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The well-known algebraic concept of tensor product exists for any variety
of algebras. The tensor product of groups and of rings have been studied
extensively. For other varieties, such as the variety of semigroups, the tensor
product has been investigated more recently (5). In this paper we investigate
the tensor product of distributive lattices.

We study the tensor product A®B of distributive lattices 4 and B in the
category of distributive lattices. In the first section we give preliminaries on
notation. In the second section we prove the existence of the tensor product.
We analyse the set of prime filters in 4® B and then use Stone’s representation
theorem for distributive lattices to obtain a method of constructing the tensor
product explicitly. In the third section we study the word problem for A® 8.
We show that in general the word problem for A®B is not solvable but we
obtain a characterisation for the general case that is the best possible under
the circumstances. In the fourth section we restrict our attention to chains.
We prove that in this case the word problem has a simple solution and we show
that if 4, is a sublattice of 4 and B, a sublattice of B then 4,®B, can be
embedded as a sublattice of A®B. An example is given to show that this
assertion is false for arbitrary distributive lattices.

The author would like to thank Alfred Horn for his interest and advice on
this work.

1. Preliminaries

For terminology and basic results of lattice theory and universal algebra,
consult Birkhoff (3) and Gritzer (4) respectively. Let 4 be a lattice. Ifa,be A4,
the join and meet of @ and b are written as a+b and ab respectively. If a;€ A
for i € I, where I is any non-empty set, then the join and meet of {a;: ie [},
if they exist, are denoted by Y a; and [] a, respectively. The smallest and

iel iel
largest elements of A, if they exist, are denoted by 0 and 1 respectively. We
denote by 2 the two element lattice consisting of 0 and 1. The category of

distributive lattices is denoted by 2.

2. Existence and construction of the tensor product
Definition 2.1. Let 4, B and C be distributive lattices. A function
J: AxB->C
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is a bihomomorphism if the functions g,: B—C defined by g,(b) = f(a, b) and
h,: A—C defined by h,(a) = f(a, b) are homomorphisms for each ae 4 and
be B.

Definition 2.2. Let 4 and B be distributive lattices. A distributive lattice
C is a tensor product of A and B (in the category 2) if there exists a canonical
bihomomorphism f: 4x B—C such that C is generated by f(4x B) and for
any distributive lattice D and any bihomomorphism g: Ax B— D there is a
homomorphism A: C— D satisfying g = Af.

Note that since f(A x B) generates C, the homomorphism # is necessarily
unique.

Theorem 2.3. Let A and B be distributive lattices. Then a tensor product
of A and B in the category 9D exists and is unigue up to isomorphism.

Proof. Let K be the free distributive lattice on Ax B and let w be the
canonical inclusion map of Ax B into K. Let p be the set of all ordered
pairs of the form

(w(a, b)a w(al’ bl)*w(aZ’ bz)),
where a, a,, a, € A; b, b, b, € B; » denotes either the join or the meet operation;
and either a = a,*a, and b = b, = b,, ora =a, = a, and b = b;*b,. Let
o be the smallest congruence relation in X containing p. Let C = K/o, u
be the canonical homomorphism from K onto C, and f = uw.

By the choice of g, it is clear that fis a bihomomorphism. Let D be any
distributive lattice and let g: 4 x B— D be any bihomomorphism. There is a
unique homomorphism s: K— D such that g = sw. Since g is a bihomo-
morphism, the kernel relation of s, ker s, contains ¢. Therefore

keru = o < kers,

so that s = Au for some unique homomorphism /s: C—» D. Then # is such that
g = sw = huw = hf. Finally, since w(4 x B) generates K, uw(A x B) generates
K/o, so that f(4x B) generates C. This shows that the distributive lattice C
and the canonical bihomomorphism f satisfy the conditions of the definition
of a tensor product.

The uniqueness of a tensor product is clear from its definition as a solution
of a universal problem.

