear operator
is (—=Aw)?0,u, where 0 € [%, 1) and Ay is the Wentzell-Laplacian. A balance condition is assumed
to hold between the nonlinearity defined on the interior of the domain and the nonlinearity on the
boundary. This allows for arbitrary (supercritical) polynomial growth of each potential, as well as mixed
dissipative/antidissipative behaviour.
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1. Introduction

Our aim is to show the global existence of weak solutions to the fractional strongly
damped wave equation with nonlinear hyperbolic dynamic boundary conditions. We
establish the global existence of weak solutions under a balance condition imposed
on the nonlinear terms. This condition is motivated by [20, Lemma 3.1] and allows
both nonlinearities to have supercritical polynomial growth. Special attention is given
to obtaining the compact resolvent for the associated linear operator which contains
(fractional) Wentzell-Laplacians.

Let Q be a bounded domain in R? with smooth boundary I' := dQ. Throughout, we
assume that 6 € [%, 1), w € (0,1] and @ € (0, 1]. We consider the following equations
in the unknown u = u(t, x).

Fu— wAOu+du—Au+u+ fu)=0 in(0,00)xQ, (1.1)
Btzu + waﬁa,u + Ogtt — @WArOu + Ou — Aru+u+gu) =0 on (0,00) xI'.  (1.2)
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Additionally, we impose the initial conditions
u(0,x) = ug(x) and Ju(0,x) =u(x) at{0}xQ, (1.3)
and
ur(0,x) =yo(x) and Juyr(0,x) =y(x) at{0} xI. (1.4)

Here, Ar denotes the Laplace—Beltrami operator (see, for example, [6]).
We assume that f € C(R) and g € C!(R) satisfy the sign conditions

lim inf & >-M;, g'(s)>-M, forallseR, (1.5)

|s| >0 Ky
for some M;, M, > 0, and the growth assumptions, for all s € R,
I <G +1s"7,  1g(s)l < &1+ s, (1.6)
for some positive constants ¢ and ¢,, and where r, r, > 2. In addition, we assume that
there exists & € (0, w) so that the following balance condition holds: that is,

Ir| or

(()+—()— rII()+()|2)>0 (L.7)
G f(s)s |Q|g 4|Q|2g s)s + g(s .

for ri > max{r,,2(r, — 1)}, where Cq > 0 is the best Sobolev constant in the Sobolev—
Poincaré inequality

hm f

1
llu — (wrll2) < CallVullizq), (wr:= o ftrD(u) do, forallue H'(Q). (1.8)
r

Let us provide further context for the balance condition (1.7) in our setting (see also
[20] and [12] for other settings). Suppose that, for [y| — oo, the internal and boundary
functions satisfy

§AS)) )
=(r;—-Dcy, lim =(r, — Dc,,
s 1~ D {0 = (27 De
for some constants cy, ¢, € R\ {0}. In particular,

FOW ~cibl", gy ~colyl?  as|y| — oo.

For the case of bulk dissipation (that is, ¢, > 0) and antidissipative behaviour at the
boundary I (that is, ¢, < 0), assumption (1.7) is automatically satisfied provided that
r1 > max{r,, 2(r» — 1)}. Furthermore, if 2 < r, < 2(r, — 1) = r; and

> (CglFlcgrz)
I~ 4e\ 1] ’

for some ¢ € (0, w), then (1.7) is again satisfied. In the case when f and g are sublinear
(thatis, r; = r, =2 in (1.6)), the condition (1.7) is also automatically satisfied provided
that

r 1/Cqlllc, \2
(Cf+||sz|| ) 4l ?lnlg) forsome & € (0.
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Notation and conventions. We use the following notation and conventions. Norms
are denoted by || - ||z, where B is the underlying Banach space. The notation (-, )y
denotes the inner product on the Hilbert space H. The dual product on H* X H is
denoted by (-, )gxgy- The notation (:,-) is also used to denote the product on the
phase space and various other vectorial function spaces. The vector-valued function
(‘v’) is denoted by (u, v)*. Throughout, C > 0 will denote a generic constant which
may depend on various structural parameters such as |Q|, |I'|, M|, M, and so on, and
may change from line to line. Also, QO : R, — R, will be a generic monotonically
increasing function whose specific dependence on other parameters will be made
explicit on each occurrence. All of these quantities are independent of the perturbation
parameters 6, @ and w.

