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Abstract. The flow of glacial ice is typically approximated as a non-Newtonian viscous fluid, with the momentum balance
described by (an approximation to) the Stokes equations, and the non-linear rheology described by a flow law. The most
commonly used rheological law forglacial ice, Glen’s flow law, yields infinite viscosity in the case of zero deformation, which
canbe the caseatthe ice surface. This poses a problem when solving the momentum balance numerically. We show that two
commonly-used discretisation schemes for the boundary conditions at the ice surface and base, which yield proper numerical
convergence when applied to simpler problems, produce poor numerical convergence and large errors, when used to solve the
momentum balance with Glen’s flow law. We show thata discretisation scheme based on the concept of ghost nodes, which
substitutes the boundary conditions directly into the momentum balance equations, yields second-order numerical convergence
and errors that can be up to four orders of magnitude smaller. These results are robust across different momentum balance
approximations. We show that the improved boundary conditions are particularly useful for solving the 3-D higher-order
Blatter-Pattyn Approximation (BPA). In general, this work underlines the importance of thoroughly verifying the numerical

solvers used in ice-sheet models, before applying them to future projections of ice-sheet mass loss.

1 Introduction

Sea-level rise caused by large-scale mass loss of the Greenland and Antarctic ice sheets is one of the most worrying potential
consequences of unmitigated anthropogenic climate change (Fox-Kemper and others., 2021). Numerical models of ice-sheet
flow are the most commonly used tools to project this mass loss into the future, but these projections contain substantial

uncertainties (Goelzer and others, 2020; Seroussi and others, 2020; Aschwanden and others,2021). Part of these uncertainties
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arises from uncertainties in physical properties of the present-day ice-sheets, such as the temperature and viscosity of the ice
(Seroussi and others, 2013; Babaniyi and others, 2021), the subglacial topography (Perego and others, 2014), the subglacial
hydrology (Kazmierczak and others, 2022), the sub-shelf ocean conditions and melt rates (Favier and others, 2019; Jourdain
and others, 2020; Berends and others, 2023a),and the subglacial friction and sliding law (Sun and others, 2020; Berends and
others, 2023b). Another part stems from uncertainty in the future change in climate and mass balance (Goelzer and others,
2020; Seroussi and others, 2020). However, a substantial contribution to the uncertainty stems from the way the physics of
flowing ice are described mathematically, and solved numerically. Different approximations to the momentum balance (Pattyn
and others, 2008; Bernales and others, 2017; Riickamp and others,2022), and different numerical treatments of basal friction
(Leguy and others,2021; Feldmann and others,2014)and sub-shelf melt (Cornford and others,2020; Leguy and others, 2021;
Berends and others, 2023a) at the grounding line all contribute to the spread in modelled projections of ice-sheet mass loss.
Whereas uncertainties in the physical properties of the ice can be reduced by improving the quantity and quality of
observations, uncertainties in the numerical representation of physical processes must be reduced by the effort of the ice -sheet

modelling community.

The majority of ice-sheet models approximate the flow of glacial ice as a non-Newtonian viscous fluid, numerically solving
(a simplified approximation to)the Stokes equationsto calculate the ice velocity. The (non-linear) relation between the strain
rate and the effective viscosity is described by the flow law defining the rtheological properties. All the different approxim ations
to the Stokes equations take the form of an elliptic partial differential equation (PDE), with one or more of the ice velocity
components u, v, w asthe unknowns to be solved for. As the Stokes equations neglect all momentum terms, there is no time
dependence in the equations, so that the velocity of theice atany point in time depends only on the ice geometry (disregarding
the possible dependence of the viscosity on the ice temperature, impurities, damage, or other quantities). This means that
boundary conditions only need to be prescribed at the geometrical boundary of the ice sheet. At the ice base, englacial
temperatures that are well below the (pressure-corrected) melting point are often assumed to imply that the ice is frozen to the
substrate, i.e. u, = 0, which numerically takes the form of a Dirichlet boundary condition. However, at the ice surface and
margin, and at the sliding parts of the ice base, a zero-stress boundary condition applies. Numerically, this boundary condition
takesthe form of a Neumann boundary condition, where not the value of the unknown itself is specified, but that of its gradient.
In the case of sliding at the ice base, possibly the magnitude of the basal velocity is involved as well, leading to a Robin, or
mixed boundary condition. While several commonly used ice-sheet models provide the physical equations describing the
boundary conditions to their momentum balance approximation (e.g. Pattyn, 2003; Lipscomb and others, 2019), as well as
discretisation schemes for the momentum balanceitself (e.g. Bueler and Brown, 2009; Berends and others, 2022), few provide
details on the discretisation scheme for the boundary conditions. As Neumann boundary conditions can be discretised in

different ways, the available literature is often insufficient to reproduce the numerical solvers used in these ice-sheet models.
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Here, we investigate three different discretisation schemes for the zero-stress Neumann boundary condition to the momentum
balance. Starting with the simplest possible case, we numerically solve the shallow ice approximation (SIA) in the vertical
column and compare the results to the analytical solution. We show that not all discretisation schemes for the Neumann
boundary condition perform equally well. Particularly, the more obvious choice of using one-sided finite differences to
approximate gradients at the domain boundary, results in large errors and poor numerical convergence when Glen’s flow law
is used to describe the ice theology. Instead, a ghost-point scheme, which allows the Neumann boundary condition to be
substituted directly into the momentum balance equation, produces betterresults, with numerical convergence of the expected
order, and errors thatcanbe up to four orders of magnitude smaller. We demonstrate that the unintuitively poor performance
of the one-sided finite difference schemesis caused by a singularity in Glen’s flow law, which predicts viscosities that diverge
to infinity asthe strain rates approach zero. When we instead use a simpler flow law, which predicts finite viscosity everywhere,
the one-sided finite difference schemesperform as expected. In a next step, we perform a similar set of experiments with the
Blatter-Pattyn approximation (BPA), applied to Experiments A and C of the Ice-Sheet Model Intercomparison Project for
Higher-Order Models (ISMIP-HOM; Pattyn and others, 2008). Here we find the same results: the one-sided finite difference
schemes perform as expected when applied to the simplified flow law, but fail when applied to Glen’s flow law, whereas the

ghost-point scheme performs well in both cases.

2 Shallow ice approximation
2.1 Physics
Table 1 near here

The SIA neglects all viscous stresses except the vertical shear stress (Morland and Johnson, 1980). This approximation holds
when the aspectratio of the ice-sheet geometry is small, i.e. when the characteristic length of horizontal features is either very
small or very large with respect to theice thickness, and when sliding velocities are small compared to flow velocities due to
vertical shear. This is the case for large areas of the interior of the Greenland and Antarctic ice sheets.