The tensor product of 4 and B is denoted by A® B and the image of (a, b)
under the canonical bihomomorphism f: Ax B—A®B is written as a®b.
In this notation the proof of Theorem 2.3 shows that A® B is the distributive
lattice generated by the elements a®b (a € A, b € B), subject to the bihomo-
morphic conditions

(a,+a,)®b = (a,;®b)+(a,®D),
(a,a,)®b = (a;®b)(a,®b),

a®(by+b,) = (a®b;)+(a®b,),
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and
a®(b.by) = (a®b,)(a®b,)

for all a, a,, a, € A and b, b,, b, € B. Every element of A® B can be written

n

k
inthe form Y T[] (a;;®b;;) for some a;;€ 4 and b;;€B, i=1, ..., n,
1j=1

ji=1, .. k.

We obtain a method of explicitly constructing the tensor product by analysing
the set of prime filters in A® B.

For a distributive lattice L, let S(L) be the set of prime filters in L, and let
S'(L) = S(Lyu{d, L}. Itis well-known that there is a one-to-one correspond-
ence between P € S'(L) and homomorphisms 4: L—2.

It is immediate that there is a one-to-one correspondence between homo-
morphisms 2: A® B—C and bihomomorphisms g: Ax B-+C. Thus there is
a one-to-one correspondence between Pe S'(A®B) and bihomomorphisms
g: Ax B—2, such that a®be P if and only if g(a, b)) = 1. Let ¥ be the set
of all bihomomorphisms g: 4Ax B—»2. We order ¢ by setting g, < g, if and
only if g,(a, ) = 1 implies g,(a, b) = 1 forallae 4, be B. Let

P, Qe S'(A®B)
and let gp, g, be the corresponding bihomomorphisms. Then
gp < go <> gp(a, b) = 1 impiies g4(a, b) =1
forallae A, beB
<> a®be P implies a®@be Q
forallae A, beB
< PcQ.

Thus S’'(A® B) is order isomorphic to 4.

Now let g € 4 and for each x € 4, let F(x) = {ye B: g(x, y) = 1}. Then
it follows from the bihomomorphic properties of g that F(x) e S'(B) and that
for all x;, x, € 4,

F(xyx,) = F(x,)NF(x,;) and F(x; +x5) = F(x{)UF(x,).

The last equality shows that the union of two members of the range of F is
in S’'(B). But if the union of two filters is a filter, then one must be contained
in the other. So the range of F is a chain, and F is a homomorphism from 4
into a subchain of S'(B).

Conversely, if F is such a homomorphism, define g: Ax B—2 by setting
g(x, y) = 1 if and only if y e F(x). It is a straightforward verification that g
is a bihomomorphism.

It is also clear from the definitions that if g, and g, are distinct bihomo-
morphisms, the corresponding homomorphisms F, and F, are also distinct.

Let 5# be the set of all homomorphisms from A4 into a subchain of S’'(B).
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We order s by setting F £ G if and only if F(x) € G(x) for all xe A. Let
g, and g, be bihomomorphisms and let F; and F, be the corresponding
homomorphisms. Then
Fi S Fy < Fi(x) € Fy(x)
forallxe A
<> y € Fy(x) implies y € F,(x)
forallxe A, ye B
<> g,(x, y) =1 implies g,(x, y) =1
forallxe A4, yeB
< g; =49,

Thus 2 is order isomorphic to 4.
We have now proved the following theorem.

Theorem 2.4.: Let A and B be distributive lattices. Then S'(A®B) is order
isomorphic to the set ¥ of homomorphisms from A into a subchain of S'(B).

Let 5%, be the set of all Fe s# except the homomorphism F defined by
F(x) = Bfor all xe A.

Corollary 2.5. Let A and B be distributive lattices. Then A® B is isomorphic
to the ring of sets generated by the collection {(a®b)*: ac A, be B}, where
(a®b)* = {Fe #y: be F(a)}.

