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DIVISION DISTRIBUTIVELY GENERATED

NEAR-RINGS I1I

V. THARMARATNAM

The definition of division d.g. near-rings given by the author in
1976 has been found to be too restrictive. In this paper we

generalise the definition of division d.g. near-rings and extend
the results obtained earlier for division d.g. near-rings to the

new wider class of near-rings.
1. Introduction.

In [6] we defined a non-zero topological distributively generated
(d.g.) near-ring R with identity to be a division topological d.g. near-

ring if every continuous non-zero right HR-endomorphism of the topological

d.g. right R-group R+ is an R-automorphism; that is, every continuous

non-zero d.g. right FR-endomorphism of the topological d.g. right
+ .
(R,TO(R))-group (R ,TO(R)) is a d.g. right AR-automorphism. In this

paper we generalise the above definition, which is in a sense too
restrictive, and extend the results obtained in [6] to this wider class

of near-rings. We now define a non-zero topological d.g. near-ring R

with the identity to be a division topological d.g. near-ring if R+ is
generated topologically by a distributive semigroup S such that every

continuous non-zero d.g. right HR-endomorphism of the topological d.g.
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right (R,S)-group (R+,S) is a d.g. right R-automorphism. Clearly
division topological d.g. near-rings as defined in [6] continue to be

division topological d.g. near-rings under this new definition.
2. Preliminaries.

Throughout this paper we will assume (i) that the term near-ring
refers to a non-zero right near-ring with identity; (ii) the basic
definitions and notation given in [4], [5] and [61; and (iii) that R is

a topological d.g. near-ring with identity 1, § 1is a distributive semi-

group generating 7 topologically, 0 and 1 are in &S, TO(R) is. the set
of distributive elements in R, T(R) = TO(B)\{O} , and S* = S\{0} .

DEFINITION 2.1. (Q,A) is said to be a topological d.g. right
(R,S)-group if
(i) €@ 1is a topological right R-group;
(ii) A is a subset of AO (the set of all distributive elements
in @), 0e A and AS c A ;
(iii) A generates Q topologically.

DEFINITION 2.2. ¢ is said to be a continuous d.g. right R-
homomorphism of the topological d.g. right (R,S)-group (§,A) into the

topological d.g. right (R,S)-group (Q!,Al) if ¢ is a continuous right
R-homomorphism from € into Q! such that o(A) E.Al . If in addition

¢(9) =@l and ¢(A) = Al then ¢ is said to be a continuous d.g. right
R-epimorphism.

DEFINITION 2.3. A is said to be a d.g. right R-subgroup of the
topological d.g. right (R,S)-group (Q,A) if
(i) A is a subgroup of § and AR C A ;
(ii) A n A generates A topologically.

DEFINITION 2.4. A subgroup p of R is said to be
(1) a right R-module if pR cp ;
(ii) a d.g. right (R,S)-module if pR < p and p n S generates p
topologically;
(iii) a right ideal of R if p is a normal subgroup of B and
pRC 0
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(iv) a d.g. right (R,S)-idegl if p is a d.g. right (R,S)-module
and a right ideal of R ,

3. Division topological d.g. near-rings.

DEFINITION 3.1. A topological d.g. near-ring R is said to be a

division topological d.g. near-ring if R has a distributive semigroup S

generating R+ topologically such that every continuous non-zero d.g.

right FR-endomorphism of the topological d.g. right (R,S)-group

-+
(R ,5) is a d.g. right R-automorphisnm.
If we wish to specify the distributive semigroup S then we shall

speak of the division topological d.g. near-ring (R,S5).

PROPOSITION 3.1. A topological d.g. near-ring R 1is a division
topological d.g. near-ring if and only if

() R has no non-trivial closed right ideals;

(i1) S* forms a multiplicative group for some distributive semigroup

S generating R topologically.

Proof. suppose (R,S) is a division topological d.g. near-ring.

Since the kernel of a continuous non-zero d.g. right HAR-endomorphism of the

topological d.g. right (R,S)-group (R+,S) is zero, R has no non-
trivial closed right ideals. Now let 8§ € S* and define Yy:R — R by

Y(x) = sx . Then ¢ is a continuous non-zero d.g. right R-endomorphism

of the topological d.g. right (R,S)-group (R+,S) and so is a d.g. right
R-automorphism.  Hence ¢(5) =S and (S%*) = S* ., Thus there exists
t € S* such that st = 1 . Consequently S* forms a multiplicative
group.

