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Abstract

We describe the structure of the lower central factors of free centre-by-metabelian groups.

1980 Mathematics subject classification (Amer. Math. Soc.): 20E05, 20E 10, 20F 12, 20F 14.

1. Introduction

The lower central factors of free polynilpotent groups are torsion-free (Smelkin
[7], Ward [8]), but the cth lower central factor ® (G, ) of a free centre-by-metabelian
group G, of rank n = 2 may have 2-torsion for ¢ = 5. This was first shown by
Ridley (6] for n = 2, ¢ even, and later for n = 5, ¢ odd, by Hurley (unpublished).
For ¢ < 4, ®(G,) is the same as the corresponding factor of a free group of rank
n.
In this paper, we give an explicit basis for ®(G,). Gupta and Levin [2]
observed that the structure of the torsion group 7, . of ®(G,) varies drastically
according to whether c is even or odd, but in either case 7, . is an elementary
abelian 2-group.

2. Notation

Our commutator notation is [ g, g,] = £1'85'2182, [81>-- - 8n+1] = [[81>- - -, &n);
8.+1] and [g), £2; 83, 84) = [[81» 82); [83, 84]] for group elements, with analogous
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notation for the ring commutator (r,, r,) = ryr, — ryr,. further, [g,, kg,] =
[g1> &2»---+82]s k repeats of g, ((8;,08,] = g;). For n > 1, v,(G) is the nth term
of the lower central series of G, G’ = 7,(G), G” = y,(G"). All other notation
follows Hanna Neumann [5].

3. Preliminaries

Much of the technical work required in this paper has been carried out in [2].
As in [2], the main tool in our investigation is the following power series
representation (cf. [3]). Let P, = Z{[ y,,...,y,]}, n = 2, be the free associative
power series ring over the integers and let C be the ideal of P, generated by all
Yi(¥js Yi)Vm for all 4, j, k, m. Set R, = P,/C and denote the generators of R, by
Xys-..sX,, Where x; =y, + C. As shown in [3], the group of units of R, is a
centre-by-metabelian group, that is, satisfies the law [g,, 8,5 83, 84; 85] = 1. Thus
if G, is the free centre-by-metabelian group of rank n with generators f,...,f,,
then the map ©: f; » 1 + x;, 1 <i < n, can be extended to a representation of G,
in R,. C. K. Gupta [1] has shown that the kernel of ® is an elementary abelian
2-group of rank () contained in the centre of G, for n = 4, but for n = 2,3 the
representation is faithful.

For any w € G,, w® is a power series of the form 1 + 2 ,(w®),, where
(w®), denotes the component of terms of total degree i. As in the corresponding
representation of the free group of rank n (see [4], chapter 5) the elements
w € v/(G,) are characterized by (w®), =0, i <c¢ — 1. Thus, an element w €
Y/(G,) will be a relator for ®(G,), the cth lower central factor of G,, only if
(w®) = 0. In particular, if w is a relator for ®(G,) then w € y(G,) N G, and
(w®), =0.

The simple basic commutators of the form [ f, f;, fes---sf,] of weight ¢ with
i>j<k=< ---<mform a basis for ®(G,/G,’) (see [5], page 106) and is a part
of the basis for ®(G,). Thus if we write ®(G,) = F, . X T, ., where F, _ is free
abelian and 7, _ is the torsion group of ® (G, ), our problem reduces to extending
the simple basic commutators to a basis for F, . and to finding a basis for T, .

4. The structure of ®,(G,), codd,c =5

For ¢ = 5, let w} and w}* be defined as

WF = [fis o3 fos Jas S-S
[fos B3 frs fas fss- - ofC]
[fs’ fl;flz’ A’ -fS""’fC]’
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and

o =1, hifas 5o B Jor-e st
VA A
[fos isfos Jos fos Jose o oo L]

Then we have the following lemma.

LEMMA 1. Forcodd, ¢ = 5,

() WF(Gy) ¥ Yer1(Gy) forn = ¢;

(ii) w*%(G,) < ¥4 (G,) for all n;

(iii) wf(G,) < Yc4+1(Gy) forn <g;

(iv) w? is unaltered, modulo .. ((G,), by an arbitrary permutation of { f,,...,1.};
) W¥(G,) < v.4(G,) for all n and all ¢ even or odd.

ProOOF. The proofs of (i) to (iv) follow from Lemma 3.8 of [2]. For the proof of
(v) we simply observe that, modulo v, (G,),

W* =[fo b B fos Soee L]
[fo 5o fis fas fove o]
[fss fis o5 fus S o £
which is trivial by the Jacobi congruence.

