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DIV-CURL TYPE THEOREMS ON LIPSCHITZ DOMAINS

ZENGIJIAN Lou

For Lipschitz domains of R" we prove div-curl type theorems, which are extensions
to domains of the Div-Curl Theorem on R™ by Coifman, Lions, Meyer and Semmes.
Applying the div-curl type theorems we give decompositions of Hardy spaces on
domains.

1. INTRODUCTION

In {4] two Hardy spaces are defined on domains Q of R™, one which is reasonably
speaking the largest, and the other which in a sense is the smallest. The largest, H}(Q),
arises by restricting to § arbitrary elements of H!(R"™). The other, #.(Q), arises by
restricting to Q elements of #!(R™) which are zero outside 2. Norms on these spaces
are defined as following

1 £ ll22y = inf | Fll30 ey,

the infimum being taken over all functions F € H!(R") such that F|q = f,

||f”u§(n) = ||F||u1(mn),

where F is the zero extension of f to R™.
From [2], the dual of #}(Q2) is BMO, (), a space of locally integrable functions
with

] . 1/2
I fllBmoO, () —Slé%(@/Q[f(z) - fal :c) < o0,

where fo = 1/|Q| / f(z)dz, and the supremum is taken over all cubes Q in the
Q

domain Q. The dual of H!(2) is BMO, (), the space of all functions in BMO (R")
supported in {2, equipped with the norm ||f|lsmo, (o) = |l fllBMo ®")-
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Let 2 denote a Lipschitz domain - an assumption which is enough to ensure the

existence of a bounded extension map from BMO, () to BMO (R") ([6]). We use

H(Q)" := H(,R™) to denote a space of functions f : @ — R™ (when n = 1, write
H()' as H(R)). For simplicity we introduce the following spaces

Ldlv(Q ={feL’M":divf=0, v- flan =0, ||fllz2y < 1};
L2a@)" ={f e L))" :curl f=0, vx flog =0, |fllz2@n <1},

where v denotes the outward unit normal vector. When Q = R®

L5 (R™)" = {f e L*R™)":div f =0, ||fll2@ny» < 1};
L2a(R")" = {f € L*(R")" : curl f =0, fllLzgnyn < 1}.
In [5, Theorems II.1 and III.2], among other results, Coifman, Lions, Meyer and

Semmes established the following theorems.

THEOREM CLMS1. Let 1<p, ¢<oo, 1/p+1/g=1, E € L*(R*)", divE =0,
F e LYR™)", curl F=0. Then E-F € H}(R") and

(1.1) |E - Fllzagn) € CIE| Loy | FllLagnyn

for a constant C depending only on the dimension n.
THEOREM CLMS2. For b € BMO (R®)

(1.2) “b”BMO(]R") ~ sup/ bE- Fd.’l:,
E,F JRn

where the supremum is taken over all E € L}R™)", F € L*(R™)" with divE = 0,
curl F = 0 and ||E|lp2@gnyn € 1, [|Fllp2@gny» < 1, and the implicit constants in (1.2)
depend only on n.

A natural question to ask is: under what conditions on domains Q does the equiv-
alence (1.2) hold on Q7 As a main theorem of this paper, we solve this problem for
Lipschitz domains in R".

THEOREM 1.1. Let Q be a Lipschitz domain of R™.
(1) Ifbe BMO, (2), then

(1.3) lbilBMO, (2) zsu})/ﬂb e- fdz,

the supremum being taken over all e € L%, ()", f € L%,,()".
(2) Ifbe BMO, (Q), then
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(1.4) lbllamo, () =~ sup / be-fdz,
e,f JQ

the supremum being taken over all e = Elqg, f = Flao, E € L3}, (R*)" ,
F € L? _(R™)". The implicit constants in (1.3) and (1.4) depend only on the domain

curl
Q) and the dimension n.

REMARK. Results for other BMO-type spaces, such as dual of divergence-free Hardy
spaces, can be found in [8] and [9].

COROLLARY 1.2,
(1) A function b € BMO, () if and only if there exists a constant C such
that / be-fdx < C forall e € L% (Q)" and f € L%, ,()".
(2) A func{;ion b € BMO, () if and only if there exists a constant C such
that / be-fdz < C forall e = E|g and f = Flq with E € L3, (R")",
Fe Lo, )"
Here and afterwards, unless otherwise specified, C denotes a constant depending
only on the domain  and the dimension n. Such C may differ at different occurrences.

