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Abstract. We prove a general result on Bailey pairs and show that two Bailey
pairs of Bringmann and Kane are special cases. We also show how to use a change
of base formula to pass from the pairs of Bringmann and Kane to pairs used by
Andrews in his study of Ramanujan’s seventh order mock theta functions. We derive
several more Bailey pairs of a similar type and use these to construct a number of
new g-hypergeometric double sums which are mock theta functions. Finally, we prove
identities between some of these mock theta double sums and classical mock theta
functions.

2010 Mathematics Subject Classification. Primary: 33D15; Secondary: 11F37.
1. Introduction.

1.1. Bailey pairs. A Buailey pair relative to a is a pair of sequences (¢, Bn)u>0
satisfying

n
Q
Bn=) ——F——: €]
! kX:(; (Dn-r(@@n+k
or equivalently

" (ag)j (=1 7g(>)
y = 1— 2n J
* ( “ ) /ZO: (q)nfj

Bj- 2
Here, we have used the standard g-hypergeometric notation,

(@n = (a:q)y = [(1 = ag"™"),

k=1
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valid for n € N U {oo}. The Bailey lemma says that if («,, 8,) is a Bailey pair relative to
a, then so is («,,, B,), where

r _ (Un(p2)nlag/ pro2)"
! (aq/p1)n(aq/ p2)n

an (©)

and

B = i (o0K(P2(agq/ p1p2)n—r(aq/ p1 p2)* B @
=0

(aq/pDn(aq/ p2)n(@Dn—k

A useful limiting form of the Bailey lemma is found by putting (3) and (4) into (1)
and letting n — oo, giving

ne _ @q/p1)oc(aq/p2)oo x (PD)n(P2)n(aq/ p1p2)"
2_(o0uloa)aa] pipa) Bu = <0 S Y aaf oo,

n>0

)

n>0

For more on Bailey pairs and the Bailey lemma, see [1,2,17].
This paper has its origins in the following two Bailey pairs discovered by
Bringmann and Kane [9]. First, (a,, b,) is a Bailey pair relative to 1, where

n—1
ay=(1—g")g Y g, (6)
j==n
n
2 _ 92
o A V) S (7)

j=—n
and

_ (D¢ ¢
(q)anl

n

x(n#0)', ®)

and second, (;,, B,) is a Bailey pair relative to ¢, where

1 n—1 0 , n A
oy = 1_ q2n2+2n Z q—2j —2j + q2n Z q—2j2 , (9)
-4 Jj=—n Jj=—n
1 24 - Y 2400 - 92 _9i
Wyt = ——— | PN g g Y g (10)
- q Jj=—n Jj=—n—1

and

, = 11
P = (b

TAs usual, x(X) = 1if X is true and 0 if X is false.
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These are highly reminiscent of three Bailey pairs discovered by Andrews [3] in
his study of Ramanujan’s seventh order mock theta functions. Namely, he showed that
(A,(0), B,(0)) and (A, (1), B,(1)) form Bailey pairs relative to 1, where

n n—1
Aon(0) = "N g T =g Y g (12)
Jj=—n Jj=—n+l
Haga©) = =g Y g g *2"Zq . (13)
j=—n—1 Jj=—n
B0) = — (14)
n (q”“)n’
n—1 o
Ap(D) == =g")g" "> g7, (15)
j=—n
A (1) = (1 = g )" 3" g, (16)
Jj=—n
and
By(1) = — (17)
" (q"n

while (A4,(2), B,(2)) is a Bailey pair relative to ¢, where

AZn(2) 3n +2n Z q ——j +q3n +n Z e i (18)

j*—l’l j*—l’l

1 R n . n o
Aun@) = =5 | @Y g T g ST T (19)

q j=—n j=—n—1

and
1
(qn+1)n+1 '

Our first goal in this paper is to prove the following results, which will lead to more
Bailey pairs like those of Bringmann—Kane and Andrews. Note that Theorem 1.3 is
simply an application of Theorem 1.1 followed by an application of Theorem 1.2.

B.(2) = (20)
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THEOREM 1.1. If (a, By) is a Bailey pair relative to 1 withay = By = 1, then (o), B,)
is also a Bailey pair relative to 1, where oy = fj = 0,

n—1
aén — _(1 _ q4n)q2n272n Zq72j2,2jazj+l’ (21)

=0

n 2 92
Wy === ¢ Y g oy, 22)
=0
and forn > 1,
/ ﬂn—l

= 23
'B” 1 — q2nfl ( )

THEOREM 1.2. Suppose that (a,, B,) is a Bailey pair relative to 1 with oy = By = 0.
Then («), B,) is a Bailey pair relative to q, where

’ 1 Uptl qznan
= - 24
& 1_q< 1_q2n+2+1_q2n ( )

and
By = —Bu+1. (25)

THEOREM 1.3. If (ay, By) is a Bailey pair relative to 1 withoy = By = 1, then (a), B,7)
is a Bailey pair relative to q, where

n n—1
1 2 _92 w2400 92

ay, = — | ¢ Zq Ty — gt Zq T ¥ay |, (26)

1-q =0 =0

1 21 +2n - —22-2j 2n?+4n+2 - —22
“§n+1=:] "t j;q T g — g j_zoq Ty | 27)
and
B
" o__

B = e8)

An application of Theorem 1.1 or 1.3 to a “typical” Bailey pair (from Slater’s
list [16], for example) will give a positive definite quadratic form in the power of ¢
occurring in «;,,. However, there are a few cases where we obtain an indefinite quadratic
form. For example, using Theorems 1.1 and 1.3 and the following Bailey pair relative
to 1 from Slater’s list [16, p. 468],

)L ifn=0,
~|2(-=1)", otherwise

Oy
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and

B (—1y
Pn = Vo

we recover the Bailey pairs of Bringmann and Kane in (6)—(11). Some other examples
are recorded in Corollaries 2.2-2.4. Andrews’ Bailey pairs in (15)—(20) do not seem to
be simple applications of Theorems 1.1-1.3, but they can be deduced from (6)—(11)
using a change of base formula. We discuss this in Section 3. For another treatment of
these pairs, see [6].

