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ABSTRACT

We study the problem of how the dual complex of the special fiber of a strict normal
crossings degeneration Zx changes under products. We view the dual complex as a
skeleton inside the Berkovich space associated to Xg. Using the Kato fan, we define a
skeleton Sk(Zr) when the model 2% is log-regular. We show that if 2 and % are
log-smooth, and at least one is semistable, then Sk(Zr xr #r) ~ Sk(ZR) x Sk(#ZR).
The essential skeleton Sk(X g ), defined by Mustata and Nicaise, is a birational invariant
of Xk and is independent of the choice of R-model. We extend their definition to
pairs, and show that if both Xx and Yx admit semistable models, Sk(Xx X g Yi) ~
Sk(Xx) x Sk(Yk). As an application, we compute the homeomorphism type of the dual
complex of some degenerations of hyper-Kahler varieties. We consider both the case
of the Hilbert scheme of a semistable degeneration of K3 surfaces, and the generalized
Kummer construction applied to a semistable degeneration of abelian surfaces. In both
cases we find that the dual complex of the 2n-dimensional degeneration is homeomorphic
to a point, n-simplex, or CP", depending on the type of the degeneration.

1. Introduction

Let R be a discrete valuation ring with quotient field K and residue field k, and let X be a
smooth proper variety over K. While there may be no way to extend X to a smooth proper
variety over R, in char(k) = 0 resolution of singularities guarantees that we can always produce
an R-model 2" where the special fiber 2, is a strict normal crossings (snc) divisor. Given such
a model, we associate the dual complex D(Z}), which is the dual intersection complex of the
components of the special fiber.

The dual complex of the special fiber of a such degeneration reflects the geometry of the
generic fiber. If the generic fiber is rationally connected, then the dual complex of the special fiber
is contractible [dKX17]. For Calabi-Yau varieties, degenerations are classified by the action of
monodromy on the cohomology. The principle is that the degenerations with maximally unipotent
actions have the richest combinatorial structure in the dual complex. In this case, the dual
complex is always a Q-homology sphere, and Kolldr and Xu [KX16] show that it is a sphere if
n < 3 or n < 4 and the special fiber of a minimal divisorially log terminal (dlt) model is snc.

The goal of this work is to understand the dual complex of a model for the product of two
smooth proper varieties over K. We consider this problem from two perspectives.

1.1 Skeletons of Berkovich spaces
The first is via the theory of Berkovich spaces. In this setting we assume that K is complete
with respect to the valuation induced by R, which gives rise to a non-archimedean norm on K.
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In [Ber90], Berkovich develops a theory of analytic geometry over K. He associates a K-analytic
space to X; each point corresponds to a real valuation on the residue field of a point of X,
extending the discrete valuation on K. This space, denoted by X?", is called the Berkovich
space associated to X.

From any snc model 2" of X one can construct a subspace of X?", called the Berkovich
skeleton of 2" and denoted by Sk(Z2"): it is homeomorphic to the dual intersection complex of
the divisor 2} [MN15]. The Berkovich skeletons turn out to be relevant in the study of the
topology of X?". They shape the Berkovich space, as X®" is homeomorphic to the inverse limit
l(ingk(ﬁi” ) where 2" runs through all snc models of X. Also, the homotopy type of X?" is

determined by any snc model Z": indeed, Berkovich and Thuillier prove that Sk(2") is a strong
deformation retract of X" [Ber90, Thu07].

1.2 The dual complex of a dIt model

The other approach to the study of the dual complexes comes from birational geometry. In
this setting, we consider a pair (£, A 2°) over the germ of a curve. In the log general type case,
running the minimal model program (MMP) distinguishes a canonical model for the degeneration
(2, Ay ) [Ale96, KS88, HMX18], at the cost of possibly introducing worse singularities. If we
are willing to tolerate some ambiguity in our choice of model, we can choose instead to produce
a minimal dlt model. One advantage of dlt models is that they are expected to exist for all
pairs admitting a log pluricanonical form. The singularities are mild enough that it is possible
to define the dual complex as the dual intersection complex of divisors of coefficient 1, denoted
D=2, Ay). In [dKX17], de Fernex, Kollar, and Xu investigate how the dual complex is affected
by the operations of the MMP. They show, under mild hypotheses, that every step of the MMP
induces a homotopy equivalence between dual complexes. Moreover, D=(27, A ) is a piecewise
linear (PL) invariant under log crepant birational maps.

1.3 The essential skeleton

Recently there has been much interest in a synthesis of the two approaches. Kontsevich and
Soibelmann [KS06] define a version of the skeleton of a variety with trivial canonical bundle,
which detects the locus of simple poles along the special fiber of the distinguished canonical form.
Mustata and Nicaise [MN15] extend their definition to any variety with non-negative Kodaira
dimension. The key technical tool is the definition, for a rational pluricanonical form, of a weight
function on the Berkovich space. The essential skeleton Sk(X) is the union over all regular
pluricanonical forms of the minimality locus of the associated weight functions.

Thus the essential skeleton has the advantage of being intrinsic to the variety X, with no
dependence on a choice of model. As the weight function is closely related to the log discrepancy
from birational geometry, it is natural to expect that the essential skeleton in some way encodes
some of the minimal model theory of X. Nicaise and Xu [NX16] show, when X is a smooth
projective variety with Kx semiample, and 2 is a good minimal dlt model, that the dual
complex of Z} can be identified with the essential skeleton of X. While it is in general a difficult
problem to produce good minimal dlt models, Kolldr, Nicaise, and Xu [KNX17] show that for
any smooth projective X with Kx semiample, X extends to a good minimal dlt model over a
finite extension of the valuation ring.

1.4 Skeletons for log-regular models

To produce nice models of the product, we work in the context of logarithmic geometry. To any
log-regular scheme 2T, in [Kat94] Kato attaches a combinatorial structure Fy called a fan:
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if we denote by D4 the locus where the log structure is non-trivial, then the fan F¢- consists
of the set of the generic points of intersections of irreducible components of D 4, equipped with
a sheaf of monoids. We define a logarithmic version of the Berkovich skeleton for a log-regular
model 2" of X over R: it gives rise to a polyhedral complex in X3 whose faces correspond to
the points of Fg .

