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Abstract

In 2019, Andrews and Newman [‘Partitions and the minimal excludant’, Ann. Comb. 23(2) (2019),
249-254] introduced the arithmetic function o-mex(rn), which denotes the sum of minimal excludants over
all the partitions of n. Baruah et al. [‘A refinement of a result of Andrews and Newman on the sum of
minimal excludants’, Ramanujan J., to appear] showed that the sum of minimal excludants over all the
partitions of n is the same as the number of partition pairs of n into distinct parts. They proved three
congruences modulo 4 and 8 for two functions appearing in this refinement and conjectured two further
congruences modulo 8 and 16. We confirm these two conjectures by using g-series manipulations and
modular forms.
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1. Introduction

A partition 7 of a positive integer » is a finite weakly decreasing sequence of positive
integers my > mp > --- > &, such that ;' m; = n. The 7; are called the parts of the
partition 7. Fraenkel and Peled [9] originally defined the minimal excludant for any
set S of positive integers as the least positive integer not in S. In 2019, Andrews and
Newman [3] defined the minimal excludant of an integer partition 7 as the least positive
integer missing from the partition, denoted by mex(r). For example, there are five
partitions of 4: 4 with mex(z) = 1; 3 + 1 with mex(r) = 2; 2 + 2 with mex(r) = 1;
2+ 1+ 1withmex(mr)=3;1+1+ 1+ 1 with mex(r) = 2. Andrews and Newman [3,
Theorem 1.1] established an elegant identity involving the quantity omex(n), which
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denotes the sum of minimal excludants over all the partitions of n. More precisely,
they proved that

D omex(q" = (~g;9)% = ) 0a(m)q, (1)
n=0 n=0

where 0,(n) denotes the number of partition pairs of n into distinct parts. Throughout
the rest of this paper, we always assume that g is a complex number and adopt the
standard notation:

(@ @) = | |(1 - ag’),
J=0
(@ as, ..., 0m Qo = (A1; Poo(@2; Poo * * * (A Qoo

Interestingly, (1.1) was derived earlier by Grabner and Knopfmacher [11, (4.2)] under
a different terminology. Recently, Ballantine and Merca [4] also proved (1.1) by
employing purely combinatorial arguments.

Quite recently, Baruah et al. [5] investigated a refinement of the arithmetic function
omex(n) by considering the parity of the minimal excludant. More specifically, in [5,
(1.2) and (1.3)] they defined the two functions

o,mex(n) = Z mex(mr) and o,.mex(n) = Z mex(m). (1.2)
n n-n
mex(n) odd mex(n) even

For instance, with n =4, o,mex(4) =1+1+3 =5 and o,mex(4) =2+ 2 =4. By
some g-series manipulations, Baruah et al. [5, Theorem 2.1] proved the following two
partition identities which can be viewed as a refinement of (1.1): for any n > 0,

o,mex(n) = 05(n) and o.mex(n) = Q3(n), (1.3)

where QF(n) and Qf(n) denote the number of partition pairs of n into distinct parts with
an even number of parts and an odd number of parts, respectively. As a consequence
of (1.3), [5, Theorem 2.2] gives the following three congruences modulo 4 and 8 for
o,mex(n) and o, mex(n):

o,mex(2n + 1) = 0 (mod 4),

(1.4)
o,mex(4n + 1) = 0 (mod 8),
o.mex(4n) = 0 (mod 4). (L.5)
Based on numerical evidence, Baruah et al. proposed the following conjecture.
CONJECTURE 1.1 [5, Conjecture 6.1]. For any n > 0,
o,mex(8n + 1) = 0 (mod 16), (1.6)
o.mex(8n) = 0 (mod 8). (L.7)

The main purpose of this paper is to confirm (1.6) and (1.7).
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THEOREM 1.2. The congruences (1.6) and (1.7) are valid for any n > 0.

The rest of this paper is constructed as follows. In Section 2, we first collect some
necessary identities, and next introduce some notation, terminology and theorems in
the theory of modular forms. The proof of Theorem 1.2 is presented in Section 3. We
conclude this paper with two remarks.

