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Introduction

In the theory of functions of several complex variables, the problem

about the continuation of meromorphic functions has not been much in-

vestigated for a long time in spite of its importance except the deeper result

of the continuity theorem due to E. E. Levi [4] and H. Kneser [3]. The

difficulty of its investigation is based on the following reasons: we can not

use the tools of not only Cauchy's integral formula but also the power

series and there are indetermination points for the meromorphic function of

many variables different from one variable. Therefore we shall also follow

the Levi and Kneser's method and seek for the aspect of meromorphic

completion of a Reinhardt domain in Cn.

The main purpose of the present note is to prove that any meromor-

phic function in a Reinhardt domain D in Cn is meromorphically continued

to the envelope of holomorphy of D.

Kajiwara and the author [2] have proved this result for any domain

over a Stein manifold. Therefore the above result is established naturally

as the special case of [2]. However, for the elementary domain like the

Reinhardt domain, it is desirable to give the direct and simple proof. For

the case of n — 2, Thullen [8] has discussed in detail such a completion.

In the case of n (^ 2) complex variables, we shall give a new proof about

theorems on meromorphic completion by the only use of Continuity Theo-

rem of Levi-Kneser (Kneser [3]).

If throughout this paper we replace the term "meromorphic (or mero-

morphy)" by cίholomorphic (or holomorphy)", then the given theorems are
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all reduced to the well-known theorems on holomorphic completion obtained

by Fabry, Faber, Hartogs and H. Cartan. So the new proof of their theo-

rems is obtained by the only use of the continuity theorem of Hartogs.

§1. Notations and definitions

Let Cn (n ̂  2) denote the n-dimensional complex number space which

is the direct product of n complex planes, each letter of a, b, c, , w, z

etc. denote a point of Cn, (zί9 •••,&») denote coordinates of a point z, and

{\zj — aj\<rj}%1 denote a poly disc which is the direct product of n discs

{\zj — aj\ <rj}, j = 1, , n.

A domain1) D of Cn is called a Reinhardt domain with center at the

point c with coordinates cl9 , cn if it is invariant under the n-parameter

transformation group {T{θl9 , θn)}, each element of which is a biholo-

morphic mapping:

T{θl9 , θn)\ z'j = eiθ* {zj - cj) + cj, j = 1, , n,

where 0 ̂  θj < 2π, j = 1, , n.

The Reinhardt domain D is called proper if the center c is an interior

point of Zλ If along with each point z(0) e D there belong to the domain

D all the points z for which

then the domain Z) is called a complete Reinhardt domain. Of course, a

complete Reinhardt domain is proper. If D is a Reinhardt domain with

center at the point c, then by means of a domain2) Δ in first closed quad-

rant {ftj^O}^! of the n-dimensional real Euclid space Rn(xl9 , xn)f D

is expressed by the form

D={zt=Cn',(\z1-c1\, , \zn-cn\)e J}.

We shall call such a domain J a domain of real expression of D. Let £) be

a Reinhardt domain with center at the point c. If the domain Δ of

real expression of D is mapped onto the (geometrically) convex domain

J* of the Euclid space Rn(ξί9 •••,?„) by the transformation ξj = log\zj — cj\,

χ) A connected and open set Z> of CΛ is called a domain.
2) Here a domain J denotes a connected and relatively open set in first closed quad-

rant {
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.7=1, , n, then D is said to have the logarithmically convex domain of

real expression.

Finally, we shall show that the envelope of meromorphy of a proper

Reinhardt domain D is the least complete Reinhardt domain containing D

which has the logarithmically convex domain of real expression.

§2. Lemmas

First of all we shall introduce the continuity theorem obtained by

Kneser [3] and Okuda-Sakai [5].

Continuity Theorem of Levi-Kneser. If f(z) is meromorphic in a

neighbourhood of the union of the sets {zx - al9 , zn^ = an-lf \zn\ = r}3 )

and {zx = af\ , zn-t = d$l19 \zn\<r], p = 1,2, , then f(z) can be

meromorphically continued also to a neighbourhood of the set [zx = al9 ,

zn-ι = an-i9 \zn\ ^ }̂» where limaf* = aj9 j — 1, , n — 1.