Given two log-smooth log schemes 2T and #Z ™+ over R, their product 2" in the category
of fine and saturated log schemes is naturally log-regular, hence 2’ has an associated skeleton,
and it is a model of the product Zx X #x of the generic fibers. If one of the two underlying
schemes 2" or % is semistable, which means it has reduced special fiber, then we show that the
skeleton of the product 2T is the product of the skeletons, with the projection maps given by
restricting the valuation to the corresponding function fields (Proposition 3.4.3).

1.5 Skeletons for pairs

Working in the logarithmic setting, we may also allow a non-trivial log structure over the generic
fiber. Geometrically this corresponds to adding horizontal divisors to the special fiber and yields
the addition of some unbounded faces to the skeleton. In [GRW16] Gubler, Rabinoff, and Werner
construct a skeleton for strictly semistable snc models with suitable horizontal divisors. Both
constructions recover the Berkovich skeleton when there is no horizontal component and the
special fiber is snc.

Pairs arise frequently in the MMP. We say that a pair (X, Ax) is fractional snc if Ax is
an effective Q-divisor such that Ax =) a;Ax,; with 0 < a; < 1 and the round-up (X, [Ax])
is snc. Taking advantage of a construction that admits horizontal components, the definition
of the essential skeleton extends to the case of a fractional snc pair (X,Ax) over K, and to
pluricanonical forms of some positive index r with divisor of poles no worse than rA x. We extend
to pairs the result of Mustatd and Nicaise [MN15] on the birational invariance of the essential
skeleton (Proposition 5.1.5), as well as Nicaise and Xu’s result [NX16] that the essential skeleton
is homeomorphic to the dual complex of a good minimal dlt model (Proposition 5.1.7). It follows
from these results that we can define the notion of essential skeleton for a dlt pair.

1.6 Main result
Our main result establishes the behavior of essential skeletons under products.

THEOREM 1.6.1. Assume that the residue field k is algebraically closed. Let (X, Ax) and (Y, Ay)
be fractional snc pairs. Suppose that both pairs have non-negative Kodaira—litaka dimension
and admit semistable log-regular models 2" and %+ over S*. Then the PL homeomorphism
of skeletons induces a PL homeomorphism of essential skeletons

Sk(Z,Az) = Sk(X,Ax) x Sk(Y, Ay),
where Z and Ay are the respective products.

Semistability is a key assumption; without it the projection map might fail to be injective;
see Example 3.4.4. As expected, we get a corresponding result for dual complexes of semistable
good minimal dlt models (Theorem 5.3.5). Unfortunately, semistability is not well behaved under
birational transformations so it seems possible that a degeneration admits a semistable good
minimal dlt model but no semistable log-regular model.
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1.7 Application to degenerations of hyper-Kahler varieties
As an application of Theorem 1.6.1, we study certain degenerations of hyper-Kéahler varieties.
One way to produce hyper-Kahler varieties is by taking the Hilbert scheme of points on a K3
surface. Another is to extend the Kummer construction to higher-dimensional abelian varieties.
Aside from two other examples found by O’Grady in dimensions 6 [O’Gr03] and 10 [O’Gr99]
there are no other known examples, up to deformation equivalence.

Just as for Calabi—Yau varieties, degenerations of hyper-Kéahler varieties can be understood
in terms of the monodromy operator on cohomology, with classification into types I, II, III.
Type I is the case where the dual complex is just a single point, but types II and III have
more interesting structure. Kollar, Laza, Sacca, and Voisin [KLSV17] show that in the type II
case the dual complex has the rational homology type of a point, and in the type III case of
a complex projective space. Gulbrandsen, Halle, Hulek, and Zhang [GHH15, GHH16, GHHZ18]
use geometric invariant theory (GIT) to construct a model of the degeneration of nth-order
Hilbert schemes arising from some type II degenerations of K3 surfaces, and show that the dual
complex is an n-simplex. There are considerations from mirror symmetry that suggest that for
a type III degeneration the dual complex should be homeomorphic to CP" [Hwa08, KS06].

THEOREM 1.7.1. Assume that the residue field k is algebraically closed. Let S be a K3 surface
over K. If §' admits a semistable log-regular model or a semistable good minimal dIt model, then
the essential skeleton of the Hilbert scheme of n points on S is isomorphic to the nth symmetric
product of the essential skeleton of S,

Sk(Hilb"(S)) = Sym"(Sk(S)).

Computing these complexes gives a single point in the type I case, an n-simplex in the type
IT case, and CP" in the type III case. The same types arise in the Kummer case.

THEOREM 1.7.2. Assume the residue field k is algebraically closed. Let A be an abelian surface
over K. Suppose that A admits a semistable log-regular model or a semistable good minimal
dlt model. If the essential skeleton of A is homeomorphic to a point, the circle S* or the torus
S' x S, then the essential skeleton of the nth generalized Kummer variety K, (A) is isomorphic
to a point, the standard n-simplex or CP", respectively.

Analysis of the weight function gives a powerful yet accessible approach to controlling the
skeletons of these varieties. In both cases we use Theorem 1.6.1 to establish that the skeleton
of the hyper-Kéahler variety is a finite quotient of the n-fold product of the skeleton of the
original surface under the action of a symmetric group. In the case of Hilbert schemes we can
get a complete description of the action using functoriality of the projection maps, but in the
Kummer case we additionally need to understand the restriction of the multiplication map to
the essential skeleton of an abelian surface [Ber90, HN17, Tem16].

To our knowledge these are the first examples of type III degenerations of hyper-Kéhler
varieties where the PL homeomorphism type of the dual complex is known.

1.8 Structure of the paper
In § 2 we recall the Kato fan, and develop necessary background for the rest of the paper. Section 3
contains the definition and properties of the skeleton of a log-regular scheme. These first two
sections require no hypothesis on the characteristic of K.

For the remainder of the paper, we assume that K has equicharacteristic 0. In § 4 we introduce
the weight function and essential skeleton from [MN15], extending their definition to the case of
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a pair. In § 5 we give connections to birational geometry, along with proofs of the main theorems.
We discuss an application to degenerations of hyper-Kahler varieties in § 6.

1.9 Notation

1.9.1. Let R be a complete discrete valuation ring with maximal ideal m, residue field k =
R/m, and quotient field K. We assume that the valuation vy is normalized, namely vg () = 1 for
any uniformizer 7 of R. We define by |- |x = exp(—vk(+)) the absolute value on K corresponding
to vg; this turns K into a non-archimedean complete valued field.

1.9.2. We write S = Spec R and we denote by s the closed point of S. Let 2" be an R-scheme
of finite type. We will denote by 2} the special fiber of 2™ and by Z% the generic fiber.