1.2. Mock theta functions. Animportant difference between the pairs of Andrews
and those of Bringmann—Kane is that the former yield mock theta functions when
substituted into (5), while the latter do not. However, as we showed in [13], the Bailey
pairs of Bringmann and Kane do give rise to mock theta functions after an appropriate
application of the Bailey lemma. These mock theta functions are g-hypergeometric
double sums.

To recall them, we need some special functions. We use the classical theta series

J ) = (=x)'q0) = (0)se(g/3)o0 (@)oo

neZ

and for brevity, we write J,,, := J,,.3,, With J, . == j(q%, ¢"), and J o, = j(—q", ¢""). We
also use the Hecke-type series

fa,b,c(xv V. q) — Z . Z (_1)r+sxrysqa(£)+bz'g‘+c(;)’ (29)

rs>0  rs<0

which is an indefinite theta series when ac < b?. Finally, we employ the Appell-Lerch
series

(=l
rm%@gﬂwglﬁHﬁ (30)

where x, z € C* := C\ {0} with neither z nor xz an integral power of ¢q. The Appell-
Lerch series is a “mock Jacobi form” which specializes to a mock theta function
when x and z are of the form ¢¢ with ¢ a root of unity [18,19]. Recall that a mock
theta function is the holomorphic part of a weight 1/2 harmonic weak Maass form
f(7) (as usual, q := €*™* where T = x + iy € H) whose image of under the operator
&1 = 21'y% % is a unary theta function [15,18].

" The main result in [13] contains identities equivalent to the following.
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THEOREM 1.4. [13, Theorem 1.3]

(=D(g qz)jfl(—l)jqanr(j;l)
W ::
1(q) Z Z i

n>1 n>j>1
2%
= a4 )
(@)oo

=4m(—q", ¢*, ) — 4¢ 7 m(—q, ¢*., ¢**) -

207 JsJ12J96J7.16J 42476 4830,96
Joadag 3 802,12J14,96J46,96

(31

. (q; qz)n(_l)j(q; qZ)j_l(_l)n+jq(f§1)
Wa(g) 1=
2(q) Zl JZI CDn @D D)y

9(q: ¢
= —fi31(—=¢. ~¢. q)
(4% %)
Tt s T3 50216
=4m(—q,q*, ¢*) + ¢——>——

: (32
JeJ16

(= 1: )% G (= 1) H g+
Wig) =" (¢ 9)n(=154)i(q”; ¢ )1 (=1)"gq

prriers N G G M U I R R PIA

2¢%(¢: Phee
?q(q’ 2)) fiai(=4",—4", 4%

=2

7
= 4m(—q, ¢' q)+2q3J112 (33)
1.4

2V (—1V g0
Wa(g) = Z Z (=9i(q;q7)(=1)q

n>0 n>j>0 ( q)n(q)n J(Q)ZJJrl

Zmﬁm(q q q)

=-2¢"'m(—¢’, ¢®, @) — 247 m(—¢"", ¢**, ¢**)
JsJ12J96J3.16J 4246 45J18.96730.96

Jo4J48J1,892,12J6,96426,9638,96

(34)

In particular, W) (¢)-Wia(gq) are mock theta functions. We remark that the series
defining Wh(g) does not converge. However, similar to the classical sixth order mock
theta function u(g) [5], the sequence of even partial sums and the sequence of odd
partial sums both converge. We define W, (q) as the average of these two values. This
averaging is denoted here and throughout by the notation > *.

The second goal of this paper is to use Bailey pairs arising from Theorems 1.1 and
1.3 to obtain many more mock theta functions like W (g)-Wi(q). Just as with the pairs
of Bringmann and Kane, this first requires one application of the Bailey lemma, and
so the mock theta functions we obtain are ¢g-hypergeometric double sums. We record
these mock theta functions in three separate results, corresponding to three sets of
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Bailey pairs. We first express the double sums in terms of the indefinite theta series (29)

and then in terms of the Appell-Lerch series (30).

THEOREM 1.5. The following are mock theta functions.

B (—y(~1yg™+®)
Mi(q) = ;nEJZZl DDA )11 — g7 D)

2q
—fi53(q* 4" q)
(q)oo

=4q7°m(—q". ", ") + dm(—q>, ¢, ¢ - 2
_ 2J8J12-]9611,1674,2416,48118,96
J2aJagJ3 802,122, 96J34,96

A a (@ (= 1)(—=1y+g0)
Ma(q) = Z Z (_q)n(q)n_j(qZ;qZ)j_l(l —

n>1 n>j>1

(4: oo 3
= ——"fis1(—¢.—¢, q)
(4% 4%
J13,8J32,8J6,16

=dm(—¢’, ¢, ¢*) -2 T
8

3

(4: PIn(—1; (= 1Y g™~
M;i(q) := :
! ; n;l (=% g)n(q% 4)n-(q* g*)-1(1 — ¢¥72)
= =Zj=
24(¢; ¢*)oo s o 4
= ———f121(=¢,—q.4")
(4% 4%

4 ( 7 12 4) 2+2 J%275s12
= 4a4m —q . q . q — —_—
Jad1,1203,12
(_ l)jqn2+n+(§)
Ma(q) = -
Z Z (=D @n—i(9);(1 — g¥*1)

n>0 n>;>0

= Lf3,5,3(612, q*.q)
(@)oo
= (=g, ¢, P — 1 = 24" 'm(—q", 4% ¢
JsJ1203cT 5 160 4.24T6.48 18,48
Jad 31 872,12710,96922,9642.96
(_1)/q("§‘)+(é)
MA@D=2 D T

—24)

n>0 n>;>0
(=9
= —"f121¢.¢. )
(q)oo
5 6 2 Jg
=2m(q’, q, —-1- .
T9,9) qu,st,(,
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THEOREM 1.6. The following are mock theta functions.