By a remark of Okuda-Sakai [5], this theorem is equivalent to the

following

C O N T I N U A T I O N T H E O R E M . If f(z) is meromorphic in a neighbourhood of the

union of the sets {\z1-aί\<p9 z2 = a2, , zn.x = an-l9 \zn\ = r} and {zx = aί9

z2 = a29 , zn-ι = an-l9 \zn\<r}9 then f(z) can be meromorphically continued

also to a neighbourhood of the set {\zx — ax\^ p , z2 — a29 9zn^ = an-l9 \z

Proof of equivalence. From the assumption there exists δ > 0 such that

/ is meromorphic in a neighbourhood of Cδ = {| zx — ax \ ̂  δ9 z2 — a29 ,

«n-i = an-i> I^ Λ | ^^} . Let ô denote the supremum of the set of positive

numbers δ such that / is meromorphic in a neighbourhood of Cδ. Assume

that δo<p. Let bx be an arbitrary point on the circle {|Zi — ax\ = δ0] and

bψ e {I zx — ax \ < δ0] (p = 1,2, ) be a sequence convergent to bx from the

interior of the circle. Then / is meromorphic in a neighbourhood of the

u n i o n o f t h e sets {z1 = bl9 z2 — a29 , zn^ = an.ί9 \zn\ = r} a n d {zλ = bf\

z2 = a29 , zn.1 = an-l9 \zn\ ̂ r}. Hence / can be meromorphically con-

tinued to a neighbourhood of {zλ = bί9 z2 = a29 , zn.x = an-l9 \zn\ <r}

from Continuity Theorem of Levi-Kneser. By the arbitrariness of bl9 f can

be meromorphically continued to a neighbourhood of Cδo This contradicts

the definition of δ0. Thus it must hold δo> p and the proof is completed.

3) The point set satisfying a property P is denoted by {P}.
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Conversely, .we shall show that Continuation Theorem implies Con-

tinuity Theorem of Levi-Kneser. From the assumption of Continuity Theo-

rem there exists δ > 0 such that / is meromorphic in a neighbourhood of

t h e set [\zx — ax\ <2δ9 , \zn-t — an^\ < 2δ, \zn\ = r}. L e t p b e a suffi-

ciently large integer such that dp e {\zj — as\ < δ], j = 1, , n — 1. Then

/ is meromorphic in a neighbourhood of the union of the sets {\zx—aψ\^δ9

#2 — a2 9 9 Zn-l — an-i9 \Zn\ — ' J a n a \Zχ — a± , Z2 — U>2 , * , Zn-l — Un-19

\zn\ =r}. Consequent ly , from C o n t i n u a t i o n T h e o r e m / c a n b e m e r o m o r -

phical ly c o n t i n u e d to a n e i g h b o u r h o o d of { l ^ — aψ>\ <.δ, z% — af\ •••,

zn-i = cfflu \zn\ <r} a n d h e n c e of {z1 = al9 z2 = af\ 9zn^=(ff2l9 \zn\<r}.

By the mathematical induction, we come to the conclusion.

We have given the proof of Continuation Theorem equivalent to Con-

tinuity Theorem of Levi-Kneser ([5]). Here we do not touch this proof.

Using Continuation Theorem, we obtain the following two lemmas.

L E M M A 1. If f{z) is meromorphic in the unioΦ of the domains { f l i < | z i l < δ i ,

1̂ 21 < &2> * 9 I»ΛI < bn] and {\zό\ <bj}%l9 then f{z) can be meromorphically

continued to the poly disc [\Zj\ <bj}n

j=1, where au bj and bj {j = 1, , n) are

real numbers satisfying the condition 0 < ax < b[ < bx and 0 < bj ^ bj (.7 = 2, , n).

Proof Take any point z° = {z°l9 , zj) in the polydisc {\Zj\ <b'j}%1.

Let ε be any positive number satisfying the inequalities ax < b[ — ε and

b'n<bn — ε. From the assumption / is meromorphic in a neighbourhood

o f u n i o n o f t h e s e t s { \ z 1 \ = b ί — ε , z 2 = z°29 , z n - 1 = Zn-ί9 \ z n \ ^ b n — ε]

and (IZJI <b[ — ε, z2 = z\9 , zn~ι = Zn-i, zn = 0}. Then / can be mero-

morphically continued to the set {\zx\ ^b[ — ε, z2 = z29 , zn-λ = z°n-19

\zn\ <bn — ε] from Continuation Theorem. Since z) {j = 2, , n — 1)

and ε are chosen arbitrarily, / can be also meromorphically continued to

the polydisc {{z^ <b[9 , \zn-λ\ <b'n.l9 \zn\ <bn}. By the use of mathe-

matical induction, / can be meromorphically continued to the polydisc

{\z1\<b[9 \z2\ < b29 - , \zn\ < bn} at last. Observing that the union of

t h e d o m a i n s {a, < \z,\ <bί9 \z2\ <b29 , \zn\ <bn] a n d { I z J <b'u \z2\<b29

• •> l^»l <bn} is t h e polydisc {\Zj\ <bj}
1}=il9 we c o m p l e t e t h e p r o o f of o u r

L e m m a .