QOutline of the article. In Section 2 we establish the variational formulation of
Problem P and define weak solutions. A proof of the existence of global weak
solutions is developed in Section 3. Because of the nature of the balance condition,
a continuous dependence-type estimate is not available. We give some remarks on
this difficulty and plans for further research. Appendix A contains some explicit
characterisations for the fractional Wentzell-Laplacian used throughout the article, as
well as a compact embedding result that we need to draw upon.

2. Formulation of the model problem

In this section, we first recall the Wentzell-Laplacian defined on vectorial Hilbert
spaces (see [1, Section 2] and [10, Section 2 and Appendix]). Then we give the basic
functional set-up in order to formulate the model problem. We also provide various
results pertaining to the problem.

Let Aq > 0 denote the best constant satisfying the Sobolev inequality in Q: that is:

/lgfuzdxsf(|Vu|2+u2)dx.
Q Q

The Laplace—Beltrami operator —Ar on the surface I is positive definite and self-
adjoint on L*(T") with domain D(Ar). The Sobolev spaces H*(I'), for s € R, may be
defined as H*(I') = D((Ar)*/?) endowed with the norm whose square is given by

el sy 2= Nl oy + =AD" ullfsr,  for all u € H(T).

Let Ar > 0 denote the best constant satisfying the Sobolev inequality on I': that is:

Ar f wdo < f (IVrul? + u?) do-
I T

Next, recall that Q is a bounded domain of R? with boundary I', which we assume
is of class C2. To this end, consider the space X2 = Lz(ﬁ, du), where du = dxio ® do
is such that dx denotes the Lebesgue measure on Q and do- denotes the natural surface
measure on I'. Then X? = L*(Q, dx) ® L*(', do) may be identified by the natural norm

R, = f (o Pdx + f (o Pdor
Q T
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If we identify every u € C(ﬁ) with U = (0, ur)" € C(Q) x C(I'), we may also define
X2 to be the completion of C (ﬁ) with respect to the norm || - ||x2. Thus, in general, any
function u € X2 will be of the form u = () with u € L*(Q, dx) and u, € LA(T',do). It
is important to note that there need not be any connection between u; and u;. From
now on, the inner product in the Hilbert space X? will be denoted by (-, -)x>. The
Dirichlet trace map trp : Cw(ﬁ) — C*(I'), defined by trp(u) = ujr, extends to a linear
continuous operator trp : H'(Q) — H'~'/2(T), for all > 1/2, which is onto for 1/2 <
r < 3/2. This map also possesses a bounded right inverse try,' : H™'/2(I') - H"(Q)
such that trD(trl‘)1 ) = y for any ¢ € H~'/2(T"). We can thus introduce the subspaces of
H'(Q) x H~Y2(T') and H"(Q) x H"(I'), respectively, by

Vo :={U = (u,y) € H'(Q) x H™'2() : trp(u) =y},
V7 :={U = (u,y) € Vi : trp(u) =y € H'(D)},

for r > 1/2, and note that V§, V" are not product spaces. However, there are dense and
compact embeddings V' C Vi for any r; > r, > 1/2 (by definition, this also true for
the sequence of spaces V' C V2). The norms on the spaces V[, V" are defined by

2 . 2 2 2 . 2 2
WUl = lullgrqy + Mgy WU == Nl gy + IVl

We consider the basic (linear) operator associated with the model problem (1.1)-
(1.4), the so-called Wentzell-Laplacian. Let

A up L Al/tl — Ul
Mo | ™~ \=0auy + Aruy —up)°

D(Ay) := {U = ( ) eV —Auy € LX(Q), dpuy — Arus € LZ(F)}.