: 2 j+1
(—1yq" +(%)
Me(q) == :
gnzlza (@Dn—(@)j—1(1 = g¥=1)
2
q
——f323(°. 4%, @)
(@)
= m(=®, ¢, 473 — ¢3m(=¢%, ¢, ¢ + ¢~
4o (=" g Py — g

11 J12,48016,4092,2003,400 17,40 I 40
1431200 6.40J20750
_aDa.4871.4094.4091.4078 20 4,40 18,40 /50
J1J3,120 6,409 2,400 340

_ qflm(_q79’ q120’ q3)+q71 —q

+4q

5 5 2
12 J24.4871,4094,409 1,408,200 16,40/ 3 59
=z T n
J1J3,1207 6,400 2,40 580

_ (= Du(=1yg(=+2)
M@ =D D (oo =)

, (40)

n>1 n>j>1
24*(—q)
=-"—"2f31¢" 7. ¢
(Q)oo
_ _ _1J48716,3271,16/14,32
=2q"'m(—q.4", ¢7") = 2¢7" — , (41)
J1.2J2,16J0,16
. j+1
. (: )u(—1)Hg(2)
Ms(g) =2 A
; H;I (@n—j(@)j-1 (1 = g¥1)
9(q: 4*)oo > 3
== Ns1(=¢,—q",q)
(4% 4P)oo
_ _ J1J3,802,16
=2m(—q". 7. ¢°) + 24 °m(—q. ¢**. ¢~°) + I (42)
(4 Pa( =1y g" +7° 5
Mo(g) == :
;g;l (@ ¢n—i(¢% 41 (1 — g¥2)
3. 2
(g9 )oo 7 9 4
= N31(=q¢,—q.q9)
(4% 4P
= m(—g®, ¢ g~2) — 1 Jads.64 _1J8,1£J32,_64J4,_32J24,64 @3)
J32J4,64 J1,4J(,732J2132

(= D= 1) g+
M = j
D=2 2 s Py =

243(—
= _Mfl,il(qs’ 4.4
(@)oo
==2¢"'m(—¢", ¢®,¢7%) — 2¢7*m(—¢*, ¢**, )
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3 J8.30J20.480 22,4802, 24J6 48 J96
J12J5 480,48 24J2 43

+ 248 J16,32J4,487_2,48J_10,2474,48J20,48J96

12T 8,430 0,430 3,48

i 5 2
_4716,32J4,4872,48J10,249 20,4814 96
= 5
J12J8,48J0,4854J96

. (=lyg” )
Mul@) =2 D (o T

n>0 n>;>0

+2¢q (44)

1
= —+f13. 4" 9

(@)oo
= 3 m(=q", 4", ) + M=, 4. ) — ¢ m(—q", ', &)
o J12.4871,4078,407 19,407,200 12,40 18,400 3

+ ¢ "m(—q". 4", ¢)+¢q ==
J1J3.1209 14,407 10,4073y 50

- - -
o
4 J12.4871,40738,40919,40J6,20/ 8,400 19 407 1 40
= 7 3
J1J3,1207 14,407 10,407 5040730

_aJ24.4871,40712,409 1,40J4,207 12,407 18,4030
= = 2
J1J3,1209 14,404 10,4039 40

7 T o
_oJ24.48J1,40712,400 1,404,200 8,40 I35 g0

— : (45)
J1J3,1207 14,407 104093050
o 1N (L
(—gn(= 1) +2)
Mia(g) = .
g nazzjo (@Dn-j(@)(1 — g7
(_q)oo
= fraa@. ¢ q)
(@)oo
J4.8J16.32J5.16J
= (=g, g5, g) + g L3183 T5 16 60 (46)

J1276,167 4,16

THEOREM 1.7. The following are mock theta functions.

,_ (~1yg™*0)
Mis@) =2 D o A=)

n>1 n>j>1

&fz,m(ff‘, q.q)

= (=", 4", 0% — ¢ (=", ¢, ¢°) — e *m(—, ¢, &)
_ o J12,4873,40016,400 17,402,200 4. 20 14,20 %,
J149,120 10,402,400 3350

— g ""m(—q", ¢, ¢

- - -
2
_oJ12,4873,40716,407 17,402,207 16,4017 40/ 3 40
SN
J1J9,1207 10,407 2,40J59 S 1030
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_2J24.4873,404,40J 3,40J8,20J 4,40 14,4080

+ q — 5
J149,1204 10,404 2,4059J 40

- - o
_10724.4873,4094,4093,4098,20J 16,40/ 34 g9
- =
J1J9,120 10,407 2,4055 /80

_ (=Du(= g +O)
M@ =D D =)

: (47)

n>1 n>j>1
2q(— )
——f1,3,1(q3, 616, qz)
(@)oo

— (=g, 4", g — 2J4,8J16£2J1,_16J14,32’ 48)
J1.272,16J 4,16

o v (@1
Mislg) =23, ) (Dn—(@)j—1(1 — g¥~1)

n>1 n>j>1

((q’q))oofl51( q.—4*. q)

