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Abstract. The purpose of this research is to describe all smooth vector fields on the
torus T? with a finite number of singularities, no periodic orbits and no saddle-
connections. In this paper we are able to complete the description within the class
of vector fields which are area contracting near all singularities. In particular we
give a large class of analytic vector fields on the torus T° which have non-trivial
recurrence and also sinks.

This result for vector fields follows from a result dealing with continuous monotone
circle mappings which are possibly constant on a finite number of intervals.

1. Statement of results for vector fields on T

In this paper we are interested in recurrence of vector fields on surfaces. From the
Poincaré-Bendixson theorem the dynamics of vector fields on the sphere is clear:
the w-limit of every point is equal to a point or to a closed orbit. On the torus T~
the situation is more interesting. If a vector field on T has periodic orbits then
there are again no non-trivial recurrent orbits, because then the situation reduces
to a planar one.

In his celebrated 1932 paper, Denjoy studied vector fields on the torus T without
singularities and without periodic orbits. He showed that if a vector field X on the
torus is C™, then such a vector field either has a periodic orbit or every orbit of X
is dense in T2 In 1963, A. J. Schwartz extended Denjoy’s result and showed that
any minimal set of a C™ vector field on a compact connected, two dimensional
manifold M is either a singleton (consisting of a singularity), or a single closed
orbit, or all of M in which case M = T>. (Here a set L is called minimal if it is a
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closed, non-empty set which is invariant under the vector field such that L contains
no smaller set with these properties.) From this it follows that the w-limit of any
point is equal to a periodic orbit, to M = T or contains a singularity. But because
no minimal set can strictly contain a singularity, the result of Schwartz gives a rather
incomplete description of the dynamics of vector fields with singularities.

The next simplest vector fields on the torus have

(i) a finite number of singularities all of which are hyperbolic;

(i) no periodic orbits;
(iii) no saddle-connections;
(iv) no sources.
We shall call a vector field which satisfies properties (i)-(iv) a Cherry vector field,
because Cherry gave in 1938 an example of an analytic vector field on T? satisfying
these properties with a sink and also a recurrent orbit. His example is quite specific,
but shows that Cherry vector fields can have recurrent behaviour.

In this paper we will generalise Denjoy’s result to all Cherry vector fields which
have negative divergence at each saddle-point. This last condition is unnecessary if
X is a Cherry vector field with at most one saddle-point. In this case, index arguments
give that X can have only one other singularity. We may assume that the divergence
in these singularities is of opposite signs, because otherwise either X or —X would
satisfy the conditions from before. So in this case we can assume that X has precisely
one sink, no sources and one saddle-point. At this saddle-point the divergence of
X is positive. This situation can be treated using the result of C. Gutierrez, A. Lins
and W. de Melo described in § 6.

Theorem A implies that there exists a large class of vector fields which display
the same phenomenon as Cherry’s example.

Let B be the class of C™ Cherry vector fields X on T such that at each singularity
p the divergence of X is smaller or equal to 0. Furthermore, let 3’ be the class of
C™ Cherry vector fields X on T* with precisely one hyperbolic sink and one
saddle-point; moreover assume that X has positive divergence at this saddle-point.
(As we noted above, for each vector field X with only hyperbolic singularities and
one saddle-point either X € BU B or — Xec BURB'.)

Denote the flow of X through x by - X,(x). The @ and w limit set of x are
defined as a(x)={y; 3, > with X_, (x)->y}, respectively w(x)={y;3It, >0
with X, (x)-> y}. We say that x is recurrent if x € a(x) U w(x).

THEOREM A. Let X € B U B'. Then there exists an infinite set L < T* such that every
point x€ L is recurrent, w(x)=a(x)= L. Moreover, for every xc T" which is not
contained in the unstable manifold of a saddle point one has a(x)= L and for every
point x € T” which is not contained in the stable manifold of a sink or of a saddle, x € L.
Remark 1. The condition that X € B U B’ implies that X cannot have any sources.
Remark 2. 1t is not very difficult to construct many vector fields which satisfy the
assumptions of Theorem A.

Remark 3. Of course Denjoy’s result also holds for C* vector fields. Our result also
holds for C? vector fields, but in this case we have to require that there exist C
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linearising coordinates near every saddle-point of X, or alternatively that X is C°
near saddle-points (see the Appendix).

The next result says that vector fields X € & can be described by circle maps.

THEOREM B. Let X € B U B'. Then there exists a neighbourhood U of X such that

for every Y € U one can associate a continuous order-preserving return-map fy : S' > S'

with the following properties:

(a) fy depends continuously on Y e U,

(b) if Y, Z<c U have no periodic orbits and no saddle-connections then they are
equivalent if fy and f; are topologically conjugate circle maps.

In fact, these circle maps may be constant on some intervals. Also they will satisfy
some smoothness conditions and some non-flatness conditions at the boundary of
the intervals where they are constant. In the next section we will study a special
class o of circle mappings and show that if these maps have no periodic points
then they are determined by a finite number of parameters, see Theorem D. In § 6
we will show that the maps fx are contained in this class &, provided some transition
map is sufficiently smooth and non-flat. In the Appendix we will show that these
conditions hold for all smooth vector fields. (These conditions would follow immedi-
ately if we assumed that X was C? linearizable at singularities. However, it is rather
pretty to see how natural the conditions that one obtains without assuming lineariza-
bility correspond to the conditions needed in the class sf.)

2. Statements of results for circle maps

Let S'=R(mod 1) and f: S' > S' be a continuous, order-preserving, degree one map
which is possibly constant on a finite number of intervals. Since f is order preserving
it has a well-defined rotation number p(f)€[0, 1). p(f) is irrational if and only if
f has no periodic points. It is well known that if p(f) is irrational then f is
semi-conjugate to the rotation R, ,,:x->x+p(f) mod 1. The semi-conjugacy is
continuous, monotone, has degree one and maps orbits of f to orbits of R, ;.

Assume that f: S' > S' is continuous, order-preserving, degree one and everywhere
C' except possibly in a finite number of points. Let K, be the closure of the set of
points x with either
- fisnot C'in x, or
- fis constant on some neighbourhood of x, or
- Df(x)=0.

Let C, be the closure of the set of points where f is locally constant.

We say that such a map f is in o if f satisfies the conditions from above, K, has
finitely many components and also the following smoothness and non-flatness
conditions. For each point x,€ S '\K,- there exists a neighbourhood U of x, such
that f is a local C' diffeomorphism on U and Df has bounded variation on U.
f is constant on each component of K. (In particular f is everywhere C' except
possibly in points x€3K,.) Moreover we require that for every point x,€9K,, f
satisfies the following non-flatness condition. There exist neighbourhoods U, V of
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x, respectively f(x,), a constant « =1, and two C' diffeomorphisms ¢,:((~1, 1), 0) >
(U, x) and ¢;:(f(U), f(x))=>((—1,1),0) such that D¢, and D¢, have bounded
variation and ¢, ° f° ¢,(x) is equal to 0, or x|x|*

Similarly we say that fe &’ if f has degree one, is everywhere strictly increasing
except on one interval K, where it is constant and f|(S'— K,) is C'. Moreover at
the boundary points of K,=[a, b] the (one-sided) derivative of f is infinite and
there exists £ >0 such that log Df|[a — ¢, a) and log Df|(b, b+ ¢] are monotone.