2. Preliminaries
To prove (1.6) and (1.7), we first need the following identities.

LEMMA 2.1 (Jacobi’s triple product identity, [1, Lemma 1.2.2]). We have

(o]

Z A"V =02 — (_g —b ab;ab)e, where |ab| < 1. 2.1)

n=—oco

For notational convenience, we denote
Jab = (@87 " os b = (=0, =" " @")os  Ja = Juza = (@ )o-
LEMMA 2.2. We have

11 - -
7 = ﬁ(JG,IG + qJ2,16)s (2.2)
2
JoJ3 JoJ?
s A (2.3)
272 ?
JiJ% Jg
5 2 712
35: Zﬂ +2qﬂ;§, (2.4)
R J3Js
JIO JZJ4
Jh= S —4g=E, (2.5)
J3U3 J?
1 It J2Ig
— = —— +49g——, 2.6
T T 20
VA s 73
L= — 16— 2.7
6
VY, JoJ2

PROOF. The identity (2.2) appears in [2, Lemma 4.1]. The identities (2.3)—(2.6) follow
from [6, page 40, Entries 25(), (ii), (v) and (vi)] (see also [16, Lemmas 2.2 and 2.3]).
It follows immediately from [6, page 40, Entry 25(vii)] that

TR
7o = 16035 = 3 2.8)
Multiplying by the factor J3/J¢ on both sides of (2.8) yields (2.7). O
LEMMA 2.3 [15, (2.10)]. We have
T3 = Jasea — 3q02064 + 5¢° T 12,60 — 7q°T 464 (mod 16). (2.9)
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Next, we collect some notation and terminology on the theory of modular forms.
The full modular group is given by

F=SL2(Z)={(? Z) - a,b,c.d € Z,and ad — bc = 1},

and for a positive integer N, the congruence subgroup I'{(N) is defined by
T(N) = {(Z‘ z) €T:a=d=1(modN),c=0 (modN)}.

We denote by y the matrix (¢ fl), if not specified otherwise. Let y act on T € C by the
linear fractional transformation
atr+b

and 7yco = lim yr.

T =
Y ct+d 00

Let k be a positive integer and H = {r € C: Im(7) > 0}. A holomorphic function
f: H — Cis called a modular form with weight k for I'; (V) if it satisfies the following
two conditions:

() f(yt) = (et + ) f(7) for all y € T'1(N);
(2) foranyy €T, (¢t + d)* f(y7) has a Fourier expansion of the form

(o8]

(ct+d) ™ fom) = ) atng), .

where a(ny) # 0, n, > 0, g,,, = ¢ and w, is the minimal positive integer h
such that
1 h _
(O 1) €y i)y
For a modular form f(7) of weight k with respect to I';(V), the order of f(7) at the
cusp a/c € Q U {oo} is defined by

Orda/c(f) =ny

for some vy € I such that yoco = a/c; ord,,(f) is well defined (see [8, page 72]). If the
orders of f at all cusps are strictly greater than 0O, then f is called a cusp form for I'; (V).
Let ¢ = ¢*™7 and 7 € H. The Dedekind eta-function 7(7) is defined by

n@=q" | |a-a
n=1

The function 7%*(7) is a cusp form with weight 12 for I" and also for I';(N) for any
positive integer N. For a positive integer § and a residue class g (mod ¢), the generalised
Dedekind eta-function 75 ¢(7) is defined by

Mg =g [T a-gn [ a-a.

n>0 n>0
n=g (mod 0) n=-g (mod 9)

https://doi.org/10.1017/50004972723000709 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972723000709

280 J. Q. D. Du and D. Tang [5]

where
Py ={tf -t} + &

is the second Bernoulli function and {¢} is the fractional part of ¢ (see, for example, [12,
13]). Notice that

2
2 n°(67/2)
= ) d = ——.
N50(T) =1°(67)  and  77562(7) 7267)
A generalised eta-quotient is a function of the form
[ |7, (2.10)

SN
0<g<d

where N > 1 and
1 0
-7 ifg=0 = —;
Isg € 2 e org 2’
Z otherwise.

Although the work of Robins [12, Theorem 3] which gives a criterion for a
generalised eta-quotient to be modular is for the zero weight case, the following
theorem is true for nonzero weight as well (see [7, Theorem 2.5]).

THEOREM 2.4. If k = %Zéw rs0 € Z and f(1) = [1sn, 0240 n(r;;(‘z’) is a generalised
eta-quotient such that

D 5P2(§)r5,g = 0 (mod 2)

SIN
0<g<d
and
N
D 5P2O0rs, =0 (mod 2)
SIN
0<g<d
then

for) = (et + ) f(x)
forall y e T'|(N).

We can obtain a formula for the order of a generalised eta-quotient at the cusp of
I'1(N) by [10, Theorem 2.3].

THEOREM 2.5. The order of the function
— as,
fo=[] nu@
SIN
0<g<l$)

at the cusp a/c is given by
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e’ (ag |ag| 1V h(ad |ad| 1\
—\=—-1=-=) —=l—-[=—1-z) ) 2.11
;;W’“&g(za(e L;J 2) 66(h {hJ 2)) e
0<g<l4]
where y satisfies yoo = afc, e = ged(0, ¢) and h = gcd(36, ¢).
The following theorem of Sturm [14, Theorem 1] plays an important role in proving
congruences using the theory of modular forms.