We can now give the structure of ®(G,) for ¢ odd, ¢ = 5.

THEOREM 1. For ¢ odd, ¢ = 5, let ®(G,) = F, . X T, . where F, _is free abelian
and T, _ is the torsion subgroup. Then
(a) a basis for T, . consists of the (7) elements wX(k(1),...,k(c)) given by
wX(k(1),... k(c)) = [fk(l)’ fk(2)§ Tkays Tewys JFegsys- - ’fk(c)]
[fk(z)a fk(3)§ Jeays fk(4), fk(S)’- .. ’fk(c)]
[fk(S)’ Jeays Jey> Jrays Jusys- - ’fk(c)] )

withlsk()s - - <k(c)<n
(b) a basis for F, . consists of all simple basic commutators of weight c with entries
from the set { f,,....f,} together with all commutators

[fn f}; fk(l)’ fk(Z)’ fk(3)" . 7fk(c—2)]
withi>j,izk(l); k(1) >kQQ)<j<k(B)<---<k(c—2).
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PrOOF. The simple basic commutators of weight ¢ with entries from the set
{fi>--..f,} form a basic of ®(G,/G,’) and hence constitute a part of the basis for
F, .. Let w €7v(G,) N G be a relator for ®(G,). Then (wO) =0 and it
follows by Lemma 4.1(iv) of [2] that if & & y., (G,) then w lies in the fully
invariant closure of w?. The proof of (a) now follows immediately by Lemma
1((i)-(iv)). For the remainder of the proof of (b) we first observe, using Lemma
3.1((i) and (ii)) of [2], that w can be written, modulo v, ,(G,), as a product of
commutators of weight ¢ of the form

z= [fn fj;fk(l)’ ﬁz)’ fk(3)" .- ’fk(c—Z)]
with i >j = k(2); k(1) > k(2) < k(3) < - - < k(c — 2). It remains to show that
modulo w}(G,) we can further assume that i = i(l) and j < k(3) in z. Let
m = max{i, j, k(1), k(3)}.

Type 1. (z with k(3) = m). Let {i, j, k(1)} = {a, b, ¢} with a<b <c. The
modulo w?(G,,), z can be expressed in terms of commutators [ £, £, fys feqrys Sfrs+ -1
and [ f, fy; fus feqrys Jms- - -] €ach of which is of the required form.

Type 2. (z with i = m). Let {j, k(1), k(3)} = {a, b, c}. Then z is of the form
[fns 5 fo Srqys fos- -1 If @ > ¢ then modulo w?*(G,), z can be expressed as a
product of Type 1 and the required commutator [ ., f; fps feqry> fas-- -}

Type 3. (z with k(1) = m). Here modulo w}(G,), z can be expressed as a
product of Type 1 and Type 2 commutators. This completes the proof of
Theorem 1.

5. The structure of ® (G, ), c even,c = 6

We begin by recalling some results from [2]. For the remainder of the paper, we
assume c even, ¢ = 6.

LEMMA 2. Let z =[f, f; fs fs P1f1s-- >0 f) be an element of v(G,), where
c=4+p,+---+p,,p;=0.
(i) In R, z© is obtained by expanding

20 =1+ (x;, %)% - x0(1+ x)"' (1 + %)
AQ+ X)) (1 + X)) - 1, x)).
(@)  (20)c1 = = Z Pulxi, x)xf oo xfr o xfe(x;, xy),
m=1
(iii) (2°0) .4, = 2(20) ..

v) If w € v(G,) N G, with {(w8) = 0, then w is a product of commutators of
the form z.
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(v) Let w be a product of commutators of the form z with weight at least 1 in each
[ If(w8) = 0and (w8) ., = 0(mod2), then w € v, (G,)-

(vi) Let a;;{w®) . denote the component of (w®) . of those terms which begin
and end with x;. If w € v,,(G,) N G, then a;;{w®) ., ; = 0(2).

The proof of (i) follows from Lemma 3.4 of [2]; (ii), (iii) are easy consequence
of (i); (iv) follows from Lemma 4.1(i) of [2]; (v) follows from Lemma 4.4 of {2]
and (vi) follows from Corollary 3.5 of [3].

