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Dirichlet-type spaces of the unit bidisc
and toral 2-isometries

Santu Bera, Sameer Chavan, and Soumitra Ghara

Abstract. We introduce and study Dirichlet-type spaces D (1, y2) of the unit bidisc D?, where
U1, Y2 are finite positive Borel measures on the unit circle. We show that the coordinate functions z;
and z, are multipliers for D (1, 2 ) and the complex polynomials are dense in D (1, p2). Further,
we obtain the division property and solve Gleason’s problem for D (1, y2) over a bidisc centered
at the origin. In particular, we show that the commuting pair ./, of the multiplication operators
My Mo, on D (1, p2) defines a cyclic toral 2-isometry and .#* belongs to the Cowen-Douglas
class By (D?) for some r > 0. Moreover, we formulate a notion of wandering subspace for commuting
tuples and use it to obtain a bidisc analog of Richter’s representation theorem for cyclic analytic
2-isometries. In particular, we show that a cyclic analytic toral 2-isometric pair T with cyclic vector
fo is unitarily equivalent to .#; on D (1, p2) for some py, y» if and only if ker T*, spanned by fo,
is a wandering subspace for T

1 Introduction and preliminaries

The aim of this paper is to obtain a bidisc counter-part of the theory of Dirichlet-type
spaces of the open unit disc as presented in [26] (see [8] for a ball counter-part of this
theory). Throughout this paper, D denotes the open unit disc {z € C : || <1} in the
complex plane C. Recall that Dirichlet-type spaces of I are model spaces for the class
of cyclic analytic 2-isometries (see [26]). Thus to arrive at an appropriate notion of
the Dirichlet-type spaces of the unit bidisc D?, it is helpful to look for function spaces
which support the class of 2-isometries naturally associated with D?. Let us first recall
the definition of such 2-isometries.

For a complex Hilbert space I, let B(J) denote the C*-algebra of bounded linear
operators on JH. For a positive integer d, a commuting d-tuple T on I is the d-tuple
(Th, ..., Ty) of operators Ty, ..., Ty € B(JH) satisfying T;T; = T;T;, 1< i # j < d. Let
T=(Ty,...,T;) be a commuting d-tuple on H. We say that T = (Ty,...,T;) is a
toral isometry if Ty, ..., T, are isometries. Following [1, 5, 26], T is said to be a foral
2-isometry if

(11) I—T:Ti—Tj*Tj+Tj*Ti*TiTj:0, i,jzl,...,d.
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2 S. Bera, S. Chavan, and S. Ghara

A toral isometry is necessarily a toral 2-isometry, but the converse is not true (see [5,
Example 1]).

To propose a successful analog of Dirichlet-type spaces on ID?, it is helpful to exam-
ine examples of toral 2-isometries arising from function spaces. Since the operator of
multiplication by the coordinate function on the classical Dirichlet space D(D) is a
2-isometry, it is natural to seek the classical Dirichlet space of the unit bidisc. Recall
that the Dirichlet space D(D) ® D(ID) of D? is given by

{Feo®:Iflbmenm = 2 fimmP(m+1)(n+1) <o},

(m,n)eZ2

where O(Q) denotes the space of holomorphic functions on a domain Q, Z, denotes
the set of nonnegative integers and f denotes the Fourier transform of f. It turns out
that if ./, and ./, are the operators of multiplication by the coordinate functions z;
and z,, respectively, on D(D) ® D(D), then the commuting pair (.#,, #,) satisfies
(1.1) for 1 <i=j<2, but it fails to satisfy (1.1) for 1 <i # j < 2. This failure may be
attributed to the fact that the mapping (m, n) ~ | z{"z} | is a polynomial of bi-degree
(1,1). Interestingly, there is a “natural” choice D(ID?) of the Dirichlet space containing
D(D) ® D(D) for which the associated pair (4, #,) is a toral 2-isometry:

D) = {feO®):|flo@y = X fmm)P(m+n+1)<oo.

(m,n)eZ?

The norm | - | p(p2) can also be written as follows:
o) = Iy + sup [ [ 1onf(ar,re®)P dAz)do
1.2) + sup fT /D |82f(re"6,zz)|2 dA(zy)do,

0<r<1

where df (resp. dA) denotes the normalized Lebesgue arc-length (resp. area) measure
on T (resp. D). Recall that the Hardy space H*(D?) of the unit bidisc D? is the
reproducing kernel Hilbert space (see [23] for the definition of the reproducing kernel
Hilbert space) associated with the Cauchy kernel

2
k(z,w) =10 -2zjw))™", z=(21,22), w= (w1, wz) € D.
j=1

It is worth noting that for any f € H*(D?),

(13) | ey = ZZ:2 f ()]
(1.4) = sup |f(re'®, re'®)|*d6,d0,

o0<r<1 J[0,27]?

(see [27, Section 3.4]).
For a nonempty subset Q of C, let M, (Q) denote the set of finite positive Borel

measures on (). Let P, (w) denote the Poisson integral [, ‘Wlwl du({) of the measure
p € M, (T). For future reference, we record the following consequence of the Fubini’s
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Dirichlet-type spaces of the unit bidisc 3
theorem (see [28, Theorem 8.8]) and the fact that the mapping r ~ [.|f(z,re'?)|*d6
is increasing.

Lemma 1.1 For feO(D?) and ye M, (D), the extended real-valued mapping
¢(r) = [1 Jp|f(zre'®)Pdu(z)d, r € (0,1), is increasing.

The formula (1.2) together with Richter’s notion of Dirichlet-type spaces (see [26
Section 3]) motivates us to the following:

Definition 1.2 For py, yy € M. (T) and f € O(D?), the Dirichlet integral D, ,, (f)

of f is given by
Dun() = sup [ [ 1a1f (a1, re")PPuy (1) dA(2)d0
0<r<1
wsup [ [ [0af(re’®, )PPy (22) dA(z2)d0
0<r<1 YT JD

If either y; or y; is 0, then the Dirichlet-type space D (p1, 42 ) is the space of functions
f € H*(D?) satisfying Dy, 4, (f) < co. Otherwise, we set D(u1, y2) = {f € O(D?):
DHl:HZ(f) < oo}

Before we define a norm on the Dirichlet-type space D (1, 42), we present a
2-variable analog of [26, Lemma 3.1].

Lemma 1.3 For yy, py € My (T), D(p1, p2) € H*(D?).