Applying Theorem 1.1 we have the following theorem which gives decompositions
of H1(Q) and H1(f2) into quantities of forms “e- f”.

THEOREM 1.3.
(1) Any function u € H(SY) can be written as

[e o]
U=Z)\k ek - fr,

k=1

curl

o0
where e € L%, ()", fr € L,,(2)" and Y |Ax] < oco.
k=1

(2) Any function u € H}() can be written as

[+ =]
u=Y M en S,

k=1

where e, = Ekln, fr = Fkln, E, € Liiv(R")n, Fp € L2 (R"’)" and

1
o cur
Z If\kl < 00.
k=1
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2. ProOF OF THEOREM 1.1
To prove Theorem 1.1, we need the following lemmas.
LEMMA 2.1. ([6, Theorem 1].) Let b € BMO, (Q2).- Then there exists
B ¢ BMO (R™) such that
b= Blg
and ‘

(2.1) | Bllemo g7y < CllbllBMO, (9)-

LEMMA 2.2. ([7, Theorem 3.1].) Let b be a locally integrable function on Q.
Then

(2.2) BllBMo, () = lbllBMoH (92)

where

ol = sup(—1 / |b - bol? d:z;) v
H = - ,
BMO¥H () Q Ta] P Q

the supremum being taken over all cubes Q with 2QQ C 2, the implicit constants in
(2.2) depend only on Q2 and n.

LEMMA 2.3. For be L2 (9)

loc
(2.3) lIbllemot () < C'su})/n be- fdz,
, e,

the supremum being taken over all e € L ()" and f € L2,()".
The proof of Lemma 2.3 is given in the last section.

PrOOF OF THEOREM 1.1: (1) Let B € BMO(R™) be an extension of
b € BMO;, () such that b = B|g and (2.1) holds. For e € L3, ()", f € L%, ()",
define '

e in £
FE =
0 inR*\Q,

f inQ;
F =
0 inR"\Q.

Since dive = 0 on 2 and e - v|sq = 0, it is easy to show that divE =0 on R” .' So
E € L%, (R™)". Similarly, curlf = 0 on Q and f X v|an = 0 imply that curlF =0
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on R™. Therefore F € L2 ,(R™)". By duality #'(R")* = BMO (R"), Lemma 2.1 and
(1.1), we have

/ be-fdz =/ B E - Fdz < ||Bllamo ®™)||E - Flly1(rn)
Q R"

< Cllbllemo, (@)1 Ell 2wy | F 1l L2(rn)n
= Cllbllsmo, @ llellLzi@ym 1 fll L2¢ay» < ClibllBMoO, (0)-
The proof of the reversed inequality in (1.3) follows from (2.2) and (2.3).
(2) Let b€ BMO, (2) and B be its zero extension to R”. Then B € BMO (R")
and ||Bllsmo &») = ||bllBMo, () - Using (1.1) again,

/Qbe‘fdiv=/n; B E - Fdz < ||Bllemo @) | E - Fll1(zn)

< Clbllsmo. @ | EllL2@nyn | F liL2rnyn
< Cliblismo, (@)
forall e = Elg, f = Flo, E € L% (R")", F € L2 (R")".
For the converse, let b € BMO, (2) and define B as above. Applying (1.2) yields

libllemo, @) = lIBliBmMo &) < C sup BE-Fdz

2 2
EeLdiv 'FELcurl R"

=C sup / be- fdx.
e=Elq,f=Flq,E€L}, FeL2, 0

Theorem 1.1 is proved. 0

3. Proor or THEOREM 1.3

The proof of Theorem 1.3 relies on Theorem 1.1 and the following facts from
functional analysis which can be found in [5, Lemmas III.1, III.2].

LEMMA 3.1. Let V be a bounded subset of a normed vector space X. We
assume that V (closure of V for the norm of X ) contains the unit ball (centred at 0)
of X . Then, any z in that ball can be written as

=1
z= Z 5;-.1!3',
o

where y; €V forall j 2 0.