LeEMMA 3. If G is a centre-by-metabelian group, then for all d € v,(G), g; € G,
k=1l,m=2,

2k
(d;d, g1, 8 =11 [d; 4, 81s- .80 8iv- - - 82k )
i=1

moaulo Yy p + 34+ G)-

PrROOF. By Lemma 3.1 of [2], for any d,, d, € G, g€ G, [d,; d,,g]
[d\,g d,]=1[d,, g d,, g|"". Further, for any g, € G, [d; d;, g, 8]=
[d; dy, 8, &) Thus,

[d; d, gl""’g2k]
:[d’ gl;d’ g29"'932k]—][da gl;d’ 81 gz""’ng]_l
=[d, g;;d, 8,....8])"'[d: d, 81, 81, 825+ 1 824]
(modulo Yzm+2k+2(G))
Similarly,

[4, g4, gz’---’gzk]—l
=(d, g, 8::d. 83,---,81d, 81> 825 A, 835 835+, 824 ]
=[d, 8,84, 83,---,8)1d; d, 8/, 82, 82+ 835+ - -+ 824 )

Repeated applications of this step yield
[d; d’ 815--- ’ng]

2k
=[d, g,....8u; 4] [ [d; d, 815,815 8ir- - -, 82k )5
=1

=
or equivalently,

2k
[d:d, 81,8 =T [d5 d, g1se 080 800580 ).

i=1
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Lemmas 3 and 2(ii) yield the following as a corollary.,
LEMMA 4. Let z be as in Lemma 2. Then (z*0) .= 0 and

n
(220) .1 = X pm(xi,xj;xi,xj,plxl,..., (P DXpyyevesPuXy)-

m=1

More generally, if w = z| - - - z, with each z, as above, then

<W2®>c+l = <212@>c+1 T +<Zzz®>c+1'

We now establish a useful criterion for identifying relations in ®(G,), ¢ even;

LEMMA 5. Let s(w) = (w?0) ., |. An element w € Y(G,) is a relator of ®(G,) if
and only if s(w) = {0v*®) ., for some v € vy, (G,).

PROOF. If w is a relator of ®(G,) thenw € v, ,(G,) and we may choose v = w.
Conversely, let s(w) = (v?@)_,, for some v € y.,,(G,). By Lemma 4,
(W?0) .y = (v*®) ., implies 2{w®) ., = 2(vO) , and, in turn, (WO) .,
= (v8) ., (wo'®) _,, = 0. By Lemma 2(i), (wO®) = 0 and, by hypothesis,
(vO®), =0. Thus (wo™'®)_ =0, and it follows by Lemma 2(v) that wo™' €
Y.41(G,). Thus w € v, (G,) as required.

As a corollary to Lemma 5 we obtain the following result:

LEMMA 6. Let w € T, . be a relator for ®,(G,). Then a,(s(w)) =0 (mod4) for
ali=1,...,n.

PrOOF. By Lemma 5, s(w) = (v’@) ., for some v € v.,,(G,). By Lemma
2(vi), a;;{v0®) ., =0 (mod 2). Thus a;(s(w)) = 0 (mod 4) as required.

For convenience, we will abbreviatez = [ £, fj;fi, ];, Pifise P LlbYZ =11, J;
Py1»- - -»P,]. Further, for any f, we define

[Z: qkfk] :[f“ fj;fi’ fj"’ p1f19-"apnfm qkfn]'

Using this notation we obtain the following consequence of Lemma 3.

LEMMA 7. Let z = [i, j; Pis-..sP,) Withc =4 +p, + --- +p,. Then for arbi-
trary k,

© (2P = [:2/: 170234 modv.o(Gyr);

i=1
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() ([2:2410) ., = ((220) 1 :2%,) +2([2:3£]0) .1,

where (z*@) ., is as determined in Lemma 4.
[7(ii) is a direct consequence of 7(i).]
The next lemma gives a method for generating relations.

LeMMA 8. If w is a relator for T, ., then [w:2f,]is a relator for T, | .., for any
k<sn+1

PrROOF. By Lemma 5 it suffices to show that s((w:2f,]) = (4*0) ., for some
u € Y.4+5(G,4,). Since w is a relator for 7, ., by Lemma 5 s(w) = (0v*@) ., for
some v € vy, (G,). Thus

s(lw:2£]) = <[W:2fk]2®>c+3
= ((W?®) 4 :2x;,) + 2([w:3£]0) ;3 (byLemma?7)
= ((0°0)c+1:2x,) + <[W:3fk]2®>c+3
= <[v:2f,(]2€‘)>c+3 + ([w:3fk]2@)>c+3

= <u2® > c+3»
with u = [0: 2£ ] : 3] € Yo 5(Gp).