Proof By the definition of D (y;, 42 ), we may assume that both measures py; and y,
are nonzero. Note that

T
(15) P(w) > “(4 )(1=wf), ueM.(T), weD.
Thus, for any f(z1,22) = Xor pzo Am,n 2125 € D(p1, 2),

/ f 01f (21, 7Y 2P, (21) dA(21)dO

(15)
00D S et [P faP)dAG)
m=1n=0
wDEE, e
4 ,,,Z::l,;)|a’”’”|m+1'

A similar estimate using (1.5) gives

[ [1oaftre )PP () dazyan > AT 55 52, oo

m=0 n=1 1
Since f € D(p1, 2),
2n 2m
sup 3 3 faaP T <0, sup 5 3 eI <o
0<r<1lm=1n=0 0<r<l m=0 n=1

It is now easy to see using the monotone convergence theorem (see [28, Theorem 1.26])
that f belongs to H*(D?). [
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In view of Lemmas 1.1 and 1.3, the Dirichlet-type space D(y1, p2) can be endowed
with the norm

Py = Uy + lim [ [ 101 f (e’ By (1) dA(21)d

+ lim fT fD 1021 (re'®, 2,) 2Py, (22) dA(2,) 6.

r—1-

We see that D (g, 42 ) is a reproducing kernel Hilbert space (see Lemma 3.1).

The present paper is devoted to the study of Dirichlet-type spaces with efforts to
understand the bidisc counter-part of the work carried out in [26]. Before we state the
main results of this paper, we need some definitions.

For a positive integer d, let Q be a domain in C4, and let S# be a Hilbert space
such that 7 ¢ O(Q). A function ¢ : Q — Cis said to be a multiplier of 7 if o f € H°
for every f € €. For a nonempty subset U of 2, we say that Gleason’s problem can be
solved for 7€ over U if for every f € 7 and A = (Ay,..., ;) € U, there exist functions
1> .- .»>ga in S such that

d
f(z):f(A)+Z(Zj_Aj)gj(Z)a Z:(Z1,...,Zd)€Q.
j=1

We say that Gleason’s problem can be solved for ¢ if Gleason’s problem can be solved
for ¢ over Q (the reader is referred to [31] for a solution of Gleason’s problem for
Bergman and Bloch spaces of the unit ball). It turns out that Gleason’s problem can be
solved for H?(ID?) (see Remark 5.2).

Definition 1.4 Let Q be a domain in C%, and let .7 be a Hilbert space such that
S € O(Q). We say that . has the j-division property, j=1,...,d, if % defines
a function in % whenever A € Q, f € J# and {z € ) : z; = A;} is contained in Z(f),
the zero set of f. If 5 has j-division property for every j=1,...,d, then we say that
2 has the division property.

In case of d =1, this property appeared in [4, Definition 1.1]. One of the main
results of this paper shows that D(py, p2) has the division property. In what follows,
we require a generalization of the notion of the wandering subspace introduced by
Halmos (see [20, p. 103]).

Definition1.5 LetT = (Ti,..., Ty) beacommuting d-tuple on H. A closed subspace
W of H is said to be wandering for T if for every i =1,...,d,

d d
[1TWLTITPW,  apBi€Zu, j=1...,d; a; =0, p; #0.
j=1 j=1
Remark 1.6 If d =1, then W is a wandering subspace for T if and only if W L
T*('W) for every integer k > 1. In particular, ker T* is a wandering subspace for
any T € B(H). Moreover, if T =(T,...,Ts) is a commuting d-tuple such that
TiTi=TT;,1<i# j<d, thenker T" = 07:1 ker T is a wandering subspace for T

It follows from Remark 1.6 that the space spanned by the constant function 1 is a
wandering subspace for the multiplication 2-tuple .#, on H*(ID?). Interestingly, this
fact extends to the multiplication 2-tuple .#,; on D (1, 4,) (see Corollary 3.12).
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Recall that a commuting d-tuple T = (Ty,. .., Tz) on H is cyclic with cyclic vector
foeHif Vv {T“fo ta=(0g,...,0q) € Zi} = X, where \/ denotes the closed linear

span and T* = I"[;-i=1 T;x". For later purpose, we state the following property of cyclic
tuples (see [3, Proposition 1.1]):
(L6) If T is cyclic, then for any w € C¢, dimker(T* — w) is at most 1,

where ker S = ﬂ;.lzl kerS; for the d-tuple S =(S;,...,S4) and dim stands for the
Hilbert space dimension. A commuting d-tuple T on H has the wandering subspace
property if 3 =\ ez, T*(ker T*). Following [15, p. 56], we say that a commuting
d-tuple T = (Ty, ..., Ty) on H is analytic if

N X ¢ - {0},

k=0 aely

where, for k € Z,, Ty == {a = (ay,...,aq) € Z% : oy + --- + ag = k}. Note that if T is
analytic, then T, ..., T, are analytic.

Let Q be a domain in C?. For a positive integer 7, let B, (Q) denote the set of all
commuting d-tuples T on J{ satisfying the following conditions:

o forevery w = (@1, ..., wg) € Q, the map Dr_o(x) = ((Tj - w;)x)%, from I into
3®? has closed range and dim ker(T - w) = n,
o the subspace V yeq ker(T — w) of H equals K.

We call the set B, (Q) the Cowen-Douglas class of rank n with respect to Q (refer to
[10, 13] for the basic theory of Cowen-Douglas class).

2 Statements of main theorems

The following three theorems collect several basic properties of Dirichlet-type spaces
D(p, p2)-
Theorem 2.1 For py, yp € M, (T), we have the following statements:

(i) the coordinate functions zy, z, are multipliers of D(p1, p2),
(ii) the polynomials are dense in D (1, pa),
(iii) for nonnegative integers k, | and a polynomial p in z, and z,,

Hzfzépﬂ%(yl,‘uz) = ”p”%)(‘ul,yz) +k Az |p(ei’17 ei9)|2d//l1(1’])d6

@) +1 [ Ip(e e Pdus(n)de.
Theorem 2.2 For py, p € M (T), D(u1, u2) has the division property.

Theorem 2.3  For uy, pia € M. (T), Gleason’s problem can be solved for D (u1, p2) over
D? for some r € (0,1].

Here D? denotes the bidisc {(z1,22) € C* : |z1| <, |z2| < r}, where r is a positive
real number. Unlike the one variable situation, we do not know whether Gleason’s
problem can be solved for D(yy, y2) over the unit bidisc. It is worth noting that not
all facts about Dirichlet-type spaces of the unit disc have successful counterparts in the
bidisc case. For example, the commuting pair .#, = (.#,,, #,,) on D (1, p,) fails to
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be essentially normal (see Corollary 3.13). Moreover, the verbatim analog of the model
theorem [26, Theorem 5.1] does not hold true (see Remark 2.5).

The following result asserts that .4, on D (1, 2 ) is a canonical model for analytic
2-isometries T for which ker T* is a cyclic wandering subspace.

Theorem 2.4 (A representation theorem) Let T = (Ty, Tz) be a commuting pair on
J. Then the following statements are equivalent:
(i) Tis a cyclic analytic toral 2-isometry with cyclic vector fo € ker T* andker T* is a
wandering subspace for T,
(i) T is a cyclic toral 2-isometry with cyclic vector fy € ker T*, T* belongs to B;(D?)
for some r € (0,1] and ker T* is a wandering subspace for T,
(iii) there exist py, yp € M. (T) such that T is unitarily equivalent to .4, on D (uy, y2).

