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Rational points on singular intersections
of quadrics

T. D. Browning and R. Munshi

ABSTRACT

Given an intersection of two quadrics X C P!, with m >9, the quantitative
arithmetic of the set X (Q) is investigated under the assumption that the singular locus
of X consists of a pair of conjugate singular points defined over Q(7).

1. Introduction

The arithmetic of quadratic forms has long held a special place in number theory. In this paper
we focus our efforts on algebraic varieties X C P™~! which arise as the common zero locus of two
quadratic forms q1, g2 € Z[z1, . . ., ;] We will always assume that X is a geometrically integral
complete intersection which is not a cone. Under suitable further hypotheses on ¢; and g2, we
will be concerned with estimating the number of QQ-rational points on X of bounded height.
Where successful this will be seen to yield a proof of the Hasse principle for the varieties under
consideration.

The work of Colliot-Thélene et al. [CSS87a, CSS87b] provides a comprehensive description
of the qualitative arithmetic associated to the set X(Q) of Q-rational points on X for large
enough values of m. In fact it is known that the Hasse principle holds for any smooth model of
X if m > 9. This can be reduced to m > 5 provided that X contains a pair of conjugate singular
points and does not belong to a certain explicit class of varieties for which the Hasse principle
is known to fail.

In this paper the quadratic forms ¢; and g2 will have special structures. Let ()1 and Q2 be
integral quadratic forms in n variables x = (x4, ..., x,), with underlying symmetric matrices
M; and My, so that Q;(x) = x'M;x for i =1, 2. Then we set

Q1($1, SR xn+2> - Ql(xla ) .T}n> - x%—&—l - x%+2,
QQ(.’L'l, ceey iL‘n+2) = Qg(l’l, ceey xn)

We will henceforth assume that @y is non-singular and that as a variety V in P"~!, the
intersection of quadrics @Q1(x) = Q2(x) =0 is also non-singular. It then follows that X has
a singular locus containing precisely two singular points which are conjugate over Q(i). The
question of whether the Hasse principle holds for such varieties is therefore answered completely
by [CSS87a, CSS87b] when n > 3. Furthermore, when X(Q) is non-empty, it is well known
(see [CSS8Ta, Proposition 2.3|, for example) that X is Q-unirational. In particular, X (Q) is
Zariski dense in X as soon as it is non-empty.

Let (M) be the function that counts the number of representations of an integer M as a sum
of two squares and let W : R™ — R be an infinitely differentiable bounded function of compact
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support. Our analysis of the density of Q-rational points on X will be activated via the weighted
sum

sw= % e (}) (1)
XEZ"
21Q1 (%)
QQ(X):O

for B — 00. The requirement that Q1 (x) be odd is not strictly necessary but makes our argument
technically simpler. Simple heuristics lead one to expect that S(B) has order of magnitude B" 2
provided that there are points in X (R) and X (Q,) for every prime p. Confirmation of this fact
is provided by the work of Birch [Bir61] when n > 12. Alternatively, when (1 and Q2 are both
diagonal and the form b1¢q; + bago is indefinite and has rank at least 5 for every non-zero pair
(b1, ba) € R% then Cook [Coo71] shows that n > 7 is permissible. The following result offers an
improvement over both of these results.

THEOREM 1. Let n > 7 and assume that V is non-singular with Q2 also non-singular. Assume
that Q1(x)>1 and |VQ1(x)|> 1, for an absolute implied constant, for every x € supp(W).
Suppose that X (R) is non-empty. Then there exist constants ¢ > 0 and ¢ > 0 such that

S(B) =cB""% 4+ 0(B" 7).
The implied constant is allowed to depend on 1, Q2 and W.

In § 8 an explicit value of § will be given and it will be explained that the leading constant is an
absolutely convergent product of local densities ¢ = 04, ]_[p op, whose positivity is equivalent to
the hypothesis that X (R) and X (Q,) are non-empty for each prime p. Work of Demjanov [Dem56]
shows that p-adic solubility is automatic for pairs of quadratic forms in at least nine variables.

Our proof of Theorem 1 uses the circle method. An inherent technical difficulty in applying the
circle method to systems of more than one equation lies in the lack of a suitable analogue of
the Farey dissection of the unit interval, as required for the so-called ‘Kloosterman refinement’.
In the present case this difficulty is circumvented by the specific shape of the quadratic forms
q1, q2. Thus it is possible to trade the equality Q1(x) = 22 4+ x2 4o for a family of congruences
using the familiar identity

r(M)=4% x(d),
d|M

where y is the real non-principal character modulo 4. In this fashion the sum S(B) can be
thought of as counting suitably weighted solutions x € Z" of the quadratic equation Q2(x) =0,
for which Q1(x) =0 (mod d), for varying d. Our approach ought to be compared with joint work
of the second author with Iwaniec [IM10], wherein an upper bound is achieved for the number of
integer solutions in a box to the pair of quadratic equations @1(x) =0 and @Q2(x) =0, when
n = 4. In this case a simple upper bound sieve is used to detect the square, which thereby allows
the first equation to be exchanged for a suitable family of congruences. In both settings, the
circle method is used to detect the single equation Q2(x) =0, in the form developed by Heath-
Brown [Hea96, Theorem 1]. This sets the scene for a double Kloosterman refinement by way of
Poisson summation.

We now come to the crux of our argument. For typical values of x, with W (x/B) # 0, we see
that Q2(x) will have order B2. Applying [Hea96] to detect when Q2(x) vanishes leads to certain
exponential sums indexed by d and ¢, for ¢ typically of order B. Having to handle such large
values of ¢ would prevent us from achieving a version of Theorem 1, even for sufficiently large n.
Instead, we shall first replace the desired equality Q2(x) = 0 by the congruence Q2(x) = 0 (mod d)
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and the equality Q2(x)/d = 0. The resulting application of [Hea96, Theorem 1] then leads to
exponential sums indexed by d and ¢, for ¢ typically of order v/B. This observation underpins
our entire investigation. The exponential sums that feature take the shape

Sigm)= Y Y eaq(aQe(k) +m-k), (1.2)
a (mod ¢q)  k(mod dq)

Q1(k)=0 (mod d)

Q2(k)=0 (mod d)
for positive integers d and ¢ and varying m € Z". The notation Y " means that the sum is taken
over elements coprime to the modulus. We will extend it to summations over vectors in the

obvious way.

There is a basic multiplicativity relation at work which renders it profitable to consider the
cases d=1 and g =1 separately in (1.2). In the former case we will need to gain sufficient
cancellation in the sums that emerge by investigating the analytic properties of the associated

Dirichlet series
oo

(s m) = 3 Sralm)
q=1 a
for s € C. This is facilitated by the fact that Sj,(m) can be evaluated explicitly using the
formulae for quadratic Gauss sums. We will see in §4 that £(s; m) is absolutely convergent for
R(s) >n/2+ 2. In order to prove Theorem 1 it is important to establish an analytic continuation
of £(s; m) to the left of this line. This eventually allows us to establish an asymptotic formula
for S(B) provided that n > 6. The situation for n = 6 is more delicate and we are no longer able
to win sufficient cancellation through an analysis of £(s; m) alone. In fact it appears desirable to
exploit cancellation due to sign changes in the exponential sum Sy ;(m). The latter is associated
to a pair of quadratic forms, rather than a single form, and this raises significant technical
obstacles. We intend to return to this topic in a future publication.

With a view to subsequent refinements, much of our argument works under much greater
generality than for the quadratic forms considered in Theorem 1. In line with this, unless
otherwise indicated, any estimate concerning quadratic forms Q1, Q2 € Z[x1, . .., zy] is valid
for arbitrary forms such that Qs is non-singular, n >4 and the variety V C P"~! defined by
Q1(x) = Q2(x) =0 is a geometrically integral complete intersection. We let

o(d) = Sq.1(0) = #{k (mod d) : Q1 (k) = Q2(k) =0 (mod d)}.

The Lang-Weil estimate yields o(p) = O(p"~?) when d = p is a prime, since the affine cone over
V has dimension n — 2. We will need upper bounds for o(d) of comparable strength for any d.
It will be convenient to make the following hypothesis.

HyPOTHESIS. Let d € N and & > 0. Then we have o(d) = O(d"2*¢).

Here, as throughout our work, the implied constant is allowed to depend upon the coefficients
of the quadratic forms )1, ()2 under consideration and the parameter €. We will further allow all
our implied constants to depend on the weight function W in (1.1), with any further dependence
being explicitly indicated by appropriate subscripts. We will establish Hypothesis-p in Lemma 2
when V' is non-singular, as required for Theorem 1.

Notation and conventions. Throughout our work N will denote the set of positive integers. The
parameter € will always denote a small positive real number, which is allowed to take different
values at different parts of the argument. We shall use |x| to denote the norm max |z;| of a
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vector x = (x1, ..., x,) € R". Next, given integers m and M, by writing m | M we will mean
that any prime divisor of m is also a prime divisor of M. Likewise (m, M) is taken to mean the
largest positive divisor h of m for which h | M°. It will be convenient to record the bound

#m<zm| M®y< Y <"”> = [ —p o) " < (@M, (1.3)

m
p|lm=-p|M p|M

for any = > 1, a fact that we shall make frequent use of in our work. Finally we will write
e(x) = exp(2mix) and eq(x) = exp(2miz/q).

2. Auxiliary estimates

2.1 Linear congruences
Let g € N. For n x n matrices M, with coefficients in Z, and a vector a € Z™ we will often be led
to consider the cardinality

Kq,(M;a) =#{x (mod ¢) : Mx = a (mod ¢)}. (2.1)

The Chinese remainder theorem implies that K,(M; a) is a multiplicative function of ¢, rendering
it sufficient to conduct our analysis at prime powers g = p”. We will need the following basic upper
bound.

LEMMA 1. Assume that M has rank ¢ and let 6, be the minimum of the p-adic orders of the
0 X o non-singular submatrices of M. Then we have

Ko (M ) < min{p™, pn=0r+4r}.
In particular, K,(M; a) = Owm(1) if o =n.
This is established by Loxton [Lox00, Proposition 7], but is also a trivial consequence of

earlier work by Smith [Smi71], which provides a precise equality for K,(M;a). We present a
proof of Lemma 1, for completeness, the upper bound K,-(M;a) < p™" being trivial.

Proof. Given M as in the statement of the lemma, it follows from the theory of the Smith normal
form that there exist unimodular integer matrices A, B such that

AMB = diag(M, ..., M,),
with My, ..., M, € Z satisfying M; | M; 1, for 1 <7 <n. In particular, since M has rank p, it
follows that M; = 0 for ¢ > o. Hence

K,»(M;a) = #{x (mod p") : M;x;

= (Aa); (mod p"), (1<i< 0)}
< p(n_g)T‘H}p(M1)+"'+VP(M9)

This completes the proof of Lemma 1, since 0, = v,(M1) + - - - + vp(M,). O

We end this section by drawing a conclusion about the special case that M is non-singular,
with o = n. Suppose that there exists a vector x counted by K,-(M; 0), but satisfying p{x. Then
it follows from our passage to the Smith normal form that in fact r < v,(det M).

2.2 Geometry of V'

In this section we consider the geometry of the varieties V C P"~! defined by the common
zero locus of two quadratic forms @1, Q2 € Z[z1, . .., x,], specifically in the case that V is
non-singular. Suppose that @); has underlying symmetric matrix M;, with My non-singular.