THEOREM 2.6. Let T" be a congruence subgroup of T, and let k be an integer and
g(r) = X7, c(m)q" a modular form of weight k for I"'. For any given positive integer u,
if c(n) = 0 (mod u) holds for all n < (1/12)k[I" : "], then c(n) = 0 (mod u) holds for
any n > 0.

There is an explicit formula for the index [8, page 13]:
1
[[:T;(N)] = N?- ]_[ (1 - —2).

pIN p
p is prime

3. Proof of Theorem 1.2

This section is devoted to the proof of Theorem 1.2. In [5], Baruah et al. stated
without proof the following identity:

Z o,mex(8n + 1)q" = (389716 + ¢*J1.871.16)
n=0

275 5 8 1 74
(_J2J4 ~ J; JZJ4 . qu JS)
Jig o Bk IRR JBI
33 . 33
Sy B
For the sake of completeness, we present a proof of (3.1) here.

According to [5, (4.25)],

1J?
442 4). G.1)
JP

+2q(J18J7.16 + 4-73,8?1,16)(_

i mex(4n + )¢" = Jsg - J? L1pd 11 JH-1 (3.2)
T, n q:3’8.4._._2(_2._2__2.1_)_ X
n=0 oo PNy I
From (2.1),
— 2
Js= (¢ =005 = Y 4"
— i q4(2n)2+2n+ i q4(2n—1)2+(2n—1)
_ Zq16n2+2n + Z q16n2—14n+3 _ 314,32 + q372,32. (3.3)

n=—o0o

S
Il
(=}
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Substituting (2.2), (2.4), (2.5) and (3.3) into (3.2), after simplification,

Z o.mex(8n + 1)¢" = (J38J7.16 + ¢*J 187 1.16)
n=0

12 2132 275 7.8 1 74
(_12 So o BRR SR B JS)
TG VAN S S

+2q(J18J7.16 + ¢T38 1.16)
(2 VA A R A0 b Jng)

- - + (3.4
772 1175 7 13
JJg VI T J|
Thanks to (2.5) and (2.6),
12 27312 12 14 274 27312
_J2 J4 . J5J3J% B _12 Jag Jy . JiJg g S5 Jg
Ju g2 q J7 - J12\ 144 q Jlo J7
1738 1 178 M2 3 2 1
15 271312
_ J, . qJ2J4J8
- 77276 7
Ut Ji
5 10 2 14 5
:_J4 (J4 B qu‘ls):_J4 (3.5)
T\ 727 2 372° :
JiJg N5 J; g
9 14 72 9 472 714 2 14
J; _J2 Jg _ J, _J2 Jo (I, qJ4J8)
772 1175 772 775 \ 714 14 10
JiJg I JiJg I I Ny J,
9 4 16
_ Sy s
772 73
JiJg JJ;
272 710 2 14 272
B S5 ( Iy B J5Jq B J5Jg (3.6)
S T\eE TR )T By ‘
1/4 2o 4 174
Substituting (3.5) and (3.6) into (3.4), we obtain (3.2).
Moreover, Baruah et al. [5, (4.34)] proved that
o] J6 o]
2 Z o.mex(4n)q" = ﬁ Z o,mex(4n + 1)q"
n=0 1V4 =0
N T R - B |
:_]3’8._3.]_._4(2_42._2__2._];‘_1)_
Jp N I\ dg JY s

Substituting (2.2), (2.3), (2.5), (2.6) and (3.3), upon simplification, we deduce that
2 Z o.mex(8n)q"
n=0

= (J38d716 + 4187 1.16)
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J22 JS J12 Jl7 J7J4J2
2 4 2 2 274dg
X (— + 16g - +2 + 16g )
1418 6 12 10 74 167 12 12
J G Sy Iy J 04 J|
49(J 187 J3.571,16) i 2 L 3.7)
+4q(J18J716 + 9387116 (——6+ TR T 7)~ .
JO TR e
Substituting (2.7) into (3.7) yields
2 Z o.mex(8n)q" = (J38J7,16 + ¢° 187 1.16)
n=0
2 12 17 77 12
(A2 e
2 10 14 167 12 12
VLY SNV J!
- - — NS AV S Ll
+4q9(J18J7,16 + 61J3,811,16)(—J—is + 2@ + ﬁ)-
Replacing g by —¢ in (3.1) and using the identity
J; 3.8
(q’ q)OO_JIJ47 ()
after simplification,
Z oomex(8n + 1)(=q)" = (J38J7.16 + *J18J1.16)
n=0
(A AR
JP2 T Ty T
—=2q(J18J7,16 — 9387 1.16)
RER L BRI
(— e R A ) (3.9)
J I b
Also, we note that
2 Z oemex(8n)q" = (J35J7.16 + ¢° 187 1,16)
n=0
1 J12 Jl7 J7J J2
X(_Jf' s~ 07 27w q21428)
VWA J P Jadg Ji