Choosing an x-coordinate parallel to the ice flow, the SIA reads:

= (n5) =pa 0

The symbolsused throughout this work are defined in Table 1. Glen’s flow law (Paterson, 1994)relates the effective viscosity
7 to the effective strain rate &:
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Here, A(T*) is a temperature-dependent flow rate factor. When choosing a no-slip boundary condition at the ice base (i.e.
u(z = b) = 0), and a zero-stress boundary condition at the ice surface (i.. Z—: (z = h) = 0), this non-linear partial differential

equation has the following analytical solution:

n-1
u(@ = —2(pg)" |Z_:| Z—ZbeA(T*(Z’)) (h—z)"dz'. )
For the case of isothermal ice, where A(T* (z)) = A, this simplifies to the widely used:
= _ n |28 TR A pni1 _ (g _ ynt
u@ = —20p" |2 EL gt (h— ), 5)

2.2 Numerical solution

This analyticalsolution can be approximated numerically. As is common practise in many ice-sheet models (e.g. PISM, Bueler
and Brown, 2009; CISM, Lipscomb and others, 2019; IMAU-ICE, Berends and others, 2022), we use a staggered-grid
approach to solve the momentum balance, where material properties such as the englacial temperature, flow rate factor, strain
rate, and effective viscosity, are staggered with respect to fluxes such as the ice velocities. This is illustrated for the STA, which
only concerns the vertical dimension z, in Fig. 1.

Figure 1 near here

The regular grid, which we shall from here on call the a-grid (Arakawa and Lamb, 1977), has n, nodes spaced at regular
intervals of Az, with the first (k = 1) and last (k = n,) nodes coinciding respectively with the ice base and the ice surface, so

that:

Z=b+H ©)

n,—1

Az = u

™)

nz—1'
Many ice-sheet models use an irregular vertical grid, with thinner, more closely-spaced layers near the ice base to more
accurately capture the higherstrain rates there (e.g. PISM, Martin and others,2011; Yelmo, Robinson and others,2019; IMAU-

ICE, Berends and others, 2022). We include some additional experiments in Appendix A where we investigate the effect of

such an irregular grid.
The staggered grid, which we shall from here on call the c-grid, has n, — 1 nodes, which lie halfway between the a-grid nodes:
k., K+l
= % ®)

Note that we use the subscript to indicate the grid, and the superscript to indicate the node index. We approximate the vertical
profile of the horizontalice velocity u(z) by discretising it on the a-grid, whereas the effective viscosity 7 is discretised on the
c-grid:

uk ~ u(zk), ©)

nk ~ (k). (10)
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Gathering all the n, values of u¥ together yields the discretised velocity vector u:

u, = [kl = [ul,u?, .. wltul ultt, ol ule ] (11)

Similarly, the discretised effective viscosity vector is expressed as:

k+1

_ 11T
ne =k = [nin2, . onktnk gkt ol gl ] (12)

. . a . . . .
To approximate the gradient operators P between the two grids, we use a two-point central differencing scheme:
z

ark i 13)
0Z g ¢ Az
k_ k-1
ark [ 1 ck<n
5 = Az z, (14)
¢-a 0, otherwise.

. afk . ) .
Note that the gradient of a_f is not defined on the first and last nodes.

Zc-a

These operators can be represented by matrices, which can be multiplied with the discretised vectors u, andn, to calculate

their gradients:

=~ L 9o ... 0 0 0]
Az Az
0o =2 X 0 0
Az Az
Mg/acz= A 51 1 ! (15)
0 0 O — = 0
Az Az
0 0 0 0o =2 X
| 2 gl
o 0 0 0 0 07
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S L bz
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Az Az
o o o .. o =X L
Az Az
‘0 0 O - 0 0 O

Note that the size of Mg 3 is (n,-1)-by-n,, while M7 7' is n,-by-(n,-1). The discretised approximation to the SIA can now
be expressed as a matrix equation:

M5 D IMS o u, = Aug = b. (17)
Here, D(n,) is an (n,-1)-by-(n,-1) diagonalmatrix with the elements of . on the diagonal. The load vector b is ann,-by-1
vector with every elementhaving a value of pg Z—Z. The stiffness matrix A is equal to the product Mg/j,CzD(nc)MgfaaZ. We can

write out the coefficients of the M-matrices to derive a single linear equation from this system:

- 1 i i
Mg e =+ (ugt —ug), (18a)
i , ,
D@ IMG o, =1 (it — ), (18b)
5
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MED(IME S, = = [t Qb — ul) — i Gl — w1, (18¢)
The non-linear dependence of n on the strain rate Z—: is solved for by Picard iteration, iteratively solving for u based on the

current estimate of 7, and then recalculating n for the new solution of u. The iteration is stopped when the L2-norm of the

difference between two successive solutions of u is less then 108 of the L2-norm of u itself.

We adopt the common practise of adding a small regularisation term g2 = 1072° to the effective strain rate in Glen’s flow

law:

1

e= 2@+ s (19)

4

. . a . . o
This prevents divide-by-zero errors when a—u = 0. In the two-point one-sided scheme, this is always the case at the last
z

aunz=1 . . . . . o .
staggered node below the surface,a—u - Otherwise, this only happens in the very first viscosity iteration, as we choose an
Zc

nitial guess of u, = 0; after that,z—: > 0 everywhere. Alternatively, enforcing € > ¢, (thus changing only the values in the
c

first iteration, or at the last staggered node) does not affect the results.

2.3 Boundary conditions

The first and last row of the stiffness matrix A and the load vector b must describe the boundary conditions at the base and
surface of the ice, respectively. The no-slip condition atthe base,i.e. u(z = b) = 0, is a Dirichlet boundary condition, which

is represented simply by setting the diagonalelement of the first row of A to unity, all other elements in the row to zero, and
. .. .9 .
the first element of b to zero. The zero-stress boundary condition at the surface,i.e. a_: (z =h) = 0, is a Neumann boundary

condition that is less trivial to implement.

! . . . . . unz . . .
The first option we explore, approximates the vertical shear strain rate at the ice surface, a—u Z, with a two-point one-sided
Za

differencing scheme:
ounz ugz_l —u:llz

=P o —a o, (20)

0z Az

S . . a . . .
Since in this case, the 0 (Az?) terms in the Taylorexpansion ofa—: around z:z do not cancelout, this scheme is only first-order

accurate (ie. the truncation error is of order 0(Az)).

We also explore three-point, four-point, and five-point one-sided differencing schemes to approximate the gradient:

oumz -1 -2 4 -1 3
Smez & met 3 om @1)

0z, T onz @ 20z @ 20z @
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utz _ 2 my-3 _ 9 mp~2 , 18 mny-1 11 n, _ 0 (22)
0z, 6Az @ 6Az 4 6Az @ 6Az @ >
utz _ -3 my;~4 16 n,-3 _ 36 my-2 48 my-1_ 25 ny _

= u a — a e - u,” = 0. (23)
9z, 124z ¢ 124z 124z 124z 12Az

It can be shown that these scheme are, respectively, second-order, third-order, and fourth-order accurate.