Remark 2.5 By [25, Theorem 1], any analytic 2-isometry T on J{ has the wander-
ing subspace property. This result fails even for analytic toral isometric d-tuples if
d > 1. Indeed, if a ¢ D*\{(0,0)}, then the restriction of .Z, to { f € H*(D?) : f(a) =
0} is a toral isometry without the wandering subspace property. This may be seen by
imitating the argument of [6, Example 6.8] with the only change that the application
of [19, Theorem 4.3] is replaced by that of [19, Corollary 4.6]. This example also shows
that the assumption that the cyclic vector f, belongs to ker T* in (i) can not be dropped
from Theorem 2.4. Also, by Theorem 2.1(ii), the cyclicity of T in (ii) of Theorem 2.4
can not be relaxed.

Theorems 2.1, 2.3, and 2.4 provide bidisc analogs of [26, Theorems 3.6, 3.7, and
5.1], respectively. Also, Theorem 2.2 presents a counterpart of the fact that Dirichlet-
type spaces on the unit disc have the division property (see [26, Corollary 3.8] and
[24, Lemma 2.1]). The proofs of these results and their consequences are presented in
Sections 3-6 (see Corollaries 3.8, 3.9, 3.12, 3.13, 4.6, 5.5, 5.6, 6.2, 6.6). In the final short
section, we discuss the spectral picture of the multiplication 2-tuple .2, on D (yy, y2)
and raise some related questions.

3 Proof of Theorem 2.1 and its consequences

We need several lemmas to prove Theorem 2.1.

Lemma 3.1 ‘The Dirichlet-type space D(p1,ps) is a reproducing kernel Hilbert
space. If K:DxD — C is the reproducing kernel of D(uy,uz), then for any
re(0,1),V{k(,w) :|w|<r} =D(m, y2) and (-,0) = 1.

Proof We borrow an argument from the proof of [14, Theorem 1.6.3]. Let { f,, } n>0
be a Cauchy sequence in D(y;, 42 ). Since H*(ID?) is complete (see [27, p. 53]), there
existsa f € H*(D?) such that | f, - f”%{Z(DZ) — 0 as n — co. Moreover, since H*(ID?)
is a reproducing kernel Hilbert space, for every j = 1,2, d; f, converges compactly to
d;f onD?. Also, since { f, } uso is bounded in D (p1, 2 ), by Lemma 1.1, there exists an
M > 0 such that for every integer n > 0 and r € (0,1),

fTfD|a1f,,(z1,rei9)|2pm(zl)dA(zl)de<M,
[TfD|azfn(rei9,zz)|2pm(zz)dA(zz)de <M.
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By Fatou’s lemma (see [28, Lemma 1.28]), for any r € (0,1),
(3.1) fT fD 0uf (21, re )PP, (z1) dA(z1)dO

Sliminf/TfD|81f,,(zl,rei9)|2Pyl(z1)dA(zl)dHSM.

Similarly, one can see that

fTfD|82f(rei9,zz)|2PH2(z2)dA(zz)dHSM, re(0,1).

This shows that f € D (3, p2). We may now argue as in (3.1) (with f replaced by f, — f
and f, replaced by f, — fin) and use Fatou’s lemma to conclude that

L 11 = ) re )PP (1) dAz)d6
<limminffoD|al(fn—fm)(zl,rei9)|2PH1(zl)dA(zl)dG.

Similarly, we obtain
[ [ 1050 = £)(re",22) PPy (z2) dA(z2)d6
<1iminf[TfH)|az(fn-fm)(re”,zz)|2pm(z2)dA(zz)de.

These two estimates combined with Lemma 1.1 yield
DHl;Hz(fﬂ_f)glimminfDllh#z(f”_fm)’ n 2 0.

This shows that {f,},s0 converges to f in D(uy, yz). Finally, since H*(D?) is a
reproducing kernel Hilbert space, so is D(yy, y42) (see Lemma 1.3).
To see the “moreover” part, note that for any f € D(yy, y2), by the reproducing

property of D (1, Uz),
(f’ I)D(M,Hz) = <f’ 1>H2(D2) = f(o) = (f’ K‘("O)>D(M1»[42)’

and hence x(-,0) = 1. The rest follows from the reproducing property of D(u1, yz)
together with an application of the identity theorem. [ ]

Although we do not need in this section, the full strength of the following lemma
(cf. [18, Theorem 4.2]), we include it for later usage.

Lemma 3.2 Let f : D* — C be a holomorphic function. For r € (0,1) and 0 € [0, 2n],
consider the holomorphic function f,g(w) = f(w,re'®),w e D. If f € H*(D?), then
fr.0 € H*(D) for every r € (0,1) and 0 € [0,25]. Moreover,

2n
(32) sup | | frolie@)d0 = Ifliesy,  f e H (DY)

0<r<1
Proof The proof relies on the formula (1.3). First, note that
2

(3.3) io |fr.6(m)? = i | if(m,n)r”ei”e '

m=0 n=0
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If f e H*(D?*), then applying the Cauchy-Schwarz inequality to (3.3) gives that
fr.0 € H*(D) for every r e (0,1) and 6 € [0,27]. Moreover, integrating both sides
of (3.3) with respect to 6 over [0,27] and taking supremum over r € (0,1) yields
(3.2). ]

Remark 3.3 We note that
if f € D(py, u2), then for every r € (0,1), f(-re'®) e D(p;)
(3.4) and f(re'®,-) € D(u,) for almost every 6 € [0, 27].

To see this, note that for any holomorphic function f : D* - C,
(3'5) DI‘l»Hz (f) = IH}E []1‘ DMI (f(’ reie))de + lmlfl A Dﬂz (f(rei9> ))de’

and hence, if feD(y,uz), then by Lemma 11, [.D, (f(-re’®))d6 and
Jz Dy, (f(re',-))d0 are finite for every r € (0,1). One may now apply Lemma 3.2
to complete the verification of (3.4).

It turns out that the operator .#;; of multiplication by the coordinate functions
zj, j = 1,2, defines a bounded linear operator on D(;, p2).

Lemma 3.4 'The coordinate functions zy, z, are multipliers of D (uy, yz).

Proof By (3.4), for any f e D(uy,pz) and 7€ (0,1), f(-,re'?) e D(py) for ae.
0 € [0,27]. By [26, Theorem 3.6], the operator .#, of multiplication by the coordinate
function w on D (1) is bounded and satisfies

GO [t f ey < Ml |FCore®) |y for ace.0 € [0,27].

Since A M,y > 1, || M, | > 1. Fixnow f € D(py, y2). By Lemmal.3, f € H*(D?),and
hence z; f € H*(D?*). By (3.5) (two applications),

Dyun(@rf) = lim [ Du((@f)(re®)do+ lim [ Dy ((af)(re?,))do
. i0y2 s i0
srlgP_fTuJ/zwf(.,re )\|®(”l)d0+rlg}1_fTDm(f(re ))d6
(3.6) 21 i0y)2 . i0
<P lim [ 1fCre ) yd0 + lim [ Dyu(f(re’,))d0
<oty P im [ 15 Core™®) e )0 + |- P D)

(3.2)
= H'%W HZHfH'ZD(‘uI,yZ)'
Similarly, one can see that for some ¢, > 1,
Dyvr(22f) < 2l f Dy S € D, p2)-
This completes the proof. [ ]

The following is a bidisc analog of Richter’s formula (see [26, proof of Theorem 4.1],
[8, Theorem 1.3]).