Proof. According to Stone’s representation theorem (6), for every distri-
butive lattice L, the map x—x* = {P e S(L): x € P} determines an isomorphism
between L and a ring of subsets of S(L). In the case of A®B, it suffices to
consider the restriction of this map to the generators a®b and to determine
the ring of sets generated by the sets (a®b)*. Now

(a®b)* = {P e S(A®B): a®b e P}.
From the proof of Theorem 2.4 we have
a®be P < g(a, by=1<>be F(a),

where Pe S(A®B), g is the bihomomorphism corresponding to P, and F is
the homomorphism corresponding to g. In view of the isomorphism between
S’(A®B) and # we may write (a®b)* as {Fe 5#,: b e F(a)}.

3. The word problem

We next study the word problem for the tensor product of distributive
lattices. It is enough to consider when a product is less than or equal toa
sum. We recall that if L is a distributive lattice and x, ye L, then x £ y if
and only if for every homomorphism f: L->2, f(x) = 1 implies f(y) = 1.
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Lemma 3.1. Let A and B be distributive Iattices, and let a;, cje A and
k
b,dieBfori=1,.. ,nandj=1, ..,k Thenl_[(a®b,)<'2 (c;®d))

if and only if for every bihomomorphism g: AxB—>2 g(a;, b)=1 for all i
implies g(c;, d;) = 1 for some j.

Proof.
Il (@®b)< ¥ (c;04)

<> for every homomorphism h: AQB—2,

n k
1 1
<> for every homomorphism h: AQ B—2,
h(a;®b;) = 1 for all i implies h(c;®d;) = 1 for some j
<> for every bihomomorphism g: A x B—2,
g(a;, b)) = 1 for all i implies g(c;, d;) = 1 for some j.
Let A and B be distributive lattices and let a,, a, € A and by, b, € B. Suppose
thata, < a,and b, < b,. Then the order preserving properties of the canonical
bihomomorphism imply that ¢, ®b, £ a,®b, < a,®b,. Thusifa, £ a, and

b, £ b,, then a,®b; £ a,®b,.
For any positive integer n, let r be the set {1, ..., n}.

Theorem 3.2. Let Aand B be distributive lattices and let a,a;€ A andb, b,e B for
i=1, .., n Then a®b < Z(a ®b,) if and only if a < Z a, b= Z b,

i=1 i=1 i=1

andforall Sc n,a< Y a;orbs Y b,

ieS i¢S

Proof. Assume a®b < i (a;®b;) and suppose that there is a subset S
of n such that a £ Z a; and b z b,. Then there are homomorphisms
i¢S
fi: A-=2and f5: B2 such that fi(a) = 1 fl(z a) =0, f,(b) = 1, and

fo(Y b)=0

i¢S
So for each i€ S, fi(a;)) = 0 and for each i ¢ S, f,(b) = 0. Letg: Ax B—2
be defined by g(x, y) = fi(x)f2(»). Then g is a bihomomorphism, g(a, b) =

and for all ien, g(a;, b;) = 0. If we suppose that a £ ) a;, then there is a
1

homomorphism f: A—2 such that f(a) = 1 and f(a;) = O for all i e n, and we
defineg: Ax B2 byg(x, y) = f(x). Againg is a bihomomorphism, g(a, b) = 1

and g(a;, b;) = Oforallien. Similarly,if b £ ) b,, there is a blhomomorphism
1
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with these properties. In each case Lemma 3.1 implies that a®b £ ) (a;®b,)
1

and we have a contradiction.
Conversely, suppose that a < Z a, b= Z biandforal Scma< ) a
ieS
orbs Y b. Let¥ ={Scn: S#@anda< Y a;}and

i¢S ieS
T ={Tcn:T#nandbs< Y b}
i¢T
Then & and J are non-empty since n€ & and FeJ. Let & = {S,, ..., §,}
and = {Ty, ..., T,}. Then