Conversely, suppose R is a topological d.g. near-ring satisfying

(i) and (ii) and ¢ 1is a continuous non-zero d.g. right R-endomorphism

of the topological d.g. right (R,S)-group (R#,S) . Then by (i) we have
ker $ = 0 and by Proposition 1.3 of [5]1, (y(R), ¢(S)) is a non-zexo
topological d.g. right (R,S)-group. Now ¢(S) ¢S and so Y(R) is a
non-zero d.g. right (R,S)-module. Hence ¢(R) n S*F # and by (ii) we
have $(R) = R. Also if ¢(1) =t then t € S and given s € § we

have y(t 's) = (1)t le = tt7s = s and so Y(8) =S . Thus ¢ is a
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d.g. right R-automorphism.

EXAMPLES. 1. Every division ring is a division topological d.g.
near-ring. We note that a division topological d.g. near-ring which is a
ring is a division ring.

2. The near-ring R generated by the inner automorphisms
of a finite non-abelain simple group Q 1is a division discrete d.g. near-
ring.

3. Let § be a non-abelian simple group, S* a subgroup
of Aut() such that S* contains all inner automorphisms of @ , '

S = 8% u 0, R the near-ring generated by S and R the completion of
R under the finite topology induced by § . Then as in Example 2 of [6],
R has no non-trivial closed right ideals and so (EZS) is a division
topological d.g. near-ring. However we observe that by Example 2 of [61,

R is not necessarily a division topological d.g. near-ring in the sense

of the definition given in [6].

LEMMA 3.1. Let (R,S) be a topological d.g. near-ring, t ¢ S* and
t not a left divisor of zero. If 2z € R such that tz =1 then
z ¢ T(R) .

Proof. cClearly =z # 0 . Now for all x,y € R we have
t{z(x + y) - 3y - 2} = ta(x +y) - tay -tzx = (x +y) -y -x =0
and since t is not a left divisor of zero we have z(x +Yy) = ax + zy .

Thus 2z € T(R) .

LEMMA 3.2, et (R,S) be a topological d.g. near-ring such that

1

for each t e S* , £ exists and t ' e T(R) . If 5% is the semigroup

of T(R) generated by S* u S+ 1 then S’l* 18 a multiplicative group.

€, € €
1 "2 n
Proof. If ¢ e S* we have £t =85, 8, .....8 where 8. ¢ S* and
1 1 72 n (2
-, -€, =€
= + = * = .
€ + 1 and so tl sn ceeee8, 8y € Sl and ttl 1

Now by Proposition 3.1, Lemma 3.1 and Lemma 3.2 we have

PROPOSITION 3.2. R is a division topological d.g. near-ring if
and only if

(1) R has no non-trivial closed right ideals;
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(i1) R has no non-trivial d.g. right (R,S)-modules for some

distributive semigroup S generating R* topologically.

PROPOSITION 3.3. If R is a division topological d.g. near-ring
then
(i) R has no non-zero distributive left divisors of zero;
(i1) R has no non-zero nilpotent distributive elements;

(iii) The only distributive idempotents in R are 0 and 1.

Proof. The results follow from the fact that R has no non-trivial

closed right ideals.
Note that by Example 2 of [6], a division topological d.g. near-ring

can have non-zero distributive right divisors of zero.
PROPOSITION 3.4. If (R,S) <s a finite d.g. near-ring having
every right ideal as a d.g. right (R,S)-module and if S* contains no

left divisors of zero then R <is a division d.g. near-ring.

Proof. Let s € S* . Then since s is not a left divisor of zero
and K is finite we have s8R = R . Thus there exists 2 ¢ R such that
82 = 1 and by Lemma 3.1 we have 2 ¢ T(R) . Now define ST as in

Lemma 3.1 and let S1 =S*u 0. Then S; is a multiplicative group, 5,

+ .
generates R and S1 > S . Hence every right ideal is a d.g. right

(R,Sl)—module and consequently R has no non-trivial right ideals. Thus
(R;Sl) is a division d.g. near-ring.

