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Introduction

In the theory of functions of several complex variables, the problem
about the continuation of meromorphic functions has not been much in-
vestigated for a long time in spite of its importance except the deeper result
of the continuity theorem due to E.E. Levi [4] and H. Kneser [3]. The
difficulty of its investigation is based on the following reasons: we can not
use the tools of not only Cauchy’s integral formula but also the power
series and there are indetermination points for the meromorphic function of
many variables different from one variable. Therefore we shall also follow
the Levi and Kneser’s method and seek for the aspect of meromorphic
completion of a Reinhardt domain in C".

The main purpose of the present note is to prove that any meromor-
phic function in a Reinhardt domain D in €™ is meromorphically continued
to the envelope of holomorphy of D.

Kajiwara and the author [2] have proved this result for any domain
over a Stein manifold. Therefore the above result is established naturally
as the special case of [2]. However, for the elementary domain like the
Reinhardt domain, it is desirable to give the direct and simple proof. For
the case of #n =2, Thullen [8] has discussed in detail such a completion.
In the case of n (=2) complex variables, we shall give a new proof about
theorems on meromorphic completion by the only use of Continuity Theo-
rem of Levi-Kneser (Kneser [3]).

If throughout this paper we replace the term “meromorphic (or mero-
morphy)” by ‘“holomorphic (or holomorphy)”, then the given theorems are
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all reduced to the well-known theorems on holomorphic completion obtained
by Fabry, Faber, Hartogs and H. Cartan. So the new proof of their theo-
rems is obtained by the only use of the continuity theorem of Hartogs.

§1. Notations and definitions

Let €™ (n=2) denote the n-dimensional complex number space which
is the direct product of » complex planes, each letter of a, b, ¢, ++ -, w, 2
etc. denote a point of C", (z,, - + +,2,) denote coordinates of a point 2z, and
{1z; — a;] <r;}3-, denote a polydisc which is the direct product of » discs
{lzy—ajl <r;}, =1, -+, n

A domain® D of €" is called a Reinkardt domain with center at the
point ¢ with coordinates ¢;, - - -, ¢, if it is invariant under the n-parameter
transformation group {T(, - - -, 6,)}, each element of which is a biholo-
morphic mapping:

T(019'°"0n): z§-=e""/(z,-—cj)+c,-, j=l,“‘,7’L,

where 0<60; <27, j=1, <+, n.

The Reinhardt domain D is called proper if the center ¢ is an interior
point of D. If along with each point 2 € D there belong to the domain
D all the points 2z for which

‘Zj‘—cjlélz%o)—le, j=1,"',1’l,

then the domain D is called a complete Reinhardt domain. Of course, a
complete Reinhardt domain is proper. If D is a Reinhardt domain with
center at the point ¢, then by means of a domain? 4 in first closed quad-
rant {x;=>0}7., of the n-dimensional real Euclid space R™x,, :--, 2,), D
is expressed by the form

D= {zecm;(lzl—clls t lzn—cnl)EA}-

We shall call such a domain 4 a domain of real expression of D. Let D be
a Reinhardt domain with center at the point ¢. If the domain 4 of
real expression of D is mapped onto the (geometrically) convex domain
4% of the Euclid space R, - - -,&,) by the transformation &;=log|z;—c;|,

1) A connected and open set D of C” is called a domain.

2) Here a domain 4 denotes a connected and relatively open set in first closed quad-
rant {z;=0}%.,.
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j=1, -++,n, then D is said to have the logarithmically convex domain of
real expression.

Finally, we shall show that the envelope of meromorphy of a proper
Reinhardt domain D is the least complete Reinhardt domain containing D
which has the logarithmically convex domain of real expression.

§2. Lemmas

First of all we shall introduce the continuity theorem obtained by
Kneser [3] and Okuda-Sakai [5].