1460

https://doi.org/10.1112/50010437X13007185 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X13007185

SINGULAR INTERSECTIONS OF QUADRICS

Let D= D(Q1,Q2) be the discriminant of the pair {Q1, @2}, which is a non-zero integer by
assumption. According to Gelfand et al. [GKZ94, §13], D has total degree (n + 2)2""! in the
coeflicients of )1, Q2 and is equal to the discriminant of the bihomogeneous polynomial

F(b,x) =b1Q1(x) 4+ b2Q2(x).

We write
M(b) =b1 M1 + oMo, (22)
for the underlying symmetric matrix. It follows from [CSS87a, Lemma 1.13] that
rank M(b) >n —1 (2.3)

for any [b] € P!. Furthermore, the binary form P(b) = det M(b) has non-zero discriminant, by
Reid’s thesis [Rei72].

An important réle in our work will be played by the dual variety V* c Pr—1* = Pr—1 of V.
Consider the incidence relation

I={(z,H) eV xP" Y : HDT,(V)},

where T, (V') denotes the tangent hyperplane to V' at x. The projection 7y : I — V makes I into
a bundle over V whose fibres are subspaces of dimension n — dim V' — 2 = 1. In particular, [ is
an irreducible variety of dimension n — 2. Since V* is defined to be the image of the projection
7y : I — P17 it therefore follows that the dual variety V* is irreducible. Furthermore, since I
has dimension n — 2 one might expect that V* is a hypersurface in P*~1*. This fact, which is valid
for any irreducible non-linear complete intersection, is established by Ein [Ein86, Proposition 3.1].
Elimination theory shows that the defining homogeneous polynomial may be taken to have
coefficients in Z. Finally, by the work of Aznar [Azn80, Theorem 3], the degree of V* is 4(n — 2).
Hence V* is defined by an equation G =0, where G € Z[z1, . .., x,] is an absolutely irreducible
form of degree 4(n — 2).

Given a prime p, which is sufficiently large in terms of the coefficients of V', the reduction
of V modulo p will inherit many of the basic properties enjoyed by V as a variety over Q. In
particular, it will continue to be a non-singular complete intersection of codimension 2, satisfying
the property that (2.3) holds for any [b] € P!, where now M; is taken to be the matrix obtained
after reduction modulo p of the entries. Furthermore we may assume that p{2 det My and that
the discriminant of the polynomial P(b) does not vanish modulo p. We will henceforth set

Ay = 0(1)

to be the product of all primes for which any one of these properties fails at that prime.

2.3 The function o(d)
In this section we establish Hypothesis-p when V' is non-singular, where o(d) = Sq,1(0), in the
notation of (1.2). Note that o*(d) < o(d), where

0" (d) =#{x (mod d) : (d,x) =1, Q1(x) =Q2(x) =0 (mod d)}.
We proceed to establish the following result.
LEMMA 2. Hypothesis-p holds if V' is non-singular.

Proof. We adapt an argument of Hooley [Hoo88, §10] used to handle the analogous situation
for cubic hypersurfaces. By multiplicativity it suffices to examine the case d = p” for a prime p

1461

https://doi.org/10.1112/50010437X13007185 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X13007185

T. D. BROWNING AND R. MUNSHI

and r € N. Extracting common factors between x and p”, we see that
Z pkn * P Qk) +p( ]'T/Q])n (2'4)

0<k<r/2

Using additive characters to detect the congruences gives
N 1
0" (p°) = —; Z Z pe (01Q1(%) + b2Q2(x)),
p b
(mod p*) x (mod p )

where we recall that the notation > means only x for which p{x are of interest. Extracting
common factors between p® and b yields

1
2s z pmS +p(n 2)S< )a

n
0<i<s p

SO YT ep(F(b,x)),

b (mod p*) x (mod p*)
with F(b, x) = b1Q1(x) 4+ b2Q2(x). We claim that

S(k) = o™ iftk=1,
o) ifk=2

with

Once achieved, this implies that o*(p®) = O(p(®~2*). Inserting this into (2.4) gives the bound
o(p") = O(rp"=2)"), which suffices for the lemma.

The Lang-Weil estimate implies that there are O(p"~!) choices of x (mod p) for which
Q1(x)Q2(x) =0 (mod p). Likewise it implies that o*(p) = O(p"~2). When k = 1, therefore, we
conclude that

IS(D)| <p*e"(p) +p D, #{x (mod p): Qs(x) =0 (mod p)} +p" < p".
i—1.2

To analyse S(k), for k > 2, we introduce a dummy sum over a € (Z/p*Z)* and replace b by ab

to get
w(p Z Z Z v(aF (b, x)).

a (mod p*) b (mod p*) x (mod p*)
Evaluating the resulting Ramanujan sum yields

-1
s9= (1= 1) (V) - NG, (25)
where N(p¥) is the number of (b, x) (mod p*), with p{b and p{x, for which p* | F(b, x). We
are therefore led to compare N(p*) with N(p*~1), using an approach based on Hensel’s lemma.
Let VF (b, x) = (Q1(x), Q2(x), b1 VxQ1(x) + b2VxQ2(x)), where Vx means that the partial
derivatives are taken with respect to the x variables. Using our alternative definition of the
discriminant D as the discriminant of F', we may view D as the resultant of the n + 2 quadratic
forms appearing in VF (b, x). Writing y = (b, x), elimination theory therefore produces n + 2
identities of the form

oF )
DyY = > Gz‘j(}’)f (1<i<n+2),
1<j<n+2 Yi
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where G;; are polynomials with coefficients in Z. In particular, if the vector (b, x) € Z"*? satisfies
p™ | VF(b,x), but p{b and p1x, it follows that m < v,(D). Let us put 6 = v, (D).

If 2< k<2041, then it trivially follows from (2.5) that S(k) = O(1). If k > 2§ + 2, which
we assume for the remainder of the argument, we will show that S(k) = 0. Our work so far has
shown that

N@pM = > #Cu(),
o<m<oé
where Cp,(p*) denotes the set of y = (b, x) (mod p¥), with p{b and p{x, for which p* | F(y)
and p™||VF(y). Given any y € C,,(p*) it is easy to see that

F(y +p*™y') = F(y) + p* ™y’ - VF(y) (mod p")
= 0 (mod p*),

for any y’ € Z"*2, with

VF(y +p"™y') = VF(y) = 0 (mod p" ™)
= 0 (mod p™*1).

F+1) if and only if

Thus Cy,(p*) consists of cosets modulo p*~™. Moreover, y + p*~™y’ € Cp,(p
pRF(y) +p ™y - VF(y) =0 (mod p),

for which there are p™*! incongruent solutions modulo p. Hence #C,,(p*+1) = p"T1#C,, (p¥),
which therefore shows that S(k) =0 in (2.5). This completes the proof of the lemma. O

2.4 Treatment of bad d
Returning briefly to S(B) in (1.1), we will need a separate argument to deal with the contribution
from x for which Q2(x) =0 and Q;(x) is divisible by large values of d which share a common
prime factor with Ay .

To begin with, we call upon joint work of the first author with Heath-Brown and
Salberger [BHS06], which is concerned with uniform upper bounds for counting functions of
the shape

M(f; B) = #{t € Z" : [t| < B, f(t) = 0},

for polynomials f € Z[t1, ..., t,] of degree § > 2. Although the paper focuses on the situation
for § > 3, the methods developed also permit a useful estimate in the case § =2. Suppose
that ¥ =3 and that the quadratic homogeneous part fy of f is absolutely irreducible. Using
[BHS06, Lemmas 6 and 7] we can find a linear form L € Z[t1, ta, t3] of height O(1) such that
the intersection of the projective plane curves fo =0 and L =0 consists of two distinct points.
After eliminating one of the variables, we are then free to apply [BHS06, Lemma 13] to all the
affine curves defined by f=0 and L = ¢, for each integer ¢ <« B. This gives the upper bound
M(f; B) < B when v = 3. According to [BHS06, Lemma 8], we have therefore established
the following result, which may be of independent interest.

LEMMA 3. Let € >0, let v>3 and let f€Z[t,...,t,] be a quadratic polynomial with
absolutely irreducible quadratic homogeneous part. Then we have

M(f; B) < B"7%*¢,

The implied constant in this estimate depends at most on v and the choice of €.
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We shall also require some facts about lattices, as established by Davenport [Dav63,
Lemma 5]. Suppose that A C Z" is a lattice of rank r and determinant det(A). Then there
exists a ‘minimal’ basis my, ..., m, of A such that 1 < |m;| < - < |m,|, with the property that
whenever one writes y € A as y =Y., \im;, then \; < |m;| |y, for 1 <i < r. Furthermore,

T T
] Il < det(A) < T Imyl. (2.6)
i=1 i=1

We now come to the key technical estimate in this section. Given any d € N and B > 1, we
will need an auxiliary upper bound for the quantity

Nqg(B) = #{x € Z" : |x| < B, d | Q1(x), Q2(x) = 0}. (2.7)

Simple heuristics suggest that Ny(B) should have order d~!B"~2. For our purposes we require
an upper bound in which any power of d is saved.

LEMMA 4. Let ¢ >0,d €N and n > 5. Assume B > d and Hypothesis-p. Then we have

n—2+¢

n—3+¢
—qUn + dB .

Note that this estimate is valid for any quadratic forms @1, @2 for which @2 is non-singular
and the expected bound for p(d) holds. In our case the desired bound follows from Lemma 2
when V' is non-singular.

Ny4(B) <

Proof of Lemma /. On extracting common factors between x and d in Ny(B), one quickly verifies
that it suffices to prove the upper bound in the lemma for the quantity Nj(B), in which the
additional constraint (d, x) =1 is added. Breaking into residue classes modulo d, we see that

NiB)= Y #{xeZ':|x|<B,x=£ (mod d), Qa(x) =0}. (2.8)
£ (mod d)
Q1(€)=0 (mod d)
QR2(£)=0 (mod d)

Let us denote the set whose cardinality appears in the inner sum by Sy(B; &). If S4(B; &) =10,
then there is nothing to prove. Alternatively, suppose we are given xg € Sy(B; &). Then any other
vector in the set must be congruent to x¢ modulo d.

Making the change of variables x =x¢ + dy in S4(B; &), we note that |y| <Y, with Y =
2d~!'B. Furthermore, Taylor’s formula yields

y - VQ2(x0) + dQ2(y) =0, (2.9)

since Q2(xp + dy) =0 and Q2(x¢) =0. This equation implies that the y under consideration
are forced to satisfy the congruence y - VQ2(&€) =0 (mod d), since xg = & (mod d). Let us write
a=VQ2(&). Then it follows that

#5,(B; €) <1+ #{y € Aa: |ly| <Y, (2.9) holds},

where Ay ={y €Z":a-y=0(mod d)}. This set defines an integer lattice of full rank and
determinant det Ay =d/(d, a). The conditions of summation in (2.8) demand that (d, &) =1.
It therefore follows from the remark at the end of §2.1 that p/ < 1, whenever j € N and p is a
prime for which p? | (d, VQ2(€)). Thus (d,a) < 1 and so det A, > d.

Let M denote the non-singular matrix formed from taking a minimal basis my,..., m,
for A,. Making the change of variables y = M, and recalling the properties of the minimal
basis recorded above, we see that

#S4(B; €) <1+ #{A€Z": N < Jmy[ 1Y for 1 <i <n,g(A) =0},
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where ¢(\) is obtained from (2.9) via substitution. In particular, the quadratic homogeneous
part o of ¢ has underlying matrix M7 MyM, which is non-singular. We are therefore left with
the task of counting integer solutions to a quadratic equation, which are constrained to lie in
a lop-sided region. Furthermore, since we require complete uniformity in d, we want an upper
bound in which the implied constant does not depend on the coefficients of g.