The last option we explore uses the conceptofa “ghostnode”. An in-depth explanation of the conceptis provided by Fornberg
(2006). We temporarily construct an additionalnode (the “ghost node”) on the a -grid outside the domain boundary, such that:

Z2* =2 4 Az = h+ Az (24)
We then formulate the discretisation of the SIA at the ice surface, without considering the boundary conditions just yet.
Expanding Eq. 1 using the product rule yields:

onou, o'u_  on
0z 0z N az2 P9 ax’ (25)

We discretise the first and second derivatives of u at the ice surface by using standard three-point two-sided differencing

schemes:
ounz u22+1_u22—1
0z g4 - 20z ’ (26)
2" _ e on
az2, Az? ’
o L. Qul . L
Substituting the zero-stress boundary condition, a—u ‘= 0, into Eq. 26 implies that:
Za
nz+1 nz—1
u  =u” . (28)
Substituting this into Eq. 27 yields:
o _ 2o 9
9z2, - Az? ’
Finally, substituting this into Eq. 25, the discretised expression for the SIA now reads:
2T o)

¢ Az? ax’
Note that uZzH hasdisappeared from the expression. The ghost node is merely a tool to derive the expression, and does not
appear in the final numerical solution.
Eq. 30 canalternatively be derived by substituting the boundary condition from Eq. 28 directly into the discretised form of the

SIA. Begin with the general form in Eq. 18c,and let i = n,:

= [0t = ) = 02 (e — upr )] = pg 2 31)

From Eq. 28, it also follows that .2 = n?z_lz
1 10 ng—-1 2 ~1( ng z—1 on
yve L O T B M (T T | (32)

This can be rearranged to read:
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ng—1_

n,—1 2ug, Zugz

g 2L (33)

¢ Az2 - 0x

Observe that this expression is identical to Eq. 30.

Lastly, it is noteworthy that we could alternatively keep both the general PDE in Eq. 31 and the boundary condition in Eq. 28
as separate linear equations, and include the ghost node as an additional degree of freedom. This means the matrix equation
that mustbe solved hasone additionalrow and column, so that we no longer need to manually eliminate the ghost node asa
degree of freedom. It is trivially easy to write a program that solves this “extended” matrix equation, and to find thatthis yields
anidentical solution. This illustrates the fundamental difference between the ghost-node scheme, and the different one-sided
schemes. In the one-sided schemes, the linear equation representing the boundary condition replaces the linear equation
representing the PDE, while in the ghost-node scheme, both linear equations are kept, and an additional degree of freedom
(the ghost node) is introduced to allow both of them to be solved (althoughit is possible, as we have done here, to manually

solve for the extra degree of freedom beforehand).

2.4 Experiments

We compare the numericalsolution to the SIA with Glen’s flow law to the analyticalsolution in the test case of an isothermal

slab of ice with a thickness of H = 2,000 m, lying on aninclined plane, sloping downward in the x-direction with a slope of

dh

Pyl 1072, We perform experiments for three different flow laws: Glen’s flow law (Sect. 2.4.1), a linear, non-diverging flow

law (Sect. 2.4.2), and an over-regularised variant of Glen’s flow law (Sect. 2.4.3). We analyse the results of these experiments

in Sect.2.4.4.

2.4.1 Glen’s flow law

For Glen’s flow law, we use a uniform flow factorof A = 1071 Pa=3 yr=1. The analytical solution to the SIA for these
parameters is shown in Fig. 2.

Figure 2 near here

We use the discretisation schemes described in Sect. 2.2 to solve the SIA numerically. By doing so atincreasing numbers of
nodes, we can investigate how quickly the error with respect to the analytical solution decreases, and determine the rate of
convergence. We do this for all three different options for discretising the Neumann boundary condition at the ice surface,
described in Sect. 2.3. In order to analyse the convergence behaviour of the different discretisation schemes, we define the
relative error in the velocity solution at the ice surface: :

k=
uk=1 _U—analytical(z=h)
err u = . (34)

Uanalytical (z=n)

Shown in Figure 3 are the velocity solutions resulting from the two-point one-sided scheme, for different numbers of grid

points. As canbe seen, the significant errors in the solution arenot localised atthe ice surface, butinstead affect the solution
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throughout the ice column. This implies that calculating the error ata different pointin the vertical column, or even as the L2-

norm over the entire column, yields qualitatively the same results.

Figure 3 near here

2.4.2 Linear flow law

we perform a set of experiments where we solve the SIA with a different flow law. In this case, we define the effective visco sity
as a simple function of the vertical coordinate z:

n=a+z. 395)
This expression yields a finite viscosity everywhere, with small valuesattheice base and larger valuesattheice surface. Note
thattheunits in this expression arenot consistent. It is not meant to represent a realistic flow law, but merely serves to create
a mathematical problem that is qualitatively similar to the SIA, but without the diverging term in the differential equation.
The analyticalsolution to the SIA, combined with this linear, non-diverging flow law, and with the respective no-slip and zero-
stress boundary conditions at the base and surface of the ice, reads:

u(z) = —pg 2= (a + ) logla + 2) + pg 2= (z + (a + H) log(a)). (36)
The values for the different physical parameters of the experiment are provided in Table 2.
Table 2 near here

The analytical solution to the SIA with this flow law, for these parameters, is shown in Fig.4.

Figure 4 near here

2.4.3 Over-regularised Glen’s flow law

Here, we perform a set of experiments using Glen’s flow law, but with a very large value of the regularisation term 2 = 107!
(see Eq. 19). As with the linear flow law, this results in a finite viscosity everywhere, but additionally includes the non -linearity
of Glen’s flow law. In this case, the analyticalsolution for the SIA with Glen’s flow law is invalid. Instead we compareto a
numerical solution with a very high resolution (found by using the ghost-node scheme with n, = 2'* = 16,384 grid points,
which is shown in Fig. 5.

Figure 5 near here

2.4.4 Results

The relative errors in the ice velocity at the surface are shown as a function of the number of nodes, for the five respectiv e
discretisation schemes (the two-point, three-point, four-point, and five-point one-sided schemes, and the ghost-node scheme),

in Fig. 6. We have used values of the number of grid points n, ranging from 16 to 1,024. Typically, large-scale ice-sheet
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models applied to e.g. the Antarctic ice-sheet use numbers in the range of 10! — 102 (e.g., 81 layers for SICOPOLIS and 121
layers for PISM in their respective ISMIP6 Antarctica set-ups; Seroussi et al., in review).

Figure 6 near here

For the case of Glen’s flow law (Fig. 6a), the two-point, three-point, and four-point one-sided schemes display first-order
convergence of the error with numberofnodes. The five-point one-sided scheme and the ghost-node scheme display second-
order convergence. The first-order convergence of the two-point one-sided scheme, and the second-order convergence of the
ghost-point scheme, are to be expected from the order of accuracy of these respective schemes. However, the three- one-sided
scheme is second-order accurate. The fact that this scheme still yields first-order convergence is therefore unexpected. The
four-point and five-point one-sided schemes are, respectively, third-order and fourth-order accurate. However, as the
discretisation of the SIA in the ice column (Eq. 18c)is only second-order accurate, the total error will be dominated by the
second-order term. For the five-point scheme, this is reflected in the results (which show second-order convergence), whereas

the four-point scheme, like the three-point scheme, displays only first-order convergence.

For the case of the linear flow law (Fig. 6b), the two-point one-sided scheme still displays first-order convergence, while the
five-point scheme and the ghost-node scheme still display second-order convergence. However, the three-point and four-point

one-sided schemes now display second-order convergence.