LEMMA 3.2. Let V be a bounded symmetric (£ € V = —z € V) subset of a
normed vector space X . Then, the closed convex hull V of V (in X ) contains a ball
centred at 0 if and only if, for any | € X*,

lllx- % sup(t,z).
z€V
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PROOF OF THEOREM 1.3: (1) Let X = H!(Q) and
V= {6 ' f ‘e € Lgiv(ﬂ)n’f € Lgurl(Q)n}'

It is easy to check that V is a bounded subset of X. In fact, for e € L2 (Q)",
f € L%,()", let E and F be their zero extensions to R" respectively. Then
Ee L% (R")*, F € L%, ,(R™)". From Theorem CLMS1, E- F € H}(R™) and

|E - Fllz1 ey € CllE||L2@nym |F |l L2mny» < C.

Therefore e- f € HL(S2) with ”e'f”u;(n) < C. Applying Theorem 1.1 (1) and Lemmas
3.1 and 3.2, we have the decomposition of Theorem 1.3 (1).
(2) Let X = HX(f) and

V={e-f:e=Elq,f=Flo,Ee€ L} ®R")" FeLl,(R")"}.
Similar to the case (1), we have e- f € HX() with

€ - = inf G n S EF n QC
lle - fllaio e~f=G|n,Ge’H1(lR")” lrr@ny <l 32 )

for e- f € V. Using Theorem 1.1 (2) and those two lemmas again we finish the proof
of Theorem 1.3. ]

4. PROOF oF LEMMA 2.3

To prove Lemma 2.3 we need the following result due to Ne¢as (see [10, Lemma 7.1,
Chapter 3]). In Lemma 4.1, W52(Q)™ denotes the closure of C$°(€2)" in the Sobolev
space WH2(Q)" and Vo = ((8y:)/(0z;)) a n x n matrix (see [1] for Sobolev
spaces).

nxn

LEMMA 4.1. Let Q be a Lipschitz domainin R™. If f € L?(Q) has zero integral,
then there exists ¢ € Wg'2(Q)" such that

f=div ¢
and

IVl L2@nxn < ClifllL2@)-

COROLLARY 4.2. Let Q be acubein R™. If f € L?(Q) has zero integral, then
there exists ¢ € Wy(Q)" such that f = div ¢ and

”V(p”Lz(Q)nxn S Co'lflILz(Q)
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for a constant Cy independent of Q.

PROOF OF LEMMA 2.3: Suppose b € L} (). We shall show that for all cubes Q
with 2Q C Q there exists e € L% ()" and f € L2,,(Q)" such that

curl (

1 o) ' .
(4.1) (|Q|/0|b bol dz) sC/ﬂbe £ dz.

Let h = b —bg, then h € L%(Q) with / hdz = 0. From Corollary 4.2, there
Q .

exists ¢ := {p1,... ,on) € W3’2(Q)" such that h = divy and

(4.2) HV‘P“LZ(Q)"X" < CO”””H(Q)a

where Cj is independent of Q. So

6<p dp;

2 — 1 i

) / hz Ba; S 2 / "oz, l

(4.3) h ‘P'° dz l

for some choice of ip (49 = 1,...,n). Assuming without loss of generality that ig = 1

in (4.3). To prove (4.1), it is sufficient to show that

Oy
(84 | [ b g, 52 e < clap

/hefh’

We next construct e and f. Define

_( O, 91 !
f = (_ a—Zi,o,... ,0,5;—1-,0 )Co |Ih“L2(Q)’

where (8¢;)/(8z,) is the i-th component of f. Then f € L%(Q)" with div f = 0 and

IfllL2(gy» <1 by (4.2).
Let ¥ € C$°(R™) such that

1 on{-1,1]%;
Yo = )
0 outside [-2,2]".

Define
e =1Co|QI7 2V ((z: — 20)¥o(z)), 1<ign,
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where Yg(z) = 1/10((15 - zo)/(l(Q)/2)) , 20 = (29,...,20) and I(Q) denote the centre
and the side-length of the cube @, v > 0 is a normalisation constant (independent of z°
and [(Q)) so that |le[|L2(qyn < 1. It is obvious that e € C§°(2Q) and e = ¥Co|Q|~ /%,
on @, where ¢; = (0,...,0,1,0,...,0), 1 is the i-th component of ¢;. From the
construction of e and f, we get

- ., 0
e f =R g5 om @

and (4.4)-is proved. 1]

NoTe. It should be added that at the time the paper was finished, the author was
unfortunately unaware of a similar but unpublished work [3] (with different proof).
Thanks go to Galia Dafni (Department of Mathematics & Statistics, Concordia Uni-
versity, Canada) for informing us her paper with Chang and Sadosky.
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