Remark. If f is C* on S'\Kj, and the limits lim,. ., xx, D*f(x) are non-zero for
each point x, € K, then f € of. However, we will not restrict ourselves to such maps,
because, in applying our results to vector fields on the torus, we get that singularities
of the vector field of saddle-type give rise to critical points of a corresponding circle
map of the form |x|°, where 6 >0 and is the absolute value of the ratio of the
eigenvalues at the saddle-point and need not be an integer.

We can also consider the slightly more general class of maps such that there exists
neighbourhoods V< Clos (V)< U of K, such that the maps fI(S"\V), ¢&|U and
¢,| U are absolutely continuous and the maps log Df|(S'\V), log D¢;|U and
log D¢, | U (which therefore exist almost everywhere) are almost everywhere equal
to maps with bounded variation. The proofs of our results go through without much
change; we indicate the changes needed in the remark following Proposition 3.4.

We say that I is a wandering interval of f:S'~> S' if
- "M nnf"(I)=C, Yn, m=0 with n# m;

- there exists no n=0 such that f"(I)c C;.

THEOREM C. Let f be in of U ' with irrational rotation number. Then f has no
wandering intervals.

COROLLARY. For every x € S'\\U,.o f"(C;) both the forward and the backward orbit
of x is dense in S\, .o f~"(C;). In particular there exists a non-finite recurrent orbit
of f.

Proof of Corollary. Since f has no wandering intervals, the semi-conjugacy h, between
f and R, is constant only on preimages of C,. Since S'\U,.of "(C;) cannot be
empty the Corollary follows. O

Remark 1. J. C. Yoccoz has proved Theorem C for maps f which are strictly
monotone (isolated critical points are still allowed). However, if a vector field on
T has sinks then the corresponding return-map is constant on some interval. So
the result of Yoccoz cannot be applied to vector fields. Unfortunately the proof of
his result cannot be ‘directly generalized to maps which are allowed to be constant
on some intervals, see the remarks below: Definition 3.1, Lemma 3.7 and in § 5.

Remark 2. Consider order-preserving maps f:S'>S' of degree one which are
constant on at least one interval and which are discontinuous in at least one point.
Let K, be the closure of the set of points where f is locally constant or is discon-
tinuous. Assume that f satisfies the same smoothness conditions as the maps from
& (except that f is not continuous). Then Gutierrez has shown that either p(f) is
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rational or some iterate of one of the components of K, is mapped into some other
component of K,.

So the main thing which is missing in the general description of these maps is
the case where @ > 1 in some points in K, and a <1 in other points of K.

From this result one can easily show that the topological conjugacy class of f is
determined by a finite number of invariants. Indeed, if p(f) is irrational, then there
exists an order-preserving map h,:S' > S' such that h,o f=R, o h,, where R, (x) =
x+p (mod 1) and p =p(f), see [He]. For simplicity write R = R,. Clearly A, is
constant on the components of C,.

Take fe of U A" If p(f) is irrational and A, is constant on some interval I then
R"(h,(I)) is disjoint for all n =0. Hence the intervals f"(I) are mutually disjoint
for all n and from Theorem C there exists n=0 with f"(I)< C;. It follows that
hf'(hf(x)) is a non-trivial interval if and only if xel,-of "(C/). Let d be the
metric on $' =R (mod 1) induced by R.

THEOREM D. Let f, ge o/ U A’ with irrational rotation number such that the number
of components of C; is the same as that of C,. Call this number k. Assume that

p(f)=p(g) (2.1)
and that we can order the components C and C} of C, respectively C, cyclically on
S' such that

d(cy,ci/ ™)y =d(cp,cd™), i=1,2,..., k-1 (2.2)

Here c;=h,(C}) and cy;=h,(C;). Then f and g are conjugate, i.e. there exists a
homeomorphism h:S' > S' such that hof=goh.

Proof of Theorem D. We begin by taking an arbitrary order-preserving homeomorph-
ism k:C,> C, such that k(C})=C}. Then, let h, and h, be the order-preserving
maps such that h o f=R,h; and h,°g= R, ° h,. Choosing 6 so that R, maps
h(C}) onto h,(C}), one gets from (2.2) that R,(h,(C;)) = h,(C,). Moreover taking
ﬁ_, = R, ¢ h,, the following diagram commutes

1

Sl_.—'—>sl

] i

SI . SI
and that h,(C})=C}. So

hy'ohy(x), forxe U f"(C))
h(x)= n.-0

k(x), for x € G,
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defines a strictly order-preserving homeomorphism from S'\{U,-,f "(C,) to
S"\Un=1 g "(C,) such that h o f=g o h. Finally, for x€Un=1 f"(Cy), let n=1 be
the minimal number such that f"(x) € C, and define h(x)=g "o ho f". In this way
we have defined a homeomorphism h such that he f=goh. O

In the Proof of Theorem C, we will need a simple Proposition which produces
collections of disjoint intervals. Since it does not fit logically in the next two sections
we state and prove it here.

ProposiTiION 2.1. Let {W;|i=1,..., m} be a collection of intervals in S' with the
Sfollowing two properties.
(i) every point in S' is in at most three elements of the collection;
(it)y W,c W, implies i = k.
Then there exists a partition of the collection
{Wi;i=0,1,..., m}=A,UA,u- - UA;,,
such that A, consists of mutually disjoint intervals for each k=1, 2,...,5.

Proof. We prove this Proposition inductively for each m=1. The Proposition is
trivially true for m = 1. Suppose that it is proved inductively for m — 1. Then we can
write
{(W;;i=1,2,...,.m—-1}= U Aj
i=12,..5

where A;] consists of mutually disjoint intervals. From property (ii) it follows that
AW, A W, # 5 when W, n W, # . So assumption (i) implies that there exists at
most four is with 1=<i<m such that W,, has a non-empty intersection with W,
Hence there exists j'€{1,2,...,5} such that W,, does not intersect any interval
from Aj. So by letting A;=Aj for je{l1,2,...,5}, j#j' and A; = Aju{W,} we
get the required partition of {W,;i=1,2,..., m}. This proves the Proposition by
induction. O

The organization of the paper is as follows. In the next three sections we will
prove Theorem C. In § 6 we will prove Theorems A and B, except a technical Lemma
which is proved in an Appendix.

It will be convenient to introduce the following notation. For an interval I let |/|
denote the length of I. Moreover let d be the metric on S'=R (mod 1) induced
by R.

3. Some analytic tools
In this section we will develop some analytic tools which give estimates on the
shape of non-linearity of f” on intervals T such that T, f(T), ..., f"(T) are disjoint.