It being difficult to handle a genuinely lopsided region, we will simply fix the smallest variable

and then allow the remaining vectors X' = (A1, ..., A\,—1) to run over the full hypercube with
side lengths O(Y'). In this way we find that

#Sa(B; &) <1+ > #NeZ' N[ <Y, q(N, 1) =0}
t<|m, |7Y

Viewed as a polynomial in X', the quadratic homogeneous part of g(X, t) is equal to go(XN', 0).
This must have rank at least n — 2 > 3, since ¢ is non-singular and its rank cannot decrease
by more than 2 on any hyperplane. In particular, go(X’, 0) is absolutely irreducible. We apply
Lemma 3 with v =n — 1 and f =q(N,t) to get

#S4(B; €) <<Y"—3+5<1+ Y )

jm,,|

Now it follows from (2.6) that [m,,| > (det Aa)"/™ > d*/™. Recalling that Y = 2d~! B and inserting
this into (2.8), we conclude that

N} (B) < old) <§)n_3+5 (1 " dlﬁ/n)

The conclusion of the lemma therefore follows from Hypothesis-g. O

3. Preliminary transformation of S(B)

In this section we initiate our analysis of S(B) in (1.1). For any odd integer M it is clear that
r(M) =0 unless M =1 (mod 4). Hence our sum can be written

sm= X ()

xeL™
Q1(x)=1 (mod 4)
Q2 (X):O

We proceed to open up the r-function in the summand. Let {Vr(¢)}r be a collection of smooth
functions, with Vi supported in the dyadic block [T, 277, such that >, Vy(t) = 1 for t € [1, CB?).
The constant C' will be large enough depending on (1 and W, so that |@1(x)| < C whenever
x € supp(W). We will neither specify the function Vp nor the indexing set for 7. However we will
simply note that T can be restricted to lie in the interval [3, 2C' B?], and that there are O(log B)
many functions in the collection. Moreover we will stipulate that
VI (1) < 1,
for each integer j > 0. For a positive integer M < CB? we may write

r(M)=4) "> x(d)Vr(d).

T dM
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It follows that

X
SEH-1E S Y w(E) =15 snm),
T d x€Z™ T
(x)=1 (mod 4)
(x)=0 (mod d)
Qz(x)zﬂ
say. Let a € (Z/AZ)™ be such that Qq(a) =1 (mod 4), and let St a(B) be the part of Sr(B)
which comes from x = a (mod 4).
In the analysis of St 4(B) we want to arrange things so that only values of d satisfying d < B
occur. When T < B this is guaranteed by the presence of the factor Vr(d). When T > B we can

use Dirichlet’s hyperbola trick, since x(Q1(x)) = x(Q1(a)) =1, to get

ST,a<B):;X<d) 3 W@)VT(@;«))_

Q1
Q1

x=a (mod 4)
Q1(x)=0 (mod d)
Q2(x)=0
In this case too we therefore have d < B. For notational simplicity we write
War(y) = B2 (3.1)
W{(y)Vr <%1(Y)> otherwise.

Here W : R" — R is an infinitely differentiable bounded function of compact support such that
Q1(x)>1 and |[VQ1(x)| > 1, for some absolute implied constant, for every x € supp(W).

Our plan is to use the circle method to analyse S7a(B), together with an application of
Poisson summation. This leads us to study the exponential sums (1.2), for varying m € Z". We
will face significant technical issues in estimating this sum when d has a large prime power
factor p”, in which p divides the constant Ay that was introduced at the close of § 2.2. This issue
will be handled by separating out the contribution from the awkward d as follows.

LEMMA 5. Let Z be a parameter satisfying 1 < = < B. Then we have

SBY=4>" > (Sha(B)+Sh.(B)),
T ac(z/Az7)"
Q1(a)=1 (mod 4)

with

B = > Y Wd,TC;),

d=1 _ x=a (mod 4)
(d,AP)>E Q1(x)=0 (mod d)
Q2(x)=0

EaB= 3 @ Y Wd,T(j;).

1 x=a (mod 4)
)<E Q1(x)=0 (mod d)
Q2(x)=0

We will provide an upper bound for S?F o(B) and an asymptotic formula for SﬁT o(B), always
assuming that = satisfies 1 < = < B. The following result deals with the first task.

LEMMA 6. Let € > 0 and assume Hypothesis-p. Then we have
Spa(B) < ETV/nprTrte 4 Zpnotte
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Proof. Write e = (d, A}’). Then

S7a(B)< Y Z S Waer (;)

e|]Ag d=1 x=a (mod 4)
e>E Q1(x)=0 (mod de)
Q2(x)=0

By the properties of (3.1), only d, e satisfying de < B feature here. Inverting the sums over d

and x, we obtain
STa << Z Z T<Q1(EX)>’

e|A |x|<B
E<ekB x=a (mod 4)
Q1(x)=0 (mod e)
Q2(x)=0
where 7 is the divisor function. Note that Q1(x) # 0, since Q1(x) = Q1(a) =1 (mod 4), so that
the inner summand is O(B¢) by the trivial estimate for 7. Hence we have

S7a(B)<B° Y N(cB), (3.2)
elag
E<e<cB

for an absolute constant ¢ > 0, in the notation of (2.7).

We will make crucial use of the monotonicity property Ne(cB) < Ny(¢B) for d | e. Suppose
that we have a factorisation Ay = Hle p;. For ne Z;O, let p”= le?:l p;*. Consider the
collection of integers 2 = {p" : n € ZL,} and set B(A1, A2) = % N (A1, Ag]. Tt follows from (1.3)
that % contains O(B°) elements of order B. In this new notation the sum in (3.2) is over
e € B(E, cB). We claim that

Sta(B)< B > NcB).
e€B(E,AvE)

Once achieved, the statement of the lemma will then follow from Lemma 4.

By the monotonicity property, in order to establish the claim it will suffice to show that every
e € B(=Z, c¢B) has a divisor €' | e, with ¢ € Z(E, AyE). To see this, we suppose that e = p™ and
consider the decreasing sequence of divisors of e. This sequence ends at 1, and the ratio between
any two consecutive members is bounded by Ay . Thus one of the divisors must lie in the range
(2, AyE], as required. This completes the proof of the lemma. O

Turning to Sgr .(B), we now need a means of detecting the equation Q2(x)=0. For any

integer M let
1, fM=0
5(M) _ { ) 1 )

0, otherwise.

Our primary tool in this endeavour will be a version of the circle method developed by Heath-
Brown [Hea96], based on work by Duke et al. [DFI93]. The starting point for this is the following
smooth approximation of ¢ (see [Hea96, Theorem 1]).

LEMMA 7. For any () > 1 there is a positive constant cg, and a smooth function h(x,y) defined
n (0, 00) X R, such that

2L, Z (i)

g=1 a (mod q)
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The constant cq satisfies cg =1+ On(Q™N) for any N > 0. Moreover h(z,y) < x~! for all y,
and h(x,y) is non-zero only for x < max{l, 2|y|}.

In practice, to detect the equation M =0 for a sequence of integers with |M| < N/2, it is
logical to choose @ = N'/2. We will use the above lemma to detect the equality Q2(x) =0 in
Sgpa(B). However, since we already have the modulus d in the sum over x we will use this
modulus to reduce the size of the parameter (). This is the key trick that underpins our entire
argument. Our idea is to replace the equality Q2(x) =0 by the congruence Q2(x) =0 (mod d)
and the equality Q2(x)/d = 0. This leads to the expression

Sha(B) = g R (45 Jwar(5)
Ay)< =0 (r

= Q1(x)=0 (mod d)
Q2(x)=0 (mod d)

LS XD @09, (4 @)Y, (X

DL DD DD D L T L )
d=1 _ g=1 a (mod q) x=a (mod 4)

(d,AF)<E Q1(x)=0 (mod d)

Q2(x)=0 (mod d)

We shall make the choice

B
Q= Ja
Since d < B, it follows that Q > v/B.
With our choice of ) made, we remark that the size of the full modulus ¢d is typically of
order B3/2. Since this is much smaller than the square of the length of each x; summation, it
will be profitable to use the Poisson summation formula on the sum over x.

LEmMA 8. For any N >0 we have

n—2 o e
s =0+onBNE Sy XD L m),

where

* 4a@Qs(k) + m -k
Tm= Yy (el
a (mod q) k (mod 4dq)
k=a (mod 4)
Q1(k)=0 (mod d)
Q2(k)=0 (mod d)

and

2
o) = [ (& B N Wan(y)eas-Bm-y) dy.

Proof. Splitting the sum over x into residue classes modulo 4dgq, we get that the inner sum over
x in our expression for Sgﬂ o(B) is given by

aQ2(k ) Z
2. S
k (mod 4dq) < xEeL™
k=a (mod 4)
Q1(k)=0 (mod d)
Q2(k)=0 (mod d)
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where
o =1

Poisson summation yields

Z f(x) = Z —m-y)dy
xXEL™ mezm™
" 2
= <4§q> m%n e4dq(m - k) / h(é7 B 6%2( )>Wd7T(}’)€4dq(_Bm'y) dy.

The lemma follows on rearranging and noting that cg =1 + Oy (B~Y) and Q? = B%/d. O

q @2 (k + 4dgx) W k 4 4dgx
Q ) dQ2 da,T B .

In this and the next few sections, we will analyse in detail the exponential sum Ty ,(m)
appearing in Lemma 8. We start with a multiplicativity relation which reduces the problem to
analysing the sum for a prime power modulus. Observe that d is necessarily odd, but ¢ can be of
either parity. For any d, ¢ € N we recall the definition (1.2) of Sq,(m), and for any non-negative
integer ¢ define

Sta(m = > epn(4aQs(k) + m - k). (3.3)
a (mod 2¢) k (mod 22+¢)
k=+a (mod 4)

We note that if h € N is coprime to d and ¢, then Sgq(hm)=.5;,(m). The following result is
now available.

LEMMA 9. For g = 2%/, with ¢’ odd, we have
d
Ty q(m) = Sy (m) S5 (m).
Proof. Set
k =Kk'20t220+2 4 K'dd'dq, a=d'2'2' +d"¢q,

where k' (mod d¢'), k” (mod 2“2), a’ (mod ¢"), and a” (mod 2°). The conditions on k then
translate into k” =a (mod 4), Q1(k’) =0 (mod d) and Q2(k’) =0 (mod d). Furthermore, we
have

. <4aQ2(k) +m- k) . ( (40’ Q2(K') + m - k')2€+2> ((4a”Q2(k”) +m - kK")dq )

4dq dq’ 2042
The sum over o’ and k' gives Sy ,(m) after a change of variables. A similar change of variables
in a” and k" gives Sf%(m), where the sign is given by x(d¢’). O

In a similar spirit we can prove the following multiplicativity property for the sum (1.2).
LEMMA 10. For d =dydy and q = q1q2, with (d1q1, d2g2) = 1, we have
Sd,q(m) = Sd1,q1 (m)Sdz,QQ (m)

This result reduces the problem of estimating S ,(m) into three distinct cases. Accordingly,
for d, ¢ € N we define the sums

Qq(m) = Sl,q(m)7 -@d(m) = Sd,l(m)a %d,q(m) = Sd,q(m)7

the latter sum only being of interest when d and ¢ exceed 1 and are constructed from the same
set of primes. The analysis of these sums will be the focus of §§4-6. For the moment we content
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ourselves with recording the crude upper bound
S, (m) < 2¢/2HD), (3.4)

for (3.3), whose truth will be established in the following section.

