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ON CONVEX AND STARLIKE UNIVALENT FUNCTIONS

R.K. Panpey anp G.P. BHARGAVA

In this paper we obtain some classical results by using the
general integral operators which transform Jakubowski's class
K(m, M) into itself and K(u) x S(m, M) into X(u) . Our
results generalize some recent known results due to Causey and

Reade, Patil and Thakare.

1. Introduction

o

Let S denote the family of functions f(z) =2 + ) anzn which are
n=2

regular and univalent in the unit disec D = {z : |z| <1} with the
normalization f(0) =0 = f(0) -1 . Let X and S* be the subfamily of
S whose members map D onto a domain which are respectively convex and
starlike with respect to origin. Robertson [4] defined the convex and

starlike functions of order U for functions f € 5 .

A function f of S belongs to the class X(u) , convex functions of
order M, 0=pu<1,if

"(Z)
(1.1) Re{l + 3 §%T;7} >u, 2 €D.

A function f of S belongs to the class S*(yu) , starlike functions
of order H, 0=upu<1l, if
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(1.2) Re{zf;((Tz))}>u, Zz €D .

Jakubowski [Z] defined the classes K(m, M) and S(m, M) of
functions f € S .

A function f of S belongs to the class K(m, M) if the following

condition is satisfied:

(1..3) |1+5f,"(-(L:))-m|<M,zeD,(m,M)6E.

A function f of § belongs to the class S(m, M) if the following

condition is satisfied:

(1.4) zi}'((Tz))-m<M,zeu,(m,M)eE
where

(1.5) E={(m, M) : |m1| <M=m} .
Evidently

(1.6) K(m, M) c K(m-M) < K(0) < S

and

(1.7 S(m, M) © S*(m-M) C S*(0) € § .

Recently Patil and Thakare [3] established the following result.

THEOREM A. Let Y be a real number and f € K(u) ; then the
function F defined by

3
(1.8) Ha) = J () ) du
0

belongs to K(n) for 0 =y = (1-n)/(1-p) .
In 1982, Causey and Reade [1] established the following result.

THEOREM B. Let a, B be real numbers and f, g € K ; then the
function F defined by

2 (w)\?
(1.9) Fz) = f {f'(u)}“{&} du
0

u

belongs to K only for those (a, B) 1in the closed convex hull of the
points (0, 0), (1, 0) and (0, 2).
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In this paper we study the integral operators of the form (1.8) and
(1.9) which transform K(m, M) into itself and X(u) x S(m, M) into K(u)
where B and Y are complex numbers. Powers in (1.8) and (1.9) are
principal ones. Our results generalize the known results of Patil and
Thakare [3], Causey and Reade [11].

2. Preliminary lemmas

LEMMA. If f €S then f is in K(m, M) <if and only if there
exists a regular function w(z) in D, satisfying w(0) =0 and
Iw(z)l <1 for 2z in D, such that

. af"(z) _ ltaw(z)

(2.1) R O R
where

2
(2.2) a=m b=—miand (m, M) ¢ E .

M ? M
Proof. To prove our lemma we require the following result.
A general bilinear transformation which maps the circular disc

|z| = p into the circular disc |w1| = p' can be put in the form

o
(2.3) w, = ppre™ ™ £ a2 , (la] <p)
az-p

Since f € K(m, M) , |l+z(f”(z)/f'(z))—m| < M . Let us take

(2.4) p(z) =1 +z .f?%._ m so that |p(z)| <¥ ;

from (2.3) we have

ix wl(z)—a i wl(z)-a

(2.5} p(z) = pp'e qm, p=1, p'=M.

- 2 =
wl(z)—p

From (2.4) and (2.5) we get
i

p(0) = (1-m) = " (a) or a= [(l—m)/M)e_iA , Ja] <1.

Substituting the value of a in (2.5) we have

weRo (2)- ((1-m) /)™

(2.6) {1+z i €2}

(=) ((l—m)/M]eiAwl(z)—l
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Rearranging (2.6) by using w(z) = —ew‘wl(z) , w(0) =0, |w(z)| <1 and
(2.2), we get (2.1).

Conversely suppose that f(z) satisfies (2.1). Then

"(z) _ oy LQ1-m)/MY4w(z)
(2.7) 1 +z f’%)_ -m=M 1+{(1-m) /M (z) ~ Mh(z)

say. Since |(1-m)/M| < 1 , the function h given by

{{1-m) /M}+w(2)

h(2) = Tmy /i 2)

satisfies |h(z)| < 1 . Hence from (2.7) it follows now that the condition

(2.1) is satisfied. This completes the proof of the lemma.
REMARK. Let us choose m = N(l-u) + p and M = N(1-u) where N =1
and 0=u<1l. Then |m1| <M=m , a=uyu/N+(1-24) 'and b =1 - 1/¥

also the condition |1+z(f"(2)/f'(2)}-m| < M can be written as

1+2 ""(z)/f'(z)]-p
(2.8) 2 o - ¥

€D .