Definition 3.1. Let g : S' > S' be a continuous order-preserving map and I, T intervals
in S' with Clos (I)<int (T). Then

T|-|1
D(T, I =%|1RII’ where L and R are the components of T\ [,
D(g(T), g1))
B(g, T, I)=—D(T N
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Remark. J. C. Yoccoz uses the operator By(g, T)=lim,_.B(g, T, I).
Definition 3.2. Let g: T> S' be a C’-map on the interval T < S'. Then the operator

g 3 (g"(x)>2
58)="0m 2\gx)

is called the Schwarzian derivative.

It is easy to see that the operator B is multiplicative:
B(geh, T,1)=B(g, h(T), h(1))x B(h, T, I). (3.1)

The proof of the following proposition can be found in [MS].

PROPOSITION 3.3. Let g: T> T be a C* diffeomorphism on the open interval T such
that for every x € T, Sg(x) <0. Let Clos(I)< int(T). Then

B(g, T,1)>1. (3.2)

Let 7" < Clos( ") < int (%) be interval neighbourhoods of K, such that the number
of components of 7" and % are both the same as #K,.

PROPOSITION 3.4. Let fe of. Then there exists V <o0 with the following property. Let
E={T,, T,..., T,} be a collection consisting of n intervals in S' with the following
properties. Every point of S' is contained in at most three intervals T,, T, < T, implies
i =j and none of the intervals T, contains a component of U\ YV or contains points of
K,. Then

3 log B(f, T, I)=~5" V. (33)

Proof. Let V, = Var (log Df|(S'\ ¥)). Since on S'\ ¥ the map fis a C' diffecomorph-
ism and Df has bounded variation, V, <co. Moreover on each component %; of %,
f has the form f(x)=d¢;;° ¢, ° ¢,;, where @,(x)==+|x|* as above. Here ¢;;, and
&,,are C ! diffeomorphisms such thatlog D¢, ; and log D¢, ; have bounded variations
on U, Hence V,=Y, Var (log (D¢,;}) and V, =}, Var (log (D¢, ;)) are both finite.
Let V=V, +Vi+V,

Let I,={i; T.n V' =} and I, ={i; T,< 9}. Since the intervals T; never contain
a component of U\V, I, I,={1,2,..., n}.

First assume that i€ I,. Let L, and R, be the components of T,\I,. For u;, v, T;
let (u;, v;) be the open interval connecting u; and v,. Because f is C' on S'\ 7 the
mean-value theorem is valid on T,. Using this in the definition of B(f, T;, I,) we
find that there exist ;e L;, r,e R;,, m;€ I, and 7, € T, such that

Df(m,) Df(r,
log B(£, T,, I,)=log<‘ijf(’7—_))l_)ff((%)—)), (3.4)
and
m,e(l, r). (3.5)
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From (3.4) one has
llog B(f, T;, Ii)|<|log Df(m;) —log Df(};)| +|log Df(7,)—log Df(r;)}|  (3.6)
and also
llog B(f, T, I)| <|log Df(m;) —log Df(r;)| +|log Df(7,) —log Df(L)|. (3.7)
Rename the points /;, m;, r;, 7; in increasing order a;, b;, ¢;, d;. From (3.5) one gets
that either (I, m)n (7, r)= or (7, )n(m;, r)=, and so we can use either
(3.6) or (3.7) and get
llog B(f, T, I,)| <|log Df(b;) —log Df(a,)| +|log Df(d;) —log Df(c;)|
=< Var (log Df| T})
and therefore
log B(f, T;, I,) = —Var (log Df | T;). (3.8)
Now consider i € I,. Then T, is contained in some component %; of U (and does
not intersect K;) and so f has the form f(x)= ¢,,° ¢, ° ¢,,. Hence
B(f, T, I)= B¢, T, I{) X B(¢,, T}, I)) x B(¢,,, T, I).

Here T;,=¢ao¢r,i(7‘i), T::(brl(t)a I:’— ¢r1(1) and I, d)rr(l) Slnce the
Schwarzian derivative of ¢, is less or equal to 0 (because a=1) one gets
B(¢,, T:, I'))=1. Hence, as above,

log B(f; ’I‘i, I,)Zlog B(¢Li, T:,’ I:’)+0+log B(¢r.i7 7.1” Il)
= —{Var (log D¢,;|T/) + Var (log D¢, | T;)}. 3.9)

Since every point of S' is contained in at most three intervals, using Proposition
2.1, one can write {T;;i=1,2,...,n}=A,UA, - -UA; where A, consists of a
collection of mutually disjoint intervals. Therefore also the collection of intervals
T? corresponding to T; € A; consists of disjoint intervals. Hence from (3.8) and (3.9)
one gets

Y log B(f, T, I)=~5-(V,+V,+V,).
i=1

The Proposition follows. O

Remark. In eq. (3.4) in this Proposition we have used that Df exists and has bounded
variation on S'\¥%. Of course it would have been sufficient to assume that f is
absolutely continuous, log Df|(S'\¥") is almost everywhere equal to a map with
bounded variation. In this case we could have still found m;e I, ;e L;, rie R; and
7;€ T; such that Df exists in these points and such that

RACH) AT L)l [S(R)
[ il L] IRl

Hence (3.6), (3.7) and (3.8) would still hold. Similarly it suffices to assume that ¢,,
¢, are absolutely continuous and log D¢, and log D¢, are almost everywhere equal
to maps with bounded variation.

=Df(m), “—="==Df(r), = ——=Df(L) and = —==Df(r).
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LEMMA 3.5. Let f € sf. Then there exists A,> 0 such that if = W are intervals in S’

such that
(a) W\I consists of one component H
(b) [|Hi=|I};
(c) InK, =0,
then
sl
S H 310

Proof. Let us prove this Proposition by contradiction. So suppose that there exists
a sequence of intervals I,,, W,, H, = W, \ I, satisfying (a), (b) and (c) above such that

i | fCL)/ | L
im ——tem
n~c< | f(H,)|/|H,|
Since |H,|=|1,| this implies that |W,|>0 and W, > K,. By taking a subsequence
we may assume that W,>pec K,.

Since fe o/ we may assume that p is a critical point and near p, f is of the form
f=d1° ¢ ¢, where ¢, is equal to x* or 0 on x=0 and to 0 or —|x|* on x=<0 as
before. Hence

0. (3.11)

|SU)I/|L,| _ min D¢, min D¢, |ba (I7)I/115]

| f(H)\/|H,| sup Dé, sup D¢, | (H)I/|H.|
Here H,,= ¢,(H,) and I,,= ¢,(I,). Since ¢, is a C' diffeomorphism, writing K, =
|H|/|I,| we get limsup K,, <co and therefore there exists K €(0,0) such that
K, =K, Vn=0. Let us distinguish between the following three possibilities.