with

Uy

up
By [10, see Appendix and, in particular, Theorem 5.3], the operator (Ay, D(Ay))
is a self-adjoint and strictly positive operator on X?, and the resolvent operator
(I + Aw)™! € L(X?) is compact. Since I' is of class C?, then D(Ay) = V2. Indeed, the

map L : U = Ay U, as a mapping from V2 into X? = L2(Q) x L*(I'), is an isomorphism
and there is a positive constant C,, independent of U = (u, )", such that

CIUly < IL(O)lixz < CullUIly2  forall U € V?

(see Lemma 2.1 and also [7]).
The following basic elliptic estimate is taken from [11, Lemma 2.2].

Lemma 2.1. Consider the linear boundary value problem,

—Au = pl in Q,
—Aru+ohwu+u=p, onl.

If (p1,p2) € H* Q) x H(T') for s > 0 and s + % ¢ N then, for some constant C > 0,

leell 52y + Nlullgs2ary < CAIpillas@ + Ip2llasa))-
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We also recall the following basic inequality which gives interior control over some
boundary terms (see [9, Lemma A.2]).

Lemma 2.2. Let s > 1 and u € H'(Q). Then, for every € > 0, there exists a positive
constant C, ~ €~ such that,

2

N
sy < ellVullpz g,

+ Collull}, ) + D,
where y = max{s,2(s — 1)}.

For more details, we refer the reader to [5, 7] and [13].

Finally, since the operator Ay with domain D(Ay) is positive and self-adjoint on
X2, we may define fractional powers of Ay (see Appendix A). Indeed, with 6 € [%, 1),
a € (0,1] and w € (0, 1], we define

AQ u . Agul — Uj
w Uy ’ —Bﬁul + Aruy — up

and

AbofH1) . _ wAuy —uy
LA VY —w[)ﬂul + awAruy; — up
with domain

ui

D(AS™) = {U = ( ) e V' —wAu; € LX(Q), wdiur — awAru, € L2(F)}.

uz
Hence, A%,l’l = AY,. The fractional flux 99 is defined as follows. Consider dpu = Vu - n,
and recall that d,u € L*(T') whenever u € H/2(Q). So we can define d0u = V%zu ‘n

whenu € H %”’(Q), which guarantees the fractional flux 8%u € L*(T'). (These fractional
flux operators are explicitly written in Appendix A.) To define the linear operator
associated with the model problem (1.1)—(1.4), let U = (u1,u2) € V', V = (v, 1) € X?
and X = (U, V). Motivated by [4], we define the unbounded linear operator Ay 4 ., by

a x.o[0 D \(U)_ 1% B 1%
boo® T Ay AL \V) T AR U + AV T AP AL U + ANy

with domain
U
D(Ap.000) :——{X = ( ) eVixx?: A‘I{,O’I’IU + AOH’,"’B Ve D(A‘gﬂ’}’l)}.

By [16, Theorem 3.1(a)], the resolvent (Isx4 + Agew)”' € LIV x X?) is compact.
Hence, we can support the local existence of weak solutions (defined below) with a
Galerkin method. Next, we define a nonlinear mapping on V! x X? by

(3

FU) :=
) ( -8

o)
—f)/
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and
0
_(FWO)) _|-fw) 1
F(X) '_(G(U))_ 0 forUeV'.
-8(y)

Due to the two embeddings, H'(Q) < L*(Q), s; € [1,6], and H'(T) — L*(Q),
55 € [1, 00), one can show that, for r; € [1,3]in (1.6), F : V! x X2 — V! x X2 is locally
Lipschitz (see [14, Lemma 2.6]). With r; > 1 arbitrary, this motivates us to set

V1 ={U = (u,y)" € [H*(Q) N L' (Q)] x H*T) : trp(u) = v}
with the canonical norm whose square is given by
VIR, =l + Ml ) + IV

and to set Hy := V1 x X2, The space H is a Hilbert space with the norm whose
square is given, for X = (U, V) € Hy, by