Continuity Theorem of Levi-Kneser. If f(z) is meromorphic in a
neighbourhood of the union of the sets {2, =a;, * « +, 24—y = Gpoyy 2] =7}®
and {z,=a®, + -+, 2,0 =aPy, 2,1 =7}, p=1,2, -+, then f(2) can be
meromorphically continued also to a neighbourhood of the set {z, =4, - - -
Zp-1 = Qp-y, |2,] <7}, where limaP =qa;, j=1, ¢+, n—1

P>

b

By a remark of Okuda-Sakai [5], this theorem is equivalent to the
following

CoNTINUATION THEOREM. If f(2) is meromorphic in a neighbourhood of the
union of the sets {12, —a,| < p, 25 =Gy * * *y Zaey = Ay, |2,] =7} and {2, = a,,
By =gy ** %y Bpey = Upoyy |2, 7}, then f(2) can be meromorphically continued
also to a neighbourhood of the set {12, — a,|< p, 25 =Gy, * * * y2pey = Gy, |22 7}

Proof of equivalence. From the assumption there exists 6 >0 such that
f is meromorphic in a neighbourhood of C; = {|z,—a)| <45, 2. =@, - - -
Za-1 = Gn-1, |2,] =7}. Let 3, denote the supremum of the set of positive
numbers § such that f is meromorphic in a neighbourhood of C;. Assume
that 3, < p. ‘Let b, be an arbitrary point on the circle {|z, —a| = §,} and

’

¥ e {lz;,—a]l <3} (p=1,2, ---) be a sequence convergent to b, from the
interior of the circle. Then f is meromorphic in a neighbourhood of the
union of the sets {2z, =0, 2, =ay, **+, Zp-1 = Gu_y, |2,] =7} and {z, = P,
Zy =gy * * *y Bpey = Gn-y, |2,] =<7}. Hence f can be meromorphically con-
tinued to a neighbourhood of {z;, =0, 2z, =ay ** *, 2pey = Gn-1y 2] 7}
from Continuity Theorem of Levi-Kneser. By the arbitrariness of 4, f can
be meromorphically continued to a neighbourhood of Cs,. This contradicts
the definition of 8, Thus it must hold §,> p and the proof is completed.

3) The point set satisfying a property P is denoted by {P}.
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Conversely, .we shall show that Continuation Theorem implies Con-
tinuity Theorem of Levi-Kneser. From the assumption of Continuity Theo-
rem there exists § >0 such that f is meromorphic in a neighbourhood of
the set {|z, — @] <26, + « *, |2pe1 — Guy]l <26, |2,] =7}. Let p be a suffi-
ciently large integer such that ¢  {|2; —a;| <8}, j=1, - -+, n—1. Then
f 1s meromorphic in a neighbourhood of the union of the sets {|z;—a®|< 3,
2o =aP, o, e =aP, |2, =7} and {2, =a?, 2, =4aP, + - -, 2, = a2y,
[2.] =7}. Consequently, from Continuation Theorem f can be meromor-
phically continued to a neighbourhood of {[z, —a®| <3, 2z,=aP, - -,
Zn-1= a2, |2,] =7} and hence of {2, =a, 2, =aP, + * +, 201 =02, |2,] = 7).
By the mathematical induction, we come to the conclusion.

We have given the proof of Continuation Theorem equivalent to Con-
tinuity Theorem of Levi-Kneser ([5]). Here we do not touch this proof.

Using Continuation Theorem, we obtain the following two lemmas.

Lemma 1. If f(2) ts meromorphic in the union® of the domains {a,<<|2,]<<b,,
[25] <<byy + =+, |2,] <b,)} and {|2z;] <bjYio1, then f(z) can be meromorphically
continued to the polydisc {|z;| < b;}}-., where @, b; and b5 (=1, - -, n) are
real numbers satisfying the condition 0 < a, <b; <b, and 0 <b} <b; (j=2,+++,n).

Proof. Take any point 2° = (29, « - -, 23) in the polydisc {]z;] <b}}%-;.
Let ¢ be any positive number satisfying the inequalities a, <b; —e and
b, <b,—e. From the assumption f is meromorphic in a neighbourhood
of union of the sets {|z,| =bl—¢, 2, =23, <+, 2oy = 231, 2] =b, — €}
and {|z,| b, —¢&, 2, =23, +++, Zpoy = 2.y, 2, =0}. Then f can be mero-
morphically continued to the set {|z;| <bj—e¢, 2, =29, « + +, 2y = 20y,
|24] =b, — ¢} from Continuation Theorem. Since 2} (=2, «+ -+, n—1)
and e are chosen arbitrarily, f can be also meromorphically continued to
the polydisc {|z,] <bi, *+ , [24-y] <broy, |21 <b,}. By the use of mathe-
matical induction, f can be meromorphically continued to the polydisc
{12,] <bi, |25] <by -+, |2,] <b,} at last. Observing that the union of
the domains {a, < [2,| <by, [2y] <byy + + «, |2,] <b,} and {|z,] << b], |2,|<<b,,
-+, 2,1 < b,} is the polydisc {|z;| < b;}}.,, we complete the proof of our
Lemma.

