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1. Introduction and statement of results. In [3] P. E. Conner showed that no
abelian group with rank greater than 2 can act freely on SnxSn, the product of two
spheres. G. Lewis [6] studied free actions of p-groups on Snx.S", when n is odd,
n^— l(p) and p is an odd prime. He showed that any p-group which has such an action
must be abelian.

This paper studies free actions of non-abelian p-groups (p>3) on S1""1 x S'""1.
Conner's result shows that it is enough to consider those p-groups which contain no
elementary abelian subgroup of rank 3, i.e. p-groups of rank at most 2. (The rank of a
p-group is the rank of a maximal elementary abelian subgroup.) For such groups we have
the following classification.

THEOREM (Blackburn [5, Satz 12.4]). Let G be a p-group of rank 2 with p > 3. Then G
is one of the following isomorphism types:

(I) G is metacyclic,
(II) G = <X, Y, Z: X" = Yp = Zpn'2 = [X, Z] = [Y,Z] = 1, [Y, X] = Zp"~3>,
(III) G = (X, Y, Z: X p = Y" = Zp"'2 = [ Y, Z] = 1, [X, Z"1] = Y, [ Y, X] = Zsp"~'>,

where n ^ 4 and s equals 1, or some quadratic non-residue mod p.

Using this and some cohomological machinery, we prove the following result.

THEOREM. Let G be a p-group of rank 2 where p is a prime number (p > 3) and let n be
an odd integer congruent to -1 modulo some power of p. Then G acts freely on Sn x S" if
and only if G is of type I or III.

The proof is in two parts. In the first, we prove the existence of free actions by defining
suitable representations of G which act on Sn x Sn. In the second part, we prove
non-existence of free actions by considering certain subgroups of G. This is done by using
a Gysinoid sequence which holds whenever a finite group acts freely on a manifold with
three non-zero homology groups and in particular on SnxSn.

The author is greatly indebted to Dr. C. B. Thomas who, as his research supervisor,
gave invaluable assistance in the preparation of this work at the Mathematics Department,
University College, London. The author also wishes to thank the referee for several
helpful suggestions.

2. Proof of theorem. We first establish a result on free actions. Let M be an
n -manifold and G a finite group acting freely on M. Suppose that M has precisely three
non-zero homology groups in dimensions 0,1, n so that H0{M)=Z, Hi(M) f- 0, Hn(M) f 0.
Using the Gysinoid sequence [6], we see that the following sequence is exact:

, Hn(M)) -H> H'- ' -^G, Z) -* H'iG, H,(M)) -> Hi+1+""'(G, Hn(M))
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If G preserves orientation and H,(M) is cohomologically trivial then

Let M = S"xS" (nodd). By Lefschetz's formula G acts trivially on Hn(M) = Zxl.
Thus H°(G,ZxZ)3sZ|G|XZ|G| and the following sequence is exact:

. . . -» H'(G, Z xZ) -> Hi+n+\G, I) -* H"n{G, Z) -* Hi+\G, Z x Z) -* . . .

Set i = 0 and identify H"m(G,Z) with Hm(G,Z). Then the following proposition holds
(see [6]).

PROPOSITION 1. Suppose n is odd and G acts freely on S"x-Sn, preserving orientation.
Then the sequence

0 -^ Hn(G, Z) H"+\G, Z) -> H"(G, T) -* 0

is exact.

We now begin the proof of our theorem. By the theorem of Blackburn stated earlier,
we have only to consider groups G of types I, II and III. Suppose firstly that G is of type
I. Then G is a metacyclic p-group and we may let

G = (A, B: A"" = 1, Bpb = Ap\ B~lAB = Ak; c >0, kpb = l(pa), pc(fc -1)-0(pa)>.