)

(3.12)

Case 1. I, is between p and H,,.
Writing I, =[a,, b,], H, =[b,, c,]= (0, 1) one has

] 5]
|¢a(12)|/|1£l| bn_an bn

o (HI/|HS| [Cﬁ—bﬁ] = [Cﬁ—bﬁ] = [((1+K)bn)“ —(b,.)“]
¢c,— b, ¢, — b, (1+K)b, - b,
=L>0. (3.13)
(1+K)* -1

Here, the second inequality follows because a =1 implies that the function x-
Dx“=a-x“"" is increasing. The third inequality follows from this and because
|Hu|= K., - |I] gives
¢, <b,+K, (b,—a,)<b,+K,-b,=(1+K):b,.
Using (3.13) in (3.12) gives a contradiction in (3.11).
Case 2. H, is between p and I,, but H,n K, =J.
Since the derivative of ¢, is increasing we have in this case
EXCAYIANS
| (H/IH
Using (3.14) in (3.12) we again get a contradiction with (3.11).

(3.14)
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Case 3. H, is between p and [, but H,n K, # .

If H, intersects an interval component of K, then we can choose the maximal
interval W, with I, ¢ W, < W, such that W, n K, =. Let H,= W,\I, and H/, =
¢,(H',). By construction |H,|<|H}| and ¢,(H,)=¢.(H,), and therefore

EXCATII AR ATIIA
| (HI/[HL [ @a (H DI/ H |

As in case 2 this last term is bounded away from zero and we get a contradiction
as before.

So we may assume that H, n K, is an isolated point. So writing H, =[—a,, b,],
I, = [b,,c,], with a,, b,, ¢, >0 one has

=]
Cn - 1

l Cn b,, l l C"_ b" l
|¢a(1n)|/‘1"| (" l"' - [" n
| Cn an ' (1 1()

Cn a,

|6 (H )/ H| [bz+az]‘[22 aj]

=

(3.15)

+
b,+a, b, a,
Here the first inequality follows from

xtu x u
=—+— forall x, y,u, v>0.
y v

y+tvo

The last three inequalities follow from the concavity of x* and because b,, a, =
IH,|<K-{I,|]=K"c,. So using (3.15) in (3.12) we get again a contradiction with

(3.11).
Since cases 1, 2 and 3 cover all possibilities we have proved the Proposition by
contradiction. O

PROPOSITION 3.6. Let fe of and I, T be intervals in S' with Clos (I)<int (T) and L
and R be the components of T\I. Let ye(0,1). If

7G0TI/ U4 IR
| f(R)| IR]| Lf(D)| IL|”
then
B(f T, )=y
Proof.
LADI LA |f(1)|+|f(1)|
BT 1 LR VRSO DI y+y-d_ 1+y-d_ .
T (1 || 1+d 1+d
IRl [R{ L} |L|
Here
Lt}
_IRJIL|
[
IR| " |L]|

https://doi.org/10.1017/50143385700005733 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700005733

On Cherry flows 541

and the last inequality follows since y€(0,1) and therefore (0,00)3x—
(1+yx)/(1+x) is always greater than y. The result follows. 0

ProposITION 3.7. Let f € . Then there exists A, >0 such that if I, T are intervals in
S' with Clos(I)<int (T) and L and R the components of T\I such that
(a) [LI=|1] or |R|=|1];
(b) InK,=@;
then

B(fT,=A,. (3.16)
Proof. Let A, be the number from Proposition 3.5. We may assume that A,< (0, 1).
We will prove the Proposition for A, =3} - (A,)’. By possibly renaming L and R, we
may consider the case that |R|=/|I|. Then from Proposition 3.5 we get

LD/
S A (3.17)
LARI/|R] ™
and hence
|A(T)] |L] |L|
BT, =" 12 A= Ay - =
N T N Y
If |L| =|I| then it follows from this and |R|=|I| that
IL| 1] '
=Ay- =A,- =A, 1= A
BT D= A TR = A 21 Ry~ A

and the Proposition is proved. So assume that |L|<|I|. Then applying Proposition
3.5 again we get

LA/
> A (3.18)
LA/~
and it follows from (3.17), (3.18) and Proposition 3.6 that B(f, T, I} = Ay A= A,.
O

Remark. In general the interval T we need to consider may intersect or even overlap
a component of K. It is easy to check that there exists no universal lower bound
for By(f, T) (as in (3.16)) in this case. Here B, is the operator of Yoccoz mentioned
in the remark below Definition 3.1. Therefore we have to replace the operator B,
by B.
Let V"< % be the neighbourhoods of K, from above.

THEOREM 3.8. Let fc «. Then there exists € >0 and B, such that for any intervals
IcClos(I)<int(T) in S', and any n =0, satisfying the following conditions

(a) |[L|<e-|I| and |R|<¢€-|I|; (Here L and R are the component of T\1.)

(b) every point in S' is contained in at most three members of the sequence T,

AT, ..., (T,
(c) f'(NnK,=@,ie{0,1,...,n—1} then

B(f", T,I)= B,. (3.19)

Proof. Let A, be the number from Proposition 3.7 and assume that A, <1 and
e *V <1. Let V be the number from Proposition 3.3. We may assume that e *¥ <1.

https://doi.org/10.1017/50143385700005733 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385700005733

542 M. Martens et al.

Let B,={A, e *V}'"”**" and e =vB,/3. Let 0=1,<t,<---<t,<n—1 be integers
such that either f'(T) contains a component of U\ ¥, or f'(T) n K, # . From the
disjointness property of the orbit of T we get s =12# K. From the definition of ,
one has that f'(T) does not contain a component of %\ ¥ for i <t, and because f
does not have periodic points we have that f'(T)< f/(T) implies i =j. Using this
and the disjointness property of f'(T), Proposition 3.4 gives
B(f", T,I)=e".
So
SOOI sy [T B 1T
=B, .
OISR |L||R] ILI|R|
This implies
(1 (1 (I 1
DL L DL LD
|FR (RN (L)
So | f"(R)=|f"(I)| or {f"(L)|=|f"(I)|. Hence we can apply Proposition 3.7 and
get B(f, f'"(T),f"(I))= A, and hence
B(f"*', T, )= B(f,f"(T),f"(I))xB(f", T, I)=e™*"- A,. (3.20)
In the same way we get

B(frz—(l|+l),fll+l(T),fl|+l(I))2e—SV,
and hence, using (3.20),

B(f T,1)=[e *]*- A,=B,.

From this we get as before | f*(R)|=|f"(I)| or | f*(L)|=<|f"(I)|. Hence we can
apply Proposition 3.7 again and get

B(f*", T, )=[e>"- A\]’= B,.

This procedure has to be repeated at most 12 - # K, times, i.e., s <12 - # K,. Since
[e Y- A,]'""*K = B, we get by induction that for each k=<5, | f'“(R)|=|f"“(I)| or
| f(D)}=|f"(I)| and hence

B(f"+l, 7'; I)Z[e—SV. A]]IZ'#K('
Using Proposition 3.4 we can handle the last piece from ¢, +1 to n and get
B(f"+l, 7-’ I)Z[e—SV. Al]lz'#K' . e*SV. I:]

4. The topological situation

Throughout this section we will assume that f has a wandering interval I. We may
assume that I is a maximal wandering interval, i.e. not contained in a bigger
wandering interval. Since the forward orbit of I is disjoint and K, has at most a
finite number of components, by possibly replacing I by some iterate of I we can
assume that f'(I)~ K, =@. We want to show that there exist iterates g, and
neighbourhoods T, of I such that f is contracting on I but strongly expanding
on T,\I In order to obtain a contradiction from this we need to show we can
control the non-linearity of f%|T,. From the previous section it follows that this
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can be done if the intervals T,, f(T,),...,f?(T,) are more or less disjoint. This
disjointness will follow from the fact that f preserves ordering on S'. The proofs
of the results in this section can be found in section V of [He].