2 . 2 2 2 2 2 2
||X”7‘(0 = ||U||{/1yl + ”V“XZ = “u”Hl(Q) + “quq (Q) + ||v||L2(Q) + ”y”Hl(r) + ||6||L2(1")
2 2 2 2 2 2
= “VMHLZ(Q) + “u”LZ(Q) + ||u||2r1 Q) + ”vHLZ(Q) + ||Vr7||L2(r) + ||7||Lz(r) + “6”L2(F)

The space Hy is our weak energy phase space. Given Xy = (Ug, U;) € Hy = Vin x X2,
the abstract formulation of Problem P takes the form
{%X(t) = Apa.wX () + F (X)) fort>0,
X(0) = Xp.
We can now introduce the variational formulation of Problem P.
DEeriNiTION 2.3, Let 6 € [%, 1),ae€(0,1], we(0,1], T >0and Xo = (Up, U;) € Hy. A
function X(¢) = (U(¢), 0, U(t)) = (u(t), ur(t), 0,u(t), 0:;ur(t)) satisfying
UeL™0,T; V",
8,U € L¥(0,T;X?),
Vwdu € L*(0,T; H' (),
OU € L0, T: (V')"),
for almost all ¢ € (0, T'] is called a weak solution to Problem P with initial data X if

d — - -
d_t<X (1), E)y-1xyt = (Ag.awX (D), Edg, + (F (X)), E)sy (2.1)
holds almost everywhere on [0, 7] and for all Z = (Z,,E,) € V! x V. The initial
conditions (1.3)—(1.4) hold in the L*-sense, that is,
(X(0), E)gy, = (X0, E)g, forevery Ze V! x V!

We say that X(¢) = (U(¢), 0;U(?)) is a global weak solution of Problem P if it is a weak
solution on [0, T'] for any T > 0.

Remark 2.4. Observe that we are solving a more general problem because vy and y,
from Uy and U, respectively, may be taken to be initial data independent of u and 0;u.
However, if 0,u(t) € H*(Q) for all ¢ > 0 and for some s > 1/2, then y,(¢) = d.ur(2).
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3. Global existence

Tueorem 3.1. Let Xo = (Ug, Uy) € Hy satisfy || Xollx, < R for some R > 0. Then there
exists a global weak solution to Problem P satisfying the additional regularity

Vawdu € L*0,T; H (). (3.1)

Proor. We proceed in four steps.
Step 1. An a priori estimate. In (2.1), take E = (9, U, 9;U) to find the differential identity

1d
m{na,Uu%@ +IUIE, + 2(F(w), D2y + 2(G @), Dz}

+ wnvoatu”%}(Q) + ”atu”iZ(Q) + a’wnvatu”%}(r) + ”6tu||i2(r) = 0 (32)

Using (1.6) and setting F” = f and G’ = g, a simple integration by parts on (1.5) gives,
forall u € H'(Q) and y € H'(T'),

- M
(Fu Dy = (F. )iz + Wil (3.3)

and

- M
(G, Dzary 2 € Viaary + 72||)’||iz(1-)~ (3.4)

To bound the products on the right-hand sides of (3.3) and (3.4) from below, we utilise
(1.7). Following [9, (2.22)], [12, (3.34)] and [20, (3.11)], we estimate the products as

(fw), w2y + (g(w), w2

r
f (f(u)u+%g(u)u) x—% (g() _ﬁ g(u)udo-)dx. 3.5)

Using the Poincaré 1nequahty (1.8) and Young’s inequality, for all £ > 0,

T
n (() -1 g(u)udcr)dx<cg f IV (gl dx

1Q IFI IQI

_ CQ@ f Vg’ (wyu + g(u))] dx
cre

< 8||Vu||L2(Q) 48|Q|2

| 15+ gt ax
? (3.6)
Then combining (3.5) and (3.6) and applying assumption (1.7) yields
(f@), w20y + (), wrawy 2 llully), 8||VM||iz(Q) -GCs
for some positive constants ¢ and Cs that are independent of 7 and . Hence, together
with (3.3) and (3.4), this becomes