We close this section by presenting some facts concerning the exponential integral Iy ,(m)
which appears in Lemma 8, recalling the definition (3.1) of Wy 7(y). The properties of h recorded
in Lemma 7 ensure that ¢ < @ when I;,(m) is non-zero. Likewise the properties of Wyr
imply that d < B under the same hypothesis. The underlying weight function W has bounded
derivatives

ai1+"'+in
Oyt Oyt

and the function V7 satisfies ¢/ V:ﬁj ) (t) <; 1. It therefore follows that

W(y) <iy,...in 1,

Hirtrtin
6yil Byn
since Q1(y) has order of magnitude 1, uniformly for y € supp(W).
In the notation of [Hea96, § 7] we have

War(y) <i,,...in 1,

Tig(m) = 1 ¥) = [, Gl )ty)er (—v-y) dy. (3.5)
where
g _ Bm _ B2Qa(y) _
=0 VY=o G(y) = a2 =Q2(y), w(y)=War(y).
We have
GirtFin Hirttin
———G(y) <y 1, ———wl(y) <y, L
yi* -+ Oy’ dyy' - - - Oy’

Using these bounds and integration by parts, as in [Hea96, § 7], we obtain the following bound.
LEMMA 11. For m # 0 and any N > 0, we have

d N
st v ()

As a consequence we get that m with |m| > dQB~1*¢ will make a negligible contribution in
our analysis of SﬁT,a( ). For m with 0 < |m| < dQB~'*¢ a more refined bound is required. The
following result is due to Heath-Brown [Hea96, Lemma 22] and is based on a close study of the
function h(zx, y).

LeEMMA 12. Fori€ {0,1}, 0 < |m| < dQB~'"¢ =/dB® and ¢ < Q = B/\/d, we have

1-n/2
Be.

%

5
@Id’q(m) <K q

dq

4. Analysis of 24(m)

The aim of this section is to collect together everything we need to know about the sums

Z > eg(aQa(k) + m- k),

a (mod ¢) k (mod q)
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for given m € Z™. This sum appears very naturally when the circle method is employed to analyse
quadratic forms. Let M be the underlying symmetric n x n integer matrix for a quadratic form @,
so that Q(k) = kT Mk. We begin with an easy upper bound for the inner sum in 2,(m) when
q is a prime power.

LEMMA 13. For any quadratic form Q(x) = x Mx, we have

> (@ +m 1| <Ky (2M:0)
k (mod pn)

in the notation of (2.1).

Proof. Cauchy’s inequality implies that the square of the left-hand side is not greater than

Y. (@) - Q) +m-(x-y)).

x,y (mod p7)

Substituting x =y + z we see that the summand is equal to e, (m - z)e,-(Q(z) + 2y” Mz). The
sum over y vanishes unless p" | 2Mz, in which case it is given by p™" e, (Q(2)). The result now
follows by executing the sum over z trivially. O

We apply Lemma 13 to estimate Z,(m). Since Q)2 is non-singular it follows from Lemma 1
that there is an absolute constant ¢ > 1 such that K, (2Mj; 0) <¢, for any prime power p’.
Moreover one can take ¢ =1 when p{2det My. On summing trivially over a one deduces that
|2, (m)| < Vept™/2H07 for any prime power p”. Applying Lemma 10 therefore yields

2,(m) < ¢/ (4.1)

Likewise (3.4) is an easy consequence of Lemmas 1 and 13 when p = 2.

Using quadratic Gauss sums, it is possible to prove explicit formulae for 2Z,-(m) when the
prime p is large enough. The oscillation in the sign of these sums will give cancellation in the sum
over ¢ in Lemma 8 which will be crucial for handling n = 7. Let Q(x) be a quadratic form with
associated matrix M. We write Q*(x) for the adjoint quadratic form with underlying matrix
(det M)M~!. For any odd prime p let

e(p) = {1 if p=1 (mod 4),

i if p=3(mod 4),
and let x,(-) denote the Legendre symbol (-/p). We may now record the following formula.
LEMMA 14. Let p be a prime with pt2 det M. Then we have

P26, (—4 det MQ*(m)) if r is even,

Z ep(Q(k) + m - k) = {pm/QXp(det M)e(p)"ep-(—4 det MQ*(m))  if r is odd.

k (mod p")

Proof. Since p is odd there exists an n x n matrix U with integer entries and ptdet U such
that UTMU is diagonal modulo p”. Hence in proving the lemma we may restrict ourselves to

diagonal forms Q(x) = ayz? + - - - + a,x2, with M = diag(ay, . . ., a,,). In this case we have
2 2
Q*(x):detM(xl—i--”—Fx"),
a1 (79

where det M = aq - - -«
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Let S denote the sum appearing on the left-hand side in the statement of the lemma. Then
n
S = H{ Z epr(aik? + mzk)}

=1 “k (mod p")

Since p{2aq;, we can complete the square. This yields

Z epr(aik? + mik) = epr (—daym?) Z epr(aik?).
k (mod p7) k (mod p7)
The last sum is the quadratic Gauss sum, which satisfies

Z epr(ik?) = {p

. r/2 :
k(mod pr) Xp(w)e(p)p™/?  if 7 is odd.

/2 if r is even,

The lemma follows on substituting this into the above expression for S. O

Lemma 14 directly yields an explicit evaluation of the sum 2,-(m) when the prime p is
sufficiently large. To state the outcome of this let

* p"
)= 3 eptan= 3 au(Y)
 (mod p7) d(p”,a)
be the Ramanujan sum and let
gr(@)= Y xp(x)ey(ax)
z (mod p")

be the Gauss sum. For the former we will make frequent use of the fact that c,-(ab) = c,-(a)
for any b coprime to p, and c¢p-(a1) = ¢pr(a2) whenever a; = as (mod p”). Moreover, we have the
obvious inequality |c,-(a)| < (p”, a).

It follows from Lemma 14 that

2, (m) nr/2 Z* epr (—4a det M2Q3(m) if r is even,
)= p . .

' a (mod p) Xp(det Ma)xp(a)™e(p) ey (—4a det MaQ3(m)) if r is odd,
if pt2 det M. The following lemma now follows from executing the sum over a.

LEMMA 15. Let p be a prime with pt2 det My. Then for even n we have
2, (m) = £(p)" X (et Ma)"p" /¢,y (Q3(m)).
For odd n we have
2, (m) = ]9m/2CpT(Q§(m)32 ) l:fr 1:s even,
e(p)"xp(=1)p" gy (Q5(m)) if r is odd.
Let

N {2@;<m> det My if Q5(m) #0, 42)

2 det My otherwise.

We now turn to the average order of Z,(m), as one sums over ¢ coprime to M for some fixed
M € N divisible by N. For this we will use Perron’s formula unless n is even and Q%(m) # 0, a
case that can be handled trivially as follows.
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LEMMA 16. Let M € N with N | M. Assume that n is even and Q5(m) # 0. Then we have
Y 124(m)| <2

qsz
(g,M)=1

Proof. Combining Lemma 15 with the multiplicativity relation Lemma 10 we obtain

Yo 12m)<a™? Y leg(Qa(m)).

qsx q<z
(¢,M)=1 (¢,M)=1
The lemma follows on noting that |c,(Q5(m))| < (¢, @5(m)) = 1. O

Let x be a non-principal Dirichlet character with conductor ¢,. It will be convenient to recall
some preliminary facts concerning the size of Dirichlet L-functions L(s, x) in the critical strip.
We begin by recalling the convexity bound

L(o +it, x) < {ey([t] + 1)} 1-o)/2+e, (4.3)
for any o € [0, 1]. Next we claim that
1/24+iT ds
/ L(s, x)|* 7 < c/10ere, (4.4)
1/2—iT [s]

For this we break the integral into dyadic blocks, deducing that it is dominated by
2y 2
11y / < + 1, X)

dt.
For Y < Cx/ we use Heath-Brown’s [Hea80] hybrid bound L(3 + it, x) < {cx(|t] + 1)}3/16%, to

get
L *1 + it :
7
2 » X

For Y > c;/ ® we use the approximate functional equation to replace the L-value by a series of
length y/c, Y, and then use the mean value theorem for Dirichlet polynomials (see Iwaniec and
Kowalski [IK04, Theorem 9.1], for example). This gives

1 2y 2 c
v /Y dt < (1 +4/ ;‘)Te log ¢, < c7/10teTe,
ns

Summing over all dyadic blocks, and redefining the choice of ¢, we arrive at (4.4).
For s € C let 0 = R(s). Returning now to the application of Perron’s formula, we set

Ev(s;m) = Z %:n)'
(q,M)=1 1

By (4.1) this series is absolutely convergent for ¢ > n/2 4+ 2. When n is even and Q3(m) # 0 it is
absolutely convergent for o >n/2 4 1, by Lemma 16. For any  — 1/2 € Z and T > 0 we obtain

Y dyadlc
0<Y<T

1 2Y

1+Y

dt < &/3TEVY < /10T,

x(n) nit

NG
YTe

1 C+ZT < dS $C
qsz
(g, M)=1
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where ¢ > n/2 + 2. We will take T" large enough in terms of z and |m| so that the error term in
the formula is negligible. The analytic nature of the L-series can be revealed using the explicit
formulae that we enunciated in Lemma 15 and depends on the parity of n. For even n we get

enlsim) = I {f: Xp(det Ma)"e(p)"" ¢y (Q3(m)) } (4.6)

v s p(s—n/2)7‘

For odd n we get

) — ¢pr (Q3(m)) n N 9 (Q3(m))
Enr(s; m) —pl;é{r;nm + xp(=1)e(p) TOddp(S_i/Q)r}. (4.7)

The following result handles the case in which Q%(m) = 0.
LEMMA 17. Let M € N with N | M and let € > 0. Assume that QQ5(m) = 0. Then we have

(n+3)/2+€M6 if (—1 n/2 det M 0
x i e ,
Z Zg(m) < 2+2 ( ) 2 27
a2t if (—1)™? det My = 0.
q<T
(¢, M)=1

Here, and after, for any complex number z we write z =[] if and only if there exists an
integer j such that z = j2. Thus the sum in question is bounded by O(z("*3)/2+¢)[€) when n is
odd since it is then impossible for (—1)”/ 2 det M3 to be the square of an integer.

Proof of Lemma 17. The second part of the lemma is a trivial consequence of (4.1) and the
triangle inequality. Turning to the first part we begin by supposing that n is even and
(—=1)™2 det My # 0. If Q5(m) = 0, then ¢, (Q3(m)) = ¢(p"). Tt follows from (4.6) that

n
Ev(s;m) = L<5 —1- 5 ¢> En(s),
where L(s, 1) is the Dirichlet L-function associated to the Jacobi symbol

$() = ((—1)"/2.det M2>

)

with conductor ¢y, = O(1), and where Ej;(s) is an Euler product which converges absolutely
in the half-plane 0 >n/2+ 1 and satisfies the bound FEj/(s) < M€ on any fixed half-plane
o>n/2+ 1+ mn, with n > 0. This gives the analytic continuation of £j;(s; m) up to o >n/2 4 1.

Moving the contour of integration in (4.5) to ¢p = (n + 3)/2 and invoking the convexity
estimate (4.3) to deal with the horizontal contours, we obtain

1 co+1iT ds € 2 METE
Dy(m) = — m)zt C oL 4T ),
q; ¢(m) 9 /CO_ZT Em(s; m)z s T <T e >
(g,M)=1

Here we note that (—1)"/2 det My is not a square and so the L-series does not have a pole in
the region o > ¢y — 1/2. Taking T = 2"t* the error term is seen to be O(z~"/4=3/2+¢ M), The
remaining integral is estimated via (4.4), which thereby leads to the first part of Lemma 17 when
n is even.