<TII X a= 3 a;,...a;,

Se¥ ieS ixeSk, 1L Sk=p
and
bs Tl Y b= % buby,
TeZ jeT im¢Tm, 1Smsgq
Hence

a,.,...a,.,,)®( > b,.,...b,.q)

a®bs(
— \ixeSx, 1 SkSp Jmé¢Tm,1 Smsq

= 2 Z (a;,...a,-p@bjl...qu).

ixeSk, 1 SkSp jméTmlsSmsgq
Let iyeS8y, ..., i,€8,, j1¢Ty, ..., j,¢T,, and let J = {j,, ..., j}. Since
Jen we have Je ¥ or JeI. If JeT, say J=T, r £gq, then j, eT,.
But j, ¢ 7,. Hence we must have Je . SoJ = S, for some u < p, and i, e J,
so i, = j, for some v < gq. It follows that
(@1,--,)®(by,...b;) £ 4,®b;, = a,®b;, < z (@:®b).
Summing over all terms we obtain

(ai,---0;,®bj,...b; ) £ Y (a;®b)
1

k€S, LSkSp jmé¢Tm1Sm=g
n
and hence a®b £ Y (a;®b)).
1
By dualising Theorem 3.2 we obtain a characterisation of an inequality

of the form [] (a;®b;) £ a®b. However, it is not possible to characterise a

1
more general inequality solely in terms of the relations among the elements of
A and B 1nvolved in the inequality. Specifically, an inequality of the form

ﬁ (a;®b) < Z (c;®d;) cannot be so characterised.

As an example let A = 2, B, = 3 (the three-element chain {0, a, 1} satisfying
O0<a<]), and B, = the diamond (the four-element lattice {0, a, b, 1} with a
and b incomparable). Then the inequality (0®1)(1®a) < (0®a)+(1®0) fails
in A®B, and holds in A®B,. This can be shown using Lemma 3.1. To
prove the first assertion, we must construct a bihomomorphism g: 4 x B;—2
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such that g(0;, 1) = g(1, @) = 1 and g(0, a) = g(1, 0) = 0. We define g as
above and we set g(0, 0) = 0 and g(1, 1) = I; then it is clear that the function
g is a bihomomorphism. To prove the second assertion, we must show that
there is no bihomomorphism g: AxB,—2 such that g(0, 1) =g(l, a) = 1
and g(0, a) = g(1, 0) = 0. Suppose g is such a bihomomorphism. Then

1 =90, 1) =g(0, ) +4(0, b) = g(0, b) < g9(1, b)

. =49(, b)g(1,a) = g(1,0) = 0
and we have a contradiction.

This example shows that, in general, an inequality in a tensor product
A®B depends not only on the relations among the elements of 4 and B
involved in the inequality, but also on the lattices 4 and B themselves.

Let A, be a sublattice of 4 and B, a sublattice of B. We consider the
problem of whether 4, ®B; can be embedded as a sublattice of A®B. Let
®, be the canonical bihomomorphism from 4, x B, into 4,®B, and let ®
be the restriction to 4, x B; of the canonical bihomomorphism from Ax B
into A®.B. It follows from the definition of the tensor product that there is a
canonical homomorphism 4 from 4,®B, into A® B such that for all ae 4,
and b € By, h(a® b) = a®b. If h is one-to-one, A, ®B, can be canonically
embedded as a sublattice of A®B and we say that 4,®B, is canonically
isomorphic to a sublattice of A® B.

The example given above can be used to settle this problem in the negative.
In the example, 4 is a sublattice of itself and B, is a sublattice of B,. If A®B,
is canonically isomorphic to a sublattice of A®B,, then an inequality holds
in A®B, if and only if its image under the canonical homomorphism holds
in A®B;. But the inequality given in the example fails in A®B, and holds
in AQB,.

We shall show in Section 4 that this problem has an affirmative solution
when A and B are chains.

The following result characterises the join-irreducible generators of the
tensor product.

Theorem 3.3. Let A and B be distributive lattices and let ac A and b € B.
Then a®b is join-irreducible in AQB if and only if a is join-irreducible in A
and b is join-irreducible in B.