4 Here the union of such domains is called the J-shaped Reinhardi domain.
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LemMA 2. If f(2) is meromorphic in the union® of the domains {|z,| <by,
U< |2| <byy * vy 0, <|2,] <by} and {|z;]| <bj}i-i, then f(z) can be mero-
morphically continued to the polydisc {|z;| < b;}t.., where 0 <b, <b, and 0 < a;<
bj=b; (1 =2, +++,n).

Proof. For the simplicity we shall prove this lemma in the case of
n=3. Let f be meromorphic in the union of domains B = {|z,| <b,, a,
< |2y] < by a3< |23l <b3} and C = {|2;] <bj}i-,. If we take any point 23
(ay < |23] < b}) and any positive number ¢ so that it holds b <b, —e and
a;<bj—é¢, f is meromorphic in a neighbourhood of the union of the sets
{leil <bi—¢, 2, =23, |2;] =b;—¢}) and {2, =0, 2, =23, |z5| <bi—¢}. Then
considering the arbitrariness of 2J and e, we can find by Continuation
Theorem that f can be meromorphically continued to the domain B, =
{l2,] <by, a,<|2,] <b}, |21 <bi}. Hence f is meromorphic in BUB,DB,=
{12,] <by, a,<|2| <bj, |25] <bs}. Further we can find by Lemma 1 that
f can be meromorphically continued to the polydisc C,={|z,] <b,, |2,|<<b},
|2;3] < b3} from the meromorphy of f in B,UC. If the index 2 is replaced
with the index 3, f can be also meromorphically continued to the polydisc
Cs = {]z,] <by, |2] <by, |25] <bi}. Since BUC,UC; = {]z;| < b;}3.,, we
conclude that f is meromorphic in the polydisc {|z;| < b;}3.,.

Exampre 1. Consider the domain D, = {|z;| <1}%., — {(|2,] — 1)* +

S1(lz;] — 1/2)2 <1/16}. Such domain D, is a well-known example (Behnke-

]Stzein’s example) of the domain in which the first Cousin problem is always
solvable, but the second is not necessarily solvable. If f is meromorphic
in D,, f can be meromorphically continued to the unit polydisc {|z;| <1},
from Lemma 2. Because f is meromorphic in the union of the domains
3

{lal <1, 2 <ial<1, -, S <izi<i) and {la) <2 lal<1, -,

|2l <1}.

ExampLE 2. Consider the domain D = {|z,| < [2p-1] < =+« < |2,] <1}.
This is a domain of holomorphy. But if f is meromorphic in a neigh-
bourhood of the closure D of D, there exists some & (>0) so that f can
be meromorphically continued to the polydisc {|z;| <1 + 6}%-,.

5) Here the union of such domains is called the I'-shaped Reinhardt domain.
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Now let us prove this in the case of n = 3 for simplicity. If f is mero-
morphic in the closure of D = {|z;]<|2,] < |2,] <1}, there exists some & (> 0)
so that f is meromorphic in the union of the domains B, = {|z,] <1+ 34,
l2,] <8, |23l <8}, By={1—68<]z,| <1436, |2,] <1+34, |25] <8} and B;=
l—6<]|a] <146, 1—06<]z| <143, |2l <1+6}. Hence it is found
by Lemma 1 that f can be meromorphically continued to B, = {|z] <
1+8, [20l <1438, [25] <6} from the meromorphy of f in B,UB, and then
it is also found by Lemma 2 that f can be meromorphically continued
to {|z;] <1+ 6}}., from the meromorphy of f in B,UB;.

§3. Removable singularities

We note that the second theorem on removable singularities holds for
meromorphic functions ([6]).