If n is odd and @Q3(m) =0, then ¢,-(Q35(m)) =¢(p") and g,~(Q3(m)) =0. Hence &£p/(s; m)
is absolutely convergent and bounded by O(M?®) in any fixed half-plane o > (n + 3)/2 + n,
with 7 > 0. This implies that we can shift the contour in (4.5) to ¢o = (n + 3)/2 + &, without
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encountering any poles, leading to a similar but simpler situation to that considered for even n.
This completes the proof of Lemma 17. O

Let us turn to the size of the exponential sums 2,(m) for generic m, for which sharper bounds
are required. Tracing through the proof one sees that if n is even and Q%(m) # 0, then one is
instead led to compare &y/(s; m) in (4.6) with L(s —n/2,1)~!. To improve on Lemma 16 one
therefore requires a good zero-free region for L(s —n/2,1) to the left of the line 0 =n/2+ 1,
for which the unconditional picture is somewhat lacking. However, even if one is able to save a
power of x in Lemma 16, this still does not seem to be enough to handle n =6 in Theorem 1.
The following result deals with the case of odd n when Q%(m) # 0.

LEMMA 18. Let M € N with N | M and let € > 0. Assume that n is odd and Q%(m) # 0. Then
we have

Y 2,m)<

qszx
(¢, M)=1

lm|7/16+egn/2H e ppe e (—1)(=D/2Q3(m) #£ O,
plr D2, if (=1)("/2Q5(m) = 0.

Proof. Recalling (4.7) we note that g,(a) = x,(a)e(p)p'/?, for any non-zero integer a that is
coprime to p. Hence we deduce in this case that

Ev(sim) = L<5 -

where 9y, is the Jacobi symbol

n+1
2 )

¢m> En(s),

Ql)m() =

9

((—1)(”1?/2623(1“1))

with conductor 4|Q%(m)|= O(lm|?). Also Ej(s) is an Euler product which now converges
absolutely for o >mn/2+1 and satisfies the bound FEjp(s) < M® on any fixed half-plane
o>n/2+1+mn, with >0. Under the assumption that (—1)~1/2Q}(m) # O, the L-series
&n(s; m) does not have a pole in the region o >n/2 + 1. Moving the contour of integration in
(4.5) to co =n/2 4+ 1 + ¢, and using the convexity estimate (4.3), we therefore get

1 co+iT . ds e ’m|1/2+sxcoMs

e 270 JeyiT T
(q,M)=1

in this case. Estimating the remaining integral using (4.4), as before, we conclude the proof of
the lemma when (—1)("~1/2Q%(m) # O by taking T sufficiently large.

Finally, if (—1)=1/2Q3(m) =0, then &)/(s; m) is regularised by ¢(s — (n+ 1)/2) and has
a pole at s = (n + 3)/2. In this case we move the line of integration back to ¢o = (n+3)/2 + ¢,
which easily leads to the statement of the lemma. O

5. Analysis of Z4(m)

The aim of this section is to collect together everything we need to know about the sums

Dq(m) = Z eq(m - k),

keV (z/dz)

for given m € Z" and d € N. Here we write W to denote the affine cone above a projective
variety W. The estimates in this section pertain to the quadratic forms considered in Theorem 1,
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so that V is non-singular and we may make use of the geometric facts recorded in §2.2. Our
starting point is Lemma 10, which yields Zg,4,(m) = 24, (m)Z,4,(m) if (dy, d2) = 1, rendering it
sufficient to understand the behaviour of the sum at prime powers.

For any m € Z" we begin by examining the case in which d = p, a prime. Introducing a free
sum over elements of [y, we find that

(p—1)Zp(m) = Z Z ep(m - x)

a=1 xeV(F,)

p—1
= Z Z ep(am - x)
xeV (F,) e=1
= p#vm(Fp) - #V(Fp)a

where Vi, is the variety obtained by intersecting V' with the hyperplane m - x =0, and Vin is
the corresponding affine variety lying above it. Rearranging, we obtain

-1
Dy(m) = (1 - 1) (#Vm(Fy) — p~ 4V (B)). (5.1)

Now for any complete intersection W C P, which is non-singular modulo p and has dimension
e > 1, it follows from Deligne’s resolution of the Weil conjectures [Del74] that
[BW (Fp) — (0" + 07+ + 1) = Oam(p?),

where d is the degree of W. In particular, since

_H#W(E,) -1
#W(Fp) - p _ 1 )
we deduce that
#W(Fp) =T + O (p'°T272). (5.2)

In our setting we have e=n — 3 for V and e =n — 4 for Vi, if ptm. We may now record the
following inequalities.

LEMMA 19. We have
p" D2 ifptG(m),
Dp(m) < p=D/2 ifp| G(m) and ptm,

n—2

P if p| m.

Proof. We may assume that pt{ Ay, since otherwise the result is trivial. Our starting point
is (5.1). If p | m, then Z,(m) = #V (F,) and the claim follows from (5.2).
If pf G(m), so that Vj, is non-singular modulo p, then an application of (5.2) yields

1
Z,(m) = <1 _ ;) (pnf:} + O<p(n72)/2) _ pfl(pan + O(p(nfl)/Q))) _ O(p(rhg)/g)7

if n > 5. When n = 4 this is trivial since then #Vy(F,) = O(1). This establishes the claim.
Finally, if p | G(m) and p{m, then Vj, is singular and of codimension 1 in V' modulo p. By
a result of Zak (see [Hoo91, Appendix, Theorem 2]), the singular locus of Vi, has projective
dimension 0. Hence the work of Hooley [Hoo91] yields #Vim(F,) = p" 3 + O(p»~1/2), which
once inserted into (5.1) yields the desired inequality. O
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We now turn our attention to higher prime powers. Let d =p” for r > 2 and suppose that
G(m) # 0. We assume that p{ Ay and ptm. Then it is easy to see that

Dy (m) = Z epr(m - ).
xeV(Z/p"Z)
pix

Mimicking the argument leading to (5.1), a line of attack that we have already met in the proof
of Lemma 2, we deduce from the explicit formula for the Ramanujan sum that

P Tpm)= Y Y eplemx)=p’ Y 1-pt YL

a (mod p) xeV (2/p"Z) xeV(Z/p"Z) xeV(Z/p"7Z)
pix p’im-x P m-x
ptx ptx

r—1

In the second sum we write x =y + p" 'z with y (mod p"~!) and z (mod p), to get

Z 1= Z #{z: Qi(y +p " '2z) =0 (mod p"), for i =1, 2}.

x€V(Z/p"Z) YEV(Z/p~ L)
pTHm-x ptm-y
pix ply

Since p{ Ay, the count for the number z (mod p) is given by p™~2. Setting
N/, m)=#{xeV(Z/PZ): ptx,m-x=0 (mod p/)},

we get
.

__Pp " m) — n—3 r—1 m)).
@pr(m)—(p(pr){N(p, ) =p"°N(p", m)}

In particular, an application of Hensel’s lemma yields the following conclusion.
LEMMA 20. Let r > 2. Then we have Z,-(m) =0 unless p | AyG(m).

We also require a general bound for Z;(m). By the orthogonality of characters we may write
1
72

where
P4(m; b) = Z eq(b1Q1(k) + b2Q2(k) + m - k).
k (mod d)

We proceed to extract the greatest common divisor h of b with d, writing d = hd’ and b = hb/,
with (d', b’) = 1. Breaking the sum into congruence classes modulo d’ we then see that

Pa(m;b) = > eaQui(K) + b5,Q2(K) + h'm - K )ep(m - K").
k’ (mod d’) k” (mod h)
In particular, h must be a divisor of m, and, furthermore, if we write m = hm’, then we have

Z4(m; b) =h"Dy (m’; b’). Applying Lemma 13, we conclude that

]@d(m)lgé S wd™? Y K GM(b); 0), (5.3)

h|(d,m) b’ (mod d’)

in the notation of (2.1) and (2.2). The following result provides a good upper bound for the inner
sum, provided that d’ does not share a common prime factor with Ay .
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LEMMA 21. For any € >0 and e € N with (e, Ay) =1, we have

37 K.(2M(b); 0) < €2+,
b (mod e)

Proof. Let g(e) denote the sum that is to be estimated and put U.(b) = K.(2M(b); 0). One
notes via the Chinese remainder theorem that g is a multiplicative arithmetic function which it
will therefore suffice to understand at prime powers e = p”, with pt Ay. We have

g®@)= > Up(b).

0<by,b2<p”
ptb

Viewed as a matrix with coefficients in Z, it follows from (2.3) that M(b) has rank n or n — 1,
and furthermore P(b) = det M(b) has non-zero discriminant, as a polynomial in b. For i =0, 1
we write %; for the set of b € Z? with 0 < by, by < p” and p{b, for which M(b) has rank n — i
over Z.

We will provide two upper bounds for Uy,-(b). We begin with Lemma 1, which gives
Upr(b) < p" =0+ (5.4)

where p is the rank of 2M(b) over Z and 6, is the minimum of the p-adic orders of the o x p
non-singular submatrices of 2M(b). Our second estimate for U,-(b) is based on an analysis of
the case r = 1. Since p{ Ay it follows that 2M(b) has rank n or n — 1 modulo p. In the former
case one obtains Uy(b) =1 and in the latter case U,(b) = p. An application of Hensel’s lemma
therefore yields

. (5.5)
p" if pt Ay and p | det M(b).
Combining (5.4) and (5.5) we deduce that
pmin{r,vp(P(b))} it b e Ay,
p" if be %.

1 if M

Upr(b) <

It therefore follows that

g(p'r‘) < Z pmin{r,vp(P(b))} _‘_pr#{@l
be%,

Now it is clear that there are only O(1) primitive integer solutions of the equation P(b) =0,
whence #%, =O(p"). Moreover we have v,(P(b)) <A with A =7rn+ O(1), for any b € %j.
Our investigation so far has shown that for pt Ay we have

A
g(p") <p™ + > P 43 (0),
/=0

where %y(¢) is the set of b € %y for which p’ | P(b). If £ < r, then
#20(0) < p*""D4{b (mod p’) : ptb, P(b) =0 (mod p)} < p* ",
since p does not divide the discriminant of P. Alternatively if £ > r, then it follows that
#Bo(l) <p".
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Putting this altogether we conclude that
g(pr) <<p2r + Z p2r + Z p2r < Tp2r’
0<e<r r<l<A

for p+ Ay. This suffices for the statement of the lemma. O
Applying Lemma 21 in (5.3), we conclude that
Da(m) < "2 (d, )27,
if (d, Ay)=1.1If d| A, we will merely take the trivial bound
| Za(m)| < o(d) < d" >,
which follows from Lemma 2. Combining these therefore leads to the following result.
LEMMA 22. For any & >0 we have Z4(m) < (d, A{®)"/?72d"/%+2(d, m)™/2~2,

We are now ready to record some estimates for the average order of |Z;(m)|, as we range
over appropriate sets of moduli d. Combining Lemma 19 with Lemma 20 and the multiplicativity
property in Lemma 10, we are immediately led to the following conclusion.

LEMMA 23. For any € > 0 we have

Y [ Za(m)] < 2"/

d<zx
(d,AvG(m))=1

Here Lemma 20 ensures that only square-free values of d are counted in this sum. Furthermore
this result is trivial if G(m) =0, in which case we will need an allied estimate. This is provided
by the following result.