_ J1J1,8J6.16
=2m(—q". ¢ ) = 247 'm(—¢. ¢**, @) + ———=, (49)
JoJi6
(4 (= 1y g" 7
Mis(q) = 4
;g;l (7% -7 47)—1(1 = ¢V )
4P
a4, —q" . qY)
(PP
I3 J10 327, Jg 16326404327
R WL whonten | ilsie/nedintua
2 Jendissndondion J1,40232J 10,32
(50)

(= D=1y g
Mis(q) = Z Z (4% qz)n_j(q2;q2)j—l(1 — q¥2)

n>1 n>j>1
~ 2q(=q)
i = s @ g )
=2m(—¢>. 4", ¢ %)+ 2¢7'm(=¢". 4%, 4%
I3 32020,437 18,482,240 4. 4812, 48T 35
J12T 16,480 8.4873,J96

_ 2q3

- - -2
o
1783202048718 482,24 20,48 g 43/ 6 43
7 7 3
J1.2J 16,487 8,48 54 J48J96

+ 24" J16.3074.487 6. 4810, 249 4.48J12.48J96
12T 16,480 5,483 as

5 J16,32J4,48J6,48J10,24J20,48J36,96
Z 7
J1,2J 16,487 8,485,496

: (1)
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( 1)jqn2+n+(£)
Mis@) =D D (oo Ty

n>0 n>j>0

=mf373(q q q)

= (=4, ", %) + ¢ m(—q", 4. ) — ¢ m(=¢"", ¢, &)
2 J12.4873.4008,40917,40J6,200 12,40 14,400 3
J19,120J 15,40 6,407 39 T80

_ q—lm(_q43’ q120’ q—9)+q

- - )
2
4 J12,4843,4078,40717,4096,209 8,409 17 40 3,40
- 7 3
J1J9,1207 18,407 6,40 59 40/ 80

_3J24,48J3,40J12,404 3,40J4,20J 12,40J14,40J30

- 5
J1J9,1209 18,404 6,40 59 40
¥ 5
J24,48J3,40J12,407 3,404,207 38,4034 50

77 2
_y 403,40 7 (52)
J149,1207 18,40 6,400 39 I 30

(=a(= /g +O)
M = .
0@D= 2 2 Gl —
— (_q)oo
(@)oo
J4.8J16,32J5,1676, 2

1 16 -3
=m(—q ,q".q )+q (53)
Ji2J5.1602.16

fi310a. 4% 4%)

It will have been noticed that some of the expressions in Theorems 1.5-1.7 are
considerably more involved than others. For instance, equation (52) involves four
Appell-Lerch series and four modular forms while equation (53) involves only one
of each. This depends on the indefinite theta function f, .1, »(x, y, ¢). In general, the
number of Appell-Lerch series grows with n and the number of modular forms grows
with p.

The final goal of the paper is to give identities involving some of the double sums
in Theorems 1.5-1.7 and “classical” mock theta functions. Namely, we express the
double sums M5(q), M;s(q), Mo(g), and Ms(g) in terms of the mock theta functions

q(n+1)(n+2)(_q2; qZ)n
(=4 4*)nt1

To(q) =

n>0

q2n n+1)

2 9
n>0 (q’ )Vl-H

w(q) =

n+1
A9) _Zq (=% q)’

n>0 (q; 2)n+1
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and

Uilg) =2 (=% q¥)ns1

n>0

of “orders” 8, 3, 2, and 8, respectively (see [11]). A similar identity was found in [13],

namely
Wh(q) = 2qT1(q) — ¢S1(q)
where
nn+2)(_ 40 42
q"" N —q; 4" n
Sig) =) ————5—
: ng (4% ¢
and

"% ¢y
T@=2

n>0
are mock theta functions of order 8 [11].

COROLLARY 1.8. We have the following identities.

Jidss  Jradsied1876.16

Ma(q) =4To(q) +2 - 2——= — = (54)
Jzz,ng,s J1,4J18738
Ms(q) =1+ qo(q), (55)
J3HJ1a0 10 32 L JE s 64 _198,16J32,644,32J24,64
Mo(q) = —A(—¢*) + el B e aa ,
J16,322,32J 6,328, 32 3464 J1,4J6,3202,32
(56)
T 10320143 351032763
Mie(g) = + g 'Ui(q*) — g ' =2 = e (57)
Ji632d6 0082023 Je 2163200320103
_178,16432,64J4,32J24, 64 (58)

J1.4J230J10.32

The paper is organized as follows. In Section 2, we prove Theorems 1.1 and 1.2
and record some corollaries. In Section 3, we establish a change of base lemma and
deduce Andrews’ Bailey pairs from those of Bringmann and Kane. In Section 4, we
recall important work of Hickerson and Mortenson on mock theta functions [12] and
then prove Theorems 1.5-1.7 and Corollary 1.8.

In [14], we consider applications of Theorems 1.1-1.3 to ¢g-hypergeometric double
sums related to real quadratic fields, in the spirit of [4].