Lemma 3.5 For nonnegative integers k, | and a polynomial p in the complex variables
z1 and z,, we have the formula (2.1).
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Proof By (3.4) (see also (3.5)) and [26, proof of Theorem 4.1],

HZ{CZéPH%(m,M)

~ |2k oy + lim [ Dy (W p(wsre®))do

+r1L1}1fTDH2(wlp(reie,w))d9

Pl + lim [ (D (pOwre'®) 4k [ [p(e,re’®)Pdu(n))do

wlim [ (Du(p(re®w)) +1 [ [p(re,e™)Pdus(n))do

Bl gy + K [ (e ()0 + 1 [ 1p(e", ) s (),
where we used Lemma 1.1 and the monotone convergence theorem. [ ]

For R=(Ry,R;) € (0,1)? and f € O(D?), let fr(z) = f(Riz1, Ry222). To get the
polynomial density in D(, 2 ), we need the following inequality.

Lemma 3.6 Forany R = (Ry,Ry) € (0,1)* and f € D(u1, p2),

D.Ml,[lz(fR) < D.Hl,ﬂz(f)'
Proof By (3.5) and [29, Proposition 3],
Dy (fe) = lim [ Dy (fuCre'®)d0 + lim [ Dy, (fa(re'®,))do
<lim [ D (fCorRee®)d0 + lim [ Dy (f(rRie',))do.

This, combined with Lemma 1.1, yields

Dy (f) < lim [ Dy (£ 7)) + lim [ Dy, (F(re’®,:))do.
An application of (3.5) now completes the proof. [ ]
Here is a key step in deducing the density of polynomials in D (y;, y2).
Lemma 3.7 Forany f € D(u1, ya),

Rl,lfgllr DHsz(f_fR) =0.

Proof The proof is an adaptation of that of [14, Theorem 73.1] to the present
situation. For R = (Ry, R;) € (0,1)?, by the Parallelogram law (which holds for any
seminorm) and Lemma 3.6,

DH[;ﬂz(f_fR) + DH[»HZ(f +fR) = Z(D.Mb.uz(f) + D,ubﬂz(fR))

(3.7) < 4DM1aI42 (f)
We claim that
(38) }Efl}}zl_rhf_ DHl,Mz(f+fR) 2 4D/41,,142(f)'

https://doi.org/10.4153/50008414X24000300 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000300

10 S. Bera, S. Chavan, and S. Ghara

To see this, fix r € (0,1). By Fatou’s lemma,

lim inf (ADHI((f+fR)(.,ref9))d0+[TD,,Z((f+fR)(rei0’.))d0)

Ry,R,—1—

(9 >4 [ DulfCre®)do+ [ Dy (f(re,))do).
T T
On the other hand, by Lemma 1.1,

D/tl,llz(f+fR)
> [ Dul(F+ f)Cre )0+ [ Dyu((f + i) (re'?, ).

After taking lim inf on both sides (one by one) and applying (3.9), we get
}%ngl_l}lf_ DHI)#Z (f +fR)
>4 [ Du(fCore®)do+ [ Dy, (f(re?.)do).

Letting r — 1™ on the right-hand side now yields (3.8) (see (3.5)). Finally, note that by
(3.7),

limsup Dy, (f = fr) < 4Dy, (f) = I%frgziilﬁ Dy, (f + 1)

Ry,R;—1"

and hence by (3.8), we get

limsup Dy, ., (f - fr) =0,
Ry,R,—1~

which completes the proof. ]
We now complete the proof of Theorem 2.1.

Proof (Proof of Theorem 2.1)  Parts (i) and (iii) are Lemmas 3.4 and 3.5, respectively.
To see (ii), let f € D(p1, p2) and € > 0. It suffices to check that there exists a polynomial
pinz;and z; such that || f — p[p(uy,u,) < & Itis easy to see using Lemma 3.7 that there
exists an R = (Ry, R,) € (0,1)? such that

(3.10) 1 = frllD i) < €/2-

Since fr is holomorphic in an open neighborhood of ﬁz, there exists a polynomial p
such that

Ve

ViTh a €{(0,0),(1,0),(0,1)},

9 f — 0%pl 52 <
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where M = max { Jo Puy(w)dA(w) = j=1, 2} + 1. This together with the fact that the
norm on H*(D?) is dominated by the |- ||_ > shows that | fk = |l (uy,u) < €/2-
Combining this with (3.10) yields | f — p[ p(y,,u5) < & Which completes the proof. m

The following provides a ground to discuss operator theory on D (1, 2 ).

Corollary 3.8 For j=1,2, let ./, denote the operator of multiplication by the coordi-
nate function z;. Then the commuting pair M, = (M, M,) on D (1, u2) is a cyclic
toral 2-isometry with cyclic vector 1.

Proof Note that by Theorem 2.1(i) and the closed graph theorem, .#, defines a pair
of bounded linear operators .#,, and .#,, on D(yy, »). By Theorem 2.1(ii), .4, is
cyclic with cyclic vector 1. Finally, the fact that .#, is a toral 2-isometry may be derived
from (ii) and (iii) of Theorem 2.1. [

Let  : D x D — C denote the reproducing kernel of D (1, y») (see Lemma 3.1).
Corollary 3.9 For any w € D?, ker(.#, —w) = {0} and ker(.#} —w) is the one-
dimensional space spanned by k(-, w).

Proof Since D(u1, ) is contained in the space of complex-valued holomor-
phic functions on D?, the pair .#, has no eigenvalue. By Theorem 2.1, ., is
cyclic, and hence, for any w € C2, the dimension of ker(., — w) is at most 1 (see
(1.6)). If w € D?, then by the reproducing property of D(u1, u2) (see Lemma 3.1),
k(- w) eker(.#) —w). Since 1 € D(yy, y2), once again by the reproducing property
of D(p1, p2), k(- w) # 0. ]

Before we state the next application of Theorem 2.1, we need a formula for the inner-
product of monomials in D (y1, 42).

Lemma 3.10 For y e M. (T) and j> 0, let i(j) = [; (7 du({). Then

0, ifm#+p, n+q,
min{n, q}fa(q-n), ifm=p n#q,
min{m, p}in(p—-m), ifm#+p, n=gq,
1+m@(0) + np,(0), ifm=p, n=q.

In particular, the monomials are orthogonal in D(yy, y2) if and only if uy and p, are
nonnegative multiples of the Lebesgue measure on T.