WM
(F(M), 1)LZ(Q) + (G(u)’ 1)LZ(F) 2 ||M”Ll,1 (Q) ”u”LZ(Q) ”u||L2(1") 8||Vu”L2(Q) Cé'
(3.7)
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Moreover, (3.7) provides a lower bound to the functional
E®) :=10,UD|%: + IUDN5: + 2(F@(®), D) + 2Gu®)), Dz,

Integrating the identity (3.2) over (0, ¢),

!
E@) +2 f @IV 8,072 q) + @lIVOu()I},
0

12(Q) + ”61U(T)”§gz)d7 =E0). (3.8

@)
We can find an upper bound on E(0) with (1.6). Evidently,

2(Fu(0)), Dr2gq) + 2(G(u(0)), Drar
< OOz @) + 1O, ) + Oy + IO, ) (3.9)
Hence, (3.9) and the embedding V! < X? show that
E(0) < ||atu(0)”iz(g) + ||VM(0)||22(9) + ||M(0)||iz(g) + ||51M(0)||iz(1—) + ||VM(O)||iz(r)
+ ||M(0)||iz(r) + O (Ol + 1O, o)) + EuO)lzi ) + NuOIIL, 1)
<18, UO)I5 + 1T + CUU Ol + [lu(O)]] + [luCO)| (3.10)

Thus (3.8) and (3.10) yield, for all # > 0,
18, U@, + U@ + 2(F (), 1120 + 2Gu(t)), Dz
5
+2 f (@IV*Ou(DI} ) + 2lVOU@y + 10U @) dT
0

<18,UO)liz + 1O + CUU Oy + (O}, ) + NONZ, )
<18 UO)E. + U + CUUO 1 + (O]}, ) + 1), (.11

r mn )
L'1(Q) L2(I)/"

r
L (Q)

where the last inequality follows from Lemma 2.2. Now we see that, for any 7 > 0,

UeL>0,T;Vh, (3.12)

U € L(0,T;X?), (3.13)
Vwdu € L2(0, T; H(Q)), (3.14)
Vawdu € L*0,T; H' (), (3.15)
F(u) € L*(0,T; L'(Q)), (3.16)
G(u) € L*(0,T; L'(I)). (3.17)

We have found X € L*(0,T;Hy). Moreover, AyU € L*(0, T; (V')*) because
UeL®0,T; V') and A%*“0,U € LX0,T; (V')*) because vawd,U € LX0,T; V).
Therefore, after comparing terms in the first equation of (3.2), we see that

U € LX0,T;(V'". (3.18)

Hence, this justifies our choice of test function in (3.2). With (3.15), we also find (3.1),
as claimed. This concludes Step 1.
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Step 2. A Galerkin basis. According to Section 2, for each 6 € [%, 1), the operator
Ap.o.» admits a system of eigenfunctions ‘{’f’“"” = (Yoo, ghow ylow ¢ﬁ:"””) such that

— _ Ir
(PN € D(Aga ) N (CHQ) X CAI) X CHQ) x CHI)) and
Ap V7™ = NPT fori=1,2,...,

where the eigenvalues A; = Af’”"” € (0, +00) may be put into increasing order and
counted according to their multiplicity to form a diverging sequence. This means that
the pair (A;, V), ¥; = ‘Pf’“"“ is a classical solution of the elliptic problem

“AYi + i + w(=A)'¢; + ¢ = Ay inQ
—awArg;r + ¢ir — Arir + Yir = Aplyr - onT.