ProrosITION®. Let V be an analytic set of complex dimension n — 2, which
is defined by the common zeros of two functions g(z) and h(z) holomorphic and locally
coprime” in a domain D of C™. If f(z) is meromorphic in D—V, then V is a
set of removable singularities of f(z).

This is an immediate result of Weierstrass preparation theorem and the
following lemma obtained easily from Lemma 1.

Lemma 3. Let F; (j =1,2) denote a closed set on the z;-plane, where F, lies
entirely in {|z,| <} and {|z,| <r)} — F, is not empty. If f(2) is meromorphic
in the set of all those points in a polydisc {lz;]) <r;}tei, for which z, & Fy or
2, Fyy, then f(2) can be meromorphically continued to the complete polydisc
{12;] <7j}fas-

Proof. Denote by D; the disc {|z;] <7;} on the z;-plane, (j =1, -+ -,n).
From the assumption f is meromorphic in [(D;— F) X Dy X +++ X D,]1U
[D, X (D,— Fy) X Dy X «++ X D;]. Since the meromorphy is invariant under
the biholomorphic mapping, it may be assumed that D,— F, contains the
origin in the z,-plane. Then there exist some positive numbers p (<r,) and
d (<r,) so that f is meromorphic in the domain {p < |z,| <7y, |2 <7y,
s, ozl <rdU{lad <ry, 2ol <6, |zl <rsy - -+, |2a] <7,). Therefore

6) Results of this type are stated in Behnke-Thullen [1] without proofs; for example, see
“Folgerung 17,,p. 50.

7> Functions ¢(z) and A(z) not all of which are identically zero, are called locally cop-
rime in D when ¢ and 4 have no common divisors other than the units (i.e. factors of 1)
in a neighbourhood of each point of D.
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it is concluded from Lemma 1 that f can be meromorphically continued
to the polydisc {|z;| <7}

§4.” Radius of Meromorphy

In [5] we proved the equivalence of Continuation Theorem and the
fact that the logarithm of the radius of meromorphy is superharmonic®. If
we could obtain another proof of the latter fact, then the above equiva-
lence would give a new proof of Continuity Theorem of Levi-Kneser.

Let f(w,, - -, w,, 2) be meromorphic in a neighbourhood of the set
{w= (wy, +++,w,) €D, z=c}, where D is a domain in the space C™(w).
For each point w® in D, let R(w') denote the supremum of the set of radii
r such that f is meromorphic in (w,2z) in a neighbourhood of the set
{fw=w’ |z—c|<r}). Then R is called the radius of meromorphy of
f at a point w® with center at the point c.

THEOREM 1. If R(w,, -+ -, w,) is the radius of meromorphy of a meromorphic
Sunction f(wy, -, w,, 2) at a point w, then for a fixed point (wd, -+ -+, wp)
log R(w,, w3, « -, w) is superharmonic in w,. Further log R(wy, «+ -, w,) s
plurisuperharmonic in (w,, -+ +, w,).

A proof of the first statement of this theorem was given in [5]. To
prove the second statement, it is enough to show that if the definition
domain D of R(w) is cut by any analytic plane E:

w; = a;t + b; (a;, b; constant, ¢ complex parameter), j=1, « - -, n,
then log R(a,t + by, « + », a,t + b,) is always superharmonic in ¢ on each con-
nected component of DNE. We can reduce easily to the first half by a
unitary transformation of w,-axis onto E, considering that the meromorphy
is invariant under a biholomorphic mapping.

In fact, let a unitary transformation of w;-axis onto E be

where w = (w;, * -+, wa), =&, +++, &) and b= (b, -+, b, are the 1xXn
matrices, and U is an nx#n unitary matrix. Let D* be the image of D by
the transformation (1). Let f*(,2) and R*¢) denote the transformed func-
tion of f(w,2) by (1) and the radius of meromorphy of f* at each point

8) This fact is stated without proof and used essentially in W. Rothstein: Ein neuer Beweis

des Hartogsschen Hauptsatzes und seine Ausdehnung auf meromorphe Funktionen, Math.
Z., 53 (1950), 84-95.
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¢ € D* with center at the point ¢, respectively. Then it holds R((U + b) =
R*¢) in D*. Now, from the first statement of Theorem 1 log R*¢,,0, * « -,0)
is superharmonic in §,. Therefore log R(a;t + by, « + -, a,t + b,) is superhar-
monic in ¢, when log R*{,, 0, + -+, 0) is returned to w-space by the trans-
formation (1).