2. Proofs of Theorems 1.1 and 1.2. Proof of Theorem 1.1. First note that the
sequence o), in (21) and (22) is uniquely defined by o = 0, &} = —(1 — ¢°), and
o’ 2na/

n+2 q _
[ Togn o (59)
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Suppose that the 8, are given by (23). Then the corresponding «;, satisfy the initial
conditions. Moreover, using (2) we have

oy n+2 n=j+2 i n "N2n n+j
[ o) B @D =1y (@nyjr gD (=1
=) Bi=>

1— q2n+4 1—gn j—l (@Dn—js2 / o (Dn-j ’

2 ( @y (=12
Z (q)n*jJrZ

— (=" = g7
S a1 (@)

== (1= (1 - g V) B

=1 (Q)n—j+2

((1 _ qn+j)(1 _ qn+j+l)q—2j+l

L U gy

— 2n+2) Z

(1 - q2j+])ﬂ;+1

(Q)n—j-k—l
n n+1—j i
(Q)n+1—_/ !
= —Upt1.
O
Proof of Theorem 1.2. Let a = q and let ], be defined as in (25). Then
(=1 o @i (=Yg Ly iy _
/ 1— n+j+ n+j+ 1=g"/
o, l_qz O B (1= g + g7 (1 — ¢'))
_er s @D/ Zl (@~
-9 \'3 (Dn—j (Dn—j—1 !
_ (o i @ (=) g ) 4o Z (@t (= 1y gD
1—gq (@n—j1 ’ (@ ’
_ 1 % + qznan ’
l_q 1_q2n+2 1_q2n
which establishes the result. ([l

Note that the proof of Theorem 1.1 implies an inverse result. Since the «/, are
uniquely defined by the a, in (59) together with the initial conditions «; = 0 and
o) = —(1 — ¢*), we have the following.

THEOREM 2.1. If (a;, B,) form a Bailey pair relative to 1 with aj =0 and o] =
—(1 = ¢?), then (o, B,) also form a Bailey pair relative to 1, where ag = By = 1,

-1 2n—2

— !/ /
S B B (60)
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and

Br=—1 =" (61)

We finish this section with three corollaries of Theorems 1.1 and 1.3, giving three
sets of two Bailey pairs involving indefinite quadratic forms. These come from three
Bailey pairs in Slater’s list [16]. These are not the only three pairs from Slater’s list
which lead to indefinite quadratic forms in Theorems 1.1 and 1.3, but we have limited
ourselves to those we will use in the sequel.

First, on p. 468 of [16] we find the Bailey pair relative to 1,

1, ifn=0,
oy =

(=1)(¢"+q™"), otherwise,
and

(=D"q™"

=

Applying Theorems 1.1 and 1.3 we have the following.

COROLLARY 2.2. The sequences (ay, b,) form a Bailey pair relative to 1, where

n—1
a = (1 — q4n)q2n272n+1 Z q72j2’ (62)
Jj=-n
n
) 2 A
oyt = _(1 . q4n+2)q2n Z q72j 72]’ (63)
Jj=—n
and
0, ifn=0
by = g 64
" Lyg " otherwise, (64)

(%541 (1=g*=1)°

and the sequences (o, B,) form a Bailey pair relative to q, where

n—1
oy = 2n Z q =2j + 202 +2n+1 Z q , (65)

]—7}7 j_—n

1 " ) "L
Qo] = _:] q2n2+2n+1 Z g7 + q2n2+4n+2 Z gy, (66)
Jj=—n—1 Jj=—n
and
(=D"q™"

(@2 q>)n(1 — g?+1)’
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Next, on p. 468 of [16] we find the Bailey pair relative to 1,
1, ifn=0,
oy = n
! (—1)”q‘( 31)(1 +¢"), otherwise,
and
(=g ()
! (Dn .
Applying Theorems 1.1 and 1.3, we have the following.

COROLLARY 2.3. The sequences (ay, b,) form a Bailey pair relative to 1, where

n—1
2_2n A2
ay =1 —g"g" "y gV,

j==n

n
2 42
a1 = —(1 = ¢" g Y g7V,

j=—n
and
0, ifn=0,
b = i%, otherwise,

and the sequences (o, By) form a Bailey pair relative to q, where

1 n n—1
o 4P —42-3j
ay=— " Y gV Ty Y

- q j=—n Jj=—n
1 " Y 1 e
Aoyl = - q2n2+2n Z gy +q2n2+4n+2 Z g
4 j=—n—1 Jj=—n
and
(—=1g~ =)
T (a1 = gy
Finally, on p. 468 of [16] we find the Bailey pair relative to 1,
1, ifn=0,
oy = .
(=1)'q7"*I2(1 4 ¢?"), otherwise,
and

(_ l)nq—n(n+3)/2

P @
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Applying Theorems 1.1 and 1.3, we find the following.

COROLLARY 2.4. The sequences (ay, b,) form a Bailey pair relative to 1, where

n—1
@y = (1— g™ 23" g4, (74)

j=—n
a1 = —(1 = ") Y g, (75)

Jj=—n

and
51" in=0, (76)
n = 21y CEh+ .
—((q)”l_) 1;’1 — T otherwise,

and the sequences (ay, B,) form a Bailey pair relative to q, where

n n—1
1 n? _42_3f 2 +2n 42—

aom=r— "D gV I+ Y gV, (7)

1 -4 Jj=—n j=—n

1 n n
2 AR 24 4n _42 3]
Woptl = _:1 q2n +2n+1 Z q 4j°—j +q2n +4n+2 Z q 4j°—3j , (78)
Jj=—n—1 Jj=—n

and
(- l)nq—n(n+3)/2

= . 9
@ — ) (7)

Bn

3. The seventh order Bailey pairs of Andrews. We begin with a change of base
lemma for Bailey pairs. For other results of this nature, see [7] and [8]. Throughout
this section, we emphasize the base by saying that a pair of sequences satisfying (1) is
a Bailey pair relative to (a, g).

LEMMA 3.1. If (ay, By) is a Bailey pair relative to (1, q), then (c,,, B,) is a Bailey pair

relative to (1, ¢%), where

1
o, = 5L+ e (80)

and
K-k

qz)nfk 'Bk.