A
=
n

Now, as N »>© |, a - (1-2u) and b + 1 , the condition (2.8) reduces to
Re{1+z (f"(z)/f'(2)})} > w, 2z € D . 1In this case the relation (2.1)

becomes

I(z) _ 1+(1-2p)w(z)
r'(z) 1-w(z) ’

1+ 2z z €D,

which is a necessary and sufficient condition for f to be in X(u)

3. Class preserving integral operator for X(m, M)

THEQOREM. Let vy be a complex number and f € K(m, M) ; then the
Ffuncetion F defined by

4
(3.1) Flz) = Jf () Yau
0
belongs to K{(m, M) for 0 < |y| = %(1-b) .
Proof. Let us choose a function w such that

F'(z) _ l+aw(z)
F'(2) ~ 1-bw(z)

(3.2) 1+z

where w(0) = 0 and w is either regular or meromorphic in D . From
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(3.1) we have

(3.3) F'() = {f'(2)}Y .
Differentiating logarithmically (3.3) with respect to 2 and using (3.2)
we get
(3.4) z2f"(=z) = (a+b)w(=)

) '(z) ~ y(-bw(2))
or

L"(z) _ (1-m)Y+{a+b{1-(1-m) Y} w(z2)
(3.5) LvapmG Y1-bw(z)7 :
Let 2y with Izll =7 be the nearest pole of w(z) in D . Hence
w(z) is regular in |z| < ry <1 . Thus for lz2] » < r, ‘there is a
point zo for which
f"[zo) (l—m)Y+[a+b{l—(1—m)Y}]w(zo) N(zo)
(3-6) 12 FEY " VB (z,)) ® Dle,)
where
(3.7) N(zo) = (1-m)Y + [a+b{l—(l—m)Y}]w[zo) R
(3.8) D(zy) = v(1-bw(z,))
Now suppose that it were possible to have M(r, w) = max w(zo} =1
z|=r

for some r < rb <1l . At the point zo where this occurred we would have
lw(z)| =1 .

CASE 1. when Re(Y) 20, Im(Y) 20 and Re(Y) 20, Im(y) <0,

(3.9) 10z} 1% = (a#0)® + (122 [¥1? - 2(asp)rr Refvo(ap)}

- 2bM2|Y12Reﬁd(zo)) + 2bM(a+b)Re(Y) ,

(3.20)  [D(z,)1% = (@) [¥]? - 2|v|%Re (0 (2,))

CASE 2. when Re(Y) <0, Im(y) <O and Re(y) <0, Im(y)=o0,
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(3.11) IN(ZO) 12 = (a+b)2 + [1+b2)1\!2|y|2 + 2(a+b)M Re{yw(zo]}
-2mfnﬁk@&&]-mwwwmdw
and

(3.12) 1Dz} 1% = (@) [¥I® - 2by|PRe (w(z,))

Now for each case

v

12y} 17 - #1D(z) 1% = (as5)® - 2M(a+b) (14B) ||

v

0 for |y| = %(1-b) .

Thus from (3.6) it follows that

fu(zo)
- > < -
l+zo m;)— m M for lYl = %(1-b)

But this is contrary to the fact that f € K(m, M) . So we cannot
have M(r, w) =1 . Thus |w(z)| #1 in |z] < r, . Since lw(0)] =0,
|w(z)| is continuous and |w(z)| #1 in |z] < ry , w(z) camnot have a
pole at Izll = r, . Therefore w(z) is regular and |w(2)] <1 for =z
in D .

Hence F € K(m, M)

4. Integral operator that maps x{(u) x S{m, #) into k(yu)

THEOREM. Let o be a non zeroc positive real nwmber and B be a
complex number such that 0 < |B| = -(a-1)/24, (m, M) € E .

Let f € K(u) and g € S(m, M) ; then the function F defined by
2 8
(4.1) r) = [ e} e
0 u

belongs to Kk(u) .
Proof. Let us choose a function w such that

(=) _ 1+(2p-1)wiz)
(4.2) L+ 2%G) T 7 1w(a)
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where w(0) =0 and w is either regular or meromorphic in D .

Differentiating (4.1) with respect to 2z we have

8
(4.3) Pria) = (L)

Differentiating logarithmically (4.3) with respect to 2z and using (L4L.2)

we have

() { ,(z)} _o+(1-m)B g{z g'(z) _ m} , 2-1) w(z)

1 (=) o a \* 'glz) o Tw(z)
Let zl with |zl| = ro be the nearest pole of w(2) in D . Hence
w(2) is regular in lzl < ro <1 . Thus for lz| = pr < PO there is a
point zo for which
" 1}
(4.5) {l+z Fzo) =B B4, ' (ro) - mp 4+ 21D v (zg)
: 0 f'l=z T a a %0 glz(){ a 1+w(zo] i
or
(=) g' (z,)
ar(m-1) 8] . 18] 0
(,4 6) Re l+zo f, (7} = a + a zo —g-@— -m
2
. 2(p-1) Rew(zo)+|w(zo)|
@ 1egRew(z.)+|w(z.) |2
-0 0
Now suppose that it were possible to have M(r, w) = max [w(zo)l =1
a|=r
for some r < r, <1 . At the point =z where this occurred we would have

0

f”z
(4.7) Remo_%_r Eﬂlﬂ J__L,,,+ ul

0

a-1)

su for |[B] =- oM

But this is contrary to the fact that f € K(u) . So we cannot have
Mr, w) =1 . Thus |[w(z)| #1 in |z]| < r, . Ssince w(0) =0, |w(z) |
is continuous in |z]| < r, and |w(z)| # 1 where w(z) cannot have a
pole at |zl| = r, . Therefore lw(z)| <1 and w(z) is regular in D .
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Hence from (Lk.2) it follows that F € K(u)

APPLICATIONS. By using the same techniques, we can also study the

following types of integral operators of the forms

% B
(i) F(z) = I {f(w) /uldu
0
2 a B
(ii) F(z) = I {Frr ()Y {g"(w)}du , ana
0
4 a B
(iii) F(z) = [ {Flw) /uY Hg(u) /u} du

0

which transform S(m, M) into K(m, M) , K(u) x K(m, M) into X(U) and
S*(u) x S(m, M) into K(uW) respectively where O is a real number and B

is a complex number.
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