For the case of the over-regularised variant of Glen’s flow law (Fig. 6c¢), the results are qualitatively the same as forthe linear
flow law, with all schemes except the two-point scheme displaying second-order convergence. The only difference between
this experiment and Glen’s flow law, is that here there is no more singularity in the effective viscosity attheice surface. This
illustrates that it is likely the presence of this singularity that poses a problem to the different numerical solvers. The
experiments with Glen’s flow law also included a regularisation term, albeit with a much smaller value of €2 = 1072, which
should prevent the effective viscosity from becoming infinite. In Appendix A, we present a number of simulations where we
vary the value of ¢2 and study the resulting velocity errors and convergence rates of the different discretisation schemes. In
summary, values of &2 that are small enough not to cause any significant viscous deformation in the upper part of the ice
column, still yield high enough effective viscosities to cause issues with the different one-sided discretisation schemes. The
ghost-node scheme, on the other hand, robustly produces small errors and second-order convergence for all values of &2 =

10719; for larger values, (unphysical) viscous deformation in the upper part of the ice column becomes noticeable.

10
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3 Blatter-Pattyn Approximation
3.1 Physics and numerical solution

The Blatter-Pattyn approximation (BPA; Pattyn, 2003) is a so-called higher-order approximation to the Stokes equations. It
includes all viscous stresses except for those involving the vertical component of the ice velocity, which is still assumedto be

negligibly small. Making no assumptions about the direction of the ice flow, the BPA reads:

ix 21 (ZZ_ZJrZ_;)] + % ”(Z: ZZ)] [”_ =P9 _h’ (37a)
aa_y 211 (ZZ_ZJ’Z_:)] +on (4 au)] =% = pg _- (37b)

Relative to the SIA, several additional terms now appear in the effective strain rate &, which were previously neglected:
1

-_eqz(ﬂy dudv | (2 zy %@f %@ﬂE
€= [(6x + ay +Bx6y+4 By+6x +4 0z +4 0z : (38)
The zero-stress boundary condition at the ice surface now reads:
au 9 anfou , @ a
B[22 4 fu] [y o] S, (392)
ax dax oy dy Loy dax 0z
du ohf[ov & du v

2[00 4 2] 2]l ) dv_ (39b)
dy dy ox ox Lox oy 0z

The boundary condition for sliding ice at the base reads:

ab Ju v
2022t + 2]+ 2 S S e B = (40a)
ab [ov ou v
25[2— a ;;+5]—;+;—0. (40b)

For the case of ice that is frozen to the bedrock, preventing any basalsliding, the boundary condition is simply u = v = 0.
This set of coupled, non-linear partial differential equations hasno known analytical solutions. The discretisation of the BPA

and its boundary conditions follows the same general approach as that of the SIA, and is described in detail in Appendix A.

3.4 Experiments
3.4.1 Glen’s flow law

We perform ISMIP-HOM experiment A and C (Pattyn and others, 2008) to investigate the different discretisations. These
experiments concern an infinite slab of isothermalice lying on aninclined plane. In experiment A, theice is frozen to the base,
and undulations in both horizontal directions are superimposed on the sloping bed, leading to non-negligible horizontal
stretch/shear strain rates. In experiment C, the bed is a simple flat, sloping plane, but basal sliding is allowed, with periodic
spatialvariations in the basalfriction coefficient. Pattyn and others (2008) showed that the BPA yields results thatare nearly
identical to those of the Stokes equations in these settings, while later work (e.g. Berends and others, 2022) showed that the
SIA, the hybrid SIA/shallow shelf approximation (Buelerand Brown, 2009),and the depth-integrated viscosity approximation
(Goldberg, 2011) deviate significantly from the Stokes solution.

11
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The geometry of experiment A is given by the following equations:

h(x,y) = 2000 — xtan @, (41)
H(x,y) = 1000 + 500 sin (2) sin (22), (42)
b(x,y) = h(x,y) — H(x,y). (43)

At the lateral domain boundaries, periodic boundary conditions apply, and a no-slip boundary condition is prescribed at the
ice base. The parameters of the experiment are listed in Table 3.

Table 3 near here

For experiment C, Eq. 42 is replaced by a uniform ice thickness of 1000 m, so that Eq. 43 yields a flat, sloping bed. The
surface/bedrock slope 0 is assigned a lower value of 0.1 degrees. The following expression describes the basal friction

coefficient S:

2nx

Bx,y) = 1000 + 1000 sin (=) sin (=), (44)
No analytical solutions exist for these experiments. Instead, model verification is done by comparing against the ensemble
results by Pattyn and others (2008). We perform these experiments with three different discretisation schemes for the zero-
stress boundary at the ice surface: the two-point scheme, the three-point scheme, and the ghost-node scheme. Implementations
of the four-point and five-point schemes consistently failed to converge during the iteration over the non-linear effective
viscosity. We use a square grid of40 by 40 nodes in the horizontal plane (identical to the models in the ensemble from Pattyn
and others, 2008), andn, € [8,32] nodes in the vertical column. Our discretisation of the BPA, and of the three different
schemesto discretise the surface and basalboundary conditions, are derived in Appendix A. The results of oursimulations are
compared to the Pattyn and others (2008) ensemble in Figs. 7 and 8.
Figure 7 near here
Figure 8 near here
In experiment C (Fig. 8), there is no visible difference between the three-point one-sided scheme and the ghost-node scheme,
with both giving very accurate solutions even at coarse vertical resolutions. We suspect this is because the ice flow in
experiment C is dominated by sliding rather than by vertical shearing, so that the horizontal velocities are nearly uniform in
the vertical, implying that the errors in the velocity solution are dominated by the horizontal shearing terms.
We have additionally performed experiment A with a length scale of L = 5 km. The results of these simulations are shown in
Fig. 9.
Figure 9 near here
Since no analytical solutions exist, we instead compare to high-resolution numerical solutions to perform a convergence
analysis. For the high-resolution solution, we use the same horizontalresolution (as we are only interested in the convergence
with the vertical resolution), but a vertical grid of n, = 128 layers. These are calculated with all three schemes separately.

Based on the convergence analysis, the errors in the high-resolution solution should be atleast an order of magnitude smaller
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than those in any of the other numerical solutions, small enough to not significantly affect the error estimates or the
convergence analysis. The convergence analyses for all three experiments are shown in Fig. 10.

Figure 10 near here

The results of these experiments are less straightforward to interpret than those of the one-dimensional SIA experiments. In
the one-dimensionalcase, the strain rate is zero at the ice surface,and the effective viscosity diverges to infinity. In the three-
dimensional case of the ISMIP-HOM experiments, the lateral variationsin the geometry result in additionalhorizontal strain
rates, so thatthe effective strain rate is neverzero (although it can still become very small), and the effective viscosity is never
infinite (although it can still become very large). This effect is more pronounced in experiment C, where the vertical shear
strain rates are actually smallerthan the horizontalstretch/shear strain rates. Furthermore, in experiment C there is an ad ditional
Neumann boundary condition at the ice base, which is discretised using the same scheme asthatatthe surface. Asthe effective
viscosity at the ice base is much smaller, the convergence behaviour of the three-point scheme is likely different too.
Additionally, due to the coordinate transformation, the vertical resolution also has a small effect on the accuracy of the
discretisation of the horizontal strain rates, further complicating the analysis. And lastly, because of the bedrock undulations
in experiment A, the constant numberof vertical layers implies a different vertical resolution in different parts of the domain,

which is further complicated by the fact that the horizontal and vertical strain rates are also laterally varying.

The difference in performance between the three-point, one-sided scheme and the ghost-node scheme is less clear than in the
one-dimensional SIA experiments. For both flow laws, the ghost-node scheme produces smaller errors than the three-point
scheme, with a more pronounced difference in experiment A (where the effective strain rates at the surface can still be very

small) than in experiment C (where the horizontal strain rates are more pronounced).