1.9.3. Let X be a proper K-scheme. A model for X over R is a flat separated R-scheme 2~
of finite type endowed with an isomorphism of K-schemes Zx — X. If X is smooth over K, we
say that 2" is an snc model for X if it is regular, proper over R, and the special fiber 2} is an
snc divisor on 2. In equicharacteristic 0, such a model always exists, by Hironaka’s resolution
of singularities.

We say that a model 2" over R (not necessarily regular) is semistable if the special fiber 2}
is reduced.

1.9.4. All log schemes in this paper are fine and saturated (fs) log schemes and defined with
respect to the Zariski topology. We denote a log scheme by 2" = (27, M 4°), where M 4 is the
structural sheaf of monoids. The quotient sheaf

Co = My /O

is called the the characteristic sheaf of 2°T. For every point z of 2, we denote by Z4 , the
ideal in Oy, generated by

If a log scheme 2" has divisorial log structure induced from a divisor D, we denote it by
2T = (2, D). In particular, we denote by ST the scheme S endowed with the standard log
structure (the divisorial log structure induced by s), namely S* = (S, s).

1.9.5. A log scheme is log-regular at a point x if the following two conditions are satisfied:
Oy +/LZa 5 is a regular local ring; and dimOyg , = dim Oy /T4 , + rank C%@- For example,
a toric variety with its toric logarithmic structure is log-regular. More generally, working over
perfect fields, log-regular varieties correspond to toroidal embeddings (without self-intersections).

If 27" is a log-regular log scheme over S, then the locus where the log structure is non-trivial
is a divisor that we will denote by Dg-. Thus, the log structure on 2t is the divisorial log
structure induced by D4, by [Kat94, Theorem 11.6].

For a more extended dissertation of the theory of log schemes we refer to [Kat89, GR04,
Kat94].

1.9.6. Let (X, Ax) be a pair such that X is proper over K and the round-up (X, [Ax]) is
log-regular. A log-regular log scheme 2+ over ST is a model for (X, [Ax]) over ST if 2 is a
model of X over R, the closure of any component of Ax in 2" has non-empty intersection with

%k, and Dg{ = [AX—| + z%k;ed.
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1.9.7. We denote by (-)*" the analytification functor from the category of K-schemes of finite
type to Berkovich’s category of K-analytic spaces. For every K-scheme of finite type X, as a set,
X" consists of the pairs z = (&, - |,) where &, is a point of X and |- |, is an absolute value on
the residue field k(&;) of X at &, extending the absolute value | - |x on K. We endow X?" with
the Berkovich topology, that is, the weakest one such that:

(i) the forgetful map ¢ : X" — X defined as (&, | |z) — &, is continuous;

(ii) for any Zariski open subset U of X and any regular function f on U the map |f|: ¢~ (U)
— R defined by |f[(&, |- |2) = |f(&)] is continuous.

The set Bir(X) of birational points of X?" is defined as the inverse image under ¢ of the
generic point of X. By definition, it is a birational invariant of X.

1.9.8. Let X be a smooth, proper K-scheme of finite type. For every point z € X", we denote
by #(x) the completion of the residue field x(&,) with respect to the absolute value |- |;, and
by ¢ (x)° the valuation ring of the valued field 7 (z).

Given any snc model 2 of X, by the valuative criterion of properness, the K-morphism
Spec (#(z)) — X extends to an R-morphism Spec (7 (x)°) — 2 . The image of the closed
point via Spec (7 (z)°) — 2 is called the center, or reduction, of  on 2 . The map

redgy : X* — 2%,
which sends x to its center on 27, is called the reduction map with respect to % .

1.9.9. We recall a few notions from birational geometry; see [KMO08]. Let (X, Ax) be a pair
such that X is normal, Ax is an effective divisor, and Kx + Ax is Q-Cartier. Then we say that
(X, Ax) is log canonical if for every log resolution f: Z — X, in the formula

KZ+AZ:f*(KX+AX)+ZaDD,

where Ay is the round-up of the strict transform of Ax plus the reduced exceptional divisor,
all the ap are non-negative. The sum ranges over all components of Ay. In fact the quantity
ap, called the log discrepancy of D with respect to (X, Ax), depends only on the valuation
corresponding to D, and this condition need only be tested on a single log resolution.

We are most interested in the case where (X, Ax) satisfies the stronger condition of being
dlt. A closed subset Y C X is called a log canonical center if for some (equivalently any) log
resolution, Y is the image of a divisor D with ap = 0. The pair (X, Ax) is said to be dlt if
for every log canonical center Y, there is a neighborhood of the generic point of Y inside which
(X, Ax) is snc. Every fractional snc pair is dlt by [KMO08, Corollary 2.39].

We say that a pair (X, Ax) is Kawamata log terminal (klt) if it is dlt and the coefficients of
Ax are all strictly less than 1.

1.9.10. Given a morphism f: X — B, and a dlt pair (X,Ax), we say that (X,Ax) is a
minimal dlt model over B if f is proper and Ky,p + Ax is nef. If, in addition, Kx,p + Ax is
semiample, we say that (X, Ax) is a good minimal dlt model.

Given a pair (X, Ax) over B, a birational map ¢: X --» X' is called a (good) minimal dlt
model of (X, Ax) if (X', Ax/) is a (good) minimal dlt model over B, where A/ is the sum of
the strict transform of Ax and the reduced exceptional divisor of ¢!, the sum of all divisors of
X' such that ¢~! does not define an isomorphism along the generic point. We often suppress the
map ¢. For example, if (X, Ax) is proper over K, and X’ is proper over R extending X, then
A is the sum of the strict transform of Ax with the reduced special fiber of X’.
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2. The Kato fan of a log-regular log scheme

2.1 Definition of Kato fans

2.1.1. According to [Kat94, Definition 9.1], a monoidal space (T, Mr) is a topological space
T endowed with a sharp sheaf of monoids My, where sharp means that M7, = {1} for every
t € T. We often denote the monoidal space simply by 7. 7

A morphism of monoidal spaces is a pair (f, ) : (T, Mp) = (T', Mp) such that f: T — T’
is a continuous function of topological spaces and ¢ : f~!(Mr) — Mg is a sheaf homomorphism
such that o, 1({1}) = {1} for every t € T..