§5. Reinhardt domains

In what follows, we shall treat proper Reinhardt domains with center
at the origin.

First of all we shall discuss the meromorphic continuation concerning
meromorphic functions in such a domain of C”. In the case of n =2,
Thullen [8] has investigated in detail such a continuation. In the general
case of n complex variables, we shall give another proof about theorems on
meromorphic completion by the only use of Continuation Theorem.

By the use of Lemma 2, we obtain easily the following theorem which
corresponds to the expansion theorem of H. Cartan in the case of holo-
morphic functions.

THEOREM 2. If f(2) is meromorphic in a proper Reinhardt domain D, then
f(2) can be meromorphically continued to the least complete Reinhardt domain con-
taining D.

Proof. Now let 2° be any point of D. Without loss of generality we
may assume that each coordinate of 2° is nonzero. Since D contains the
origin and is connected, we can join a neighbourhood {|z;| <b3}7., (cD)
of the origin with 2° by a finite number of ring polydomains Q; = {&¥ <
l2;l <bf}j-icD, (k=1,2,+++,m), where {|z;] <0j}7-,NQ,* ¢, QuNQps; ¥ ¢
k=12, +++,m—1) and 2’ € Q,,.

We must show that f can be meromorphically continued to a neigh-
bourhood of {|z;] < |2}]}}-,. For this purpose it is enough to prove that
f can be meromorphically continued to the polydisc {|z;| < b;}7.,, provided
that f is meromorphic in {|z;| <b%}7.,U{a; < |2;| < b;}%, (@;<b)<b;, j=
1,2, « «, n).

For the simplicity, we shall show this in the case of n=3. At
first it is easily seen that the union of domains {|z;| <5%}}., and B ={a;<
|2;] < b;}3.; contains the domain {|z,| < b, a,<<|2z,| <8, a;<< lzal-< bg}.
Hence from Lemma 2, f can be meromorphically continued to the polydisc
{lz:] <by, l|2,] <b3, l2;] <bl}. Further since the union of this polydisc
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and B contains the domain {a, < |z,| <b,, |2,] <b, a <|2s] <03}, f can
be meromorphically continued to the polydisc C; = {|z,| <b;, |2, <by,
l2s] << 83} by the use of Lemma 2 again. In the similar manner, f can be
meromorphically continued to the polydisc C, ={|z,|< b,, |2,] <83, |2zs] <bs}
and C, = {|z,| < b}, |2,| <by, l2s] <b3}. Since BUC,UC,UC; = {|z;|<b;}3-1,
we complete the proof of this theorem.

TaeorREM 3. If f(2) ts meromorphic in a proper Reinhardi domain D, then
f(z) can be meromorphically continued to the least complete Reinhardt domain con-
taining D whick has the logarithmically comvex domain of real expression.

Proof. By Theorem 2, it may be assumed that D is a complete Rein-
hardt domain. Let 4 and 4* denote the domain of real expression of D
and the image of 4 contained in R™¢) by the transformation

(2) Ej=].0g|2jl, j=1,2, ..o, N,

respectively. Take any two points a = (aj, * * *,a,), = (B, = * *, Ba) In 4%
If 6=(, -+-,&,) is any point on the line segment, which joins « and g,
it is represented by the form

(3) £=ba+(1—06), 0=60=<1),
where 6a denotes the scalar multiplication (fay, - - -, fa,). Eliminating 6

in (3), we have the following representation by the components of &:

(3,) El—‘ﬁl e e — En—l'_ﬁn—l — sn_.B'n.

oy — .Bl Opeyg — ‘Bn—l [~ 7% .Bn :

Here we note that & = g, if a; = §; for some k 1 <k < n).

