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ENTIRE FUNCTIONS THAT SHARE FINITE VALUES
WITH THEIR DERIVATIVES

YANG LIAN-ZHONG

It is shown that if a nonconstant entire function f(z) and its derivative f-k'(z),
share two finite values (counting multiplicities), then /(z) = f^k\z), where k is a
positive integer.

1. INTRODUCTION

We say that two nonconstant entire functions F(z) and G(z) share the value
a provided that F = a if and only if G = a; we distinguish among shared values
CM (counting multiplicities) and shared values IM (ignoring multiplicities). A famous
theorem of Nevanlinna [4, Theorem 2.6] implies that if two noncoristant entire functions
/ and g on the complex plane share four distinct values IM then it follows that f = g.
When we consider the special case g = f, the derivative of / , Rubel and Yang proved
the following result [6].

THEOREM A. If a nonconstant entire function f and its derivative f share two
Unite values CM, then f = f.

This suggests the following conjecture:

(a) The "CM" can be replaced by "IM" in Theorem A.
(b) The "entire" can be replaced by the word "meromorphic" in Theorem A.
(c) The function / ' can be replaced by /(*) in Theorem A.

Recently, (a) has been proved by Mues and Steinmetz [5] and (b) has been proved
by Gundersen ([2, 3]). This paper concerns conjecture (c) and proves

THEOREM 1. Let f(z) be a nonconstant entire function. If 0 is a Picard value
of both f and / W , and / shares a finite value a ^ 0 IM with f(k\k > 2), then
f = eAz+B, where A and B are constants with Ak = 1.

THEOREM 2 . If a nonconstant entire function f(z) and f^k'(z) share two finite
values CM, then f =
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2. LEMMAS

It is assumed that the reader is familiar with Nevanlinna theory and its notation
T(r,f), m(r,f), N(r,f), S(r,f), et cetera, as found in [4].

LEMMA 1. [6]. Let /(z) be a nonconstant meromorphic function in \z\ < oo. If
0 is a Picard value of both f and ^(k > 2). Then f = eAz+B or f = {az + b)~n,
where a, b, A, B are constants with a A ^ 0.

LEMMA 2. [4, p.62]. Suppose that a and 6 ^ 0 are finite complex numbers, and
f(z) is a nonconstant meromorphic function in \z\ < oo. Tien

T(,,/) ^ (2 + i)tf (r, yL.) + (2 + §)*(,, ^ ) + S(r,f).

LEMMA 3 . [4]. Let f(z) be a nonconstant meromorphic function in the complex
plane; then

m

3. PROOFS OF THEOREMS

PROOF OF THEOREM 1: Since 0 is a Picard value of both / and /(fc), by Lemma
1 we have f(z) = eAx+B, where A ^ 0 and B are constants.

On the other hand, / shares a ^ 0 IM with /(*), by Lemma 2, a can not be a
Picard value of both / and fW, therefore we can choose a complex number ZQ such
that

so that
a = fW(zQ) = AkeA*°+B.

This implies Ak — 1. Theorem 1 is thus proved. U

COROLLARY . Suppose that f satisfies all conditions of Theorem 1; then f — f(kK

PROOF OF THEOREM 2: Suppose that / shares two finite values a and 6 CM
with /(*); we consider the following two cases.

CASE (1). ab + 0. Set g = (/ - a)/(fW - a) , then
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Since / is entire and a is a shared value CM by / and f^ , therefore, the function

g has no zeros and poles. Hence we have

= S(r, f) + S(r, /<*>) = S(r, f) (Lemma 3).

Thus it follows that

Similarly, if

then by the same reasoning

T(r, F2) = S(r, f).

Suppose first that Fi ^ 0 and i*2 ^ 0. Then from Nevanlinna's fundamental
estimate and Jensen's Theorem we obtain

f - a ( / _ » ) ( / - 6 ) f W ( f W - b ) f - a
I f f f \ f{k) 1 / /(*+O /(»+D \

^T(r,F1) + S(r,f) = S(r,f), (Lemma 3).

Similarly, by using {F2)/{f — b) we obtain

Now, if / ^ / (* ) , then from the first fundamental theorem and the fundamental
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estimate we can get that

< T (r, f^pj + S(r, f)^N (r, 1

^ T(r, f) + S(r, f)

which implies the contradiction T(r, f) - S(r, / ) . Thus /

On the other hand, if F\ = 0 , then

f - a
9 ~ JwZTa ~ c'

where c is some nonzero constant. Since 6 ^ 0 is not a Picard value for both / and
/(*) (Lemma 2), we can choose a complex number ZQ such that f(zo) = b =
Therefore c — 1, we obtain / = f(k).

Similarly, if F2 = 0, then / = fk\ This proves / = /(*) in case (1).

CASE (2). ab = 0. We assume that a = 0 and 6 ^ 0 without loss of generality. Set
h(z) = / / ( / ^ ) , then

h> f y(M-i)

Since / is entire and shares a — 0 CM with f(k\ it follows that h(z) has no poles
and zeros, so we obtain

T(r, h) = T (r, -jL^j = T (r, ^ j + 0(1) = 5(r, /) ,

T{r, F3) = m(r, F3) + N(r, Fs) = S{r, f) + N (r, j^j = S(r, f).

Let F2 be defined as in Case 1; then T(r, F2) = 5(r, / ) .
We now proceed with the proof of Theorem 2 in the same way as in Case 1. Suppose
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first that F2 ^ 0 and F3 ^ 0. Since

f~F2 [f(f-b) (/(*)-6)/W / J '

= T (r> T O + 0(1) = s{r'f)t

we get

( ) 5(r' n> m ' 7 ) = 5(r> n-
Now, if / ^z / ' ' , then, from the first fundamental theorem, we have

2T(r, f) = N (r, y ) + ^ (r, y—^ + S(r, f)

which yield a contradiction. Thus / =

On the other hand, if F2 = 0, then by integrating F2 we get

/(*) - 6 =c

where c is some nonzero constant. If c = 1, then / = f^; if c ^ 1, then a = 0 is a

Picard value for both / and f^. This is impossible by the corollary of Theorem 1.

Similarly, if F3 = 0, then there is a nonzero constant C such that / = CfW. If

C = 1, then / = /(*>. If C ^ 1, then 6 ^ 0 is a Picard value for both / and f(k).

This contradicts Lemma 2. This proves Theorem 2 in Case 2. D

REMARK. The function / = sinz shares 0 CM with / " , and / ^ / " . It follows that
the number two of Theorem 2 cannot be reduced. We do not know whether there are
corresponding results to our theorems if multiplicities are ignored, or if meromorphic
instead of entire functions are considered, but we know that our theorems are true if a
meromorphic function with N(r,f) = S(r,f) is considered.
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