It follows from Lemma 2(iv) that for ¢ even, ¢ = 6, any relator w of T, . is a
product of commutators of the form z = [, j: py,...,p, 4 +p, + - +p,=c.
Since z2 = 1 mod v,4((G,), T, is, in fact, generated by all such commutators.
Thus to determine the relators of T, _ it suffices to assume that n < ¢ — 2 and that
each [i, j; py,...,p,] has weight at least one in each generator f,...,f,.

If c=8 and n = ¢ — 2, it follows from the proof of Theorem B(i) of 2] that
there is just one relator which involves all the ¢ — 2 variables, namely,

(1) u(c — 2) =[Ja(1e,20)

(4]
where a(i, j) =i, j;1,1,...,i, J,...,1] (k indicates k missing), and ¢ runs over
the permutations of {1,...,c — 2} with 16 <20 < --- <(¢ — 2)o. Hence, we
may assume that n < ¢ — 3. Foreach i,j € {1,...,c — 3}, i <j, we define

c—5
) o(c, iy j) = T1 [fis £5Fio £ 81oe -+ 28ms Bmo+ -+ 8c3]
m=1
where {g,...,8.-5} = {fl,...,ﬁ,...,j;,...,fc_3}. By Lemma 3.2(i) of [2), G,

satisfies the congruence v(c, i, j) = 1. Using this fact and Lemma 8 we can
reduce the generating set for T, . as follows.
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LeMMA 9. Let W = {{i, J; pys...,P,.}s i <J} be the set of all commutators of
weight c=4 +p, + --- +p, such that p, <1 for all k <i and the first nonzero
integer reading left to right in the sequence p,, p,_\,-..,p, is odd. Then W is a
generating set for T, ,n<c—3,c>8.

PRrOOF. The condition i <j is clearly no restriction. The next condition, p, < 1
for k < i follows directly from Lemma 3.1(vii) of [2], by which for any g, g; in a
centre-by-metabelian group G,

(3) [g’gl;g’81,82’83,---;3,",8,8]
=[g, 858 & 82+ 82835 --8m18: 825 8 821 815 81> 835+ - +8m)

modulo v,,,5(G). The third condition, namely, the first non-zero integer in
P> --»Py 18 0dd, may be seen as follows. As observed above T, . is spanned by all
commutators z = [i, j; py,...,p,) with p, <1, k<i, i <j. Without loss of
generality we may further assume that z involves f,_, and f,. Hence if both p,_,
and p, are zero, this means that i = n — 1 and j = n 50 ¢ — 2 = n. Thus we may
assume that at least one of p,_,, p, is non-zero.

Case 1. p, # 0, p, even. Since G, satisfies the congruence v(c, i, j) = 1 defined
by (2), it follows that for p, = 2,

n—1
U, s prse 2 )2V T Lis Js s sPm + s — 1P = 1.
m=1
However, for p, even [i, j; p,,....p,]?" ' =i, j; pys...,P,), and the proof
follows since each factor (i, j; py,...,p,, + 1,...,p, — 1] can be expressed as a
product of commutators of the required form without affecting the oddness of the
occurences of f,.
Case 11. p, = 0, p,_, even. In this case z = [i, n; p,,...,p,_,0] and as before
the law v(c, i, n) gives
n—2
[i’ n;ph""pn—l’O] H [i’ Ry PysesPm+1seecsPn—25 Pp—1 — 1’0]11,., =1.
m=1
Since each factor [i, n; py,....p, + 1,...,Py—2, Pu—y — 1,0] reduces, by (3), to a
product of commutators of the required form and of commutators covered by the
Case 1, the proof follows.

LeMMA 10. For ¢ = 8, n < ¢ — 3 the set W defined in Lemma 9 is a basis for T, .
Proor. For z = [i, j; p\,....p.1 2" = i, J'5 PYs- .-, P] we define z < z” if (i, j,
DPis---sPn) <(i'y j's P}s...,p;) in the lexicographic ordering of the (n + 2)-tuples.