(3.11) (27"25, zfzg)rD(M,m) =

Proof Fix nonnegative integers m, n, p, q. By the polarization identity,
P 4 — |
(#1"z3, Z Zz)D(yl,yz) =(2)"23, Zy Zz)H2(]D>2)

+lim [ r"taei(n-a)6 /D 01(z") 01(2! )Py, (z1) dA(21)d 0

r—1=- JT

#lim [ preeitnn fD 9:(22) 92(2D) P, (22) dA(z2) 6.

r—1-

Since (2"z3, 2 z1) g2 (2) = 8(m, p)8(n, q) with 8(-, ) denoting the Kronecker delta
of two variables, (3.11) may be deduced from the following formula for the inner-
product of the Dirichlet-type space D(u) (see [22, Equation (3.2)]):

(3.12) (2, 2°)p(uy = 0(r,s) + min{r,s}a(s—7), r,seZy
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(this formula may also be derived directly using [28, Theorem 11.9]). The “In particu-
lar” part follows from the Weierstrass approximation theorem and Riesz representa-
tion theorem. |

Remark 3.11 Assume that y, 4, are nonzero. It is easy to see using (3.11) and (3.12)
that || fo(uus) = | flD(u)eD(s) holds for all monomials f if and only if at least
one of y; and y, is the zero measure. In particular, D(p1, p2) # D(p1) ® D(42), in
general.

The following is a consequence of (3.11) (see Definition 1.5).

Corollary 3.12  For uy, yp € M, (T), the subspace of D (1, yz) spanned by the con-
stant function 1 is a wandering subspace for .4, on D(py, yz).

A bounded linear operator T on a Hilbert space is essentially normal it T*T — TT*
is a compact operator. An essentially normal operator is said to be essentially unitary
if T*T — I is compact. Unlike the case of one variable Dirichlet-type spaces (see [7,
Proposition 2.21]), D(p1, p2) does not support essentially normal multiplication 2-
tuple .

Corollary 3.13  The multiplication operators .#,, and M,, on D(uy, y2) are never
essentially normal.

Proof By Corollary 3.8, the multiplication 2-tuple ./ is a toral 2-isometry. In
particular, .#,, and .#,, are 2-isometries. If these are essentially normal, then the
image of .#,, and .#,, in the Calkin algebra is a normal 2-isometry, and hence ./,
and ./, are essentially unitary (since a normal 2-isometry, being invertible, is a
unitary). It follows that .#;, and .#,, are Fredholm. In view of Atkinson’s theorem
(see [9, Theorem X1.2.3]), it suffices to check that the kernels of .7 and .#, are of
infinite dimension. To see this, fix a nonnegative integer j. Note that by (3.11),

(///*Zr 2 Zz) (Zé’ Z{leg) 0, p.qeZs,

and hence by the linearity of the inner-product and the density of the polynomials in
D(p1, ph2) (see Theorem 2.1(ii)), we obtain J/{z’:zé = 0. Similarly, one can check that
z] € ker .4, completing the proof. [ ]

4 Proof of Theorem 2.2 and a consequence

We begin the proof of Theorem 2.2 with the following special case.

Lemma 4.1 The Hardy space H*(ID?*) has the division property.

Proof For j=1,2and A = (A4,1;) € D?, let f € H*(D?) be such that {zeD?: z; =

A} € Z(f). Let w = (wi, wy) € D% If w; # A, then clearly g;(z) = % defines a
J J

holomorphic function in a neighborhood of w. If w; = ;, then since {z € D*: z; =
Ai} € Z(f), f as a function of z; has a removable singularity at w;, and hence
by Hartogs’ separate analyticity theorem (see [27, pp. 1-2]), g; as above extends
holomorphically in a neighborhood of w. This shows that g; is holomorphic on D?.
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To see that g; € H*(ID*), note that for r € (|A;],1) and 6, 6, € [0,27],

(e, e )] _1f(re, %)
rei®i —A;| r—1[Aj|

Since f € H*(ID?), it may now be deduced from (1.4) that g; € H*(D?). ]

Remark 4.2 One may argue as above to see that for any positive integer d, the Hardy
space H2(ID?) has the division property.

We also need the following fact essentially noticed in [26].
Lemma 4.3 For any u € M, (T), D(u) has the division property.

Proof For AeD), let g€ D(u) be such that g(1) = 0. Note that g is orthogonal
to k(- A). Since ker(.# — 1) is spanned by s(-,1) and the range of .#, — A is
closed (see [26, Corollary 3.8]), there exists f € D(u) such that g = (z— 1) f, which
completes the proof. [ ]

Proof (Proof of Theorem 2.2) For A €D, assume that (zj — A)h € D(yy, ) for
some j = 1,2. Thus

(4.1) (zj— \)h € H*(D?),

(4.2) Dy ((zj = M) < oo.

Since the arguments for the cases j = 1, 2 are similar, we only treat the case when j = 1.
It follows from Lemma 4.1 and (4.1) that h € H?(D?). Applying (3.4) to (4.2) gives

(4.3) Dy ((z1 = A)h(re?)) < oo, 1€(0,1), 0€Q,

where Q, is a Lebesgue measurable subset of [0,27] such that [0,27]\Q, is of
measure 0. For 7 € (0,1) and 0 € Q,, consider f, g : D — C defined by

fria(w) = (w - Mh(w,re’®), weD.

By (4.1) and Lemma 3.2, f, g belongs to H*(ID). Hence, by (4.3), f;.¢ belongs to D ().
Hence, by Lemma 4.3, h(-, re’%) € D(u;). Since

1o re®) o) < [Wh(re™) ()
(see [26, Theorem 3.6]), by the reverse triangle inequality,

| £ri6 0y > A= AD?IRCre ) ) > (1= A1)y (h(7e™)).
Integrating both sides over [0, 27r] yields
2 . 2n 2
(=10 [ Du(hCore®)do < [ foliydo+ [ Du(fr0)d6
<z - /\)hH?p(DZ) + Dy, (21 = A)h),

where we used (3.2). Taking supremum over r € (0,1) gives now

2w X
sup D,,l(h(-,re’g))d0< 0.
0

0<r<1

https://doi.org/10.4153/50008414X24000300 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000300

14 S. Bera, S. Chavan, and S. Ghara

Also, since h € H*(D?), it now suffices to check that

2 X
(4.4) sup Dm(h(re’e,-))de < 0o,
0<r<1/0
Note that by (4.2),
2 .
sup Dy (21 = A)h) (re™?,))d6 < oo.
0<r<1J0

However, for any s € (|A], 1),

sup | i Dﬂz(((zl - Vh)(re', -))d@

> [T D (((a - D) (se?, ) )ae
;(s-|)L|)2/02”[D|azh(sef9,w)|2pm(w)dA(w)de.