By the standard spectral theory, these eigenfunctions form an orthogonal basis in Hj
that is orthonormal in L?(Q) x L*(Q) x L*(I") x L*(T").
Let T > 0 be fixed. For n € N, define the spaces

H, := span{‘I"f’“"", LYY e Hy and H, = U H,.
n=1

Obviously, Hy, is a dense subspace of Hy. For each n € N, let P, : Hy — H,, denote
the orthogonal projection of Hj onto H,,. We seek functions of the form

X0 = AW (3.19)
i=1

that will satisfy the associated discretised Problem P, described below. The functions
A; are assumed to be (at least) C2((0, T)) fori = 1,...,n. Precisely,

Uty = D AU, o) = Y AW, (3.20)

i=1 i=1

and . .
U0 = D ADGE, du 0 = > AP (3.21)

i=1 i=1

Using semigroup properties of Ay, the domain D(A%*<) is dense in Hy. So, to
approximate the given initial data Xy € Hy, we may take XE)”) € D(A%*) such that
ng) ad X() in 7{0.

For T > 0 and for each integer n > 1, the weak formulation of the approximate
Problem P, is as follows: find X given by (3.19) such that, for all X = (U, V) € H,,

(0 X®, X) g + (ApawX™, XDy + (PuF (X™), XDy, =0 (3.22)
for almost all t € (0, T'), subject to the initial conditions

(XM(0), X)gy, = (XU, Xy, (3.23)
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To show the existence of at least one solution to (3.22)—(3.23), we now suppose that
n is fixed and we take X = X® for some 1 < k < n. Then, substituting the discretised
functions (3.20)—(3.21) into (3.22)—(3.23), we find a system of ordinary differential
equations in the unknowns A; = Ax(f) on X, Also, we recall that

(BT (X), XO), = (FXD), BalX D)y = (F(X), X0y,

Since f € C(R) and g € C'(R), we may apply Cauchy’s theorem for ordinary
differential equations to find that there is 7, € (0, T) such that Ay € C*((0, T,)), for
1 < k < n, and that (3.22) holds in the classical sense for all ¢ € [0, T},]. This shows the
existence of at least one local solution to the approximate Problem P, and ends Step 2.

Step 3. Boundedness and continuation of approximate maximal solutions. The a priori
estimate (3.11) holds for any approximate solution X® of Problem P, on the interval
[0, T},), where T,, < T. Thanks to the boundedness of the projector P,,,

18, U D15 + U @O + 2(F @™ ®)), D) + 2G@™ @), Dy

!
+2 fo (@IV*0U™ @)} g + @WlIVOUP @)y + 110U (DI,) dr

<10,UO2: + IO, + CUUOyt + 1O ) + MO (3:24)

Since the right-hand side of (3.24) is independent of n and ¢, every approximate
solution may be extended to the whole interval [0, T'], and because T > 0 is arbitrary,
any approximate solution is a global one. From Step 1, we also obtain the uniform
bounds (3.12)—(3.18) for each approximate solution X Thus,

U™ e L¥0,T; V"), (3.25)
UM € L=(0,T;X>), (3.26)
Vwdu™ € L*(0,T; H (Q)), (3.27)
Vawdu™ e L*0,T; H' ("), (3.28)
Fw™) e L™, T; L'(Q)), (3.29)
Gu™) e L=(0,T; L' (). (3.30)

This concludes Step 3.

Step 4. Convergence of approximate solutions. By applying Alaoglu’s theorem
(see, for example, [19, Theorem 6.64]) to the uniform bounds (3.25)-(3.30), we
see that there is a subsequence of X™, generally not relabelled, and a function
X = (u, 0yu, uyr, O;uyr) that obey (3.12)—(3.18) such that, as n — oo,

UM ~U weakly-+in L*(0,T;V"), (3.31)
U™ = 9,U weakly-+in L*(0,T;X?), (3.32)
Vwdu™ — u  weakly in L*(0, T; H (Q)), (3.33)
Vawdu™ —u  weaklyin L*0,T;H'(I), (3.34)
U™ = 9,U weaklyin L*(0,T;(V!H"). (3.35)
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Using the above convergences (3.31) and (3.32), as well as the fact that the injection
V! < X2 is compact, we draw upon the conclusion of the Aubin-Lions lemma (see
Lemma A.1) to deduce that the embedding