LEMMA 24. Assume that G(m) = 0. For any € >0 we have
Z |@d(m)| < x(n+1)/2+s'

d<zx
(d,AVm):l

Proof. We make the factorisation d = uv, where w is the square-free part of d and v is the square-
full part. In particular, both u and v are assumed to be coprime to Ay and m. Then Lemma 19
yields 2, (m) < u(®~1/?*¢ and it follows from Lemma 22 that Z,(m) < v™/2%¢. Hence

Z |‘@d(m)| < Z u(n_l)/2+svn/2+g

d<z uv<e
(d,AV m):l

< almtD/2e 5 %
v<x v

On noting that the number of square-full integers v < V is O(V1/2), this therefore concludes the
proof of the lemma. O

6. Analysis of #g,q4(m)

It remains to estimate the mixed character sums .#;,(m), which it will suffice to analyse at
prime powers. Our goal in this section will be a proof of the following result.
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LEMMA 25. Assume that q | d* and d | ¢®>°. Let € > 0 and assume Hypothesis-p. Then we have
%d,q(m) < (d, (2 det Mz)w)n/272dn/2+sqn/2+1'
Our proof of this result is based on an analysis of the sum
*
My e (m) = > > epr+e(aQa(k) +m - k),
a (mod p*)  k (mod p"t¢)
Q1(k)=0 (mod p")
Q2(k)=0 (mod p~)
for integers r, £ > 1. We first split the inner sum by replacing k by k + p"x, where k runs modulo
p" and x runs modulo p. This yields

At D SR ) (6.1)
k (mod p")
Q1(k)=0 (mod p~)
Q2(k)=0 (mod p")

S(k) = Z* epr+e(aQ2(k) + m - k) Z epe(aQ2(x)p" +aVQa(k) - x + m - x).

a (mod p?) x (mod p*)

We will argue differently according to which of r or £ is largest. Recall that @3 is the dual of @2,
with matrix M3 = (det My)M; ! Lemma 25 is a straightforward consequence of the following
pair of results and the multiplicativity property in Lemma 10.

LEMMA 26. Suppose that { > r. Then .#, ,(m) =0 unless p" | Q5(m) or p | 2 det My, in which
case My e (m) < ptHnidn/2]

T

Proof. In the inner sum of S(k) we take x =y + p!~"z, where y runs modulo p!~" and z runs

modulo p”. This gives
Yo ep(aQey)p +aVQa(k) -y +m-y) > ey (aVQa(k) - z+m-2),
y (mod p*=7) z (mod p”)
for the sum over x (mod p’). The sum over z vanishes unless
aVQa(k) + m =0 (mod p"). (6.2)

Recall from the conditions of summation in (6.1) that p” | Q2(k). In particular, if p{2 det Ma,
then it follows that .#,- ,(m) = 0 unless p" | Q5(m), as required for the first part of the lemma.
For the second part, we let v € Z™ be such that aVQ2(k) + m = p"v. Then we have

S =p" Y epee(aQ)+mek) Y epr(aQaly) +v-y),

acA(k) y (mod p*=7)
where A(k) denotes the set of a € (Z/p'Z)* such that (6.2) holds. Applying Lemma 13 and then
Lemma 1 we conclude that

’S(k)’ < Z pnr+n(ﬁ—r)/2 er_r(2M2; 0) < Z pnr+n(€—r)/2.

acA(k) acA(k)

Inserting this into (6.1) therefore gives
a (mod p*)

A further application of Lemma 1 therefore gives the bound in the lemma. O
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LEMMA 27. Suppose that ¢ < r and assume Hypothesis-g. Then M, ,(m) = 0 unless p* | Q3 (m)
or p |2 det My, in which case My ,e(m) < p /2 (p 2 det My)nr/2-2r+e,

Note that when p | 2det My in Lemma 27, so that p is bounded absolutely, the bound for
My e (m) is O(pM/ZHVEHM=2r+2) "which grows like C™ for an absolute constant C' > 0.

Proof of Lemma 27. The expression in (6.1) now features
Sk)= > epe(a@a(k)+m-k) D ey(aVQa(k)-x+m-x).

a (mod p?) x (mod p*)

The sum over x vanishes unless
aVQ3(k) + m = 0 (mod p°). (6.3)
Recall that p" | Q2(k) in (6.1), which implies that p’ | Q2(k) since r > £. If p{ 2 det M, it follows
from (6.3) that
ak = —2 det MoMjm (mod pt),

whence p’ | Q3(m), as required for the first part of the lemma. For the second part we deduce
that

Sk)=p" 3 epe(aQa(k) +m - k).

a (mod p*)
(6.3) holds

Re-introducing the sum over k and using exponential sums to detect the divisibility constraints
p" | p~tQ;(ak), which are clearly equivalent to p"~¢|p~¢Q;(k) when @ is coprime to p, we

deduce that
nt

p
My g (00) = > T(b), (6.4)
p b (mod pr—*)
where
Tb)= > > epr(aQa(k) +m-K)ep (b1Q1(ak) + bQ2(ak)),
a (mod p*) keK

and K denotes the set of k (mod p”) for which (6.3) holds and Q;(k) = 0 (mod p?), for i =1, 2.
We proceed by writing ak = x + p’y, for y modulo p"~¢. For each value of a coprime to p,
choose an integer @ such that aa =1 (mod p’"”). This leads to the expression

Tb)= > 3 Y. Iy,

a (mod p*) x (mod p*) y (mod pm—%)
VQ2(x)+m=0 (mod p*)
Q;(x)=0 (mod p*)
for i =1, 2, with
f(x,y) = epre(@Qa(x + p'y) +am - (x + p'y))ep (h1Q1(x + p'y) + b2Qa(x +p'y)).

Recall the notation M(b) introduced in (2.2). One concludes that

> sy|=| X edaw)an )|

y (mod p"~*) y (mod p™~*)
with n = p~fa(VQz(x) + m) + 2M(b)x and
Q(y) =aQa(y) + p' (h1Qu(y) + b2Qa(y)).
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This quadratic form has underlying matrix M(p‘by, p’bs +@). The number of x (mod pf)
appearing in our expression for 7'(b) is O(1) by Lemma 1. Applying Lemma 13, we deduce
that

T(b) < p 072 Y7 \/ K-t (2M(p’hy, pby + @); 0).
a (mod p*)
As by runs modulo p"~¢ and @ runs over elements modulo p’ which are coprime to p, so
¢o = p'by + @ runs over the set of residue classes modulo p”, which are coprime to p. Replacing
b1 by bice, and recalling (6.4), we obtain

o) < B > S By @M(phics, ¢2): 0)
pr,pt pQ(Tff) 7[ e
b1 (mod p™—¢) ¢ (mod p")
n(t+r)/2
< Ppi_e S K@M, 1) 0).

by (mod pr—*)

It will be convenient to put § = v,(2" det My). We may assume that ¢ > §. Indeed, if £ < J, then
we may take the trivial bound S(k) = O(1) in (6.1). Applying Hypothesis-p we go on to deduce
that ., e (m) = O(p""~2+€), which is satisfactory.

Using Taylor’s formula we may write

det 2M(p‘by, 1) = p* f(b1) + det 2M(0, 1)
= pzf(bl) + 2" det MQ,

for an appropriate polynomial f(b;) with integer coefficients. Viewing b; as an element of Z, it
follows that p®f(b1) + 2" det M # 0, since £ > §. Hence

vp(det 2M (p’hy, 1)) =4

and Lemma 1 yields K,—(2M(p‘by, 1); 0) < 1. The overall contribution to .#, ,(m) from this
case is therefore O(p () 2), which is satisfactory. O

7. Proof of Theorem 1: initial steps

We henceforth assume that n > 5. From Lemma 8 we have

B” 2 > (d) <= 1
54a(B) = (14 Ox (B~ > Y MO m) ),
mezZn (@ A:") _ q=1 q

for any N > 0. We expect that the main term of the sum comes from the zero frequency m = 0.
This we will compute explicitly in §8 and it will turn out to have size B"2, as expected. Our
immediate task, however, is to produce a satisfactory upper bound for the contribution from
the non-zero frequencies. In view of the properties of Ij,(m) recorded in §3 the sums over d
and ¢ are effectively restricted to d < B and ¢ < @, respectively. Moreover, Lemma 11 implies
that the contribution of the tail |m| > dQB~'*¢ is arbitrarily small. Finally, Lemma 2 confirms
Hypothesis-p for the quadratic forms considered here.

As reflected in the various estimates collected together in §§4-6, the behaviour of the
exponential sum Ty ,(m) will depend intimately on m. We must therefore give some thought
to the question of controlling the number of m € Z™ which are constrained in appropriate ways.
The constraints that feature in our work are of three basic sorts: either Q3(m) =0 or G(m) =0
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or (=1)=1/2Q3(m) =0, the last case only being distinct from the first case when n is odd.
The first two cases correspond to averaging m over rational points [m] belonging to a projective
variety W C P!, with W equal to the quadric Q35 = 0 or the dual hypersurface V*, respectively.
For such W we claim that

#{mcZ": [m] e W(Q), jm| < M} < M" 2% (7.1)

for any M > 1 and € > 0. When W is the quadric, in which case we recall that ()3 is non-singular,
this follows from Lemma 3. When W = V* our discussion in § 2.2 shows that W is an irreducible
hypersurface of degree 4(n — 2) > 12. Hence the desired bound follows directly from joint work
of the first author with Heath-Brown and Salberger [BHS06, Corollary 2]. Finally, we note that

#{mez": (-1)"V2Q5m) =0, |m| <M} < M1+, (7.2)

for any M >1 and € > 0. Indeed, the contribution from m for which Q3(m) =0 is satisfactory
by (7.1) and the remaining contribution leads us to count points of height O(M) on a non-singular
quadric in n 4+ 1 variables, for which we may appeal to Lemma 3.

We may now return to the task of estimating the contribution to SﬁTﬁ(B) from m for which

0 < |m| < dQB~'*¢ = V/dBe. In this endeavour it will suffice to study the expression

Ura(B,D)=B"2 Y 3 % 3 qlang(m)Idﬂ(m) , (7.3)

< € d’VD q
0<|m|<vDB (dA%)<z

for D > 1, where Y’ indicates that the sum should be taken over odd integers only and the
notation d ~ D means D /2 < d < D. In our analysis of this sum we will clearly only be interested
in values of D <« B. However, for the time being we allow D > 1 to be an arbitrary parameter.

Recall the definition (4.2) of the non-zero integer N. We split ¢ as dq with (¢, dN) =1 and
d | (dN)°°. Since q is restricted to have size O(Q) in (7.3), by the properties of Iy ,(m) recorded
in §3, we may assume that § < B. We deduce from the multiplicativity relations Lemmas 9

and 10 that
. | | T,5(m)| 1
Ura(B,D)<B"? > g1 > s > gﬁg@ﬁnﬂlﬁun)'
0<m|<vDB (, {5 - ISy (q.dN)=1

To estimate the inner sum over g we see via partial summation that it is

L5 am)3 ()

q<y
(g,dN)=1

The integral is over y < ¢Q/d, for some absolute constant ¢ > 0. Define the quantities

6 (n: m) = {176 if 24 n and (—1)"=1/2Q5(m) # O,

0  otherwise,

and
1 if Q5(m) =0 and (—1)"/? det My =0,
1 if Q%(m) =0 and (—1)"2 det My # 0,
02(77,;111): % . Qz( ) ( )( —1)/2 *27&
3 i Q3(m)#0 and (—1)""/2Q3(m) =0,
0 otherwise.
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According to our conventions we note that the first case in the definition of 62(n; m) only arises
for even n and likewise the third case only arises for odd n. Drawing together Lemmas 16-18,
and using Lemma 12, we therefore obtain the estimate
0 (Igs,(m
< day )) ' dy
dwy\ "

ds \"/21 . cQ/s .
< (B> |m|91(n7m)(dNB)e/ yn/2+1+92(n,m) . y—n/2—2 dy,
/m| 1

for the above integral. Let

. cQ/é
< ‘m‘Ol(n,m)(dN)a / n/2+1+62(n m)+e| Y
1

(7.4)

0 otherwise.