Proof. Let a®b be join-irreducible and suppose a < Y a;. Then
i=1

a®b =< (Z ai) ®b = i(‘h@b)-

1
Hence a®b £ a;®b for some i and so a £ a;. Thus a is join-irreducible.
Similarly & is join-irreducible.
Now suppose @ and b are join-irreducible; we may assume
a®b < Z (a;®b))

i=1
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and we use Theorem 3.2. Let S ={jen:b <b;}. f S=nthena< Y aq;

i
jes
If S # nwe againhave a < ), a;, for otherwise b < > b; and hence b < b;
jes j€s

for some j¢ S. Now S # J,since b< ) b;and so b < b; for some jen.
ji=1
Hence a < Y a; implies that @ < a; for some j € S, and since b < b; we have

jes§
a®b £ a;®b;. Thus a®b is join-irreducible.
The generalisation of Theorem 3.3, that || (a;®b,) is join-irreducible if
i=1

and only if a,, ..., a, and by, ..., b, are join-irreducible, is false for arbitrary
distributive lattices 4 and B. For example, if 4 and B are the diamond
{0, a, b, 1}, then a and b are join-irreducible, but (a®a)(b®b) is not join-
irreducible in A®B. In fact, (a®a)(b®b) = (aR0)}0®D)+ (0®a)(b®0). This
equality can be established with the aid of Lemma 3.1. To see that the right-
hand side is less than or equal to the left-hand side, note that if g: 4 x B—2
is any bihomomorphism such that either
g(a, 0) = g(0, b) = 1 or g(0, @) = g(6, 0) = 1,

then g(a, @) = g(b, b) = 1. The reverse inequality holds because there is no
bihomomorphism g: 4 x B—2 such that g(a, @) = g(b, b) = 1, g(a, 0)g(0, b) = 0,
and g(0, a)g(b, 0) = 0. (If there were such a bihomomorphism g, say

g(a, 0) = g(b,0) =0,
then

0= g(a7 0)+g(ba 0) = g(l, 0)= g(la a)g(l’ b) = g(a’ a)g(b’ b) = 1.
The other cases are similar.) '
In the next section an extension of Theorem 3.3 gives a characterisation of
the join-irreducible elements of 4A®B, when A4 and B are chains.

4. The tensor product of chains

We now study 4®B when 4 and B are chains. We obtain a simple
description of the join-irreducible elements of A®B and we show that the
word problem for A® B has an elementary solution.

We first obtain a sharpened version of Theorem 3.2 when 4 and B are chains.

Theorem 4.1. Let A and B be chains and let a, a,e A and b, b, € B for
i=1,..,n Then a®b< ) (a,®b;) if and only if a < a; and b £ b; for
i=1
some i.

Proof. If a < a; and b £ b, for some i, then a®b £ q;®b; < Zn: (a;®b)).
1

Conversely, suppose a®b < ) (a;®b;). By Theorem 3.3, a®b is join-

1
irreducible in A®B, so a®b < a,;®b; for some i, and hence a < a; and
b £ b,
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Using Theorem 4.1 we characterise the join-irreducible elements in the tensor
product of chains.

Theorem 4.2, Let A and B be chains. The join-irreducible elements of A® B
are all the products of generators ']ﬂ[l (a;®b;), where a,e A and b;€ B for
i=1,..,n .

Proof. Clearly any join-irreducible element of A® B must be of the form
H (a;®b,). Now suppose H (a;®b,) is any product of generators of A®B.