The group G can be given by the following extension:

Let a: A^> e1™1"" = p and ir/3: B -» e2aTi/pb = ^ A -» 1 be l-dimensional representations
of the subgroup Zpa(A> and the group G respectively. The induced representation i,a and
the direct sum pb(ir!|3) are both pb-dimensional representations of G. Then i,a©pb(Tr!|3)
induces an action of the group G on the product of two spheres S2pb~1xS2pb~1. Also,
l®l,B®l,...,Bpl>~1<8>l forms a basis for the induced module associated with the
induced representation i,a. Then by [4, p. 75] we have:
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i,a(A) = pI, pb(7r!/3)(A) = I and pb(-n-!/3)(B) = £I (where I denotes the identity matrix).
The characteristic values A of i,a(B) are given as follows:

0 =

- A
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This implies that A ^ l .
Then ApC acts freely on the first sphere via i,a. Also, B acts freely on the second

sphere via pb(ir/3). By taking direct sums one can extend this argument to all dimensions.
Thus G acts freely on S2'~1xS2'~\t = 0(pb).

Suppose next that G is of type III. Let

(See [2, p. 145].) Then we may define an isomorphism from Gt onto G as follows. If s = 1
define the isomorphism by A<-» XZ, B <-» Y"1 and C ++ Z. Then

Therefore A """ = B p = 1 and A p = C. YZ = ZY implies that BC = CB.

AB

AC «• XZZ =
1 = XY~' = Y

= ZXZY'1 <«• CAB.

*Z = Y'1 XZZ"3W BA1+p""3

If s is a quadratic non-residue mod p the isomorphism can be defined similarly by
A+*XZ,Bir» Y'1 and C<-» Zs.

Let H = {B,C). Then H is a normal abelian subgroup of index p in G,. Let
j3 : B 2wi/p == TJ, C -» 1 and 7 : C -»• e2wi/p"""2 == 4 B - » 1 be two 1-dimensional representa-
tions of H. Then ifi(Bi,y induces an action of the group G t on the product of two
spheres S 2 "" 1 x S 2 p ~ \ 1 ® 1 , A ® 1 , . . . , A " " 1 ® ! forms a basis for the induced modules
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associated with the induced representations i,|3 and i,y, and:

"0 0 l"
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As before, no characteristic value of i,y(A) can equal 1.
For g e G\ we may write g in the form g = C'B'Ak where 0 < i <pn~2 and 0 </, k < p.

The actions of the group Gj on the first and second spheres are given respectively by:

A ( x j , . . . , Xp) = ( X p _ k + i , . . . , xk,..., Xp_k),

B'(x1;. . . , Xp) = (TJ'XI, • • • , V\)

and
A (Xj, . . . , Xp) = (^ PXp_k+], ^

So any element g e Gj which acts freely on the product of two spheres S2p~l x S2p"' must
be equal to the identity. By taking direct sums one may obtain Gx, and hence G, acting
freely on S" xS", n = - l (p) .

Finally suppose that G is of type II. Then G contains the subgroup (X, Y, Zp"~3),
which is a non-abelain group of order p3 and exponent p. Therefore the proof of the
theorem will be complete once we have established the following lemma.
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LEMMA 2. Let N be a non-abelian group of order p3 and exponent p, where p is an odd
prime. Then N cannot act freely, preserving orientation, on S"x.Sn, the product of two
spheres, when n = —l(2p).

Proof of lemma. Suppose N acts freely, preserving orientation, on Snx.Sn,n^
-l(2p). By Proposition 1 the following sequence is exact:

0 -* Hn(N, 1) -* Hn+1(N, T) -* 2P3 xZp3 -» Hn+1(G, 1) -* Hn(G, 1) -* 0,

where 2p | n + 1. Then the exponent of Hn+\N,T) is p2 [7, Corollary 6.27]. Thus the
sequence ZP*xZP —»• Zp3 x Zp:,-» Z'p2 x Z'p is exact for some integers i,j,i',j'. By [7,
Theorem 6.26] i = i' = l and / = /' = p + l, which is a contradiction. Thus N cannot act
freely, preserving orientation, on S" xSn.

The proof of the theorem is therefore complete.

REMARK. We have constructed free actions of metacyclic p-groups on S2'"1 x
S2'~\ t = O{pb), b>l. These groups cannot act freely on S^^xS2"'1 unless b = l. This
can be proved by finding out the integral cohomology ring of metacyclic p-groups (see
[1]).
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