Applying Lemma 1.1 and letting s 1 1~ now yields (4.4). [ |

Before we present an application of Theorem 2.2, let us recall some facts from the
multivariate spectral theory (see [11,12, 30]). Let T = (Tj, T>) be a commuting pair on
J and set Dy(x) = (Tix, Tox), x € 3. Note that

(4.5) if D} Dy is Fredholm, then Dy has closed range.
Indeed, if D7D is Fredholm, then D1 is left-Fredholm, and hence we obtain (4.5).
To define the Taylor spectrum, we consider the following complex:
(4.6) K(T,H): {0} > 3 2 505 2 3 S {0,
where the boundary maps By and B, are given by
By(h) == (Thh,-T1h), Bi(hy, hy) := Tyhy + Thh,.

Note that K(T,H) is a complex, that is, Bj o B, = 0. Let H*(T) denote the kth
cohomology group in K(T,H), k =0,1,2. Following [30] (resp. [11]), we say that
T is Taylor-invertible (resp. Fredholm) if H*(T) = {0} (resp. dim H*(T) < oo) for
k = 0,1, 2. The Taylor spectrum o(T) and the essential spectrum o, (T) are given by
o(T) = {A e C*: T - A is not Taylor-invertible},
0.(T) ={AeC*: T - Ais not Fredholm}.
The Fredholm index ind(T) of a Fredholm commuting 2-tuple T on K is the Euler
characteristic of the Koszul complex K(T, H), that is,
(4.7) ind(T) = dim H*(T) - dim H'(T) + dim H*(T).

As an application of the division property, we now show that we always have
exactness at the middle stage of the Koszul complex of the multiplication 2-tuple .#,
on D(yy, pa). First, a general fact.
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Lemma 4.4 Let S be a reproducing kernel Hilbert space of complex-valued holomor-
phic functions on the unit bidisc D*. Assume that M, = (M, M,) is a commuting
pair on H. If H has the division property, then for every A = (A, A,) € D?, the Koszul
complex of M, — A = (M, — M, My, — )y) is exact at the middle stage (see (4.6)).

Proof Note that .77 has the division property if and only if for j = 1, 2, we have the
following property:

for any holomorphic function # : D* - C and A € D?,
(4.8) if (zj = Aj)h e S, then h e I

We first assume that (4.8) holds for j = 2. To see that the Koszul complex of .#Z, — A is
exact at the middle stage, let g, h € 7 be such that

(49) (Zz - )Lz)g(zl, Zz) = (Zl - Al)h(zl, Zz), (Zl,Zz) € ]D)z.

Letting 2z, = 1, we obtain (w —A;)h(w, 1) =0 for every w e D. It follows that
h(-,A2) =0 on D. Since h:D?* —» C is holomorphic, there exists a holomorphic
function k : D? - C such that

(4.10) h(z1,22) = (z2 - M)k(z1,22),  (21,22) € D?

(in case of A, = 0, this can be seen using the power series for h; the general case can
be dealt now by replacing h(z,z2) by h(z1, ¢(22)), where ¢ is the automorphism of
D which takes A, to 0). Since h € 5, by (4.8), k € . We now combine (4.9) with
(4.10) to obtain

(22 - ha)g(z1,22) = (21 = M) (21, 22)
= (21 - M)(z2 - M)k(z1,22),  ze D2

This gives g(z1,22) = (21 — A1)k(z1, 22), z € D?. This together with (4.10) shows that
M7 — A is exact at the middle stage. We may also obtain the same conclusion in case
(4.8) holds for j = 1. Indeed, one may proceed as above with the only change that the
roles of A; and A, are interchanged (e.g. (4.9) is evaluated at z; = 1,). ]

Remark 4.5 Let Q be a bounded domain in C2. One may imitate the first part of
the proof of Lemma 4.1 to show that there exists a holomorphic function k: Q - C
satistying (4.10). This gives an analog of Lemma 4.4 for arbitrary bounded domains.

The following is a consequence of Theorem 2.2 and Lemma 4.4.
Corollary 4.6  Forevery A = (A1, ;) € D?, the Koszul complex of the 2-tuple M, — A =
(My — My, My, — A2) 0n D(py, pa) is exact at the middle stage (see (4.6)).

5 Proof of Theorem 2.3 and its consequences

We begin with a lemma, which is a variant of [17, Lemma 4.14]. We include its proof
for the sake of completeness.

Lemma 5.1 For a domain Q of C?, let 5 be the reproducing kernel Hilbert space
of complex-valued holomorphic functions associated with the kernel x: Q x Q — C.
Assume that the constant function 1 belongs to ¢, the multiplication operators
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My, M, are bounded on F€ and the commuting 2-tuple A, is cyclic. For w € Q,
Gleason’s problem can be solved for 7 over {w} if and only if

(5.1) D;/[}W has closed range.

In particular, Gleason’s problem can be solved for A over Q\o,(A).

Proof Letw € Q,andlet f € 5. By the reproducing kernel property of 7,
52) f - f(w) € {en(w) s e TY.

However, since ./, is cyclic, dimker(.#; —w) <1 for every w € C? (see (1.6)). As
1€ 5, we have x(-, w) # 0, and hence

{ck(w):ceCy =ker(] —w) =ker D_y» ;.
It now follows from (5.2) that
(5.3) f=f(w)e(kerD 42 )" = ran(D*,,._3).
Also, it is easy to see that

(5.4) ran(D;/[th) ={(z1-wm)g+(z2—w2)g: 1,52 € I}
If (5.1) holds, then it now follows from (5.3) that

f-fw) e{(m-w)gi+(z2-w2)g2: 81,82 € A},
and hence Gleason’s problem can be solved for .77 over {w}. Conversely, if Gleason’s
problem can be solved for .7 over {w}, then by (5.3), any function in ran(Dj/[; ) is
of the form f — f(w) for some f € 5, and hence by (5.4), it belongs to ran(Dj/[ZbW).
This completes the proof of the equivalence.

To see the remaining part, let w = (wy, w;) € Q\o.(#4;). Since D{Dg = S;S; +
S3S, for any commuting pair S = (S;,S;), by [11, Corollary 3.6], the operator
D*,._D_g» 5 is Fredholm, and hence by (4.5), D_y_s has closed range. Hence,
by the closed-range theorem (see [9, Theorem VI.1.10]), we obtain (5.1) completing
the proof. [ ]

Remark 5.2 Let ., be the multiplication 2-tuple on the Hardy space H*(ID?*) of
the unit bidisc D?. Since o, (.#,) ND* = @ (see [11, Theorem 5(c)]), by Lemma 5.1,
Gleason’s problem can be solved for H(D?).

The following lemma provides a situation in which the division property ensures a
solution to Gleason’s problem.

Lemma 5.3 Let 7 be a reproducing kernel Hilbert space of complex-valued holomor-
phic functions on the unit bidisc D?, and let w = (wy, w,) € D*. Assume that F has
the division property and M, = (M, M,) is a commuting pair on J€. If, for every
f e I, either f(-,wy) or f(wy,-) belongs to 7, then Gleason’s problem can be solved
for A over {w}.