0 if nis even, L if2|nand (—1)2 det My =03,
nm=15 " oy = {2 H 210 and (=) :

ig if n is odd,

Returning to our initial estimate for Uz o (B, D) and recalling the definition (1.2) of Sy ,(m), we
now have everything in place to establish the following result.

LEMMA 28. We have

Bn/?—l—i—g
Ura(B,D) < W(U(l) U@y,
where
1) — (B/\/D)Y/2+02(n) Sas(m
v = Z m]/2-1 Z Z 5n/2+1 ,
0<|m|<vDB*® (dg 1)7 i
(=0T Qs(m)=0 &<z 52p
01(n) g
@ = m [ |Sa,5(m
U = Z |m’n/271 Z Z 5n/2+1
0<‘m|<\/535 dZ,ZCD _ 6|d30
(—1)(*=D/2Q3 (m)#£0 (dAFI<= 5o p

Proof. Our work so far shows that Ura(B, D) < CY) + C®?) | with

cm B 3 (B/vV/D)*(rsm) Ly [Tusm)]
= Bn/2-1 ‘m‘n/Q—l — dn/2 5127~ §n/2+1+0>(n;m)’
e (@.A7)<= s<B
Brte |m | () ro 1 | Ta,5(m)]
@) = Bl N 12d o\
¢ = Bn/2-1 Z |m|n/2—1 Z dn/2 Z on/2+1
0<|m|<v/DB* d~D S|(dN)>
(_1)('7L71)/2Q;(m)¢m (d,A¥)<E KB

We note that 6y(n; m) =1/2 4 65(n) in CM, but take n/2 + 1 for the exponent of §. Drawing
together Lemma 9, (3.4) and (4.1), it follows that

> 7 n/2+1 << Y 1< (NBY,

SN SN
5<B 5<B

where the final inequality follows from (1.3). Thus we can restrict 6 to be a divisor of d*° in
CM and C? at the cost of enlarging the bound by B¢. In particular, since d is odd, it follows
that § is odd and so Lemma 9 implies that Ty 5(m) = Sy 5(m). Finally, on taking d > D/2 in the
denominator of both expressions, we arrive at the statement of the lemma. O
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We are now ready to commence our detailed estimation of Uz 4(B, D), based on Lemma 28.
We begin by directing our attention to the estimation of U(?). Pulling out the greatest common
divisor h of m, and then splitting d =d;dy and ¢ =102, with d1 | d3°, di | A, d2 | d3® and
(dg, h) =1, it follows that

hal(n) ‘m‘01(n) |Sd 5 hm
2 = 1~a1,01 N1
v = Z hn/2-1 E |m|[/2-1 Z Z n/2+1 21’ (7.5)
0<h<vDB* 0<|m|<VDB* /h h<D bl
(—=1)(=D/2Q3 (m)#£0 ” dlAlilc)<’:‘ 5 <KB

ged(m)=1

where if 54, =Z/(d1, A}), then

|54, 5, (him)|
Xy = Z Z POCE
do~D/dy  5y|d 2

(do,h)=1 6,<B
(d27A\O/O)<Ed1

Here we recall from §3 that Sy, 5,(hm) = Sy, 5,(m) since (dadz, h) = 1. Now set

H(m) = | AvCEm)Q3(m) det My if G(m) £0,
Ay Q3 (m) det My if G(m) =0,

where G is the dual form introduced in §2.2. Note that Q3(m) # 0 in this definition, so that
H(m) is a non-zero integer.

We further Split d2 = d21d22 and 52 = (521522 with 521 ’dg?, d21 ]H(m)oo, (522 | dgg and
(da2, H(m)) = 1. It follows that

’S 21,021 ‘S 22, 22( )’
21 < Z Z Z Z Lt 521522)n(j2+61 )

do1<D/dy  021|d5y doa~D/didar  622|dSS
doi|H(m)>® 021K B (da2,hH(m))=1 622K B
(dgl,h) 1
(d21,A7)<Eq,

In view of the fact that (da2,2Q35(m)det M) =1, it follows from Lemmas 26 and 27 that
Sdys 60, (M) vanishes unless do2 = 1. Hence we may conclude that the sum over dao and dy9 is

D

daa~D/did2
(d22,hH(m))=1

)

) n/2+11 (m)+e

by Lemmas 23 and 24, where

otherwise.

1 m)=
w1<m>={g £G(m) =0,

It follows that

D n/2+ (m)+e
7)

|Sd21,521 )‘
m< I
do1<D/dy  821|d53
d21|H (m)> 521<<B
(dgl,h)zl
(d21,AY)<Eq,
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Now there is a factorisation dg; = d5;dhy; such that (db, d5,) =1 and db; | 57 and 021 | d57,
with Sg,, 5,,(m) = Ay, 5,,(m)Zgy, (m). It therefore follows from Lemmas 22 and 25 that

Sy (M) < (da1, A9)/2 2032502+

since m is primitive. Hence

D n/2+1 (m)+e
o <= (d) B
1
Substituting this into (7.5) we now examine
‘Sd1,51 hm
Yg = E Z n/2+1 21
di<D  §|d°
dl‘hoo 61<<B
(d1,A¥)<E
< DM/ Hi(m)te pge Z gn/22 |S4,,6, (hm)|
co\n/2—2 244, 241"
jlliD (dl, AV )”/ e d’f/ (m)(s?/
1|h™ 01 <B
(d1,A¥)<E

We repeat the process that we undertook above to estimate Sy, 5, (hm), using Lemmas 22 and 25.
This gives

|Sdy,5, (hm)|
d711/2+¢1(m)5?/2+1 <

(dl 7 A%O)n/272d§hn/2727w1 (m) )

By (1.3) there are only O(B®D*?) values of §; that feature in this analysis. In this way we arrive
at the estimate

Sy < En/g_an/Q-le(m)—f—aBahn/?—?—iﬁl(m)' (76)

It is time to distinguish between whether G(m) =0 or G(m) #0 in our analysis of U®.
Accordingly, let us write U® = U@ 4+ U2 for the corresponding decomposition. We begin
with a discussion of U2 | for which 11 (m) =0 in (7.6). We deduce from (7.5) that

91 n
U znz2petepe 3 et 3 /m| /2( )1
0<h<VDB® 0<|m|<vDB¢/h o)
ge\ /2 1+0(n)
En/2f2Dn/2+5B5 h01 \/>
< > ) ,

0<h<VDB*

on breaking the sum over m into dyadic intervals for |m|. The sum over h is therefore convergent
and we conclude that

U(22) < En/2f2Dn/2+€B€(\/E)n/2+1+91(n)
_ En/2f2D3n/4+(1+91(n))/2+€B€' (77)
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We now turn to a corresponding analysis of U1, for which t;(m) = 1/2 in (7.6) . It follows
from (7.5) that

01(n)
(21) __ =n/2—2 (n+1)/2+ 0:(n)—3/2 /m|
U <= D "B Z h Z |m|n/2-1
0<h<vDB® 0<|m|<(v/DB?)/h
G(m)=0
€ TRDER/BERE oy fHe2 §Y
1/2<M<VDBs¢ < M
G(m)=0
Appealing to (7.1), we therefore deduce that
U(21) < En/QfQD(n+1)/2+€B€(\/E)n/271+91(n)
— En/272D3n/4+91(n)/2+€B€' (78)

Our final task in this section is to estimate U(!) in Lemma 28, for which we will be able to
recycle most of the treatment of U(). Following the steps up to (7.6) we find that

1/2+6,
(1) o mnfr—z pynpase (B )2 G (m) [ 12
UM « =722 p 75 > DY) || .
0<|m|<vDB*
(—1)3=/2Q; (m)=0)

One notes that in the absence of the function 0 (n), the exponent of h is at most —1, so that the
summation over h can be carried out immediately. As previously it will be necessary to write
UD =yl 4 g2 where UMY denotes the contribution from the case G(m) =0 and U(1?) is
the remaining contribution. Beginning with the latter, in which case ¥;(m) = 0, we deduce that

max M"/2 Z 1.

B 1/24-0>(n)+e
> 1/2<M<VDBs

U(12) << En/ZfQDn/Qst (
VD

|m|<M
(=) =072Q;5 (m) =0

Applying (7.2) we therefore obtain

92 n
(12) _ =n/2—2 ynj24= (B Ve n/2
U2 « =7/2-2p 7 B (VD)

—_ En/2_2D3n/4_1/4_62(n)/2+631/2+62(n)+5. (79)

For the remaining contribution, with t; (m) = 1/2, we will drop the fact that (—1)"=1/2Q}(m)
should be a square from the sum over m since there is already sufficient gain from the fact that
G(m) vanishes. Arguing as above, but this time with recourse to (7.1), we conclude that

92 n
(1) _ =n/2-2 n(n+1)/24<( B e n/2—1
Ut « =0/272p = Bf(vD)

— En/2_2D3n/4_1/4_02(n)/2+831/2+92(n)+a. (710)

Recall the definitions (7.4) of 6; and #3. Combining (7.7)—(7.10) in Lemma 28, we may now
record our final bound for Ura(B, D).

LEMMA 29. Letn>5 and D > 1. Then we have
UTa(B D) < En/Q—QBn/2—1+E(Dn/4+1+91 (n)/2+a 4 Dn/4_1/4_92(n)/2+5Bl/2+02(n)).
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8. Proof of Theorem 1: conclusion

Recall the expression for S%a(B) recorded at the start of §7. We now have everything in place
to estimate the overall contribution to this sum from the non-zero m. An upper bound for this
contribution is obtained by taking D < B in Lemma 29’s estimate for the quantity introduced
n (7.3). This gives the overall contribution

< En/2—ZBn/2—l+€(Bn/4+(1+91(n))/2 + Bn/4+1/4+92(n)/2)

< En/27233n/471/2+91(n)/2+€'

Combining this with Lemmas 5, 6 and 8, our work so far has shown that

S(B) — Mﬁ(B) + O(E—l/an—Q-‘rE + EBn—3+E + En/2—233n/4—1/2—&—91(71)/2—&—5)7 (81)
where
_ B"™ 2 > x(d 1
o =P ONID ORI = D3P HUTHU RS
ac(z/12)" =11

:1_
¥I<E

Qi1(a)=1 (mod 4) (hA
We begin with a few words about the integral

1440 = [ 1(%5% Quts) ) War(s) as.

where Wy 7 is given by (3.1) and we have made the substitution Q= B/v/d. Recall the
correspondence (3.5) between I;,(0) and I;(0). Recall additionally the properties of h(z, y) and
the weight function Wy that were recorded in §3. In particular, |[VQ2(y)| > 1 on supp(Wqyr)
and we have d < B and ¢vd< B if I;,(0) is non-zero. Combining [Hea96, Lemma 14]
and [Hea96, Lemma 15] it follows that

I4,4(0) < 1. (8.3)

Furthermore, according to [Hea96, Lemma 13], we have

I4,4(0) = Too(Q2, War) + ON{ (qé&) N}, (8.4)

for any N > 0, where for any infinitely differentiable bounded function w:R"™ — R of compact
support we set

e—0

TOO(Qg,w)—lim@e)_l/l s (8.5)

In fact 7o0(Q2, w) is the real density of points on the affine cone over the hypersurface Q2 =0
weighted by w. We will use these facts to extract the dependence on I;,(0) from (8.2).