The results forexperiment A with a horizontallength scale of L =5 km are qualitatively similar to those with L =160 km. The
convergence rate of the ghost-node scheme is still slightly higher than that of the three-point scheme, and the errors are
approximately an orderof magnitude smaller. Note that,because of the smaller horizontal length scale, the horizontal stretch
and shear strain rates are much larger than before, so that the effective viscosity is much smaller. This likely explains why

there is now less difference between the three-point scheme and the ghost-node scheme.

3.4.2 Linear flow law

As with the SIA, we performed an additional set of experiments where we replace Glen’s flow law with an expression that
does not depend on the strain rates. In order to maintain a uniform, high value of the effective viscosity atthe ice surface, we
here define the following expression:

n(x,y,2) = a+z + 1500 — h(x,y). (36)
We have only performed simulations with the artificial flow law for experiment A with a length scale of L = 160 km. The

parameters for this new experiment are listed in Table 4.
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Table 4 near here

The results of these experiments are shown in Fig. 11.

Figure 11 near here

As before, we perform a convergence analysis by comparing to numerical solutions with n, = 128 vertical layers. The results
of this analysis are shown in Fig. 12.

Figure 12 near here

Although the linear flow law removes some of the complexity from the experiment, it is still not straightforward to interpret.
As before, the accuracy of the discretisation of the horizontal strain rates is affected by the vertical resolution because o f the
coordinate transformation, and both the horizontaland vertical strain rates, as well as the vertical resolution, are all laterally
varying.

The two-point scheme still shows approximately first-order convergence. Both the three-point scheme and the ghost-node
scheme show approximately second-order convergence, with the ghost-node scheme now producing slightly larger errors than

the three-point scheme.

4 Conclusions and discussion

We have presented results of experiments solving the SIA and the BPA for ice sheets with idealised geometries. We have
investigated different schemes for discretising the zero-stress boundary condition at the ice surface, and combined these
schemes with different flow laws: Glen’s flow law, which diverges to infinite viscosity when the strain rates approach zero, a
linear, non-diverging flow law that predicts finite viscosities everywhere, and an over-regularised variant of Glen’s flow law
thatis non-linear, but no longer contains a singularity. We find thatthe two different one-sided finite difference schemes that
we tested produce the expected convergence behaviour when combined with the different non-diverging flow laws. However,
exceptingthe five-point scheme, they all produce much larger errors when Glen’s flow law is used instead, while being reduced
to linear convergence. A ghost-node scheme, which retains both the linear equations for the momentum balance and for the
boundary conditions, performs well with all flow laws. These results hold for both the SIA and the BPA, with the caveat that
the results of the BPA are less straightforward to interpret for a number of reasons (see Sect. 3.4.1). A solid mathematical
explanation for why the different one-sided schemes perform poorly when the flow law containsa singularity, while the ghost-

point scheme does not, remains elusive.

While the five-point one-sided scheme performed well with Glen’s flow law in the one-dimensional SIA experiment, an
implementation of this scheme (as well as one with the four-point scheme) in the BPA solver failed to converge in the non-
linear viscosity iteration. We cannot explain why this would be the case. However, asthe ghost-node scheme produces similar
good results in the SIA experiment, and also works well in the BPA, we donot find it important right now to investigate this

issue further. It is worth mentioning here that the number of Picard iterations required to solve for the non-linear effective
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viscosity is not significantly different for the different discretisation schemes, nor does there appearto be a significant

difference in computation time, in any of the experiments presented here.

We have investigated the ghost-node scheme for the boundary conditions at the ice surface and the ice base. In realistic
applications, similar boundary conditions need to be applied at the floating ice front. However, due to the water pressure on
the submerged part of the front, the ice front is not stress-free, so that the strain rates will not tend to zero, and the effective
viscosity will not diverge to infinity. While it would be interesting to investigate this further in future work, based on our
findings here we do not expect the discretisation scheme there to have asmuch of an effect on the solution asit doesatthe ice

surface.

The available literature on existing ice-sheet models (including both reviewed publications and unreviewed model
documentation) rarely provides the discretisation scheme used for the boundary conditions to the momentum balance.
However, the one-sided discretisation schemes are much more common in literature on numericalmathematics than the ghost-
node scheme, which we have not seen mentioned in any literature on ice-sheet modelling. Our results show that the one-sided
schemes, even though they might be expected a priori to produce acceptably smallerrors at modest numbers of verticallayers,
do not always produce such results when combined with a diverging flow law, such as Glen’s flow law. Depending on the
vertical resolution used by a particularmodel, this can lead to significant biasesin the velocity solution, which could then lead
to biases in e.g. estimates of future sea-level contributions. This is especially important because the results of higher-order ice-
sheet models, which must include these boundary conditions, are often used as benchmarks forsimpler, vertically-integrated
ice-sheet models, which do not. We hope these findings will motivate ice-sheet modellers to take extra care in verifying the

numerical solvers used in their models, and to publish the results of these efforts.
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Appendix A - Irregular vertical grid

Many numerical ice-sheet models use an irregular vertical grid, with the layers being more closely -spaced near the ice base,
to more accurately capture the high strain rates there. We found that the discretisation issues presented in this work are present
regardless of whether the vertical grid is regular or irregular, and so we chose to use a regular grid in the main work, as the
equations are slightly simpler. Here, we demonstrate thatusingan irregular grid does notimprove the results — in fact, for the

two-point and three-point one-sided schemes, it arguable leads to even less accurate results.

For these experiments, we replace Eq. 6 with the following expression:

k-1
Z¥=b+H (1 - R”Z'H). (A1)

R-1

Here, the grid ratio R approximates the ratio between the first and last grid spacings:

2424

-, T ~ R. (A2)
Zq ~Zq

For example, forR = 0.1, the grid points atthe ice base are spaced approximately 10 times closer than those atthe ice surface.
Shown in Fig. Al are the relative velocity errors at the ice surface in the one-dimensional SIA experiment with Glen’s flow
law, for different values of R, for the two-point and three-point one-sided schemes, and the ghost-node scheme (we did not
derive the expressions for the four-point and five-point one-sided schemes on an irregular grid). All solutions were calculated
with n, = 1,024 grid points.

Figure Al near here

For the two-point and three-point one-sided schemes, the velocity error actually increases for smaller values of R. This is
because, for the same number of grid points, using a smaller spacing atthe ice baseimplies using a larger spacing at the ice
surface. Therefore, the errors in the discretisation of the surface boundary condition, which dominates the total error, gets
larger with decreasing values of R. The ghost-node scheme shows a less clear behaviour, with increasing errors for both large
and small valuesof R, and a tentative optimum around R =1 (i.e. a regular grid). This suggests thatthereis no added value in
using an irregular grid to solve the momentum balance. Of course, this might be very different for e.g. a thermodynamical
model, which typically also hasthe strongest gradients near the ice base, and does not have any singularities in the solution,
so that an irregular grid might well be od added value there.

Shown in Fig. A2 is the convergence of the velocity error with the grid resolution for the SIA experiment with Glen’s flow
law, forthe two-point one-sided scheme, the three-point one-sided scheme, and the ghost-node scheme, for different values of
the grid ratio R. This shows thatthe convergence differences between the different discretisation schemes remain qualitatively
unchanged when using an irregular grid.