In fact, because f is order-preserving and has no periodic points, there exists an
order-preserving and continuous map h:S'->S' such that heof=R,°h, where
p=p(f) and R, is the rigid rotation over p (see [He]). In particular, the order of
points in an orbit of f is the same as the order of points in an orbit of R,. Since
we keep p fixed in this section, we write R = R,. Take some x€ S' and inductively
define g(n) to be the time of the nth closest approach:

q(0)=1;
g(n+1)=min {ieN;i>q(n),d(x, R'(x))<d(x, R*"(x))}.
Remark. These numbers g(n) are independent of x (they only depend on p(f)).

ProposiTioN 4.1. d(I, f4"(I)) >0 as |n| > ;

In the next two Propositions we will describe the way the sequence f9"'(I) is
ordered in S'.

ProposITION 4.2. The intervals {f°"(I); n=0} approach I from the right and
{£92"(I); n=0} approach I from the left (or vice versa).

From Propositions 4.1 and 4.2 we know that the sequence {f**"(I)}, n=0,
accumulates arbitrarily close to one side of I In the next Proposition the order of
the intervals {f'(I); g(2n)=<i=< q(2n+2)} is described.

Let Q(2n) be the set of integers t €N, such that q(2n)=<1t=¢q(2n+2) and such
that f'(I) is between f4?"*2(I) and f9*"(I).

ProPoOsITION 4.3. t€ Q(2n) if and only if there exists i €N such that t is of the form
t=q(2n)+ig(2n+1) and q(2n) =t = q(2n+2). In particular, there exists a(2n+2) e
N such that q(2n+2)=q(2n)+a(2n+2)- q(2n+1).

ProPOSITION 4.4. Let T, be the smallest interval containing f ~4'"(I), I and f*"'(I).
Then every point in S' is an at most three intervals of the sequence

T, f(T.),....f*"""""(T,).

5. Conclusion of the proof of Theorem C for maps fe A
ProPOSITION. 5.1. Let f€ o and assume that I is a wandering interval of f. There
exists no<co such that if n> n, then

|fq(2n)+a(2n+2)-q12n+l)(I)I — |fq(2n+2)(1)| > |fq(2n+2)‘q(2n+l>(1)|. (51)

Proof. Let T, be the smallest interval containing f~*"*?(I), I and f~*"""(I).
Since T,c[f4*"*"(I), f74?"*V(I)] one has from Proposition 4.4 that each
point of S' is contained in at most three of the intervals T,, f(T,),
AT, ..., f43"27YT,). Moreover from Proposition 4.1 the length of the two
components L, and R, of T,\I tends to zero as n » 0. Hence we can apply Theorem
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3.8 and get that there exist B,>0 and ny<o such that for all n=n,,
B(f°"*®  T,, I)= B,. Since f?""?(R,) > f4*"* 27927 ([ one gets

Fm R DR L T LR
Ifq(2n+2)(1)‘ - |fq(2n+2)(1)| - BO . |Il2 n n |fq(2n+2)(Ln)| = BO i |I|3 .
For large n the last term tends to 0 and since g(2n +2) = q(2n)+a(2n+2) - g(2n+1),
the Proposition follows. O

ProrosITION 5.2. Let fe o and I be a wandering interval of f. Then there exists
sequences {n,} and {i, } with 0<i, <a(2n,+2) such that for i =i,

|fq(2n,\)+i>q(2nk+l)(1)| <lfq(ZHA)+(i—|)-q(2nk+1)(1)| |f4‘2"k'+("+”"I(2"A+”([)| (5 2)
N . .

(In particular, if f € o has a wandering interval then there are infinitely many integers
n=0 such that a(2n)>1.)

Proof. For n = n, (see Proposition 5.1) we have the following. Suppose that for some

n> n, we cannot find an integer 0 <i< a(2n+2) such that (5.2) is satisfied. Then
eq. (5.1) implies that for all 0<<i=a(2n+2) one has

Ifq(2n)+i-q(2n+l)(1)| > Ifq(Zn)+(i—1)~q(2n+1)(I)l.
Hence, because g(2n+2)=q(2n)+a(2n+2) - qg(2n+1),
92D > | 4D, (53)

But since f*(I) are mutually disjoint, ¥, | f'(I)]= 1. So there must exist a sequence
n, - 00 such that (5.3) does not hold and for each of these n, there exists 0 <i<
a(2n, +2) such that (5.2) holds. O

Now we can finish the proof of Theorem C.

The proof of Theorem C for maps f€ . Let n, and i, be as in Proposition 5.2,
q(n)=gq(2m)+i, - g(2n,+1) and K, the smallest interval containing f*"*"(I),
I and 92" V(I). As before let L,, R, be the components of K,\I Proposition
4.4 guarantees the disjointness properties needed in order to apply Theorem 3.8 for
" K,. From eq. (5.2) and since B(f*", K,,, I) = B,,

3 LallRa] LR [ "D DL D] D) ]
11 1 [FE RIS (RIS (L)] | f4 (L))
=B(f", K,, I)= B,.
Since |L,|, |R,|=> 0 as k> o0 we get a contradiction. a

Remark. The difference with the case Yoccoz considers (where there are no intervals
where f is constant) is that he can use the operator B,. This allows him to choose
L, and R, to be intervals in the backward orbit of I In this way he can compare
| £4"(L,)| and |R,|. This makes his proof easier.

6. The proof of Theorem C for maps in A’
The result in this section is a version of a result from unpublished work of C.
Gutierrez, A. Lins and W. de Melo.

Assume that fe o’. This means that f has degree one, is everywhere increasing
except on one interval K, where it is constant and f{(S'—K,) is C'. Moreover
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outside every neighbourhood of K, is log Df of bounded variation, at the boundary
points of K, =[a, b] the (one-sided) derivative of f is infinite and there exists € >0
such that log Df|[a — ¢, a) and log Df|(b, b+ €] are monotone.

Let A=S"\Ui=of (K)).
THEOREM 6.1. Let fe o'. Assume that the rotation number of f is irrational. Then
there exists N €N such that for all x € A,

DfN(x)>1.

This Theorem implies Theorem C for maps in &

COROLLARY. f € &' (with irrational rotation number) cannot have wandering intervals.

Proof. This immediately follows from the expansion of f"|A and the disjointness
of wandering intervals. O

The most important step in proving Theorem 6.1 is the following Proposition.