4) Here the union of such domains is called the J-shaped Reinhardt domain.
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L E M M A 2 . If f(z) is meromorphic in the union5) of the domains [\Zι\<b19

az< \z2\ <b2, , an< \zn\ <bn} and {\zj\ <bj}%u then f(z) can be mero-

morphically continued to the polydisc {\Zj\ <bj}%l9 where 0 < 6J[ ̂  ^ and 0 < a , <

Proof For the simplicity we shall prove this lemma in the case of

n = 3. Let / be meromorphic in the union of domains B = {\zλ\ <bl9 a2

< \z2\ <b29 a3<\z3\ <b3} a n d C = {\zj\ <b'J}%1. I f we take a n y p o i n t z%

(#2 < \A I < K) and any positive number ε so that it holds b[ < bt — ε and

«3 < bi — ε, / is meromorphic in a neighbourhood of the union of the sets

{\zί\^tb1 — ε 9 z 2 = zl, \z3\ = bί — ε } a n d {zt = 0 , z 2 = z%9 \zz\ < b ' Ά — ε } . T h e n

considering the arbitrariness of z% and ε, we can find by Continuation

Theorem that / can be meromorphically continued to the domain B1 =

{\zχ\ < bl9 a2< \z2\ < b'2, \zz\<bί). H e n c e / is m e r o m o r p h i c in BΌB1ZDB1 =

{\ZI\ <bl9 a2< \z2\ <b'29 \z3\ <b3}. F u r t h e r we c a n find by L e m m a 1 t h a t

/ can be meromorphically continued to the polydisc C2={\zί\ <bl9 \zz\<b'29

\z3\ <b3] from the meromorphy of / in J^UC. If the index 2 is replaced

with the index 3, / can be also meromorphically continued to the polydisc

C3 = {\z1\<bl9 \ z z \ < b 2 9 \ z 3 \ < b ' 3 } . S i n c e BUC2UC3 = {\zj\ < bj}*=l9 w e

c o n c l u d e t h a t / is m e r o m o r p h i c in t h e polydisc [\zj\ <bj})a.1.

E X A M P L E 1. Consider t h e d o m a i n Do = {\zj\ < 1 } J = I — {(Uil — I ) 2 +

n

Σ ( | ^ | — l/2) 2 ^l/lβ}. Such domain Do is a well-known example (Behnke-

Stein's example) of the domain in which the first Cousin problem is always

solvable, but the second is not necessarily solvable. If / is meromorphic

in JD0, / can be meromorphically continued to the unit polydisc {\zj\ <l}J=i

from Lemma 2. Because / is meromorphic in the union of the domains

,1\<i, — < |* , | < i , , ~ < | « n | < i ] ano \\Zι\ <—, | z 2 i < i , ,

EXAMPLE 2. Consider the domain D = [\zn\ < \zn^\ < < \zx\ < 1}.

This is a domain of holomorphy. But if / is meromorphic in a neigh-

bourhood of the closure D of Z>, there exists some 3 ( > 0) so that / can

be meromorphically continued to the polydisc {\zj\ <1 + δ)7}^.

5) Here the union of such domains is called the T-shaped Reinhardt domain.
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Now let us prove this in the case of n — 3 for simplicity. If / is mero-

morphic in the closure of D = {|z3 |<Iz2l < Uil < 1}> there exists some δ (> 0)

so that / is meromorphic in the union of the domains Bx = {I zx \ < 1 + δ,

M<δ, \z3\<δ}9 B2 = {l-δ<\zί\<l+δ, \z2\<l+δ, \zs\ <δ] and B3 =

{l — δ<\zι\<l + δ, I~δ<\z2\<l + δ, \zz\<l + δ}. Hence it is found

by Lemma 1 that / can be meromorphically continued to Bx = {\zx\ <

1 + δ, \z2\ < 1 + δ, \z3\ < δ] from the meromorphy of / in Bχ\JB2 and then

it is also found by Lemma 2 that / can be meromorphically continued

to {\zj\ < 1 + £}*,! from the meromorphy o f / in

§3. Removable singularities

We note that the second theorem on removable singularities holds for

meromorphic functions ([6]).