Ezample 2.1.2. If 2T is a log scheme then the Zariski topological space 2 is equipped with a
sheaf of sharp monoids C4-, namely the characteristic sheaf of 2" . Thus (27,C4) is a monoidal
space. Moreover, morphisms of log schemes induce morphisms of characteristic sheaves, hence
morphisms of monoidal spaces. We therefore obtain a functor from the category of log schemes
to the category of monoidal spaces.

Ezample 2.1.3. Given a monoid P, we may associate to it a monoidal space called the spectrum
of P. As a set, Spec P is the set of all prime ideals of P. The topology is characterized by the
basis open sets D(f) = {p € Spec P|f ¢ p} for any f € P. The monoidal sheaf is defined by

Mspee p(D(f)) = S71P/(S7' P)*
where S = {f"|n > 0}.

2.1.4. A monoidal space isomorphic to the monoidal space Spec P for some monoid P is called
an affine Kato fan. A monoidal space is called a Kato fan if it has an open covering consisting
of affine Kato fans. In particular, we call a Kato fan integral, saturated, of finite type or fs if it
admits a cover by the spectra of monoids with the respective properties.

2.1.5. A morphism of fs Kato fans F' — F' is called a subdivision if it has finite fibers and
the morphism
Hom(SpecN, F') — Hom(SpecN, F')

is a bijection. By allowing subdivisions, a Kato fan might take the following shape.

PROPOSITION 2.1.6 [Kat94, Proposition 9.8]. Let F' be an fs Kato fan. Then there is a
subdivision F' — F such that F' has an open cover {U!} by affine Kato fans with U] ~ SpecN":.

The strategy of the proof of Proposition 2.1.6 goes back to [KKMS73] and relies on a
sequence of particular subdivisions of the Kato fan, the so-called star and barycentric subdivisions
[ACMUW16, Example 4.10].

2.2 Kato fans associated to log-regular log schemes

THEOREM 2.2.1 [Kat94, Proposition 10.2]. Let 2" be a log-regular log scheme. Then there
is an initial strict morphism (£ ,Cq9) — F to a Kato fan in the category of monoidal spaces.
Explicitly, there exist a Kato fan F and a morphism o : (2 ,C4) — F such that o~ (Mpg) ~Cy
and any other morphism from (2 ,Cy°) to a Kato fan factors through o.

The Kato fan F in Theorem 2.2.1 is called the Kato fan associated to 2 *. Concretely, it is
the topological subspace of 2" consisting of the points x such that the maximal ideal m, of O ,
is equal to Zy- ,, and M is the inverse image of C4- on F'; henceforth we write Cr for Mp.
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Example 2.2.2. Assume that 2 is regular, of finite type over S, and 2} is a divisor with strict
normal crossings. Then 2" is log-regular and F is the set of generic points of intersections of
irreducible components of Zj. For each point x of F', the stalk of Cr is isomorphic to (N", +),
with r the number of irreducible components of 2}, that pass through =z.

This example admits the following partial generalization.

LEMMA 2.2.3. Let 2" be a log-regular log scheme. Then the fan F consists of the generic points
of intersections of irreducible components of D 4.

Proof. First, we show that every such generic point is a point of F'. Let F1y, ..., E, be irreducible
components of Dy and let z be a generic point of the intersection 1 N---N E,.. We set d =
dim Oy ,. Since 2" is log-regular, we know that Oy /Ty , is regular and that

d=dimOy /Ty »+ rankC%’-vx. (2.2.4)

We denote by V(Z4 ) the vanishing locus of the ideal Z4- , in Spec (O ;). We want to prove
that Z4 , = m,;. We assume the contrary, hence that Zy , C m,. This assumption implies
that there exists j such that V(Zg ,) € E;: indeed, if the vanishing locus is contained in each
irreducible component E;, that is,

V(Zy.)CEN---NE, C{z},

then Zy , O m,. From the assumption of log-regularity it follows that the vanishing locus
V(Zy ;) is a regular subscheme, and, moreover, that 2 is Cohen-Macaulay by [Kat94,
Theorem 4.1]. Thus, there exists a regular sequence (fi,...,f;) in Zy ,, where [ is the
codimension of V(Zgy ), that is,

Am Oy o/Toy=d— L.

Moreover, by the equality (2.2.4), rank C%é)',x =1

We claim that the residue classes of these elements f; in C%}) , are linearly independent.
Assume the contrary. If [ = 1 the proposition holds because f; is not a unit. Otherwise, [ > 2
and, up to renumbering the f;, there exist an integer e with 1 < e < [, non-negative integers
ai,...,a;, not all zero, and a unit u in O g , such that

Gt = fe

This contradicts the fact that (fi,..., fi) is a regular sequence in Zy- ;. Thus, the classes fi,o. o fi
are independent in Cg%p’ - As we also have the equality rank C%? , = 1, it follows that these classes
generate C%f’x ®z Q.

Let g; be a non-zero element of the ideal Zy- , that vanishes along E}: it necessarily exists
as otherwise F; is not a component of the divisor D 4. Then g; satisfies

N b b

g; =v-fiteo ff
with b; € Z, v is a unit in Oy , and N is a positive integer. As g; vanishes along the irreducible
component E;, at least one of the functions f1,..., f; has to vanish along Ej;: assume that it

is f1 .
On the one hand, as fi is identically zero on Ej, the trace of Ej on V(Zy ) has codimension
at most [ —1 in Ej; at the point z. On the other hand, we assumed that V(Z ) is not contained
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in £; and it has codimension [ in Oy ,. Then the trace of E; on V(Zy ;) has codimension [ in
E; at . This is a contradiction. We conclude that the ideal Zy- , is equal to the maximal ideal
m,, therefore z is a point of F.

It remains to prove the converse implication: every point = of the fan F' is a generic point
of an intersection of irreducible components of D4 . Let = be a point of F': by construction of
Kato fan F', the maximal ideal of O4- , is equal to Zy ., thus it is generated by elements in
Mg . The zero locus of such an element is contained in D g by definition of the logarithmic
structure on 2" . Therefore, the zero locus of a generator of m, in M 5, is a union of irreducible
components of the trace of Dy on Spec Oy , and x is a generic point of the intersection of all
such irreducible components. O

Remark 2.2.5. By convention, the generic point of the empty intersection of irreducible
components is the generic point of 2. By definition, this point is also included in the Kato
fan F. Thus, for example, the Kato fan associated to ST consists of two points: the generic point
of S that corresponds to the empty intersection, and the closed point s corresponding to the
unique irreducible component of the logarithmic divisorial structure.