It is enough to show that for any c¢,, ..., cy€Adand d,, ..., d, € B,
11 @eb)s z (e®4)
implies that ]f[ (a;®b;) < ¢;®d; for some j. So assume that
M@ s 2 (0d)

and suppose [](a;®b,) £ c;®d; for all j. It follows from the dual version
1

of Theorem 4.1 that for each j, a; &£ ¢; or b, £ d; for all i. Letg: Ax B—2
be defined by g(x, y) = 1 if and only if x = a; and y = b, for some i. Itisa
straightforward verification that g is a bihomomorphism and it is clear that
g(a;, b)) = 1 for all i. Also for all i and j, ¢;<a; or d;<b;, so g(c;, d) =0

for all j. Then it follows from Lemma 3.1 that H (a;®@b) £ Z (c;®d;) and
we have a contradiction.
Theorem 4.3. Let A and B be chains and let a;, c;e A and b;, d; € B for

n k
i=1,.,nand j=1, .., k. Then []| (a,®b)< Y (c;®d)) if and only
. &

ifa; £ c;and b; < d; for some i and j.

Proof. We first note that the dual version of Theorem 3.3 implies that
every generator of A® B is meet-irreducible. Then it follows from Theorem
4.2 and this remark that

k
a®b < Z (c;®d)) < H(a@b)_{c@d for some j

Il::

< a;®b; £ c;®d; for some i and j
<> a; = c;and b; < d; for some i and j.
Theorem 4.3 shows that the word problem for the tensor product of chains
has a simple solution.

Theorem 4.4. Let A and B be chains and let A, be a sublattice of A and B,
be a sublattice of B. Then A,®B, is canonically isomorphic to a sublattice of
A®B.

E.M.S.—20/2—1
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Proof. We recall from the discussion of this problem in Section 3 that the
canonical homomorphism 4: 4,®B, > A®B is defined by h(e®,b) = a®b,
where ae 4;, be B, and ®, and ® are the canonical bihomomorphisms
from A, xB; to A,®B, and from 4Ax B to A®B respectively. We need to
show that 4 is one-to-one. Let) [](a;;®,b;)and Y [T (¢,® 1d.n) be distinct

i J m n

elements of 4, ® B,, say

211 @@®.5:) £ 3 I (€nn®1dmn)-
i m n
Then by Theorem 4.3,
Z ]_—I (aij®bij) i Z H (Cmn®dmn) in A®B-
14 J m n
Hence

h(z H (aij®1bij)) £ h(; H (Cun® 1d,n)

and so the canonical homomorphism % is an isomorphism.

We conclude by showing that the tensor product of @-projective chains is
9-projective.

Theorem 4.5, Let A and B be D-projective chains. Then AQB is 9-
projective.

Proof. Suppose A and B are @-projective chains. By (1, Theorem 8.2),
a chain is @-projective if and only if it is countable. Hence 4 and B are
countable, so A®B is also countable. By (2, Theorem 9), a countable dis-
tributive lattice is @-projective if and only if every element is a finite sum of
join-irreducible elements, every element is a finite product of meet-irreducible
elements, and the product of any two join-irreducible elements is join-
irreducible.

Now Theorem 4.2 asserts that the join-irreducible elements of A®B are of

the form [[(a;®b;), and the dual version of Theorem 4.2 shows that the
1

k
meet-irreducible elements are of the form ) (c;®d;). Since every element
1

P q
of the tensor product can be written as > [] (x;;®y;;) and also as
i=1j=1
r S

I Y m®0mm),

m=1n=1

it is clear that every element is a finite sum of join-irreducible elements and a
finite product of meet-irreducible elements. The product of two join-irreducible

elements is again of the form [] (a;®b,), and so is join-irreducible. Hence
1

A® B satisfies the above conditions and so is 2-projective.
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The tensor product of Z-projective distributive lattices is not necessarily
9-projective. For example, let 4 and B be the diamond {0, @, b, 1}. Then
A and B are @-projective. By Theorem 3.3, a®a and b®b»b are join-irreducible
in A®B, and we saw at the end of Section 3 that (e®a)}(b®b) is not join-
irreducible in A®B. But by (1, Theorem 7.1), a finite distributive lattice is
2-projective if and only if the product of any two join-irreducible elements is
join-irreducible. Hence A® B is not @-projective.
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