PROPOSITION6). Let V be an analytic set of complex dimension n — 2, which

is defined by the common zeros of two functions g{z) and h{z) holomorphic and locally

coprime^ in a domain D of Cn. If f(z) is meromorphic in D—V, then V is a

set of removable singularities of f(z).

This is an immediate result of Weierstrass preparation theorem and the

following lemma obtained easily from Lemma 1.

L E M M A 3. Let Fj (j = 1,2) denote a closed set on the Zj-plane, where Fx lies

entirely in {\zι\<rx} and {\zz\ <r2}~-F2 is not empty. If f{z) is meromorphic

in the set of all those points in a poly disc {\zj\ <rj}%19 for which zλ φ Fx or

z2 Φ F 2 , then f(z) can be meromorphically continued to the complete poly disc

Proof Denote by Dj the disc {|z, | < r5} on the z rplane, (/ = 1, ,n).

From the assumption / is meromorphic in [(A — Fλ) x D2x x Dn] U

[Dι x (D2 — F2) x A X x AJ Since the meromorphy is invariant under

the biholomorphic mapping, it may be assumed that D2 — F2 contains the

origin in the z2-plane. Then there exist some positive numbers p {<rχ) and

δ (<r2) so that / is meromorphic in the domain {p<\z1\<ru \z2\<r2,

•••, \Zn\<rn}U{\z1\<r1, \z2\<δ9 \zz\ < r 3 , , \zn\<rn}. There fore

6 ) Results of this type are stated in Behnke-Thullen [1] without proofs; for example, see

"Folgerung l " , β p . 50.
7 ) Functions g(z) a n d h{z) not all of which are identically zero, are called locally cop-

rime in D when g a n d h have no common divisors other t h a n the units (i.e. factors of 1)

in a neighbourhood of each point of D.
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it is concluded from Lemma 1 that / can be meromorphically continued

to the polydisc {\Zj\ <rj}%1.

§4.* Radius of Meromorphy

In [5] we proved the equivalence of Continuation Theorem and the

fact that the logarithm of the radius of meromorphy is superharmonic8). If

we could obtain another proof of the latter fact, then the above equiva-

lence would give a new proof of Continuity Theorem of Levi-Kneser.

Let f{wl9 , wn, z) be meromorphic in a neighbourhood of the set

{w = (w19 , wn) e D9 z = c}9 where D is a domain in the space Cn(w).

For each point w° in D9 let R(w°) denote the supremum of the set of radii

r such that / is meromorphic in {w9 z) in a neighbourhood of the set

[w = w\ \z — c\ <r}. Then R{w°) is called the radius of meromorphy of

/ at a point w° with center at the point c.

THEOREM 1. If R(wl9 , wn) is the radius of meromorphy of a meromorphic

function f{wί9 , wn9 z) at a point w9 then for a fixed point (w°29 , wl)

log R{wl9 w\9 , wl) is superharmonic in wx. Further log R{wl9 , wn) is

plurisuperharmonic in (wl9 , wn).

A proof of the first statement of this theorem was given in [5]. To

prove the second statement, it is enough to show that if the definition

domain D of R{w) is cut by any analytic plane E:

Wj = ajt + bj (aj9 bj constant, t complex parameter), j = 1, , n9

then log R(att + bl9 , ant + bn) is always superharmonic in t on each con-

nected component of DΠE. We can reduce easily to the first half by a

unitary transformation of w^xis onto E9 considering that the meromorphy

is invariant under a biholomorphic mapping.

In fact, let a unitary transformation of w r axis onto E be

(1) tv = ζU + b,

where w = {wl9 , wn)9 ζ = (ζ19 , ζn) and b = {bl9 , bn) are the lxn

matrices, and U is an nxn unitary matrix. Let D* be the image of D by

the transformation (1). Let /*(£, z) and R*(ξ) denote the transformed func-

tion of f{w9z) by (1) and the radius of meromorphy of /* at each point

8) This fact is stated without proof and used essentially in W. Rothstein: Ein neuer Beweis
des Hartogsschen Hauptsatzes und seine Ausdehnung auf meromorphe Funktionen, Math.
Z., 53 (1950), 84-95.
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^ G D * with center at the point c, respectively. Then it holds R(ζU + b) =

R*{ζ) in D*. Now, from the first statement of Theorem 1 \ogR*{ζl90, • ,0)

is superharmonic in ζλ. Therefore log R{aγt + bl9 , ant + bn) is superhar-

monic in t9 when log R*(ζl9 0, , 0) is returned to w-space by the trans-

formation (1).