Moreover, Example 2.2.2 also leads to the following characterization.
PROPOSITION 2.2.6 [GR04, Corollary 12.5.35]. Let 2™t be a log-regular log scheme over St and
F' its associated Kato fan. The following statements are equivalent:

(i) for every x € F, Cp, ~ N'(®),
(ii) the underlying scheme 2 is regular.
If this is the case, then the special fiber %}, is an snc divisor.
2.2.7. The construction of the Kato fan of a log scheme defines a functor from the category
of log-regular log schemes to the category of Kato fans. Indeed, given a morphism of log schemes

2+ — %* we consider the embedding of the associated Kato fan Fy in 2" and the canonical
morphism #* — Fy: the composition

Fgg-<—>%+—>@+—>Foy

functorially induces a map between associated Kato fans. Moreover, this association preserves
strict morphisms [Uli17, Lemma 4.9].

2.3 Resolutions of log schemes via Kato fan subdivisions

PROPOSITION 2.3.1 [Kat94, Proposition 9.9]. Let 2" be a log-regular log scheme and let F be
its associated Kato fan. Let F' — F be a subdivision of fans. Then there exist a log scheme
2", a morphism of log schemes Z'" — 2t and a commutative diagram

(27,Cq) —2> F'

|

such that p~'(Mp/) ~ Cg; they define a final object in the category of such diagrams and
the refinement F' — F is functorially induced by the morphism of log-regular log schemes
X - 2T,
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2.3.2. It follows that given any subdivision F/ — F of the Kato fan F associated with a
log-regular log scheme 2", we can construct a log scheme over 2 T with prescribed associated
Kato fan F’. Combining this fact with Propositions 2.1.6 and 2.2.6 yields a construction of
resolutions of log schemes in the following sense: for any log-regular log scheme over ST we
can find a birational modification by a regular log scheme with snc special fiber. Moreover, the
morphism of log schemes 2/" — 2% is obtained by a log blow-up [Niz06, Theorem 5.8].

2.4 Fibred products and associated Kato fans

2.4.1. Given morphisms of fs log schemes fi : 277 — # T and fo : 25,7 — ZT, their fibred
product exists in the category of log schemes. It is obtained by endowing the usual fibred product
of schemes

pP1
2 Xy Xog —— 21

im X l A (2.4.2)

2o 4

with the log structure associated to pflMggl EBP%}M@ pgl./\/lggz. Ifu : P—> Qrandus: P — Qo

are charts for the morphisms f; and fo respectively, then the induced morphism 27 x4 Z5 —
Spec Z[Q1 ©p Q2] is a chart for 277 xg+ 25"

2.4.3. In general, the fibred product is not fs, but the category of fs log schemes also admits
fibred products. Keeping the same notation, the following is a local description of the fibred
product in the category of fine and saturated log schemes

2 x5 = (27 xar 25) xgi018p00 ZIQ1 @p Q)]

in terms of the charts for f; and fo [Bullb, 3.6.16]. We remark that the two fibred products
above may not only have different log structures, but also the underlying schemes may differ.
Nevertheless, this obviously does not occur when the monoid Q1 ®&p Q)2 is saturated.

2.4.4. Log-smoothness is preserved under fs base change and composition [GR04, Proposition
12.3.24]. In particular, if f; : 3&”{" — %+ is log-smooth and 3&”;“ is log-regular, then %Jr x§+ 3&”;
is log-regular, by [Kat94, Theorem 8.2].

Consider log-smooth morphisms of fs log schemes 2,7 — #* and 2,5 — #*. The sheaves
of logarithmic differentials are related by the isomorphism

*(log *(log ~ Olog
p19£‘1+/gy+ @p29%2+/@+ — Q%1+Xf§/+¢/ﬁbr2+/’oy+ (245)

by [GRO4, Proposition 12.3.13]. Furthermore, by assumption of log-smoothness over ST the
logarithmic differential sheaves are locally free of finite rank [Kat94, Proposition 3.10] and we
can consider their determinants; they are called log canonical bundles and denoted by w!'°s. The
following isomorphism is a direct consequence of (2.4.5):
pfwtl;ff+/gy+ ® p§w2§+/@+ ~ wz’?x% P (2.4.6)
2.4.7. Similarly to the construction of fibred products of fs log schemes, the category of
fs Kato fans admits fibred products: on affine Kato fans F = Spec P and G = Spec @ over
H = SpecT, F xpg G is the spectrum of the amalgamated sum (P &7 Q)" in the category of
fs monoids [Ulil9, Proposition 2.4] and on the underlying topological spaces this coincides with
the usual fibred product.
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We seek to compare the Kato fan associated to the fibred product of log-regular log schemes
with the fibred product of associated Kato fans.

PROPOSITION 2.4.8 [Sai04, Lemma 2.8]. Given 1 a log-regular log scheme, let 2"+ and #*
be log-smooth log schemes over 7. We denote by 2 the fs fibred product 2+ x fs LT
Then, the natural morphisms Fo — F9 and Fy — Fy induce a morphism of Kato fans

Fgg‘ —> Fggf XFg ng (2.4.9)
that is locally an isomorphism.

2.4.10. For any pair of points (z,y) in Fg Xp, Fyp, we denote by n(z,y) the number of
preimages of (x,y) in the Kato fan of 2t under the local isomorphism (2.4.9).

LEMMA 2.4.11. If 2’ is in the closure of z, and y' in the closure of y, then n(x',y') > n(x,y).

Proof. Let 2’ be a preimage of the pair (2/,4). By Proposition 2.4.8, there exists an open
neighborhood U,/ of 2’ such that the restriction of Fo — Fy Xp, Fy to U, is an isomorphism
onto its image. In particular, (x,y) lies in this image. Thus, there exists a unique preimage of
(x,y) that is contained in U,. It follows that n(z’',y’) > n(z,y). O

2.5 Semistability and Kato fans associated to the fibred products

2.5.1. We recall that a log-regular log scheme .2 is said to be semistable if the special fiber
is reduced. We will see that semistability is a sufficient condition to establish injectivitiy of the
local isomorphism (2.4.9).

2.5.2. Given a log-regular log scheme 2+ over S*, the morphism f: 2t — ST is called
saturated if for any x € 2" the morphism Cg y(,) = C4 . on the stalks of the characteristic sheaves
is a saturated morphism of monoids; that is, if for any x and any morphism v : Cg ;) — P of
Js monoids, the amalgamated sum Cy . ©cy fa) P is still a saturated monoid.