Figure A2 near here
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Appendix B — The regularisation term in Glen’s flow law

It is common practice for numerical ice-sheet models to add a small regularisation term to the computation of the effective
strain rate, so that it never becomes zero, and the effective viscosity therefore never becomes infinite. Here, we investigate the
effect of changing the value of the regularisation term &2 in Eq. 19.Shown in Fig. B1 are the relative velocity errors atthe ice
surface in the one-dimensional SIA experiment, for different values of €2, for the five different discretisation schemes, all
calculated with n, = 1,024 grid points. Using a smaller number (e.g. n, = 64) yields qualitatively the same results, with all
errors becoming uniformly larger.

Figure B1 near here

The convergence rates for the different schemes as a function of the regularisation term are shown in Fig. B2.

Figure B2 near here

The ghost-node scheme and the three-point and four-point schemes yield relative errors that are independent of the
regularisation term as long as &2 < 1078, In this range, they display first-order convergence. For larger values of &2, they
initially seem to produce better results and higher-order convergence, before the errors start to increase again when &2 >
10710, This is because, for small values of €2, these schemes underestimate the velocities. When &2 > 10710, the lower
effective viscosity values start producing unphysical viscous deformation in the upper part of the ice column, increasing the
velocity. This physical error compensates the discretisation error, apparently reducing the total error. The two -point scheme
displaysincreasing errors when €3 < 1073, accompanied by a breakdown in the convergence rate. This is likely due toround-
off errors, as the effective viscosity increases at the last staggered grid point becomes many orders of magnitude larger than
elsewhere in the ice column. Interestingly, the five-point scheme shows almost the opposite behaviour, with small errors and
second-order convergence when €5 < 1073, and large errors and poor/no convergence forlarger values. It is unclear exactly
why this should be the case. Lastly, the ghost-node scheme robustly produces small velocity errors and second-order
convergence for all valuesof €2 < 1070, For larger values, the physical errors introduced by the reduced effective viscosity

become apparent, just as for the other schemes.

Appendix C — Solving the Blatter-Pattyn Approximation
C.1 Terrain-following coordinate transformation

In order to solve the BPA, it is desirable that the ice base and ice surface both coincide with a node. This not possible to achieve
with a Cartesian coordinate system for any three-dimensional ice-sheet geometry. We solve this problem by introducing a

terrain-following coordinate transformation:

£(x,y,2) = x, (Cla)

vy, 2) =y, (C1b)

((x,y,2) = % (Cle)
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With this transformation, { = 0 at the ice surface, and { = 1 at the ice base. Applying the transformation to the gradient

0 eratorsi 29 ields:
p ax’ dy’ 9z y ’

Pyl + ;0_5’ (C2a)

9 _0 %9

oy o3 T ayor’ (C2b)

S (C2¢)
Applying the chain rule to Egs. Cla-c, the gradients %, %, % of { are:

20 _1(on_ o

ax H (ax zax)’ (C3a)

20 _1(on_ o

5= G (C3b)

a7 _ -1

Pylalns (C30)

C.2 Discretising the BPA

We solve the BPA on a three-dimensional grid, which is constructed by vertically extruding a square horizontal grid. In the
horizontal plane, we consider a regular a-grid, and a b-grid thatis staggered in boththe x- and y-directions relative to the a-
grid. In the vertical dimension, we consider a regular k-grid, and a staggered ks-grid. Of the four possible combinations this
offers, we use three: the ak-grid (horizontally regular, vertically regular), the bk-grid (horizontally staggered, vertically
regular), and the bks-grid (horizontally staggered, vertically staggered). This is illustrated in Fig. C1. Note thattheindex k is
oriented positive in {, so that k = 1 now lies at the ice surface, and k = n, at the ice base.

Figure C1 near here

The ice thickness H, the bedrock elevation b, and the surface elevation h are defined on the ak-grid; the horizontalice velocity
components u, v are defined on the bk-grid; and the strain rates Z—Z, Z—Z, Z—:, Z—Z, Z—;, % and the effective viscosity 1 are defined
on both the ak-grid and the bks-grid.

The discretised approximation to the BPA contains one linear equation for every degree of freedom, meaning that there are
2n,n, n, linear equations. Note thatboth the a-grid and the b-grid haven, by n, nodes, which is necessary to implement the
horizontal periodic boundary conditions of the ISMIP-HOM experiment. If a simple Dirichlet or Neumann boundary condition
were to beused atthe lateral domain borders, then the a-grid would have n, by n,, nodes, whereas the b-grid would have (n, -
1) by (n,,-1) nodes, and there would be 2(n, — 1) (ny - 1)nz linear equations to solve for u, v.

We first define the discretised velocity vector vy, , and the discretised effective viscosity vectors 7,y and 1,

Tbrqlij k@)
Ubkq = [Ubqu ]. (C4a)
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Tpic (4,5

G, jk,q) u ) =1,
;lf;q = f:k(i,j,k) ! (C4b)
Vil , q =2,
G, j,k)
Maie = [T ], (C5)
Gi,j kg)
M = [ ], (C6)

Here, 74 G,j,k, @), 71, (i,j, k), and 1, (i, j, k) are functions that produce a one-to-one mapping between the grid indices
ielt,nl je [1,ny], k € [1,n,], k, € [1,n, — 1], the velocity componentindex q € [1,2],and the matrix rowindex r. We

choose the following mapping functions:

T ) =nym, 0= 1D +n,G - 1D +k, (C7a)
o G, ) =nyn, 0 =D +n,G - 1 +k, (C7b)
toks (o jokg) =n,(n, = DG =D + (n, — DG — 1D + k. (CT7c

Tokg G Ji k@) = 2n,m, (i — 1D +2n,G — 1D + 2k — 1 +q. (C7d)

Note though that the choice of these mapping functions does not affect the subsequent discretisation or solving scheme in any
way, as long as the mapping is one-to-one, and one is careful to ensure the mapping is applied consistently everywhere.

Using these definitions of the vector forms, we can define the matrices representing the gradient operators in terrain -following

coordinates. For example, the coefficients of the matrix Maik_’bk, representing the gradient operator % going from the ak-grid
ox
to the bk-grid, are given by:

-1

o Lok = Laiodok = Jako Kok = Kager

= e = L Lok = Jao ko = o
M:i:_)bk(rbk(ibk'jbk’kbk )’rak(iak’jak'kak)) = i' Upke = Lawdpre =Jar + L kpe = kg, (C8)

ﬁ' Ipk = ot Ljpe =Jax + L kpx = kgx,

0, otherwise.