§5. Reinhardt domains

In what follows, we shall treat proper Reinhardt domains with center

at the origin.

First of all we shall discuss the meromorphic continuation concerning

meromorphic functions in such a domain of Cn. In the case of n — 2,

Thullen [8] has investigated in detail such a continuation. In the general

case of n complex variables, we shall give another proof about theorems on

meromorphic completion by the only use of Continuation Theorem.

By the use of Lemma 2, we obtain easily the following theorem which

corresponds to the expansion theorem of H. Cartan in the case of holo-

morphic functions.

THEOREM 2. If f(z) is meromorphic in a proper Reinhardt domain D, then

f(z) can be meromorphically continued to the least complete Reinhardt domain con-

taining D.

Proof. Now let z° be any point of D. Without loss of generality we

may assume that each coordinate of zQ is nonzero. Since D contains the

origin and is connected, we can join a neighbourhood {\zό\ <b°j}%1 ( c D )

of the origin with z° by a finite number of ring polydomains Qk = {acp<

\zj\<b?>}1}ml<zD, (k = l,2,- - , m ) , w h e r e {\Zj\ < bo

J}%1ΠQ1 =¥ φ , Qkf)Qk+1^φ

(jfc = l,2, , m-1) and z* €Ξ Qm.

We must show that / can be meromorphically continued to a neigh-

bourhood of {\zj\ < \ZJ\}*J=1. For this purpose it is enough to prove that

/ can be meromorphically continued to the polydisc {\zj\ <bj}%1, provided

t h a t / is m e r o m o r p h i c i n {\zj\ < &?}?=1 U {as < \zj\ <bj}%19 {aj<b(}<bj, j =

1,2, , ή).

For the simplicity, we shall show this in the case of n = 3. At

first it is easily seen that the union of domains {|zj|<ft$}?-i and B ={aj<

I Z/l < bj}sj=i contains the domain { | « i l < δ i , a2< \z2\ <b°29 α s < Usl < W

Hence from Lemma 2, / can be meromorphically continued to the polydisc

{\zx\<bl9 \z2\<b°29 \z$\<bl}. Further since the union of this polydisc
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a n d B c o n t a i n s t h e d o m a i n {a1<\z1\<bu \z2\<b2, a3<\z3\ <b%}9 / c a n

b e m e r o m o r p h i c a l l y c o n t i n u e d t o t h e p o l y d i s c Cz = {\zί\<b1, \z2\<b29

Ual < * ! a l b y t h e u s e o f L e m m a 2 a g a i n . I n t h e s i m i l a r m a n n e r , / c a n b e

m e r o m o r p h i c a l l y c o n t i n u e d t o t h e p o l y d i s c C2—{\zx\<bl9 \z2\ <b%, \zz\<bz}

a n d Ci = {\zx\ <b°19 \z2\<b2, \zz\<bz}. S i n c e S l l C Ί U C g U C β = {|z, | < 6 ; } ? = i ,

w e c o m p l e t e t h e p r o o f o f t h i s t h e o r e m .

THEOREM 3. If f{z) is meromorphic in a proper Reinhardt domain D, then

f{z) can be meromorphically continued to the least complete Reinhardt domain con-

taining D which has the logarithmically convex domain of real expression.

Proof By Theorem 2, it may be assumed that D is a complete Rein-

hardt domain. Let Δ and J* denote the domain of real expression of D

and the image of Δ contained in Rn{ξ) by the transformation

(2) f/ = log|z, |, .7 = 1,2, • • - , * ,

respectively. Take any two points a = {aί9 , an)9 β = {βl9 , βn) in J*.

If ξ = (ξί9 , ξn) is any point on the line segment, which joins a and β,

it is represented by the form

(3) ξ = 6a + (1 ~ θ)β, (0<θ^ 1),

where θa denotes the scalar multiplication {θal9 , θan). Eliminating θ

in (3), we have the following representation by the components of ξ:

/oA £l ^1 _ , . . _ €n-l βn-1 _ %n βn

Λj — βλ &n-\ ~*~ βn-1 a n βn

Here we note that ξk = βk if ak — βk for some k (1 ^ k ^ n).