W :={U e L*(0,T; V") : 8,U € L*(0, T; X*)} — L*(0, T; X?) (3.36)
is compact (see, for example, [22]). Thus,
U™ — U strongly in L*(0, T; X?) (3.37)

and U™ converges to U almost everywhere in Q x (0, T). The last strong convergence
property is enough to pass to the limit in the nonlinear terms since f, g € C!(R) (see,
for example, [9, 13]). Indeed, on account of standard arguments (see also [5]),

P,F(X™) — F(X) weakly in L*(0, T; Hy). (3.38)

At this point, the convergence properties (3.31)—(3.38) are sufficient to pass to the limit
as n — oo in equation (3.22). Additionally, we recover (2.1) using standard density
arguments. The proof of the theorem is finished. O

Concerning uniqueness. A proof of the following conjecture is needed to show that
the weak solutions to Problem P, constructed above, depend continuously on initial
data, and hence are unique.

CongecTURE 3.2. Let T >0, R > 0 and XOI = (U01, U11),X02 = (U02, U12) € 7’{0 be such
that [|Xoille, < R and [|Xoollg, < R. Any two weak solutions, X'(¢) and X2(¢), to
Problem P on [0, T'] corresponding to the initial data Xo; and Xo,, respectively, satisfy

11X (1) = X2 Dllg, < e?®N|Xo1 — Xoolly, forallz € [0, T].
In order to prove the conjecture, typically, one needs to control products of the form

(fW") = fu?), 02 and  (g(u') — gW?), 8,) 2y

where u' and u? are two weak solutions corresponding to (possibly the same) data
Xo1 = (Uot, Ur1) = (uot, yo1, ui1, y11) and Xop = (Una, U12) = (w02, yo2, 12, ¥12). A
suitable control on [|f(u') — f(u?)|lLe), for example, is readily available when we
assume (1.6) with r; € [1,3] (see [14, Lemma 2.6])), but this is no longer valid
when we assume that r; > 1 is arbitrary. In the later case, it would be interesting to
investigate whether a generalised semiflow in the sense of [2, 3] exists. Under certain
conditions, such generalised semiflows admit global attractors which have similar
properties to their well-posed counterparts (see [15]).

Appendix A

As introduced in Section 2, the Wentzell-Laplacian Ay on X? with domain

D(Aw) :={U = (u,y)" € V' : =Au € L*(Q), 6nu = =y + Ary € L*(), y = trp(u)}
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is positive, self-adjoint and has compact resolvent [1]. From [18, Theorem A.37
(Spectral Theorem) and (A.28)], for each 8 € [%, 1),

D(AS) = {U = (u,y)" € D(Ay) : Z AU WP < oo}, where Ay W; = A;W;,
j=1

and the sequence (A j);‘;l contains real, strictly positive eigenvalues, each having finite
multiplicity, which can be ordered into a nondecreasing sequence in which

lim A; = +oo.

jooo
We mention some results from [10, Theorem 5.2 (c)] concerning the regularity of
the eigenfunctions W;. If I" is Lipschitz, then every eigenfunction W; € V I and
W; e C(Q) N CX(Q) for every j. If T is of class C?, then every eigenfunction
W;evV'n C(Q) for every .

We define the fractional powers of the Wentzell-Laplacian with a Fourier series,

AU = > AU, W)W,
j=1

and we can rely on [8, (2.6)] to define the fractional flux, where

N
oU
0277 _ b _
MPU=VRU= Y =G
i=1 i

and .
&’ g
— = Uy d
T f(x VUG dy.
The following result is the classmal Aubin—Lions lemma (see [17] and, for example,
[21, Lemma 5.51] or [23, Theorem 3.1.1]).

Lemva A.l. Let X,Y,Z be Banach spaces, where Z < Y < X with continuous
injections, the second being compact. Then the following embeddings are compact:

W:={y € L*(0,T;X), d,x € L*(0,T;Z)} — L*0,T;Y).
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