PROPOSITION 6.2. Let f€ of'. Assume that the rotation number of f is irrational. Then
for each x € A there exists N €N such that

Df¥(x)>1.
Proof. Choose x€ A, i.e., f'(x)£ K, for all i=0. Let a =—p(f). We first consider
the rotation R, : S' > S'. From [He] (V.8.4) we get that foreach y € S' and each neN,

ey 1 4,1

U RUly, RE(»DU L:JO RL([y, RE(»)])=S", (6.1)

j=0
where the interiors of the above intervals are pairwise disjoint. Using the semi-
conjugacy between f ' and R, and applying (6.1) to f ' we get that x is contained
in one of the two unions corresponding to those in (6.1). In particular for all keN,
there exist n=k and jeN such that

xef7(U), {int(U),int(f(U)),...,int(f7(U))} are pairwise disjoint, (6.2)
where U is the smallest interval containing K, and f %(K,). Because
X & U,é(,f“"(K_,-) one has (for fixed x) that j > 00 as k> 00. Let £ > 0 be the number
from the definition of the class of maps &' and let U be a £ neighbourhood of K.
Let

V =Var (log Df| U*), A=max (log Df| U}, B=min (log Df|U").
We may assume that Df[(U\K,)>1 (and therefore log Df|(U\K,)> 0). Further-
more since K,, f'(K,), f°(K,), ... is disjoint we may assume that k e N is so big
that
| K|
log—————>V+2A+3|B|.
B 1Bl
Now choose yef /(K,) such that Df'(y)=|K,|/|f ’(K,)|. Let T be the smallest
interval containing x and y. Notice that x € f 7/(U) and since U > K, and y € f /(K,)
one has T< f~/(U). Moreover, since x€|_J;.of '(K,) the interval T is a proper
subset of f /(U). From (6.2) this gives that
{T,f(T), ..., f(T)}is pairwise disjoint. (6.3)
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This disjointness and the fact that f is orientation-preserving then implies that the
points {x, f(x), ..., f’(x)} and {y, f(¥), ..., f’(y)} are alternatively distributed over
S' (more precisely, between each two points of the first set there is a point of the
second set and vice versa). Choose the usual coveringR->S'=Rmod 1, t~> t mod 1,
and for a point ze S' let Z be one of the points in R covering z € S'. Write the sets

{f'(x);i=0,...,j}={x;i=0,...,j},
{F'(y)i=0,...,}={y;i=0,...,j}
in such a way that there are points %, y,, @, b covering x;, y;, a, b such that
A<po=fI(P)<b<K<j <X << ---<F<Fx<a+l.
Choose 0= s=r=j such that
Jo<bte<y < --j=atl—-e<jp,,.
Let N=j+1.

log Df™(x) = £ log Df(x)

j ‘
> Y log Df(x;)—log Df'(y)+ V+2A+3|B|
i=0

i=

J J
=Y log Df(x;)— ¥ log Df(y;)+ V+2A+3|B|.
i=0 i=1

Note that there are j+1 of the form log Df(x;) and only j terms of the form
log Df(y;). Now we will rewrite (6.6) by pairing the term log Df(x;) either with
log Df(y;) or with log Df( y;.,). Indeed, notice that

A<Fo=fl(P)<b<X<J <X, <Jr< ++<%_, <y, <b+e
LYot KXoy <Py <v o
<X <Fpa <X, <y,=atl-g
<X <P <X <<y <X <a+l. (6.5)
Using that log Df is decreasing on (b, b+ €] and increasing on [a — ¢, a) and using
(6.4), one gets

log Df ¥ (x)> i log Df(x;) — i log Df(y;)+ V+2A+3|B|
= go [log Df(x;) —log Df(yi+1)]1+1og Df(x,) —log Df (y,+1)

+ 'Y [log Df(x,)—log Df(yi.))]+log Df(x,_,) ~log Df(y,)

i=s+1

(6.6)
+log Df(x,)+ ¥ [log Df(x,)—log Df(y)]+ V+2A+3|B|

> 0+log Df(x,) —log Df(y,.,)+ ;i'| [log Df(x,) —log Df (y.:1)]

x log Df(x,_,) —log Df(y,)+log Df(x,)+0+ V+2A+3|B|.
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Now, distinguishing between X, < b+¢ or X, = b+e¢, one has
log Df(x,)—log Df(y,+,)=min (0~ A, B—A)=—|B|- A (6.7a)
and similarly

log Df(x,_,)—log Df(y,)+log Df(x,)=min (B— A+ B, B— A+0)=-2|B| - A.
(6.7b)

Using (6.7) in (6.6) and the definition of V gives
log Df ¥ (x)=0+(—|B|—A)— V+(-2|B|—A)+ V+2A+3|B|>0.

This finishes the proof of the Proposition.

Proof of Theorem 6.1. Let A’=S"\{U;~of ' int (K;). We claim that for all xe A’
there exists an interval U of x and a number N €N such that Df™(y)>1 for all
ye UnA. Indeed if xe A this follows from Proposition 6.2, since f~ is C' in a
neighbourhood of x. If x € A"\A then there exists n =0 such that f"(x)€dK,. Let
N=n+1. Since DfV(y)—» as ye A and y- x the claim also holds for x € A’\A.
Since A’ is compact one can cover this set with a finite number of these neighbour-

hoods U; as above such that for each i there exists N; such that Df ™ |(U;nA) > 1.
Let

N’=max {N;},
p1 =min {min {log Df ™| (U, A)}} >0,

p>= min {min {log Df'|A}}.

0=i=N"’

Since p, >0 we can choose N so that

N-N’

P N’

Now we will show that Df ™ (x)> 1 for all x € A. So choose x € A. Then there exists
a sequence i, such that xe U,, fViu(x)e U,, fN" No(x)e U, fN" ™" Na(x) e
U,,....Let ki(x, N) be the number of times U; appears in the sequence x, f Vi(x),
SR Na(x), ., f NNt N(x) where [ is the largest number such that N, + N, +
-+ ++ N, = N —1. By definition of N’,

N-(N,+N,+---+N,)=<N". (6.7)

+p,>0.

Now write
log Df ™ (x) =log Df™n(x)+- - - +log DfMu( fNu™Me"" Nii(x))
+ DfNA(N,|+N,.2+~-~+Ni’)(fN‘.l+N‘2+-~-+N,.’(x))
=0, T ki(x, N)+log Df NN wN N (f NZON 2NNy ) o

’

=p, Y ki(x, N)+p,=p- N’ +p>1
Here the second inequality holds because of (6.7) and because of the definition of
p». This finishes the proof of Theorem 6.1. O
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7. The proof of Theorems A and B

Consider the class B of C* Cherry vector fields on T2 such that at each singularity
p, div (X)(p) =0. Furthermore, let B’ be the class of C™ Cherry vector fields X on
T? with precisely one hyperbolic sink and one saddle-point and such that X has
positive divergence at this saddle-point. We will denote the flow through a point x
by t—-> X,(x). Let Sing (X) be the set of singularities of X.

ProPoSITION 7.1. Let X € B U RB’'. Then there exists a closed C™ curve I on
T?\Sing (X)) without self-intersections and with the following properties

(a) X is everywhere transversal to X,

(b) X is not retractable to a point.