This represents a simple two-sided differencing scheme. All other gradient operatormatrices are similarly defined. Mapping

operators between the different grids are likewise represented by matrices. For example, the coefficients of the matrix M&’;;bk,
which represents the mapping operation from the ak-grid to the bk-grid, are given by:
1, . .
2 ok = law ok = Jak kpi = Ka,
1 . . . .
2 ok = Lt Lok = Jaro Ko = Kaies
M (s G s K Tare ClarorJaie Kar)) = 3 i, ipe = lar ok = Jax + 1 ki = Kak, (©9)
1, . . .
» ok = Lae + Ljpke = Jax + 1, ke = Kapo
0, otherwise.
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All other mapping operator matrices are similarly defined. Lastly, we define mapping operators that map the velocity

Mbku —bk

map > wWhich can

components u and v between the bkq-grid and the bk-grid. For example, the coefficients of the matrix

be multiplied with the vector vy, (which contains the values of both u and v on the bk-grid) to give u,, are given by:

1, g=1,

MPku—bk
0, otherwise.

map (rbk CprerJiore» Kok, Tokq Ciper Jier K q)) = { (C10)

The different velocity components can be mapped between the bkq-grid and the bk-grid by the following matrx

multiplications:
— pgbku—bk
Upy = Mmall:l) Upkq> (Clla)
bkv —bk
Vpr = Mma% Upkq>» (C11b)
bk - bk bk > bk
Upkq = Mmap “uy + Mmap Y V- (Clic)
. . . . . . a 9 9
In order to solve the BPA, we need matrices representing the gradient operatorsin Cartesian coordinates 250 9r These can
x 0y 0z
9 2
be constructed by combining the matrices representing the gradient operatorsin terrain-following coordinates — 2% 99" 90 with
the gradients of {, to represent the coordinate transformations given in Eqs. A3. For example, the matrix Mak_’bk , representing
ox
. d . . L .
the gradient operator - going from the ak-grid to the bk-grid, is obtained by:
- - a -
Mak bk _Mak bk_l_D(( )M%k bk (C12)

ox EE: Mpr’ 57
All other matrices representing the gradient operatorsin Cartesian coordinates are obtained similarly. Using these definitio ns,

the discretisation of the BPA is represented by the following matrix equation:

A L Makabk [ZD(n k) < Mbk%akakuabk + Mbk%akakv —>bk>:| + Maakabk [D(?] k) (Mbkaakaku—ybk +
eq < a L a
dax

map map map
ox 3y ay ay
M”““"M’L’é?”")] + M”‘S*b" D(nbks Mk M&'é’éﬁbk]- (€13)
9. 62
Aeqz _ —>bk [ZD (nak) <2Mbk—>akMrl_:1];1;)_,bk + Mbk—»akMI]:frylka%abk>] + Magk—»bk [D(nak) <Mbk—>akMgll;1f)—>bk +
ay ax ox ox
M”’““"M&’;T”"ﬂ + MY [D(nbks)Mbk”bksM&’éTbk]- €14
ay 0z 0z
A= MUSHUA, L 4 MBI A (C13)
bk —bku on bk —bkv
b = M2z (pg ax),, + MBS (g ay)bk (C16)
Avyy = b. (C17)
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In order to compute the stiffness matrix A4, the effective viscosity 7 and the strain rates need to be computed on both ak-grid

u au Bv 61;

and the bks-grid. The horizontal stretch/shear strain rates — are computed on the ak-grid, and then mapped to the

)

ay ax’ ay
bks-grid:
Q. _ ybkoakybku-bky, (C18)
ax =Ma map bkq>
ak ax
du du
ogu — Mg]};;bks - (C19)
0% pis 0 g

The vertical shear strain rates Z—: ,% are computed on the bks-grid, and then mapped to the ak-grid:

ou bk —bks 3 rbku—bk
o = Ma Mmap Upig» (C20)
bks 9z
ou . rbks—ak 9
P Mmap PN (cz21)
Zak Z bks

The effective viscosity 7 is then calculated separately on both grids, using Eq. 31.

C.3 Boundary conditions to the BPA

As with the SIA, we explore three different ways to implement the zero-stress surface boundary conditionsat the ice surface
. . . . . . . d . . .
and base, which differ in the way they discretise the vertical shear strain rate a—u: a two-point one-sided scheme, a three-point
z

one-sided scheme, and a ghost-point scheme. Recall that the first equation of the zero-stress boundary condition at the ice

surface reads:

ay oy lay = ox 0z

. . . a . . . . . L .
Transforming the vertical shear strain rate a—u to terrain-following coordinates, the two-point one-sided scheme is discretised
z

as follows (leaving out the discretisation of the horizontal stretch/shear strain rates for readability):
YIS QP O e LRt

Pl e Py AZ =0. (C23)

dax oy dy Loy dax
The three-point one-sided scheme reads:

oh[,0u  ov au _ - rbk(i,j,l) 4 G2 | -1 rbk(i,j,3)] _
26x [Zax ay. 6y ay ] az ZAC Upk +2A{ bk +2A{ bk =0. (C24)

For the ghost-point scheme, we first expand the vertical shear stress term in the BPA, using the product rule:

o L G| R L Gt | K bR (€25)

. . ) %u . . .
As with the SIA, we discretise a—u and —1; using standard three-point two-sided schemes:

L. k i,j,k—
(a_u)rbk(l']'k) ac rbk(” +1)_ ;gk(” R (C26)
0z bk 0z 2AC
0% 7pic (i), (g 2 u;ak(i'j'k’fl)*_u;ﬁk(iJ"k—l)_Zu;gk(i'i'k)
67 - a_z AZ2 ' (C27)
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Substituting Eq. C26 into Eq. C22 yields the following expression for the value urbk(” k1)

of u at the ghost nodeatk — 1
(note that, because of the terrain-following coordinate transformation, the ice surface now lies at the first node, ratherthan the

last, as was the case for the STA):

rpr(ij,k—1) _ rpi (i, k+1) __( [ Ju _] a_h 3_u 6_17)
b =P ) s+ + 22 +2) (C28)

2
Substituting Eq. C28 into Eq. C27 to eliminate the ghost node yields the following expression for 371; at the ice surface:

Gi,jk1)
82w\ bkt 90\% 2 | roriik+D) _ rpii gl 248 ohfou | ov

(=) = (&) Z|ue - - )(2 t2+ ]+ 22+ )| (C29)
Substituting Eqs. A22 and A29 into the BPA yields:

o du | v du , av\] , on|,9n[,0u , av], dn[ou , ov 0\ 20 | o2 rpili)

dx n (2 ax )] [17 (ay ax)] 9z [2 dx [2 dx - y * ay Llay * ax]] + (62) AZ? [ubk Upk
28 ou , dv] , ohfou  ov]\[_ ~ Oh
(6{) (2 ax Lw ax + dy + ady [ay+ ax )] =Pg ax’ (C3O)

The boundary condition for non-frozen ice at the ice base reads:

ab[, ou , av] L obfou_ o] _au, g _
2222 ay ] i B ) (C31)

Discretising the vertical shear strain rate using the two-point one-sided scheme yields:

Tpr(bimz)_, Tprtinz—1)

ab[, ou  9v]  ab [du av] A UpR Upk B rokling) _
2 dx [2 6y *to oy lay = ox oz AT t n Upk =0. (€32)
Similarly, the three-point one-sided scheme yields:
ob[, ou , ov db |ou  ov] 9¢ rprlijng) 4 rplijng-1D | 1 rbk(i,j,nz—z)] rbk(l] ng)
2 ax [2 6y dy Loy  ox 0z ZA{ bk 2A7 ubk + 2A7 bk e u =0