Following the work by T. Tsuji in an unpublished 1997 preprint, Vidal in [Vid04] defines
the notion of saturation indexes for morphisms of log schemes. In the case of a log-regular log
scheme 2" over ST, the saturation index at a point # € 2}, is the least common multiple of the
multiplicities in %} of the prime components of 2}, passing through x. The following criterion
holds.

LEMMA 2.5.3 [Vid04, §1.3]. The morphism 2 * — S* is saturated if and only if the saturation
index at any point of Z}, is equal to 1.

PROPOSITION 2.5.4. Assume that the residue field k is algebraically closed. Let 2" and ' be
log-smooth log schemes over S*. Let Z°t be their fs fibred product. If 2t is semistable, then
for any pair of points (x,y) in Fg Xp, Fz whose closures intersect the special fibers 2}, and
%, respectively, the morphism Fo — Fy Xp, Fa, induced by the projections 2+ — 2 and
Zt — T, is a bijection above the pair (x,y), namely n(z,y) = 1.

Proof. Since 2'" is a semistable log-regular log scheme over ST, the saturation index of
2T — ST at any point x in 2} is 1. Thus, by Lemma 2.5.3 the morphism 2+ — St is
saturated, and it follows that the fibred product in the category of log schemes coincides with
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the fibred product in the category of fs log schemes. This fact is crucial in the sequel of the proof
to describe explicitly the divisor D, and to characterize the points of Z.

We write Dy = A g+ 2, where Ay =) . Ay ; is the horizontal part and 2, = >, Eg ;;
and Dy = Ay + % red, With Ay = Zj Ay ; and Y red = Zj Ey ;. The divisor D, associated
to the log structure of the fs fibred product, is given by Dy = Ay + Zj red, Where Ay =
Ag xY+X xAy =) Ay jand Zfrea = ), Ex . As k is algebraically closed, the irreducible
components of 2, = 21 X % are given by the products of irreducible components of 2} and
%.; that is, for any h we have Ey ), = Eg i, X Ew j, .

The points in the special fiber 2}, are characterized as follows:

Z = ('T7y737p) and 03),2 = (O%,Z ®R OW,y)Pv

where z and y are points of 2t and #Z ™ both mapped to s, while p is a prime ideal of the
tensor product of residue fields x(x) ®j k(y). We assume now that z is a point in Fy N 2%, and
see the restrictions on z, y, and p that follow from this assumption.

(i) We claim that the projections x and y are points of the respective Kato fans. By
Lemma 2.2.3, z is a generic point of an intersection of irreducible components of D 4.
If every irreducible component of D4 containing z is in the special fiber, then the
intersection is given by

IS T T I8
ﬂ Eyp = ﬂ Eg ;, X By j, = ( ﬂ E%zh) X ( ﬂ E?Z/,jh>-
h=1 h=1 h=1 h=1

The projections x and y of z are generic points of strata in %2 and %, hence lie in the
respective Kato fans.

Otherwise, let Ay 1,..., A,/ be the horizontal components of D # passing through z. We
consider the subscheme 2 = ﬂ;lzl Ay of Z, endowed with the divisorial log structure
Dy = Dy reda- Then, 27 = (2, Dgy) is a log-regular log scheme and z is a point in the Kato
fan of 2T that corresponds to the generic point of an intersection of irreducible components
of D¢, that are all contained in the special fiber. Since

7 =)z = (ﬂA%-,lx@> m( N %xA@O = (QAM) X ( N A%>
=1 =1 =1

I=r"+1 I=r"+1
is itself a fibred product of log-smooth log schemes, we conclude by the previous case.

(ii) We claim that the ideal p is minimal. Since z lies in F'», we have that dim O , = rankcgfz.
At the level of characteristic sheaves

gp 8p 8p
rankC%Z = rankc%-vz + rankC%y —1

holds, since the stalk at z of the characteristic sheaf of 2" is equal to Cx , = Cy » BN Ca y
and the morphism N — Cy- , is saturated. As x and y are both points in the associated Kato
fans, the equality between the dimension of the local ring and the rank of the groupification
of the characteristic sheaves holds for x and y as well, and we obtain

dim Oy , = rankC?})Z = rankC§§ .t rankC%}ay —1=dim0Oy ,; +dim Oy , — 1.

By log-regularity of 2" we have the inequality dim Oy ,» > rankC%ﬁ) _, at any point 2/,
hence the equality that holds for z necessarily implies that p is a minimal prime ideal of
K(z) @ K(Y).
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Let (z,y) be a pair of points of Fig- x g, Fi that lie in the respective special fibers. In order
to determine the number n(x,y) of preimages of (z,y) in Fg, we need to study the number
of minimal prime ideals of the tensor product k(z) ®j k(y). Since the residue field %k is an
algebraically closed field, the tensor product x(z) ®j k(y) is a domain; in particular, it has a
unique minimal prime ideal, namely 0. We obtain that n(z,y) = 1.

Let (x,y) be a pair of points in Fy Xy Fz whose closures intersect the special fibers,
namely there exist 2’ € Fyp- N 2} and v € Fy N %, such that 2/ is in the closure of z and
v’ in the closure of y. Then, by the previous part of the proof and by Lemma 2.4.11, we have
n(z,y) <n2,y) =1. O

3. The skeleton of a log-regular log scheme

3.1 Construction

3.1.1. Let 2"t be a log-regular log scheme over S*. Let = be a point of the associated Kato
fan F'. Denote by F'(z) the set of points y of F' such that z lies in the closure of {y}, and by Cp(,)
the restriction of Cp to F(x). Denote by SpecCg , the spectrum of the monoid Cy , = Cpy.
Then there exists a canonical isomorphism of monoid spaces

(F(l')vCF(:c)) - Speccl%,m ‘Y= {3 S Cﬂ?f,ac ‘ S(y) = 0}7

where the expression s(y) = 0 means that s'(y) = 0 for any representative s’ of s in My ,. In
particular, we obtain a bijective correspondence between the faces of the monoid Cgy-, and the
points of F'(x), and for every point y of F'(z), a surjective cospecialization morphism of monoids

Ty :Ca oz —> Cay
which induces an isomorphism of monoids
STy /(STCr2) ZCaa/S = Cary,
where S denotes the monoid of elements s in Cy-, such that s(y) # 0.