Returning to (8.2), our main goal in this section will be a proof of the following asymptotic
formula.

LEMMA 30. Let n > 5, let € > 0 and assume Hypothesis-p. Then we have

Mﬁ(B) — anQO,OO H op+ O(Elean +Bn75/2+6 _+_B3n/471+€)7
p

where 0, and o, are the expected local densities of points on X (R) and X (Q,), respectively. In
particular, o H op >0 if X(R) and X(Q)) are non-empty for each prime p.

In the context of Theorem 1, for which n > 7, we note that Hypothesis-p follows from
Lemma 2. Moreover, X (Q,) is non-empty for every prime p by the work of Demjanov [Dem56].
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We now wish to apply Lemma 30 in (8.1) to complete the proof of Theorem 1. Our estimates
will be optimised by the choice = = B with

= (324 ()

which comes from balancing the first and third error terms in (8.1). We make the observation
that £(n) < £(n)(1 4 1/n) < 1, for n > 7. Hence we obtain the overall error term O(B"2-1(n)+e),
with

[ &(n) L n §(n)
n(n) —mln{n, 1—¢&(n), 271" 1} =
Observe that n(n) >0 if n > 7. At this point we stress that if we had exponent 1/2 instead of
7/16 in (4.4), which corresponds to the convexity bound, we would have 6;(n) =1/2 for odd n
and hence our result would only hold for n > 8. This completes the proof of Theorem 1, subject
to Lemma 30.
The remainder of this section will be devoted to the proof of Lemma 30. Combining (3.4),
(4.1) and Lemma 25 it follows from Hypothesis-o that

Td,q(O) < dn72+€qn/2+17 (86)

for any d, g € N. We will also make use of the bound (8.3) and the fact that d < B whenever
I44(0) is non-zero. Let M (B) be defined as in (8.2), but in which the sum over d runs over all
positive integers with d < B. Tt follows from (8.6) that M*(B) = M(B) + O(Z~1 B"~?*¢). Write

Bn 2
4n An—1 Z MT
say.

For given # > 0, let us consider the contribution to My (B) from ¢ > B'/27%. Invoking (8.6),
this contribution is seen to be

<

Ty(0
3 |d,qq§ )|

ac(Z/AZ)" d<<B q>Bl/2—9
Q1(a)=1 (mod 4)

< Z P Z qfn/2+1+s

d< B gq>B1/2-6
< BO/2-0)(=n/242) 4

since n > 5. Turning to the contribution from ¢ < B'/?7% we see that the error term in (8.4) is
On(B™N) for arbitrary N > 0, since d < B. Hence such ¢ make the overall contribution

> oy ) 5 2@ op,

aE(Z/4Z d<B g<B/2-¢
Q1 (a)=1 (mod 4)

to Mp(B). The previous paragraph shows that the summation over ¢ can be extended to infinity
with error O(B(1/2-0)(=n/2+2)+2) Moreover, for any fixed T, the function 7o, (Q2, Wy ) vanishes

unless
T if T < B,
d<{ ,
B?/T otherwise.
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Hence we may also extend the summation over d to infinity. Taking 6 to be a suitably small
positive multiple of €, we may therefore conclude that

Z Z X(d)Too Q2, War) ZOO T;4,4(0) n
ac(z/4z)"  d=1 = 1
Q1(a)=1 (mod 4)

Let us denote by Lp(B) the main term in this expression. We proceed to introduce the summation
over T via the following result, in which o(d) = Z4(0).

LEMMA 31. Let € >0 and M € N. Assume Hypothesis-o. Then for any 1 < y < x we have

ME
Z X d"fil < %
y<d<z
(d,M)=1
Proof. Let s =0 + it € C. In the usual way we consider the Dirichlet series
x(d)o(d) x(p)o(p) —4-20
Z H <1 + = + O(p2n 4-2 +6) ,

(d,M)= ptM

where the error term comes from Hypothesis-o. Since o(p) = p"~2 + O(p"~5/?), by the LangWeil
estimate, we conclude that

num(s) = L(s — (n —2), x) Enm(s),

where Ej/(s) is absolutely convergent and bounded by O(MF¢) in any fixed complex half-
plane o >n —3/2+mn, with > 0. The conclusion of the lemma is now available through a
straightforward application of Perron’s formula in the form (4.5). O

We deduce from Lemma 31 that
x(d)o(d)Vr(d) ¢

< (8.7)
dan—1
(d"I):l \/T
and
d)o(d)Vr(B? d VT VT
5 DUDFEQ _FVT_ VT .
(d,q)=1 d B Ql(Y)
uniformly for y € supp(W). Here we recall that Q1(y) is positive and has order of magnitude 1
on supp(W).
We now claim that
> Lp(B)=2C+ O(B™'/?**),
T
with
o0 [e.e]
_ X(d) < Taq(0)
C = Too(Qa, W) > > = > o (8.9)

ac(z/4zZ)"  d=1 a=1
Q1(a)=1 (mod 4)

Now the weight function Wy r differs according to whether 7' < B or T'> B. It will be convenient
to set WCE %( )=W(y)Vr(d) and Wé?(y) =W (y)Vr(B%2Q1(y)/d). In either case we wish to
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extend the sum over 7T to the full range, since Y V() =1 for 1 <t < B2 We have
> Li(p)-c- Y 1
T<B T>B

and

SN LrB)=c- > LB

T>B T<B

where Lg,f) (B) is defined as for Ly (B) but with the weight function Wéi)T, for i =1, 2. To estimate
the tails we employ the factorisation properties of T} 4(0), finding that

(4)
@) oy Ts,4(0 xX(d)o(d) 7 (Q2, Wisg1)
LT (B) - Z Z Z gn—1 Z dn—1 )
aE(Z/4Z) q= 1 8|q= (d,q)=1
Q1 (a)=1 (mod 4) 0B

for i=1,2. The inner sum over d is estimated by substituting the expression (8.5) for
Too (@2, W(S(;)T), and then interchanging the limit integral and sum. Note that the sum over d

is finite since To0(Q2, Wé((Zi%T) =0 unless dd < B. The resulting sum over d is then estimated
using (8.7) or (8.8), according to whether ¢ =1 or 2, respectively. After estimating the limit
integral trivially, the claim follows on invoking our hypothesised bound (8.6). Bringing everything
together, we have therefore shown that

2B"— 2

M(B) =~

C+ O(Bn 5/24¢ BBn/4—1+e)’ (8.10)
with C given by (8.9).

To close, we wish to show that the leading constant admits an interpretation in terms of local
densities for the intersection of quadrics X considered in Theorem 1. For a prime p the relevant
p-adic density is equal to

op= lim p "N ("),
k—o0

where

n+2 Ql (X)

N = # {x o) € @y QI 2 e Grod P

2
0 (mod p)

if p> 2, and

ky konnae . Q1(x) = u? + v? (mod 2F),
N(2 )—#{b@u,v)e(Z/? A" Qa0 =0 (mod 2k>,2+Q1<x>}'

The restriction to odd values of Q1(x) in N (2¥) comes from the definition of the counting function
S(B). In order to relate these densities to the local factors that arise in our analysis, we set

S(A; p%) = #{(u, v) € (Z/p"2)? : v + v = A (mod p*)},

for any A € Z and any prime power p¥. According to Heath-Brown [Hea03, § 8] we have

S(A: ph) = p* + kpF(1—1/p) if vy(A) > k,
’ (L +vp(A)pF(1 = 1/p) if up(A) <k,
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when p=1 (mod 4). When p =3 (mod 4), we have

p?le/2 if v, (A) >k,
S(A;p") =L pF(1+1/p)  if vy(A) <k and 2 | v,(A),
0 if vy(A) < k and 2{v,(A).

Finally, for odd A, when p =2 and k > 2 we have
2K+ if A=1 (mod 4
S(A, 2k) _ { 1 (mo )a

0 otherwise.
We now have everything in place to reinterpret the densities o;,. We being by analysing the
case p = 2, obtaining

B e Q1(x) =1 (mod 4),
klinolo 9l—k(n=1) 4 {x e (z/27)" Q;(x) — 0 (mod 2k)} . (8.11)

Alternatively, when p > 2, it is straightforward to deduce that
p n— e\ N7
Up=< - X;)> lim p~* "D "y (pf)Ni(e), (8.12)

where
Rt = # {xe @tz
Finally, for the real density o, of points, we claim that

Ooo = TToo(Q2, W), (8.13)

in the notation of (8.5). Supposing that the equations for X are taken to be Q1(x) = u? + v?
and @Q2(x) =0, the real density is equal to

o — /°° /m / W (x)e(a{Q1(x) — u? — v2} + BQa(x)) dx du dv de dB.
—o0 J—oo J(x,u,v)ER?H2

We restrict u, v to be non-negative and substitute t = Q1 (x) — u? — v? for v. Writing

/ /xu\/Qlﬁszg))dxdudﬁ,

where the integral is over (x,u) € R"*! such that >0 and Q(x) — u? —t >0, we therefore

obtain
Ooo =4 / / ) dt do.

By the Fourier inversion theorem this reduces to 4F(0). Noting that

/‘/‘Z du T
0 A_—u2 2

for any A > 0, we arrive at the expression
1 = [
Ooo =4 X = X = W(x)e(fQ2(x)) dx dg.
2 2 —oo0 JxER"?

However, the remaining integral is just the real density 7.(Q2, W), by [Hea96, Theorem 3|. This
concludes the proof of (8.13).
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It is now time to interpret the constant C' in (8.9) in terms of the local densities o), and o.
Invoking Lemma 9 we may write

Cor@w) Y XARSS

ac(z/4z)" d=1 =0 ¢'=
Q1(a)=1 (mod 4) 21q

7 S0 (0 (0)8357(0).

~,_.

Recall (3.3). We therefore see that for fixed d and ¢’ the sum over a and ¢ is

> Z*Sﬁq) Z o0n Z > ear (aQ2(k)

~—

ac(z/4z)"  £=0 a (mod 2¢) k (mod 2%+%)
Q1(a)=1 (mod 4) Q1(k)=1 (mod 4)
_ i o—f(n—1) 9+tvn . Q1(k) =1 (mod 4),
zlggo 2 # {k €(2/272)" Q2(k) =0 (mod 2°)
— 4 22
2

on carrying out the sum over a and comparing with (8.11). Hence it follows that

n 02 X(d) 1
C=d"x = X 7o(Q2, W) ) 207 > 751 (0)
d=1 q'=1
2tq'

Expressing the sum over d and ¢’ as an Euler product one finds that

P x(p")
dn 1 Z qu( ) H (r+&)n Spr’pe(O).

q —1 p>2 r >0 p
2tq’

Here Sp-1(0) = N,(r) and Spr pt(0) = P'Nyio(r) = p " N, y_1(r), when £ > 1, in the notation
of (8.12). It easily follows that

= x(d) o= 1
S MDY s =]Tn

d= p>2

—_
Q\

Il
S =

with
k(n—1) T\ AT X(p) -
7p = lim p~ > X )Nk(r) = (1- =) o
o<r<k
Finally, on appealing to the identity (8.13) and noting that L(1, x) = 7/4, we deduce that
N qn— 1
C=4 X?XTOO(QQ, 1)(1:[2017— XO'OOHO'p
P

Once inserted into (8.10) we therefore arrive at the statement of Lemma 30.
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