(C33)
Lastly, the ghost-point scheme yields:

e @+ )+ = G+ 2l +Z—Z[2§—Z[zg—z+g_z] +2 %+Z_Z]] +(%)z;_n2[uzzk<i,j,nz_ﬂ_

rpr(ijng) | 280 (o 9b[, 0u , 8v ou , v B rprlijng | _ oh
e ¥ T(z [2 +2 [6y + ax]) +Lupt = pg 2. (C33)
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Figure 1: The vertically staggered grid used to solve the SIA. The ice velocity u is defined on the regular grid (solid circles), while

the effective viscosity n is defined on the staggered grid (open circles). In some literature, the staggered grid would be indicated by
1 1 o4

“half-indexing”, e.g. nk—%’nk+%'
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Figure 2: the analytical solution to the SIA with Glen’s flow law.
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Figure 3: velocity solutions resulting from the two-point one-sided scheme for the combination of the SIA with Glen’s flow law, for
n, = 8 (red), n, = 16 (blue), n, = 32 (green), and n, = 64 (yellow), compared to the analytical solution (solid black line).
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Figure 4: the analytical solution to the SIA with the artificial flow law.
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Figure 5: the high-resolution solution to the SIA with the over-regularised Glen’s flow law.
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Figure 6: Convergence of the relative error in the surface velocity with the number of nodes, for the combination of the SIA with A)
Glen’s flow law, B) the linear flow law, and C) the over-regularised variant of Glen’s flow law. The different graphs show the results
for the five different ways of discretising the zero-stress boundary condition at the ice surface: the two-point (blue), the three-point
(red), the four-point (green), the five-point (yellow) one-sided schemes, and the ghost-node scheme (purple). Log-linear curves (solid
lines) are fitted to each set of experiments to calculate the order of convergence R, which is displayed in the legend.
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Figure 7: Results of ISMIP-HOM Experiment A with the BPA, using Glen’s flow law, with a horizontal length scale of L = 160 km.
The ensemble results of Pattyn and others (2008) for the participating higher-order models (green) and full-Stokes models (blue)
are shown by the shaded areas, with the solid line indicating the ensemble mean. The coloured lines show the results of our model
at different numbers of vertical layers (see legend in Panel B), for the two-point one-sided scheme (panel A), the three-point one-
sided scheme (panel B), and the ghost-point scheme (panel C). The small subpanels zoom in on the thin, slow-moving ice around
x=1L/4
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Figure 8: Results of ISMIP-HOM Experiment C with the BPA, using Glen’s flow law, with a horizontal length scale of L = 160 km.
The ensemble results of Pattyn and others (2008) for the participating higher-order models (green) and full-Stokes models (blue)
are shown by the shaded areas, with the solid line indicating the ensemble mean. The coloured lines show the results of our model
at different numbers of vertical layers (see legend in Panel B), for the two-point one-sided scheme (panel A), the three-point one-
sided scheme (panel B), and the ghost-point scheme (panel C). The small subpanels zoom in on the thin, slow-moving ice around
x=1L/4
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Figure 9: Results of ISMIP-HOM Experiment A with the BPA, using Glen’s flow law, with a horizontal length scale of L =5 km.
The ensemble results of Pattyn and others (2008) for the participating higher-order models (green) and full-Stokes models (blue)
are shown by the shaded areas, with the solid line indicating the ensemble mean. The coloured lines show the results of our mod el
at different numbers of vertical layers (see legend in Panel B), for the two-point one-sided scheme (panel A), the three-point one-
sided scheme (panel B), and the ghost-point scheme (panel C). The small subpanels zoom in on the thin, slow-moving ice around
x=1L/4
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Figure 10: Convergence of the relative error in the surface velocity with the number of nodes, for the combination of the BPA with
Glen’s flow law, for A) ISMIP-HOM experiment A with a horizontal length scale of L = 160 km, B) experiment C with a length scale
of L =160 km, and C) experiment A with a length scale of L =5 km. The different graphs show the results for the three different
ways of discretising the zero-stress boundary condition at the ice surface: the two-point one-sided scheme (blue), the three-point one-

sided scheme (red), and the ghost-node scheme (green). Log-linear curves (dashed lines) are fitted to each set of experiments to
calculate the order of convergence R, which is displayed in the legend.
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Figure 11: Results of ISMIP-HOM Experiment A with the BPA, using the linear flow law, with a horizontal length scale of L = 160
km. The coloured lines show the results of our model at different numbers of vertical layers (see legend in Panel A), for the two-
point one-sided scheme (panel A), the three-point one-sided scheme (panel B), and the ghost-point scheme (panel C). The small
subpanels zoom in on the thin, slow-moving ice around x = L/4.
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Figure 12: Convergence of the relative error in the surface velocity with the number of nodes, for the combination of the BPA with
the linear flow law, for ISMIP-HOM experiment A. The three panels show theresults for the three different ways of discretising the
zero-stress boundary condition at the ice surface: A) the two-point one-sided scheme, B) the three-point one-sided scheme, and C)
the ghost-node scheme. Log-linear curves (dashed lines) are fitted to each set of experiments to calculate the order of convergence
R, which is displayed in the legend.
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Figure A1: Relative velocity error at the ice surface for different values of the irregular grid ratio R, for A) the two-point one-sided
scheme, B) the three-point one-sided scheme, and C) the ghost-node scheme.
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Figure A2: convergence of the velocity error with the grid resolution for the SIA experiment with Glen’s flow law, for A) the two-
point one-sided scheme, B) the three-point one-sided scheme, and C) the ghost-node scheme, for different values of the grid ratio R
(red: R=0.1, green: R =1, blue: R = 10).
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Figure B1: Relative error at the ice surface versus the regularisation term 8(2), for the five different discretisation schemes.
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Figure B2: Convergence rates with the vertical resolution versus the regularisation term e%, for the five different discretisation
schemes.
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Figure C1: The different staggered 3D-grids. Note that the “real” vertical dimension is displayed pointing upwards; because { = 0
at the ice surface, this means that vertical layer k + 1 lies below layer k.
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Table 1: Symbols, notation, and units used in this work.

Name Description Value Units
A(T*) Temperature-dependent factor in Glen’s flow law Pa" yr!
b Bedrock elevation m
B Basal friction coefficient Pa yrm!
§ Effective strain rate yr!
g Acceleration of gravity 9.81 m s
h Surface elevation m
H Ice thickness m
n Effective viscosity Pa yr
n Exponent in Glen’s flow law -
p Ice density 910 kg m3
T* Ice temperature relative to pressure-corrected melting point K
u Ice velocity vector m yr!
u,v Horizontal ice velocity components m yr!
XY,z Cartesian coordinates m

Table 2: Physical parameters used in the SIA experiment with the artificial flow law

Name Description Value Units
a Constant term in linear flow law 100 -
% Surface slope in x-direction -10° -
Ox
H Ice thickness 2,000 m

Table 3: Parameters of the ISMIP-HOM A experiment with Glen’s flow law

Name Description Value Units
A Factor in Glen’s flow law 1016 Pa3 yr!
6 Surface angle in x-direction 0.5 degrees
L Length scale of undulations 160 km
n Exponent in Glen’s flow law 3 -
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Table 4: Parameters for ISMIP-HOM experiment A with the linear flow law

Name Description Value Units
a Constant term in linear flow law 100
6 Surface angle in x-direction 1073 degrees
L Length scale of undulations 160 km
49

https://doi.org/10.1017/jog.2024.45 Published online by Cambridge University Press


https://doi.org/10.1017/jog.2024.45