Proof For fe 7, assume that f(wy, ) € 7. Thus f - f(wi,-) € . Hence, if
h : D? - C is a holomorphic function such that

(5.5) f(z1,22) — f(wr,22) = (z1 —w1)h(z1,22), 21,22 €D,
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by the division property for .7, we have h € 7. Also, since f(wy,-) € 7, one may
argue as above to see that there exists k € 77 satisfying

f(Wl, Zz) —f(Wl, W2) = (22 - Wz)k(zl,ZZ), 21,27 € D.

This, combined with (5.5), completes the proof in this case. Similarly, one can deal
with the case in which f(-,w,) € . ]

We also need the following fact of independent interest.

Lemma 5.4 For every f € D(uy, y2), the slice functions f(-,0) and f(0,-) belong to
D(p1, y2). Moreover, the mappings f — f(-,0) and f — f(0,-) from D(y1, y2) into
itself are contractive homomorphisms.

Proof If f € D(u, uz2), then

[, [ @0 @) daando
+ A \[]D) |82f(0,22)|2PM2(Z2) dA(ZZ)de < D.Hl,,uz(f)-

Since the mappings f ~ f(+,0) and f = £(0,-) from H*(ID?) into itself are contrac-
tive homomorphisms, the desired conclusions may be deduced from the estimate
above. ]

Proof (Proof of Theorem 2.3) Since D(yy, p2) has the division property (see The-
orem 2.2), by Lemmas 5.3 and 5.4, Gleason’s problem can be solved for D (1, 2)
over {(0,0)}. Hence, by Lemma 5.1 (which is applicable since .4, on D(u1, yz) is
cyclic; see Theorem 2.1), D* . has closed range (see (5.1)). It is now easy to see using
Corollaries 3.9 and 4.6 that ./, is Fredholm. Since the essential spectrum is a closed
subset of C* not containing (0,0), there exists r > 0 such that D? ¢ C*\o,(.#,).
Another application of Lemma 5.1 now completes the proof. [ ]

The following fact is implicit in the proof of Theorem 2.3.

Corollary 5.5 The commuting 2-tuple .4, on D(u1, u2) belongs to By (D?) for some
re (0,1].

Proof This may be deduced from Theorem 2.3, Lemma 3.1, Corollary 3.9, and
Lemma 5.1 (see (5.1)). ]

We conclude this section with the following corollary describing the cokernels of
the multiplication operators ./, j = 1,2, on D(u1, y2).

Corollary 5.6 For1<i# j<2.ker. ] =V {zfc ik >0}
Proof As observed in the proof of Corollary 3.13,

(5.6) {p(zi): peClw]} cker.Z, 1<i#j<2.
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To see the reverse inclusion, let f € ker.# . By Theorem 2.1, there exists a sequence
{Pn}ns1 of complex polynomials in 2,2z, converging to f. By Lemma 5.4, f(0,-) €
D(u1, 42), and {p,(0,-) }nz1 converges to f(0,-). Hence, by (5.6), f(0,-) € ker.Z.
Thus f — £(0,-) € ker .. However, there exists a holomorphic function h : D* - C
such that

(5.7) f(z1,22) = f(0,22) = z1h(z1,22), 21,22 € D.

By Theorem 2.2, we have h € D(py, 42). It now follows from (5.7) that .#, h e
ker .. Since .M., is invertible, we must have h =0, and hence, by (5.7),
f = f(0,-), or equivalently, f belongs to the closure of {p(z;) : p € C[w]}. Similarly,
one can check that ker ., is equal to the closure of {p(z;) : p € C[w]}. |

6 Proof of Theorem 2.4 and its consequences

The proof of Theorem 2.4 relies on revealing the structure of toral 2-isometries T with
ker T* as a wandering subspace (see Definition 1.5).

Lemma 6.1 Let T = (Ty, T) be a toral 2-isometry. Then the following statements are
true:

(i) for any integers k,1 > 0,

(6.1) F N P A I L K ety
= le*Tl + lT;TZ - (k +1- 1)1,

(ii) for fo € ker T*, assume that

(6.2) (T fo, TP T fo) =0, q>21,m,p>0,

(6.3) (T3 fo, TP T fo) =0, p>1,n,q2>0.

Then we have the following:

0, ifm#p, n+q,
T2 fo, Ty fo), ifm = p, ,
(T fo 1T ) - {0 T2 ) Jm=ponta
<T1 fO) Tl f0>7 U(m¢p, n:q,

I T foll> + 175 fol* = 1 fol®, if m=p, n=q.

Proof (i) To see (6.1), we proceed by strong induction on k + [, k,I > 0. Clearly,
(6.1) holds for 0 < k + I < 1. Assume that (6.1) holds for integers k, [ > 0 such that
0 < k + I < n. Note that for k > 1and ! < n — 1, by the induction hypothesis,

Tlx- ( Tl*k T2>(-l Tzl le ) Tl — Tl*k+l le+1 + Tlx- sz-l Tzl Tl _ Tl* Tl
_ Tl*k+1 T1k+1 + TZ*ZTZI - L
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Similarly, for k < n—1and [ > 1, (6.1) holds. This completes the induction argument.
The remaining identity in (i) now follows from the known fact that for any 2-isometry
S, we have

(6.4) Sksk—k(S*S-I)+1, k>0

(this known fact can be seen by induction on k > 1).
(ii) Let m, n, p, q be integers such that m # p and n # q. Consider the case when
m < p and n < q. Since fy € ker T*, we have

(Tlm T2nf0> TlpTzqfO)
=(L"L" TG fo, TV "1 fo)
(6'1 *mmm - - *N N - -
T o, T o)+ (T T o, T T )
=(T"fo. T " fo) +(T3 fo. LT fo),
which, by (6.2) and (6.3), is equal to 0. Since the inner-product is conjugate linear,

(T T3 fo, TP TS fo) = 0 when p < m and g < n. Consider the case when m < p and
q < n. Arguing as above, we have

(T" T3 for T T3 fo)
(LT o, T o)
(T fo, TP fo) AT T T T fo, TV o)
=(T"T; " fo, T fo) + (T3 fo, YT fo)
which, by (6.2) and (6.3), is equal to 0. Once again, by the conjugate-symmetry,
(T T2 fo, TV T fo) =0 when p < mand n < q.

