
ON SOME NON-LINEAR PROBLEMS 

K. SRINIVASACHARYULU* 

Non-linear problems have been studied by Krasnoselski, Browder, and 
others; in fact Browder and independently Kirk (cf., 1; 5) have proved the 
following remarkable theorem: let X be a uniformly convex Banach space, U a 
non-expansive mapping of a bounded closed convex subset C of X into C, i.e., 
\\Ux — Uy\\ < \\x — y\\ îorx, y Ç C; then Uhas a fixed point in C. The aim of 
this paper is to give some existence theorems for non-linear functional equations 
in uniformly convex Banach spaces. Similar results may be found in (3 ; 6). 

1. Let X, Y be Banach spaces and / : X —> F be a non-linear mapping ; / is 
said to be linearly upper bounded if there exist numbers a, y > 0 such that 
11/0*011 < TIWI f° r llxll > a.Iif: X —> F is a mapping such that 

|/| = inf { sup ||/(*)||/||*||} 
0 < « < œ \\\x\\>a J 

is finite, then / is linearly upper-bounded ; the number |/| is called the quasi-
normof/ (cf., 3, p. 63). 

L e t / be a mapping of an open subset V of X into F and let x0 6 V; if there 
exists a bounded linear operator 5: X —> F such that 

ljm/(«. + to)-/fr.) = s(x) 

for every x G X, we say t h a t / has the Gateaux derivative S at x0. If the con
vergence is uniform with respect to x with \\x\\ = 1, t hen / i s said to be Fréchet 
difïerentiable at x0. 

THEOREM 1. Letf: X —* X be a mapping of a uniformly convex Banach space X 
into itself such that it has the Gateaux derivative fix) for every x G X. Let T: 
X —* X be a linear mapping of X onto X having an inverse and let F = I — Tf, 
where I is the identity mapping of X. Assume further that supXiX \\Fr(x)\\ < 1. 
If\F\ < 1, then the equation fix) — y has at least one solution for each y in X. 

Proof. By definition Fix) = x — Tfix) and Fix) has the Gateaux derivative 
F\x) given by F'(x) = I - Tfix); since \\F(x) - F(y)\\ < \\F(z)\\ \\x - y\\ 
for some z on the segment [x, y] and supX€X | |F'(x)| | < 1, we see that F is a 
non-expansive mapping. Let y* be an arbitrary point of X and let T(y*) = z* ; 
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the equation/(x) = y* is equivalent to x — F(x) = z*. We prove that f(x) = y* 
has a solution x* in I ; to prove this, we define a mapping F: X —>X by 
F(x) = F(x) + s*,x 6 X. Since |F| < 1, we have | |F(*)| | / | |* | | < e < 1 for all 
x with ||x|| > ai. Let ô > 0 be such that e + 5 < 1 and let a2 = ||z*||/ô; put 
a = ai + a2,B = {x \ \\x\\ < a} . Clearly B is bounded, closed, and convex and 
\\F(x)\\ < ||F(x)|| + ||«*|| < (e + ô)\\x\\ < \\x\\iorx G B. Moreover, 

| |F(X!) - F(X2)\\ < \\X! ~X2\\ 

for every xi, x2 G B ; hence ^ has at least one fixed point x* G 5 by the 
theorem of Browder-Kirk (cf., 1;5). Thus F(x*) = x* or equivalently 
/(**) = T-1^*) = y*. 

2. Following Krasnoselskii (6, p. 207), we say that a mapping/: X —-> F is 
asymptotically close to a bounded linear operator T: X —> F if 

lim,MUJ|/(x) - r(*)|l/lM| =0 ; 

in particular if 

limiwuJI/MH/IMI =0, 
we say tha t / i s asymptotically close to zero. 

THEOREM 2. Let X be a uniformly convex Banach space; let T be a linear 
mapping with domain D C X and onto X and suppose that T has a bounded 
inverse. Let f: X —» X be a mapping asymptotically close to zero having the 
Gateaux derivative f'(x) for every x G X. If supxeJr H^""1/^)!! < 1, then 
(T + f)D = X, i.e., the equation T(x) + f(x) = y, x Ç D , has at least one 
solution for every y G X. 

Proof. The equation T(x) + /(x) = y, x G D, y G X, is equivalent to 
x + T~lf(x) = T~1(y). S ince/ is asymptotically close to zero, for any e > 0 
there exists an m > 0 such that | | /(x)| |/ | |x| | < €ior| |x| | > m. Thus. 

o < lir-ywii/iixii < ||r-i|| ||/(*)||/||*|| < e||r->|| 
for every x G X with ||x|| > m and hence T~lf is asymptotically close to zero. 
We proceed now as in Theorem 1. 