Let 2=(2, -~+,2,), a=(a, *++,a,) and b= (b, - -+, b, denote one
of the inverse images of & « and g by the transformation (2), respectively.
Then it is sufficient to prove that any meromorphic function f in D can
be meromorphically continued to a domain which contains a point z cor-
responding to & in (3). Since D is a complete Reinhardt domain, this is
clear in the case ey <8, (j=1, -+, n) or q; =8, (=1, -+ -, n) and hence
it will be sufficient to prove this in the case where there exist two integers
ok A<j, k<n, jxk) with a;<pg; and e« >p8. Then without loss of
generality we may assume

(4) a, <, and a,>B,.
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Denote by (&, « + +, &4-1, ) any point on the line segment

(5) '51_181 — e e — Sn—l_ﬁn-l 51‘ =Bn!

ay;— By - Qpei — Bn-y ’

which joins two points (a;, * * +, @u-g, Ba) and (B, « + *, Ba-1, Ba)s and further
denote by R(z;, -+, 2,-,) the radius of meromorphy of f at a point
(%1, =+ +, 2,-;) with center at the origin z, =0, where f is a meromorphic
function in D and (25, -+ -, 2,-;) is a point corresponding to the point
(€1 *+ + *, &Enmy). Then it will be sufficient to prove the inequality

(6) R(zly A zn-—l) > Iznl
for a point z=(zy, * * *, Zs-1, 2,) corresponding to any point & on the line
segment (3').

Since D is a complete Reinhardt domain, it holds for any real 6,(0 <
0;=2x, j=1, -+, n—1)

R(zla C 0ty zn—l) - R(zleiﬂl’ Y zn—lem”‘l)’

‘and the following inequalities are obtained:

(7) R(ah t an—l) > Ianl and R(bly Tty b'n.-'l) > Ibﬂl'

We divide the proof of (6) into two cases n =2 and »n>2.

(a) Case of n=2. Since logR(?,) is superharmonic in {|z,] <[]}
from Theorem 1 and &, = loglz,| is harmonic in {|aq] =< |2(] =< |5,]}, then
the function

u(e) = logR(z) — b2 — ~5-— L (6, — )
is superharmonic in {|a| < |2z, < |4}, where «;=logla;l, Bi = log|b,l
(7=1,2) and & =log|z,]. By the inequalities (7), u(z,) takes the positive
value on {|z;] =|a|} and {|2,| =|b,|}. Therefore by the minimum principle
it holds u(z;) >0 in {|a,| < |2,| << [5,]} and it implies

logR(z) > fu + -2~ F2- ¢, — .
Since the right hand side of the above inequality is equal to & and hence
to log|z,| by (3'), the inequality (6) establishes. . .
(b) Case of n>2. For the simplicity we assume that a;<8; (j =2,
., n—1) with (4). From Theorem 1 logR(z;, = * *, 2,-1) is plurisuper-
harmonic in {|z;| < |5;]}321. A mapping ¢:
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% = t
(8)
Zj=exp[ﬁj “gj (1Ogt——131)], j=2,"'9n'_19
give the holomorphic mapping from {|a,| < |¢] < (8,|} onto {la] < |2 <
|6;1}323.  If the radius R(z;, - -+, 2,-,) of meromorphy is transformed by
¢, then f(¢)=1logR(2;, ** *, 2,—y) Is a superharmonic function of ¢ in
{l,l = [t = |61,

Let us consider the behavior of the function

(9) IOg R(zly c zn—l) - ‘Bn - &‘—E“B_n (IOglzll - ﬁl)
a;— By
on the line segment (5). Denoting by u«(#) the transformed function of (9)
by (8) for the purpose, we may consider it in {|a,| =< [t| = |b,|}. Then it
can be seen easily that u(¢) is superharmonic in {|a] =< |¢t] =1b]}. Since

u(a) = log R(ay, + * *, Gnoy) = Bu — — ‘.:n (ay—B) =logR(ay, * * *y@n-1) — @y >0
and u(b,) = logR(by, * * * bp-y) — 13,,>0 from (7), it holds by the minimum

principle «(t)>0 in {|a;| <[¢]| <[b,]}, and this implies

F(8) = log R(zsy + -+ i) > B + % (& — 8-

From (3’) the right hand side of the above inequality is equal to &, and
hence to log|z,|. Thus the inequality (6) is proved.

Now, a complete Reinhardt domain D which has the logarithmically
convex domain of real expression, is a domain of holomorphy. For we can
construct easily a power series f(z) absolutely convergent in D, so that D
is the domain of existence of f(z). Consequently, it is concluded that the
envelope of meromorphy of a proper Reinhardt domain D coincides with
the envelope of holomorphy of D.
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