Let 2 = (z l f , zn), a = (^, , an) and b = (bl9 , bn) denote one

of the inverse images of ξ, a and β by the transformation (2), respectively.

Then it is sufficient to prove that any meromorphic function f in D can

be meromorphically continued to a domain which contains a point z cor-

responding to ξ in (3). Since D is a complete Reinhardt domain, this is

clear in the case a5 < β5 (.7 = 1, , n) or aj ^ βj (j = 1, , w) and hence

it will be sufficient to prove this in the case where there exist two integers

j 9 k (l<j, k< n9 j =% k) with as < βj and ak > βt. Then without loss of

generality we may assume

(4) aί<β1 a n d an>βn.
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Denote by (ξlf , ζn-l9 βn) any point on the line segment

(R) f l "" ft _ . . . _ fn-1 ~~ ftn-1 £ _ o
«j — Pi «Λ-1 PΛ-1

which joins two points {al9 , α^-j, β j and (&, ,βn~l9 βn)9 and further

denote by R{zl9 , z^-i) the radius of meromorphy of / at a point

(Zi, " > «Λ-i) with center at the origin zn = 0, where / is a meromorphic

function in D and (zl9 , zn-χ) is a point corresponding to the point

(ίi> * 9 £Λ-I) Then it will be sufficient to prove the inequality

(6) R(zί9 , «„-!)> | β Λ |

for a point z = {z19 , zw_i, 2n) corresponding to any point f on the line

segment (3').

Since D is a complete Reinhardt domain, it holds for any real θ5 (0 ^

θj^2π9 j = 1, , n — 1)

and the following inequalities are obtained:

(7) R(al9 , θn-0 > | α j and

We divide the proof of (6) into two cases n = 2 and n > 2.

(a) Case of n = 2. Since logi?^) is superharmonic in

from Theorem 1 and ξί = log\z1\ is harmonic in {1^1 ^ \zx\ ^ l^il}, then

the function

u(z1) = ^ 1 ^

is superharmonic in {1^1 < \zx\ ^ l^ilJ, where aό = log |β/ | , ft = log 16̂  |

(7 = 1,2) and ?i = log|«i | . By the inequalities (7), u{zx) takes the positive

value on {\zx\ =\aλ\] and {[^l =|&i|}. Therefore by the minimum principle

it holds u(z1)>0 in {jαj < \zx\ < \by\} and it implies

Since the right hand side of the above inequality is equal to ξ2 and hence

to log\zzI by (3'), the inequality (6) establishes.

(b) Case of n > 2. For the simplicity we assume that as < βj ϋ = 2,

• , n —1) with (4). From Theorem 1 logR{zu , zn-ύ is plurisuper-

harmonic in {|^ | ^ |^ | } j l ί . A mapping φ:
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+ % _ % ( l o g ' - A ) } ' j = 2, • -,n-

give the holomorphic mapping from {|^| < \t\ ^ \bx\] onto {|βy| ^ \zj\ ^

i. If the radius R{zl9 , 2n_i) of meromorphy is transformed by

then f {t) = log R(z19 •• , 2n-i) is a superharmonic function of £ in

Let us consider the behavior of the function

(9) log R(zl9 , zn.x) - β n - a n ~ β n (log | zx | - ft)
#i"~ Pi

on the line segment (5). Denoting by u{t) the transformed function of (9)

by (8) for the purpose, we may consider it in {| ax \ ^ 11 \ < | bx \}. Then it

can be seen easily that u{t) is superharmonic in {1^1 < \t| ^ |&i|}. Since

u{aλ) = log Λ(αlf , an-x) - βn - J^Ξih- ( α i - f t ) = logΛfo, , α.-J - αw > 0
«j — Pi

and «(*!) = logi?(^i, , ftn-i) — ^Λ > 0 from (7), it holds by the minimum

principle u(t)>0 in {\aλ\ < \t\ < \bx\}9 and this implies

f(t) = log R(zί9 , ^_ x) > βn + ^ 2 " ^ (̂ i - A)

From (3') the right hand side of the above inequality is equal to ξn and

hence to log |z j . Thus the inequality (6) is proved.

Now, a complete Reinhardt domain D which has the logarithmically

convex domain of real expression, is a domain of holomorphy. For we can

construct easily a power series f{z) absolutely convergent in D9 so that D

is the domain of existence of f(z). Consequently, it is concluded that the

envelope of meromorphy of a proper Reinhardt domain D coincides with

the envelope of holomorphy of D.
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