We observe that by Example 3 of [4], the condition that every right

ideal is a d.g. right (R,S)-module is essential in the above Proposition.

COROLLARY. If R <s a finite d.g. near-ring having no non-zero
distributive left divisors of zero then T(R) forms a multiplicative group.

Now as in [6] we have the following results.

PROPOSITION 3.5. Let R be a finite d.g. near-ring having no non-
trivial right ideals. Then R 1is a division d.g. near-ring.

COROLLARY 1. If R <s a finite division d.g. near-ring which is not
a ring then there exists a finite non-abelian simple group Q such that

R is near-ring isomorphic to the near-ring RO(Q) of all maps of € into

itself which take 0y onto itself.
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COROLLARY 2. If (R,8) 1is a finite diviston d.g. near-ring then
(R,T0 (R)) is aq division d.g. near-ring.
By Example 2 of [6], we see that Corollary 2 is not true when R is
infinite.
4, Right primitive topological d.g. near-rings,
DEFINITION 4.1. A non-zero topological d.g. right (R,S)-group
(Q,A) is said to be irreducible if
(i) f has no non-trivial closed normal right R-subgroups; and
(ii) (9,A) has no non-trivial d.g. right R-subgroups.
DEFINITION 4.2. A non-zero subgroup p of the topological d.qg.
right (R,S)-group (R+,S) is said to be an irreducible d.g. right (R,S)-

module if (p,p n S) 1is an irreducible d.g. right (R,S)-group.

DEFINITION 4.3. A topological d.g. near-ring R is said to be right
primitive if there exists a faithful, irreducible topological d.g. right
(R,S)-group (Q,A) for some distributive semigroup S generating &K'

topologically.
DEFINITION 4.4. The centraliser S1 of the topological d.g. right

(R,5)~-group (Q,A) is the set of continuous d.g. right FA-endomorphisms
of (Q,0) .
Now proceeding in a manner analogous to that in [6] we can obtain

the following results:

THEOREM 1. Let R be a topological d.g. near-ring having a
discrete faithful, irreducible d.g. right (R,S)-group (Q,A) . If ﬁp

is the completion of R under the.finite topology induced by AN on R
we have
(i) Ep is a complete topological d.g. mnear-ring having a closed

irreducible d.g. right (Ep,s)—module;
(ii) Ep is right primitive;
(ii1) Ep 18 a simple topological d.g. near-ring;

(iv) there exists a division d.g. near-ring (R ,S ) such that 4
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is a free left (R,,5 )-growp of the variety v(R':) of left (Rl,Sl)—
groups generated by the left (Rl,Sl)-gr'oup R':’l' and fi’—p ig topological
near-ring isomorphic to the topological d.g. near-ring of Rl-endomorphisms

of a;
(v) Ep has idempotents e such that R, is near-ring isamorphic

to e Fp e .

THEOREM 2. If R is a simple topological d.g. near-ring with an
trreducible d.g. right (R,S)-module J for some S them R 1is right
primitive.

THEOREM 3. If R 4is a topological d.g. near-ring and J an
irreducible d.g. right (R,S)-module for same S such that J%2 % 0

then there exists e € J n S such that e’ =e and J = eR .

THEOREM 4. Suppose R ig a simple topological d.g. near-ring and
e an idempotent in some S such that eR is a discrete d.g. right
(R,S)-module. Then eR 1is an irreducible d.g. right (R,S)-module if

and only 1if eRe 1is a division discrete d.g. near-ring.
THEOREM 5. Suppose (Rl,Sl) is a division discrete d.g. near-ring
and R is the topological d.g. near-ring of R,-endomorphisms of a v(}?i)-
free left (R,S,)-growp Q with basis A . Them R 1is right primitive.
THEOREM 6. If R <s a discrete d.g. near-ring satisfying the
descending chain condition for right ideals then the following three
statements are equivalent:
(i) R is simple and has an irreducible d.g. right (R,S)-module
for some S;
(it) R 1is right primitive;
(1i1) R is near-ring isomorphic to the endomorphism d.g. near-ring

of a v(}?f)—free left (RI,SI)-group with a finite basis, where (Rl’Sl)

is a division discrete d.g. near-ring.
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