/ I« ¢
= 81
b= T & i ®D
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Proof. We will need the fact that

(4 = 1O (52)

along with the identity

— D ™ ("= (1 + ¢*)@ar(— Do

, = , (83)
— (g + e 24 4P+
which follows from a short calculation using the case z = —¢**,a = ¢ "', b = —q"*",
and ¢ = ¢?*! of the second Heine transformation [10],
n(b)n b)oo(h2)os x—~ (“E)n(B)n
5 @0 _ e/t Z( Wt cyr .
(n(@n (A)os(2)oo (b2)n(Pn

n>0
Now, beginning with (81), we have
LN
ﬂn B (_1)2n kzg (qz;qz)n—k ’Bk
k“ k 1
T - 1)2 Z(61 24 In—k Z(Q)k D
1
( I)Zn ; Z

‘ (q% q2)n ke @Dr—r(Dicr

k7 +2kr+r2 —k—r

" (=D l)2n ;} Z “ (4% qz)n k= (D@2

1 n i —r I 2kr—k

q
T (D = (q)Zr Z “ (@7 Pt Di(d* i

P2

r ( l)k 2nk(q—2(n r). q)
by (82
= 1>2n2(q>2r<q TN Z @Dea (by (82))

S ’( DE ™ (g™ (=g~ "
T (- 1)2n Z(Q)z;(q s Z (Dr(g* Dk

(L+¢™)g"
Z 247 PG @i

a, (by (83)).

This implies the statement of the theorem. 0

Now, we insert the Bailey pair in (6)—(8) into Lemma 3.1. We obtain a Bailey pair
relative to (1, ¢%), where

n—1
dy, = %(1 — "N Y,
j=—n
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1 n
a/2n+1 = —5(1 - q8n+4)q6n2+2n Z qizjz

Jj=—n

by =0, and forn > 1,

PR B Y Gl A U
"D = @197 4Pk
—1 5
_ L GO
(=D2n = (@D2+1(4%; §PIn—k—1
—1 _ _
_ -1 T a0 s g
(=Dan(@* ¢ 10 =) = (@ 4q 47
-1

= (CDan(q: P
—1

T2

where the penultimate equality follows from the case ¢ =¢>, n=n—1, a=¢q, and
¢ = ¢* of the g-Chu—Vandermonde summation [10]

Z (@i(g™" ( ) _ (c/a)
(Q)k(c)k a (C)n
Now multiplying (,, ) by —2 and replacing ¢ by ¢'/> gives Andrews’ Bailey pair (15)-

(17). Finally, multiplying (15)—(17) by —1, then applying Theorem 1.2 and Theorem
2.1 gives the pairs (18)—(20) and (12)—(14), respectively.

(by (82))

4. Proofs of Theorems 1.5-1.7 and Corollary 1.8. The approach for proving
Theorems 1.5-1.7 is as follows. We first apply (3) and (4) to Corollaries 2.2-2.4 to
obtain new Bailey pairs, then use (5) in various ways to obtain identities expressing
g-hypergeometric double sums in terms of the indefinite theta series (29). Next, to
deduce that these g-hypergeometric double sums are mock theta functions, we apply
the following three explicit results of Hickerson and Mortenson which express (29) in
terms of the Appell-Lerch series (30). Define

8ab.o(X, ¥, ¢, 21, Z0)

a—1
— Z(_y)rqc(é)j(qbrx’ qa)m ( a( H) ((‘Hl) l(bzfuc)( y) qa(bzfac)’ ZO>

=0 ( x)b

c—1 .
a(l) - ¢ (" =a(“tH)—t(b*—ac (_X)L c(b*—ac
+ 3 =0 Qg ¢ym (—q(z) () )m,q(” ),zl>.
=0

(85)

Following [12], we use the term “generic” to mean that the parameters do not
cause poles in the Appell-Lerch sums or in the quotients of theta functions.
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THEOREM 4.1. [12, Theorem 1.6] Let n be a positive integer. For generic x, y € C*

Sont1a(X, Y, @) = gunr1.0(x, v, g, VX" X"V,

THEOREM 4.2. [12, Theorem 1.9] Let n be an odd positive integer. For generic X,

yeC*
Snnt20(X, ¥, @) = gnnr2n(X, ¥, ¢, V' /X", X" /Y1) — Opa(x, ¥, q)
where
On2(x, ¥, q)

YR s s /%, g D) P xy, gD /Xy, ¢5D)
T q(n273)/2x(n73)/2j(yn/xn’ q4n(n+l))j(_qn+2x2’ q4(n+l))j(_qn+2y2’ q4(n+1))

THEOREM 4.3. [12, Theorem 1.11] Let n be an odd positive integer. For generic Xx,

yeC*
Jnntan(X, ¥, @) = gunran(x, ¥, ¢, V' /X", X" /Y") — Ona(x, y, q)
where
Ona(x, . q)

_ q—(n2+n—3) —(1=3)72 y(n+1)/2 i/ x, q4(2n+4))
: JO /X, gD j(— 28 XA AR j(— g2t 8 | Ant4))

[J4n,16n51 - qJSn,lsnsz},

j(q611+ 1 6x2y2 , q4(2n+4))j(_q2(2n+4)y/x, q4(2n+4) )j(qn+4xy’ q2(2n+4))

3
J 2(2n+4J 8(2n+4)

S1 =

2481210 ) (2044 A 2

V(=4 yi.q q 42n+4)

qn+4x2j(_q6n+ 1 6X2y2 , q4(2n+4))j(q2(2n+4)y/x’ q4(2”+4))2j(—y/x, q4(2n+4))2
Jan+4