The proof of Lemma 9 shows that if z & W, then z can be written as a product of
elements of W which are less than z in the above ordering,.

https://doi.org/10.1017/51446788700022606 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700022606

19] Free centre-by-metabelian groups 73

By Lemma 9, W generates T, .. Let w =12, ---z,, 2, € W, be arelator of T,
with z, < ---<z,. By Lemma 6, a(s(w)) =0 (mod4) for all k. Suppose
z, = [i, j; Pys-+ Py} P, 0dd, and let a;;(s(z,)) = x; P, x;. By Lemma 2(i), P, has a
term

20 Pt e s Prety Pat]
(4) Xy X XTI e XX

with coefficient 2 p, Z 0 (mod 4). Since a;(s(w)) = 2p=12;(s(2,)) =0 (mod 4),
it follows that for some ¢ <r, a;(s(z,)) = x,;P,x;, where P, has a term (4).
However, z, <z, implies z, =[i’, j’; pi,...,p,] with (¢, j', pi,...,p;) <
(i, js Prs---»Py)- If i’ <ii then each term in P, has degree at least 2 in x/, so none
is of the form (4). If p, < p, then p; < p, — 2 and ecah term of P, has degree at
most p, + 1 <p, — 1in x,, so P, has no term (4). Finally, if p, = p, and p; <p,
for some k < n, then every term of P, with degree p, + 1 in x,, has degree p; < p,
in x,, and, again P, does not have a term (4). Thus, if p, # 0, then a;(s(w)) Z0
(mod 4), and w is not a realtor of T, .

Thus, we may assume that w =z, ---z, is a relator of T, . with z, = [i, n;
Pis---sPn—1:0), P, 0dd. As above, if a,,(s(z,)) = x,P,x,, P, will have a term

(5) 2P Xy X )P A X,
with 2p,_; = 0 (mod 4), and it follows, as above, that this term must occur in the

expansion of some P, g <r. The same argument shows that this, too, is not
possible. This completes the proof of the lemma.

We may summarise the above results as follows.

THEOREM 2. For ¢ even, ¢ = 8, the torsion subgroup T, . of ®(G,) is an
elementary abelian 2-group with a basis consisting of the set W of all commutators
2 =i, ji Pyse - sPu)s § <J, with the following properties.

@c=4+p +- - +p,p=0forallk <n;

®p.s1forallk <i

(c) the first nonzero integer reading from left to right inp,,...,p, is odd,

(d) for any i(1) < --- <i(m), m<n, W does not contain [i(m — 1), i(m);
i(1),...,i(m — 2)].

PrROOF. The conditions (a), (b), (c) follow directly from Lemma 10, and (d)
follows from the fact that if a relator contains any part of u(c¢ — 2), as defined in
(1), then it must contain all of u(c — 2).

For ¢ = 6, essentially the same argument applies. However, [ £, f; fi, f;» fi» fil

€ v,(G,) and as C. K. Gupta [1] has shown, u(4) & v,(G,). The basis for T, ¢ is
given by the following theorem.
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THEOREM 3. For ¢ = 6, T, ¢ has a basis consisting of all commutators [ f1y, f2)
fay fiy fioys fiwh with i(1) < i(2), i(3) < i(4).

As with the case for odd c, a basis for F, . must be chosen to account for the
Jacobi congruence and the above structure of T, .. The argument is analogous to
that for odd ¢ and we omit the details. The complete description of ®(G,), ¢ even,
is given by the following theorem.

THEOREM 4. For c even, ¢ > 6, let (G,) = F, . X T, ., where T, _is the torsion
subgroup of ®(G,) and F, _ is free abelian.

() A basis for T, . is given by Theorems 2 and 3.

(i) F, . is generated by the simple basic commutators of weight ¢ and by the
commutators of the form [ f;, [5 feqys Jrys- - - sSi(e—2)) subject to k(1) > k(2) < k(3)
< ---<k(c—2); i>j<k(3); k(2) <j and such that k(1) <i or k(1) > i and
k(2) <j<i<k(l)<k@) < ---<k(c— 2)(norepeated entry) or k(1) = i, k(2)
<j and if k(1) is another repeated entry (3 <1< ¢ — 2), then k(1) < k(I).

CONCLUDING REMARKS. With the aid of Lemma 8 we can give a different
description of T, ., ¢ even, as follows.

THEOREM 5. For c even, ¢ = 6, the torsion subgroup T, . of ®(G,) is generated by
all commutators z = (i, j; py,...,p,] with 4+p, +--- +p, = c, p, =0, subject
only to the relations

[u(c’ —2): 2k, fy:--- 2k, f] =1 and [o(c,i, j): 2k fy: - 12k, f,] = 1,

wherec =c + 2k, + --- +2k,, k,; = 0and u(c’ — 2), v(c’, i, j) are as defined by
(1) and (2).
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