Next, we prove the following. 

THEOREM 3. Let X be a uniformly convex Banach space; let f: X —» X be a 
mapping such that f has the Gateaux derivative for every x G X, f is Frechet 
differentiate at 0, andf(0) = 0. Let T: X —> X be a bounded linear mapping of X 
onto X having an inverse and let F = I — Tf, where I is the identity; assume 
further that 117̂ /(0) 11 < 1 and supXÉX 11 '̂0*011 < 1« Let e > 0 be such that 
e < 1 — | |F'(0)| | ; then there exists a ô > 0 such that for any y satisfying 
\\y\\ < 5(1 — d) | | r - 1 | | , where d = 11 (̂O)11 + e, the equation f(x) = y has at 
least one solution in B = {x\ \\x\\ < 5}. 
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Proof. We have F(x) = x — Tf(x), x 6 X; clearly F is Gateaux differenti-
able on X, F(0) = 0, and F'(x) = I - Tf(x) for x Ç X. Moreover, F is 
Fréchet differentiable at 0. Since sup^x 11 Ff (x) | | < 1, F is non-expansive on X. 
Let € > 0 be such that e < 1 — 11^(0)11 ; then there exists an rj > 0 such that 

F(x) - FifS) = F'(0)x + co(0, x), 

where ||co(0, x)| | < €||x|| whenever \\x\\ < 97. Thus 

\\F(x)\\ < \\F'(0)x\\ + ||co(0,x)|| < | |F(0) | | ||x|| + e||x|| < dô 

f or I |x| | < 5, where d = 11 F(0) 11 + e. Define F: X -> X by ^(x) = F(x) + r(y*) 
where ;y* is a fixed element with | \y*| | < 5(1 — d) | | r | | - 1 . We have 

\\F(x)\\ < \\F(x)\\ + \\T(y*)\\ < dô + 0(1 - d) = Ô 

and 

\\F(X!) -F(x2)\\ < ||*i - x 2 | | 

for Xi, x2 in B = {x| ||x|| < ô}. Thus, by the theorem of Browder-Kirk 
(1 ; 5), F has a fixed point in B ; hence/(x*) = y*, as required. 

Finally we prove the following result. 

THEOREM 4. Letf be a weakly continuous mapping of a reflexive Banach space X 
into itself such that f has the Frechet derivative at 0 and /(0) = 0; let T be a 
bounded linear mapping of X onto itself having an inverse. Assume that 

imo)ii < 1 
where F = I — Tf; then for any positive e < 1 — 117̂ /(0) 11, there exists a ô > 0 
such that, for any y £ X satisfying 

\\y\\ < ô(i - (imo)n + «))imh, 
the equation f(x) — y has at least one solution in B = jx| | |x| | < ô}. 

Proof. F(x) = x — Tf(x), F(0) = 0, and Fis Frechet differentiate at 0. Let 
e > 0 be such that e < 1 — i | i^/(0) 11 ; then there exists an 77 > 0 such that 

F(x) = F'(0)x + u(0,x), 

where ||co(0, x)|| < e||x|| whenever ||x|| < rj. Thus if 0 < € < 77, then 

||F(x)|| < (11̂ (0)11 + e)5 

for x G B. Let F: X —> X be defined by F(x) = F(x) + T(y) where y is a 
fixed element with 

IHI < 0(1 - (||F'(0)|| + e))\\T\\-\ 

For every x G B, we have 

| |F(*)|| < | |F(*)|| + \\T(y)\\ < 5; 

https://doi.org/10.4153/CJM-1968-036-1 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1968-036-1


NON-LINEAR PROBLEMS 397 

consequently F is a weakly continuous mapping of B into itself. Since X is 
reflexive, every bounded set is weakly relatively compact; moreover, every 
closed convex set is weakly closed (4). Hence by Schauder's fixed point 
theorem there exists at least one x* Ç B such that F(x*) = x* ; consequently, 
we havejf(x*) = y. 

Remarks, (i) It is not clear to the author if the condition "sup^y ( ) < 1" in 
Theorems 1, 2, and 3 can be replaced by some other weaker condition, (ii) It 
will be very interesting to know whether the fixed point theorem of Browder-
Kirk can be proved for strictly convex reflexive Banach spaces. I t may be 
pointed out that some very interesting results connected with this conjecture 
have been obtained by M. Edelstein (2). 
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