+

and

j(q2n+8x2y2 , q4(2”+4))j(—y/x, q4(2n+4))j(q3n+8xy7 q2(2n+4))
2
J2(2n+4)
. { qn+1j(_q2n+8x2y27 q4(2n+4))j(q2(2n+4)y2/x2’ 614(2"+4))J3(2n+4)

S2 =

Vaen+a)
(=g 10Ny, g (g Oy /gy

J3n+4

+

Finally, we use the fact that specializations of Appell-Lerch series are well known
to be mock theta functions [18], [19, Ch. 1].
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To simplify expressions arising in Theorems 4.1-4.3, we require certain facts about
j(x, g) and m(x, ¢, z). From the definition of j(x, ¢), we have

A%, q) = (=1)'qg Dx"j(x, ¢) (86)
where n € Z and
e, @) = j(g/x, @) = —xi(x"", ). 87)

Next, some relevant properties of the sum mi(x, ¢, z) are given in the following (see
(3.2b), (3.2¢) of Proposition 3.1, (3.3) of Corollary 3.2 and Theorem 3.3 in [12]).

PROPOSITION 4.4, For generic X, z, zy, z € C*,

m(x, q,z) = x'm(x71, q, zh, (88)

m(gx, q,z) = 1 — xm(x, g, z), (89)
) 1

miq.q". —1) =3 (90)

and

20J7)(2/ 20, @)j(x220, q)
J(z0, 9)j(z. 9)j(xz0, @)i(xz, q)

m(x, q,z) = m(x, q, zo) + 91)

We are now ready to proceed to the proofs of Theorems 1.5-1.7.

Proof of Theorem 1.5. Applying equations (3) and (4) with (a, p1, p2) = (1, —1, 00)
to (62)—(64) and (g, —¢q, 00) to (65)—(67) gives a Bailey pair relative to 1,

n—1
n n?—n —2j2
doy =21 =g Y g 92)
J=—n
’ n n?43n —22-2j
yyy = =21 — "G N " gV, (93)
Jj=—n

and

B R (—1)(=1y ¢!

b, = _ o

(=@n = (Q)nfj(qz;qz)j;](l _ qz,_])

and a Bailey pair relative to ¢,
1 n }’l*l
’ nan R EY 2t3n 2

aznle q4+2q21 2]+q4 +3+1Zqzj ’ 95)

q = P

! n+5n - -2/ n2+Tn Z A2
Wyyy = —qu g2 Z g g gt Z 77 96)
j=—n—1 j=—n
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and

(=D = @nj(@s(1 = g¥*1)’

B, = O7)

respectively. Now to prove (35), we insert the Bailey pair («/
(94) into (5) with py, p» — oo. This gives

b)) from equations (92)—

n’>-n

oL w@

n>0

Y g () + Y gt én+1(q)>

n>0 n>0

gMi(g) =D q"b(q) =

n>0

(Q)oo

(q)oo

n—1 n—1

(q) (Z an —n+1 Z q Zq&q +n+1 Z q

n>0 Jj=—n n>0 Jj=—n
n n

_ Zq8n2+7n+2 Z q72j272j + Zq8nz+9n+3 Z q2j22j).

n>0 Jj=—n n>0 Jj=—n

After replacing n with —n in the second sum and n with —» — 1 in the fourth sum, we let
n=+s+1)/2,j=(—s—1)/2inthefirsttwosumsandn = (r + 5)/2,j = (r — 5)/2
in the latter two sums to find

2q 3r45rs+3r+3 52+ 3s
Ml(q)=@<( Z _ Z )qz +5rs+ 3+ 343

r,5>0 r,s<0
r#s (mod 2)  r#s (mod 2)

_ ( Z _ Z )q%errSrSvL%rﬁL ;\'va;s)

r,s>0 r,s<0
r=s (mod 2) r=s (mod 2)

- (q)oo<(2 ") ”*5"“?"*332*?5)

rs>=0  rs<0

(98)
=——f%53(q q*, 9).

(D)oo

By (98), Theorem 4.2 with n = 3 and (85)—(87),

Mi(q) = =2¢7""m(—q77, ¢®, ¢®) + 24 P m(—q~>, ¢**, ¢°) + 2m(—¢*, ¢**, ¢7°)
99)

2
=24 "m(—q7", ¢* q6)+ﬁ®3z(q 4", q).
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Now, we simplify (99) using (88), (89) and (91) to obtain

2
Mi(q) = 4q73m(—q", ¢*%, ¢°) + dm(—¢>, ¢**, ¢°) — 2 +W®32(q AR

+ 247 JigJ 12,4807 a8 ) JigJ 12,480 25 48

2 77 2 77
I 4s/ 1,487 13,48 J5 45/19,487 31,48

; _
Jig 18,487 11,48

_ 4q73m(_q7’ q48’ q24) + 4m(_q25’ q48’ q724) _ 4q3 i i
Jo,48J24.48J 13,487 17,48

T3 J18.4877 48 2q
AL N YR NN O )
Jo,48J24,48J 1,487 17,48 (@)oo

; =
+ 247 JigJ12,48J7,48 ) JigJ 12,480 25 48

2 7 7 2 7 7 "
J ag7 1,480 13,48 Js.4g /19,480 31,48

Comparing with (35), we are left with a modular identity to verify. Such a verification
can always be done using a finite computation. This, and similar computations
in this paper, were carried out using computer software packages available at
http://www.gseries.org/fgarvan.

This proves identity (35) and shows that M(q) is a mock theta function.

As equations (36)—(39) are handled similarly, we briefly sketch the relevant details.
For equations (36) and (37), we again use the Bailey pair (92)-(94) in (5), with
(o1, P2, q) = (/9, — /4, q) and (g, oo, ¢%) and the above argument to obtain

Mi(g) = ((qz’q))‘”flsl( 4—¢q)

and
24(¢; 4*)oo s _ 9 4
Ms(g) = a )f (=¢, =4, q").