Proof. 1t is enough to show that there exists a recurrent orbit y which is non-trivial
(i.e. not equal to a point or a closed curve), see for example page 144 of [PaMe].
Because by assumption f has no periodic orbits, the theorem of Denjoy implies
that if X has no singularites then every orbit of X is recurrent and we are done.
So assume that X has at least one singularity. Since the Euler characteric of 77 is
zero, this implies that X has at least one saddle-point. Let us call a stable separatrix
a component of W*(p)\{p} where p is some saddle-point. We claim that there exists
a stable separatrix y such that the a-limit set of y, a(y), contains vy. Indeed, take
a stable separatrix vy,. Because of the Denjoy-Schwartz theorem «(y,) must contain
at least one singularity p. Since all singularities of X are sinks or saddles, p is a
saddle. Let y, be the stable separatrix of p. Because X has no saddle-connections,
a(7y,) 2 y,. By induction we define in this way a sequence of stable separatrices
such that a(vy,) > ¥, for all n=0. Since there are only finitely many separatrices
there exist n =0, m > 0 such that y, = v,,,,. One has that

a(‘)’n) Da(7n+l) o082 a(‘YrH»m—l) = Yn+m = Yn-

Hence vy, is a non-trivial recurrent orbit. As we remarked above this implies the
existence of a transversal circle. O

Let X € B U B’ and let X be the closed transversal to X on T? from the previous
Proposition. Notice that T?\X is an annulus =x(0,1) and we can write T>=
3 x[0,1]/~, where (s, 0)~ (s, 1). Consider X as a flow on T>=3 x[0, 1] where we
identify X x {0} and X x{1}. Since X has no sources it follows that
(¢) for every x € £ x{0} which is not contained in the stable manifold of one of

the saddles or one of the sinks, there exists a >0 such that X,(x)e X x{1};
(d) there exists at least one x € 2 x {0} such that X,(x)€ X x{1} for some t>0.
Now let = and X’ be two closed curves transversal to X. Denote the points x€ X
such that there exists t >0 with X,(x)e€ X' for some t >0 by X,. For x€ X, let t(x)
be the minimal ¢t >0 such that X,(x)€ X’ and define the map f:3,-> 2" by f(x)=
X (x). This map is called the transition map between X and X'

Now let 2’ =X be the section from Proposition 7.1 and take the transition f from
2 to 2. This map is called the return-map to X.

Since orbits of X cannot intersect, f is order preserving. Let I be a component
of (2\X,) x {0}. Take x € 1. Since the basin of a sink is open, x must be contained
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in the stable manifold of some saddle-point pe X x(0, 1). Since p€dl and X has
no saddle-connections, W*(p) intersects 2 X {1} in some point v and for every point
in ue(2\1) x {0}, near 41 there exists ¢ >0 such that X,(u) intersects = x {1} near
u. (This can be seen by considering the backward orbits of X |(Z %[0, 1]) of points
in 2 x {1} near v intersecting Z x {0}. This set consists of a neighbourhood of 3 in
2.) In particular lim,_,; .. ; f(x) consists of one single point and we can define f
on components of 2\X, to be constant. From the smooth dependence on initial
condition, f is then everywhere continuous, and as smooth as the vector field outside
boundary points of X\Z,. From Theorem 7.1 in the Appendix, f also satisfies the
non-flatness conditions from the introduction. It follows that fe .

Remark. Let 2 be the section from Proposition 7.1, and f: 2, - X its transition map.
Now T°\X is an annulus A, see figure 7.1. It is easy to see that the orbits through
boundary points of 3, go directly to a saddle without leaving the annulus. From
this one gets that Z\X, consits of finitely many components. Let I = X be one of
the components.

(i) I is not equal to a point. Indeed if I consists of one point then this point
goes to some saddle-point and both unstable separatrices of this saddle-point
intersect 2. Let D<= A be the region bounded by X and these two unstable
separatrices, see figure 7.1. But since X has no periodic orbits and no sources, this
contradicts the Poincaré-Bendixon theorem.

FiGURE 7.1. This situation cannot occur for X € BuU &B'.

(ii) Let I =[a, b}. If p is the saddle-point such that a € W*(p) thenalso be W*(p).
Indeed, let y be the stable separatrix of p which does not contain a. From the
assumption on X and Poincaré-Bendixon theorem it follows again that y cannot
be contained in the annulus. So let ¢ be the intersection of the closure of y n A and
2. It is easy to see that ¢ = b. From all this it follows that the situation is as drawn
in figure 7.2.

Now we are in the position to prove Theorems A and B.
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N7

FIGURE 7.2. A typical situation for xe BuU #'.

Proof of Theorem A. Since to a vector field X we associated a map f € &, and since
X has no periodic orbits and has no saddle-connections, p(f) is irrational.

Butif p(f)isirrational, we can apply the Corollary to TheoremCtof:§'=3X >3 =
S' and the orbit of every point in {x; f"(x)€Z,, Vn=0} is dense in this set. But
now notice that every point in 3\, is contained in the basin of a periodic attractor
or in the stable manifold of a saddle-point. The statement follows. a

Proof of Theorem B. Take X as above and let 2 be the section from Proposition
7.1. There exists a neighbourhood U of X such that for each Ye U, X is also a
section of Y. Associate fy :Z—>2 to Y as above. From the construction f, depends
continuously on Y € U. If there exists a conjugacy between fx, fy :2Z—> X then one
can construct an equivalence between X and Y in the same way as in the proof of
the structural stability of Morse-Smale flows on surfaces, see for example, [PaMe].

8. Appendix: The transition map near singularities

Let X be a C™ vector field on R* which has a hyperbolic singularity at 0 of saddle-type
with eigenvalues A > 0> u. Let p, and p, be points in W*(0) respectively W*(0).
Furthermore let 3, be a C? curve through p; which is transversal to X. If we choose
>, sufficiently small, then for every x in one of the components of 2, ~{p,} there
exists =0 such that X,(x)eZ,. Call this component X] and let ¢(x)€R be the
smallest number so that X,,,(x)€ X, and define T:3| -3, by

T(x) =X, )(x).

We call this map the transition map.
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Since 3; are C? curves, it is a well defined notion to say that maps ¢:=, >R and
¢:R-> 3, have a derivative which has bounded variation.

In this section we want to show that T:2, > 2, is equal to a map ¢,, up to maps
whose derivatives have bounded variations. Here a =|u|/A >0, and ¢, is defined
by ¢ =%|z|"

THEOREM 8.1. Let X be a C* vector field on R* which has a hyperbolic singularity at
0 of saddle-type with eigenvalues A > 0> u. Let a =|u|/A. There exist maps ¢,  :R* >
R* which are C', such that D¢ and Dy have bounded variation and such that the
map T from above is of the form

T(x)=¢ ° ¢ ° P(x). (8.1)
Proof.
Step 1. Let us first show that (8.1) is true if X is linear near 0.

If X, are the straight lines {x =1}, {y =1} and T,.,,,, -, the transition map from
{x =1} and {y =1}, then (8.1) follows from explicit integration (and choosing the
natural parametrisations of {x =1}, {y =1}. If £, are different C? curves (8.1) still
holds. In fact consider the transition map T, from X, to {x = 1}, resp. T>: {y =1} > X,.
Then Tx, v,= T,° Tix_1y4,-1y° Ty . Since X is linear (and in particular the flow map
is C?) it follows from the implicit function theorem that the maps 7, are C>. This
last argument also shows that if (8.1) is true for one choice of C? curves I, then
it is also true for any other choice of C? curves i,» as above.