3.1.2. For each point z in F', we denote by o, the set of morphisms of monoids
a:Cqp—> (Reo,+)

such that a(7) = 1 for every uniformizer 7 in R. We endow o, with the topology of pointwise
convergence, where R>q carries the usual Euclidean topology. Note that o, is a polyhedron,
possibly unbounded, in the real affine space

{a:C% , — (R,+)|a(r) =1 for every uniformizer 7 in R}.

If y is a point of F'(z), then the surjective cospecialization morphism 7, , induces a topological
embedding oy, — o0, that identifies o, with a face of 0.

3.1.3. We denote by T the disjoint union of the topological spaces ¢, with x in F. On the
topological space T, we consider the equivalence relation ~ generated by couples of the form
(a, 074 4) where x and y are points in F' such that z lies in the closure of {y} and « is a point
of oy.

The skeleton of 2 T is defined as the quotient of the topological space T by the equivalence
relation ~. We denote this skeleton by Sk(.2 7). It is clear that Sk(2 ") has the structure of a
polyhedral complex with cells {o,, x € F'}, so it comes equipped with a PL structure, and that
the faces of a cell o, are precisely the cells oy with y in F'(x).
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3.1.4. We note that o, is empty for any point x that does not lie in the special fiber Z}:
indeed, outside the special fiber any uniformizer is an invertible element, so it is trivial in Co-
and is mapped to 0 by any morphism of monoids. Therefore, the construction of the skeleton
associated to 2" only concerns the points in the Kato fan F that lie in the special fiber.
Moreover, given a generic point x € 2 of an intersection of components of D 4, where at least
one component is not in the special fiber, the corresponding face o, is unbounded.

In other words, the skeleton associated to a log-regular scheme 2+, where Dy allows
horizontal components, generalizes Berkovich’s skeletons by admitting unbounded faces in the
direction of the horizontal components as well as by allowing singularities in the special fiber. It
also generalizes the construction performed by Gubler, Rabinoff, and Werner in [GRW16] of a
skeleton associated to a strictly semistable snc pair.

3.2 Embedding the skeleton in the non-archimedean generic fiber

3.2.1. Let 2" be a log-regular log scheme over S*. Let x be a point of the associated Kato
fan F. As the log structure on 2" is of finite type, the characteristic monoid Cy  is of finite
type too, and thus Cg%p’ ., is a free abelian group of finite rank. Hence there exists a section

. gp X gp
C : Me%”,x/Mﬁé’,a: - M%',z‘

The section ( restricts to Co- ; — My 5; indeed, if x € My, then ((T) —x € M, . Therefore
we may choose a section
C(gg,x — Mg/qx (3.2.2)

of the projection homomorphism
Mtf{,z - Cﬁf,x

and use this section to view Cy , as a submonoid of M 4 ;. Note that Cy- , \ {1} generates the
ideal Iggﬂ; of O%,x-
We propose a generalization of [MN15, Lemma 2.4.4].

LEMMA 3.2.3. Let A be a Noetherian ring, let I be an ideal of A, and let (yi,...,ym) be a
system of generators for I. We denote by A the I-adic completion of A. Let B be a subring of A
such that the elements y1, ...,y belong to B and generate the ideal BN I in B. Then, in the
ring A, every element f of B can be written as

=3 e (3.2.4)

ﬂEZ;"O

where the coefficients cg belong to ((A\ I) N B) U {0}.

Proof. Let f be an element of B; we construct an expansion for f of the form (3.2.4) by induction.
If f belongs to the complement of I, the conclusion trivially holds. Otherwise, f belongs to [
and we can write f as a linear combination of the elements v, ..., ¥, with coefficients in B:

f:ijyj, bjEB.
j=1

By the induction hypothesis, we suppose that i is a positive integer and that we can write
every f in B as a sum of an element f; of the form (3.2.4) and a linear combination of degree-i
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monomials in the elements yi, ..., ¥y, with coefficients in B. We apply this assumption to the
coefficients b;, hence

bj=bji+ > by’ bjs€B.

BEZ,
|B|=i
Then we can write f as a sum of an element f; 11 of the form (3.2.4) and a linear combination
of degree-(i + 1) monomials in the elements yi, ...,y with coefficients in B:
m m
r= Yt 35 (X o
=1 i=1 \ gez,
v |B|=i
fiv1

such that f; and f;11 have the same coefficients in degree less than or equal to 4. Iterating this
construction, we finally find an expansion of f of the required form. O

3.2.5. Let f be an element of Oy . Considering A = B = Oy ,, I = m,, and a system of
generators for m, in Cy 5, \ {1}, by Lemma 3.2.3 we can write f as a formal power series

f=> e (3.2.6)

’Yec%,z

in Oy ,, where each coefficient ¢, is either zero or a unit in Qg ,. We call this formal series an
admissible expansion of f. We set

S={y€Cyalc, £0} (3.2.7)

and we denote by I';(f) the set of elements of S that lie on a compact face of the convex hull of
S+Cyqzin C%’-z ®z R. We call T';(f) the initial support of f at x, notation which is justified
by the next proposition.

PROPOSITION 3.2.8.

(i) The element
fo= Y @) € k@)Caa

vElz(f)
depends on the choice of the section (3.2.2), but not on the expansion (3.2.6).

(ii) The subset I'y(f) of Co 5 only depends on f and x, and not on the choice of the section
(3.2.2) or the expansion (3.2.6).

Proof. If we denote by I the ideal of k(z)[Co .| generated by Cg- , \ {1}, then it follows from
[Kat94] that there exists an isomorphism of k(z)-algebras

gt k(2)[Ca z] = grm, O 2 (3.2.9)

Using this result and following the argument of [MN15, Proposition 2.4.4], we show now that f,
does not depend on the expansion of f. Let

f= > dn

VGC%,x
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be another admissible expansion of f with associated set I';(f)’ and element f.. Then
0= ¥ e-dp- ¥ an
’YEC%’Z ’YEC.%’,I
where the right-hand side is an admissible expansion obtained by choosing admissible expansions

for the elements ¢, — ¢/, that do not lie in O} U {0}. In particular, d,(z) = ¢y(z) — ¢, (z) for

any v in I, (f) UL, (f)". The isomorphism of graded algebras in (3.2.9) implies that the elements
d, must all vanish, hence I';(f) =T(f) and f, = f...