If m=p and n # q, then one may argue as above using (6.4) (by making cases
n < qand q < n) to show that (T} T} fo, TF T, fo) = (T2 fo, Ty fo). Similarly, one may
derived the formula in case of m # p and n = q. Finally, if m = p and n = g, then the
formula follows from (6.1). [ ]

(6.1)&(6.3)

Proof (Proof of Theorem 2.4) (i)=(iii) Fix j € {1,2}. Since T is analytic, so is Tj.
Thus Tj is an analytic 2-isometry. Consider the Tj-invariant subspace J(; := V/{ Tjk fo:
k > 0} and note that Tj|s, is a cyclic analytic 2-isometry. Hence, by [26, Theorem 5.1],
there exist a finite positive Borel measure y; on T and a unitary map V; : H; - D(u;)
such that

(6.5) Vifo=1, ViTj= 4V,

where " denotes the operator of multiplication by the coordinate function w on
D(uj). We contend that the map given by

U(T T3 fo) =225, k,120

extends to an unitary from H onto D(uy, y2). Since H = V{TFT! fo : k,1 > 0} and
D(p1, p2) = v{zFz} : k,1 > 0}, it suffices to check that

(6.6) (T"T3 fo, TT T3 fo) ={al" 25> 2 23D () 1511 P59 > 0.
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Note that for any integers m, n > 0, by (6.5),

(T}" fo, T} fo) = (Vi T" fo, Vi T} fo)D(u))
((.///(]))me (///(1)) Vf0>D(y,)
(

=(z}'

W™ W) D ()

ZjsZ2j >D(H1’M2)'

Since (6.2) and (6.3) hold (as ker T* is a wandering subspace for T), combining this
with Lemma 6.1(ii) yields (6.6), which completes the proof.

(iii)=-(ii) This follows from Corollaries 3.8, 3.12, and 5.5.

(ii)=(i) It suffices to check that T is analytic. By Oka—Grauert’s theorem (see [21,
p. 71, Corollary 2.17], [16, p. 3]), every holomorphic vector bundle on a bidisc is
holomorphically trivial. Combining this with the proof of [16, Theorem 4.5] shows
that if T* € B;(D?), then T is unitarily equivalent to the multiplication 2-tuple .,
on a reproducing kernel Hilbert space of scalar-valued holomorphic functions on D2,
Since ., is analytic, T is analytic. [ ]

The conclusion of Theorem 2.4 can be rephrased as follows.

Corollary 6.2 A cyclic analytic toral 2-isometric 2-tuple on J{ is unitarily equivalent
to the multiplication pair M, on D(u1, y») if and only ifker T* is wandering subspace
for T spanned by a cyclic vector for T.

Remark 6.3 Let D denote the Dirichlet space (that is, the Dirichlet-type space
associated with the Lebesgue measure on the unit circle), and let .#,, be the operator
of multiplication by w on D. It is easy to see that the commuting pair T = (.#,,, .#,,)
is a cyclic analytic toral 2-isometry on D. Note that ker T* = ker .#,, is spanned by 1
and it is not a wandering subspace for T. It is evident that T is not unitarily equivalent
to the multiplication pair .#, on D (1, y») for any uy, p € M. (T).

The following is a 2-variable analog of [26, Theorem 5.2].

Theorem 6.4 For j=1,2, let ‘u(J),‘ugj) € M, (T). Then the multiplication 2-tuple
///(1) on D(yl(l),yzl)) is unitarily equivalent to the multiplication 2-tuple ///Z(Z) on

D, ) if and only if u = 4, j=1,2.

Proof Suppose there is a unitary operator U : D(yl(l), [,121)) - @(‘u(z), sz)) such
that

(6.7) MPU=va, j=12

Since the joint kernel of the adjoint of multiplication tuples is spanned by 1, by (6.7),
U must map 1 to some constant of modulus 1. After multiplying U by a unimodular
constant, if required, we may assume that Ul = 1. It now follows from (6.7) that U is
identity on polynomials. By Lemma 3.5 (applied twice), we obtain for any polynomial
p in two variables,
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Lot e Paul (o = [ lp(e",e)auf ()as,

i0 _iny2q,, (1) _ i0 Liny2q,,(2)
Lo, e Paul (o = [ 1p(e’,e)Paul® ()ao.

It is easy to see that for any polynomial p in one variable,

LlptePdul ) = [ IpePdum), j=1.2.

Combining polarization identity with the uniqueness of the trigonometric moment
problem yields the desired uniqueness. [ ]
Remark 6.5 One may use Lemma 3.5 and argue as in [26, Theorem 6.2] to obtain
the following fact: For j = 1,2, let 4",y € M (T). Then

D", ) € DU, ul?)

if and only if /,t](?) < [451) and the Radon-Nikodym derivative dlugz)/dy;l) €
L*(T), j = 1,2. We leave the details to the reader.

We conclude this section with an application to toral isometries.

Corollary 6.6 Let T = (Ty, Tz) be a cyclic analytic toral isometry with cyclic vector
fo € ker T*. Then the following statements are equivalent:

(i) ker T* is a wandering subspace for T,
(i) T is unitarily equivalent to ./, on H*(D?),
(iii) T is doubly commuting, that is, Tj* T, =T; Tj*,l Si#j<2.

Proof (i)=>(ii) By Theorem 2.4, there exist gy, g € M, (T) such that T is unitarily
equivalent to .4, on D (yy, y2 ). Since T is a toral isometry, .#, is also a toral isometry.
It now follows from (2.1) that for every polynomial p in two variables,

in _if\|2 _ i _iny|2 _
L p(e e Pdum(ndo =0, [ |p(e’®,e)Pdpz(n)d6 = 0.

One may now argue as in the proof of Theorem 6.4 to conclude that y#; = 0 and y, = 0.

This yields (ii).
The implication (ii)=>(iii) is a routine verification, while the implication (iii)=-(i)
is recorded in Remark 1.6. ]

7 Concluding remarks

We conclude the paper with a brief discussion on the spectral picture of the multipli-
cation 2-tuple .4, on D(py, p2). We claim that

(7.1) o( M) =1,

(72) oo (M) cD\Q

for some open set Q in C? containing (D x {0}) u ({0} x D). To see (71), note that
by [12, Theorem 4.9], for any commuting pair T = (11, T»),0(T) € 0(Tq) x 0(T3).
Since the spectrum of any 2-isometry is contained in ID (see [2, Lemma 1.21]) and
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both .#,, and .#,, are 2-isometries (see Corollary 3.8), we obtain o(.#,) € ﬁz.
Also, by Corollary 3.9, D* ¢ 0, () € o (). Since o(M}) ={z:z€ 0 (M)},
we have the inclusion D? € ¢(.#,). Finally, since the Taylor spectrum is closed (see
[12, Corollary 4.2]), we obtain (71). On the other hand, an examination of the proof
of Theorem 2.3 (using the full power of Lemma 5.3 together with Lemma 5.4) shows
that

(D x {0}) ({0} x D) £ C2\0i (-422).

Since the essential spectrum is a closed subset of the Taylor spectrum, (7.2) now
follows from (71). The natural question arises whether the unit bidisc lies in the
complement of the essential spectrum of .#, (there are interesting examples of toral
2-isometries supporting this possibility; see [5, Proposition 5(iii)]). If this question
has an affirmative answer, then o, (.#,) = 9(D?). Indeed, if A € 9(D?*)\o.(.#,), then

there exist two sequences in D? and C?\D" converging to A, which together with the
continuity of the Fredholm index (see (4.7)) leads to a contradiction. This in turn leads
to an improvement of Corollary 5.5 providing a bidisc analog of [26, Corollary 3.8] and
also solves Gleason’s problem for D (1, y42) (see Lemma 5.1).
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