I - - JbooonJgl o Jbg?
+4q(sTs + alasTe) -+ + 2524 + 225, (310)
Ji JiJg Iy
Substituting (2.9) into (3.9) and (3.10) and using the identity
- Jrapd}
“ Japlop
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we find that

Z oomex(8n + 1)(—q)"
n=0

7 712 13 21 1379 74
= (J38J7,16 +q2]l gJi 16)(—J1J4 J1 J4 ‘]1 J4"8)

1972 24 28
JyJg S5 J3
I8 Jse 108> J40.108J7 Jos 128> Jg 128J?
4 ( 56,1284 ¢4 40,1284 g4 3 24,1284 ¢4 6 8,128 64)
J;Jg J2s.640128 J20,640128 J12,64J128 Ja.64J128

X (387,16 + ¢*J1871,16)

J7J6J2 J13J15
—2q(J1,8J7,16 — qJ3,811,16)(— 11;17 i L )

]30
2 2
~ Ji-’é(JSG,lZSJé; B Jao.1280%, s J2a1280% _ 6J8,128J§4)
J; \Jageatios J20,647128 Ji264/128 Ja6aJ128
X (J1847,16 — qJ3.8J1,16) (mod 16) (3.11)
and
2 Z o .mex(8n)q"
n=0
_ (16,16114,321§116 N 212,16J2,32J§J16)(_ J)? v 9 g, N J;J4J§)
' Jsdri6d3 1 Ji18J1,16d32 JI0T I g J?
1 (J56,128]§4 ~ Ja0.1280%, N s J2128084 B 6-’8,128-’24)
J1J3\Jag 6ad 18 J20,64/ 128 Ji2,64J128 Jag4J128
(J 616014320216 5 J2,1602,32J, 216 )
J38J7,16032 Ji8J116932

(12,16J14,32J§Jm N 16,16]2,32J§J16)
J18J7.16032 1 J38J1.16032

g B 121913)
-2 +2—==+ = (mod 16). 3.12
( VARV B P R ) ( ) G2

Therefore, to prove (1.6) and (1.7), we need to prove that the coefficients on the
right-hand sides of (3.11) and (3.12) vanish modulo 16.

Let f and g denote the right-hand sides of (3.11) and (3.12), respectively. By
Theorem 2.4,

AT BT 5(7)
Qo (1)

U
F(1) = g™ (3.13)
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and
n'8@om (i (1)
1/96 16,7 16,8

G(r) = 72(20)

(3.14)

satisfy the transformation formulae
F(yr) = (ct+d)®F(r) and G(y1) = (et + d)*G(7)

for any y € I'1(128). From (2.11), the orders of F(7) and G(7) at every cusp of I';(128)
are nonnegative, and so they are modular forms for I';(128) of weight 38 and 48,
respectively. One can check the coefficients of the first 38912 terms of (3.13) are
congruent to 0 modulo 16, and the coefficients of the first 49152 terms of (3.14)
are congruent to 0 modulo 16. Therefore, by Theorem 2.6, f =0 (mod 16) and
g = 0 (mod 16). This completes the proof of Theorem 1.2.

4. Concluding remarks

We conclude this paper with two remarks.
First, Baruah et al. [5] proved (1.4) and (1.5) by using several identities involving
¢(g) and ¥(q) and the Lambert series representations of ¢(g) and ¢(q)¢(g*), where
¢(q) and y(g) are two of Ramanujan’s three classical theta functions. We provide a
simplified proof of (1.4) based on (2.2), (2.9) and (3.3).
Baruah et al. [5, (4.17)] derived
o0 272 2
Z o,mex(2n + 1)q" = % o

-—. 4.1)
n=0 J?J“ J4
Replacing g by —¢ in (4.1) and using (3.8),
2]2 J3J2 1
Zo’,,mex(2n +1)(—q) = 828 4.2)
=0 Jz VA

Substituting (2.2) and (2.9) into (4.2), taking all the terms of the form ¢, after
simplification,

22 _ JiJ
Z o,mex(4n + 1)q" = —(114 2= 7¢)23) - J—J3 g (mod 16)
n=0 1 2
J2 2 JJ2
= —(11432 ~7¢%T232) - —(11432 +q°J23)
J 5
J1J

= J—(J1432 74232 — J1a32 — ¢°J2.32) (mod 8)
2
2

NI =
= —8q — J2’32 =0 (mOd 8),
J3
where the second identity follows from (3.3). The congruence (1.4) thus follows.
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Second, the numerical evidence suggests the following conjecture.

CONJECTURE 4.1. We have

lim #{0 <n < X: o,mex(3ln + 18) = 0 (mod 16)} |
X—o0 X -

lim #{0 <n < X: o,mex(3ln + 18) = 0 (mod 16)}
1
X—o0 X

=1
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