Step 2. X is C” linearisable if |A| 2 {|u], 2|x], 3|}

According to the Linearisation Theorem of Sternberg (see [Ster], [Bel], [BD] or
for example Theorem 4 in [Sto]) there exists a C” coordinate system ¢ near 0 such
that ¢, X is linear if

[A]#= (gl 2lpel, 2 pel. (8.2)
That is, in this case
d d
XX, p)=A-x—+u-y—.
. X(x, y) xRS
Using step 1 we are finished if (8.2) holds.
Step 3. A normal form for X when {u|=2|A| or [u|={A|.

Let us now see what happens if (8.2) fails. We deal with the cases that |u|=2|A|
and that |u|=]|A|. The case that |A|=2|u] is similar. By considering a multiple of
the vector field we may assume that X is of the form

F) F)
X =x:—=2y - —+o|x|" 8.3
(x,y)=x x 2oy olx| (8.3a)
) ) ,
X(x,y)=x-——y-—+olx|". (8.3b)
0x ay

Here x = (x, y).
LeEMMA 8.2. Let X be a C™ vector field.
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(a) If X is of the form (8.3a), then there exists a C™ change of coordinates ¢ such
that

0
¢*(X)=x(1+axzy)i—2y(1+bxzy)———+ o)x|°. (8.4a)
ax ay

(b) If X is of the form (8.3b), then there exists a C™ change of coordinates ¢ such
that

3 0
(X)) =x(1+axy) ——y(1+ bxy) —+o|x|*. (8.4b)
ax ay

Proof. Let X, be the vector field on R* which has the same 1-jet in 0 as X and whose
coefficients are linear. Let [X,, —],: H" > H" be the linear map which assigns to
each homogeneous vector field Y € H" of degree h the Lie-product [ X,, Y] (which
is again in H"). For each h €N choose G" so that H" =Im ([ X,, —1,) + G". Accord-
ing to Theorem 2.1 of Takens [Ta] there exists for each I <co, a C* diffeomorphism
@ such that ®,(X) is of the form

P (X)=X,+g,+-- '+gl+0|5|1)

where g€ G, i=2,3,...,1
Let us determine Im ([ X,, —],). Taking B € {1, 2},

[ E) 8 3 ,,,,,a] (n—Bm l)x"'"a
x——By—, x —l=(n—- - -,
ax yay’ Y ax "

g a 0 d
x——By—,x"y"—|=(n-Bm+B)x"y"—.
[ o Byay y ay] (n—Bm+p)x"y a

For B =2, we can choose G" =0 for h=6, h#4, and

d , , 9
Grofe oy Ly ),
ax oy
Case (a) follows.

For B =1, we can choose G"=0 for h=<4, h#3, and

) 8 ) a
G3=<x“-y-—,x~y‘~——>.
ax 8y

Case (b) follows and the proof of the Lemma is finished. O
Step 4. A C'+‘bounded variation’ linearisation of X,

From step 1, we may assume that X is of the form
el a 2 a 6
X=x(1+a-x’y)—=2y(1+b-x’y) —+o0}x|"; (8.5a)
ox ay
or

d 0
X=x(1+a-x-y)——-y(1+b-x-y)—+ol|x|". (8.5b)
ax ay
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Step 4A. Let us first consider the case of (8.5a). Consider the C' coordinate
transformation ¥(x, y) = (X, y) defined by:

X=x-axylog|x|,

y=y-bx’y*log|yl.
Then {x =1}={xX =1} and {y =1} ={J = 1}. Moreover, the transformation between
y and y coordinates on the line {x =1}={x=1}, {(x,y); x=1}>{(X, y); X =1}, is
equal to y—y=y—by’log|y|, which has a derivative of bounded variation on
[-1, 1]. Similarly y—>y is also C' and has a derivative of bounded variation. The
same holds for the coordinate transformation {(x, y); y =1}~ {(%, y); y =1}. Since

Tix<1).4v=1; 1s equal to Tz_y, ;-1 composed with y—y on the left and with x—x
on the right, it suffices therefore to prove the result for ¥, X. Let us calculate ¥ X.

N . -
()02 254 (x5)
ax dx/ odx oy/ 98y

=x(1+ax’y)(1—a3x’y log |x| — ax’y) — 2y(1+ bx’y)(—ax’ log |x|) + o|x|°
=x —ax’y log |x|+ o|x|°+ o|X|° = £+ 0| £|°,

and

(x35)-(xa) 5 (x3) 5
=x(1+ax’y)(—2bxy* log|y|) —2y(1+ bx?y)(1-2bx"y log |y| — bx’y)
+o|x[°
= -2y +2bx’y* log |yl + o(|x[*) + 0|£[° = —25 + 0| F|".
Here x = (X, y). Hence

. 9 . -
Y X=xX—=-2-y- i~+olgc|6.

ax ay
Using the notation of Theorem 2 of [Sto] we take o =2, r=6, and it follows that
there exists a transformation of Hélder class C*, where s=o(r—1)/1+0=10/3
linearising ¥, X at 0. (We use here the vector field analogue of these linearisation
results for diffeomorphisms, see the end of the introduction in [Sto].) Using step
1, the result follows for (8.5a).
Step 4B. Now we consider the case of (8.5b). Consider the C' coordinate transforma-
tion ¥(x, y) = (x, y) defined by:

X =x—ax’ylog|x|,
y=y—bxy’log|y|.

Then as before {(x, y); x=1}={(x, y); x=1} and {(x, y); y =1} ={(X, y); y=1} and
the coordinate transformation y—>y and x—X on these curves are C' and have
derivatives which have bounded variation. So as before it suffices to prove the result
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for ¥, X. Let us calculate ¥, X.

(2)-(e2) 02 2
ax ox/) o0x dy/ 98y
= x(1+axy)(1 — a2xy log |x| — axy) — y(1+ bxy)(—ax’ log |x|) + o|x|*

=x —ax’y log |x|+ o|x|*+ o|%|* = X + o|X|*,

and

3 3\ oy 3 ;
(c8)-(2) 8o(x2) 2
Y ax/) ax ay) ay
= x(1+ axy)(—by’ log |y|) — y(1 + bxy)(1—2bxy log |y| — bxy) + o|x|*
= y+bxy’ log |yl + o|x|*) + o|X]|* = y + o] X}*.

Hence

. 0 . 9 -
V. X=%-—~y - —+o|x*
ax ay

Using the notation of Theorem 2 of [Sto] we take o =1, r=4 and it follows that
there exists a transformation of Hélder class C°, where s=(r+o)/(1+0o)=1
linearising ¥, X at 0. Using step 1, the result follows.

Since we had reduced everything to these two cases we are finished with the proof
of Theorem 8.1. O

Remark. All the results in this section are valid if X is C°®.
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