One then proceeds with Theorems 4.2 and 4.1, respectively, and simplifies.
For (38) and (39), we use the Bailey pair (95)—(97) in (5), with (o1, 02, ¢) =
(00, 00, g) and (—¢q, o0, g) to get

Mau(g) = (Tf3 53¢ 4", q)
and
Ms(q) = (_q)oofl,z,l(% 7. 7).
(@)oo

Applying Theorems 4.2 and 4.1, respectively, and continuing as above yields the
result. 0
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Proof of Theorem 1.6. Applying equations (3) and (4) with («a, p1, p2) = (1, 00, 00)
to (68)—(70) and (g, oo, 00) to (71)—(73) gives a Bailey pair relative to 1,

n—1
’ ny ,6n>—2n —452-3j
dyy == g")g" "y gV, (100)
J==n
2 " D
a/2n+l =—(1- q4n+2)q6n +4n+1 Z q—4/ , (101)
Jj=—n

and

r_ . (_1)161(/?)

" 1y’ (102)
' j=1 (Dn—j(@)j—1(1 — g%~1)
and a Bailey pair relative to ¢,
n n_l
1 o o
(Xén = IT q6n2+2n Z q_4JZ_J i q6n2+4,, Z q—4j =3j , (103)
1 j=—n =
1 n )
2 L. . -
Wy = = (4 Y g g T (104
' = j=n
and
n (it
/ (—1g?)
(ae> 1y’ (105)

Jj=0 (@Dn—i(@)(1 — g¥ )

respectively. For the identities (40)—(44) in Theorem 1.6, we use the Bailey pair (100)—

(102) in (5) with (o1, p2, g) = (00, 00, q), (=1, 00, q), (/G- —/4:9), (¢. 00, ¢*), and
(=1, —q, ¢*) to obtain

Me(g) = —mﬁm(q 4%, 9,
Mi(g) = —2612(;%%0/‘1,3,1(114, 7.9,
My(g) = j((q;"))“fs (¢~ o).
Mytg) = FEL (2‘” f)):f a(=q = ),
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24—
@

respectively. One then applies Theorems 4.2 and 4.3 and proceeds as in the proof of
(35). The identities (45) and (46) follow similarly but with the Bailey pair (103)—(105)
in (5) with (p1, 2, g) = (00, 00, ¢) and (—¢, 00, ¢) yielding

Mio(g) = — i@, q, ),

1

M) = ——/73(¢, 4% q)
(@)oo
and
(_ )oo
Mixg) = P2 f 5 i @ )
(@)oo
One now applies Theorems 4.3 and 4.2, respectively, and simplifies. O

Proof of Theorem 1.7. Applying (3) and (4) with (a, p1, p2) = (1, 00, 00) to (74)—(76)
and (g, 0o, 00) to (77)—(79), we obtain a Bailey pair relative to 1,

n—1
a,Zn — (1 _ q4n)q6n2—2n+1 Z q—4j2—j’ (106)
Jj=—n
n
, B 42 s
iy = —(1- q4n+2)q6n +an+1 Z q 4j 3]’ (107)
J=—n

and

L (g

b, = —, (108)
" @@y (=g
and a Bailey pair relative to ¢
1 2 " 2 2 ot
;o 6n2+2 —42-3j 6n*+4n+1 —42—j
=1y |7 DA A DY A (109)
j=—n j=—n
1 n n
12 +8n+3 —4j2—j n? n —42 -3
“§n+1 — _IT q6 +8n+3 Z q 472 —j +q6 +10n+4 Z q 42 -3j , (110)
q Jj=—n—1 Jj=—n
and
" S @i =g
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respectively. For the identities (47)—(51) in Theorem 1.7, we use the Bailey pair (106)—

(108) in (5) with (p1, 2, q) = (00, 00, q), (—1, 00,9), (V4. —/4. q). (¢. 0, ¢*), and
(=1, —¢q, ¢*) to obtain

Mis(g) = —was(q .4, 9),
2q(— 00
Mislq) = —%fm,l(éﬂ 4. ),
(P 4
Mls(Q)—Z( %) Si51(=4. —4", q).
M 9(¢: 4o s 11 4
16(q) = 7 2)00/’131( =4 .9,
2q(— e8]
Mia(g) = _%ﬁ,S,l(st e}

respectively. One then applies Theorems 4.2 and 4.3 and proceeds as above where (90)
is used for M4(g). The identities (52) and (53) follow similarly but with the Bailey pair
(109)(111) in (5) with (o1, p2, q) = (00, 00, ¢) and (—¢, 00, q) yielding

Mis(q) = W}% 73, 4. )
and
(_ )oo
Mis(@) = P21 5.1(q. 4*. 4.
(D)o
One applies Theorems 4.3 and 4.2, respectively, and simplifies. ]

Proof of Corollary 1.8. The identities in Corollary 1.8 are established by comparing
the expressions in Theorems 1.5-1.7 with those for classical mock theta functions. We
sketch the details. Equations (5.37) and (5.8) in [12] state

To(q) = —m(—¢*, ¢*, ¢*)

and

3

) ,
w(q) = —2q¢"'m(q, ¢°, q)JrJJ36

By (88), (89), (91), (36) and (39), (55) and (56) follow. Equations (5.1) and (5.40) in [12]
state

Alg) = —m(q, 4", ¢*)
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and
Ui(g) = —m(—q. ¢*, —¢).
By (91), (43) and (50), (57) and (58) follow. O
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