Point (ii) follows from the fact that the coefficients ¢y of f, are independent of the chosen
section up to multiplication by a unit in O ,, so that the support I';(f) of f, only depends on
f and x. O

PRroPOSITION 3.2.10. Let x be a point of F' and let
a:Cyp— (Reo,+)

be an element of o,.Then there exists a unique minimal real valuation
v:0g,:\{0} - Ry

such that v(m) = a(m) for each element m of My .

Proof. We will prove that the map
v:0g ,\{0} > R: f— min{a(y) |y € T(f)} (3.2.11)

satisfies the requirements in the statement. We fix a section
Cl%’,m - M,%’,:Jc-

It is straightforward to check that (f - ¢g)s = fz - g for all f and g in Oy ,. This implies that v
is a valuation. It is obvious that v(m) = a(m) for all m in My, since we can write m as the
product of an element of Cy , and a unit in Oy ,.

Now we prove minimality. Consider any real valuation

w:0gp ,— R

such that w(m) = «a(m) for each element m of My ,, and let f be an element of Oy ,. We
must show that w(f) > v(f).
We set
Co=Cy 2\ a™(0).

We denote by I the ideal in O 4, generated by C, and by A the I-adic completion of Oy ,. By
Lemma 3.2.3, we see that we can write f in A as

> dsB, (3.2.12)

BECLU{1}

where dpg is either zero or contained in the complement of I in Oy .
Since () > 0 for every 8 € Cy, we can find an integer N > 0 such that w(g) > w(f) for
every element g in IV. So we have

w(f) = min{a(B) |ds # 0},
recalling that w(8) = a(B) for all fin Cy .
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We consider the coefficients in the expansion (3.2.12) of f. Applying Lemma 3.2.3 as in
paragraph (3.2.5), we can write admissible expansions of these coefficients in Oy , as

dg = Z .87, CyB € O?l‘,a; U {0},
'yec.%’,z

with a(v) = 0 in the expansions of dg that belong to m, \ I.
Therefore we obtain an admissible expansion of f

f= Z Cy.B VB
BECU{1}veCx &
and we have v(f) = min{a(yf) | ¢, s # 0} = min{a(B) | dg # 0} < w(f). O

Remark 3.2.13. In the definition (3.2.11) of the valuation v, we compute the minimum over
the terms in the initial support of f: these elements are a finite number and they only depend
on x and f by Proposition 3.2.8. Therefore, this minimum provides a well-defined function on
Oz 4 \ {0}. Nevertheless, it is equivalent to consider the minimum over all the terms of an

admissible expansion of f, that is, for any admissible expansion f = Zvec% L O

min{a(y) [ € Tx(f)} = min{a(y) [y € 5},

where S ={y€Cy ,|c, #0} asin (3.2.7). Indeed, any element that belongs to S can be written
as a sum of an element of the initial support of f and an element of Cy- ;. Since the morphism
« is additive and takes positive real values, the minimum is necessarily attained by the elements
in the initial support.

3.2.14. We will denote the valuation v from Proposition 3.2.10 by v, o. Since v, induces a

real valuation on the function field of 2k that extends the discrete valuation vx on K, it defines

a point of the K-analytic space 232", which we will denote by the same symbol v, .. We now

show that the characterization of v, in Proposition 3.2.10 implies that

Vy,a/ = VUz,a/ory y

for every y in F(x) and every o in oy,
First we note that O 4, is the localization of O 4, with respect to the elements m € Mg,
in the kernel of 7, . Indeed, by construction of 7, ,, the kernel is given by

ker(ry,y) = {s € Co x| s(y) # 0}.
To obtain O 4, from O4 ,, we localize by

S={acOg,|aly) #0}.

Therefore we can identify the set of elements of M g, whose reduction is in ker(r,,) with the
set S, recalling that, for points in the Kato fan, Co , \ {1} generates the maximal ideal of O ,.
Therefore we are dealing with these two morphisms:

O%,x — Sil@ﬁif,x = O%',ya
C%’,x - Cﬁ’,x/s = Cf&”,y-

1275

https://doi.org/10.1112/50010437X19007346 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X19007346

M. V. BROWN AND E. MAZZON

Let f be an element of Oy ,. In the notation of Lemma 3.2.3, we apply the lemma to
A =0y, and B = Oy ,, choosing a system of generators of m, in Cy ,: we can find an
admissible expansion of f of the form

f= ) dss withds € (Op N0} )U{0}.
0€Ca y

Admissible expansions of coefficients ds induce an admissible expansion for f by

f= Z <chyy>5 with cy5 € O, U {0},

560%,y yES

where 7 runs through the set S since ds € O, " Thus we have

Uy,oz’(f) = min{a'((S) ’6 € Fy(f)}
=min{a’ 0 754(70) |6 € Ty(f), v € S}
= min{a’ o 75, (¥9) | vd € Tu(f)}
= Uz,a/ory,y (f)
Hence, we obtain a well-defined map
L:Sk(Z2T) — 2
by sending « to v, . for every point x of F' and every o € 0.

ProrosiTIiON 3.2.15. The map
L:Sk(Z2T) — 22

is a topological embedding.

Proof. First, we show that ¢ is injective. Let x be a point of F' and « an element of o,. Let y be
the point of F(x) corresponding to the face Co . \ a71(0) of C4 .. Then « factors through an
element
a:C 29— Rxo

of o,. Note that a = o’ in Sk(2Z 1) because o = o’ o 7;,,. Moreover, since (a’)71(0) = {1}, the
center of the valuation v, o is the point y, so that red 2-(vy o) = y. Thus we can recover y from
Vy.o/- Then we can also reconstruct o/ by looking at the values of v, s at the elements of Mg .
We conclude that ¢ is injective.

Now, we show that ¢ is a homeomorphism onto its image. For any valuation v in Sk(.2™)
and any small open neighborhood U of ¢(v) in 22", there exists a closed subset C' in Sk(21)
such that U N«(Sk(2 1)) C «(C) and, up to subdivisions, we can assume that the C' is a closed
cell of Sk(2Z ). Therefore, it suffices to prove that the restriction of ¢ to any closed cell o, of
Sk(2 1) is a homeomorphism. The restriction l|o, 18 an injective map from a compact set to the
Hausdorff space 273", so we reduce to showing that ¢, is continuous, to conclude that ¢|,, is a
homeomorphism. By definition of the Berkovich topology, it is enough to prove that the map

or = R vy0(f)
is continuous for every f in Oy ,. This is obvious from the formula (3.2.11). O

3.2.16. From now on, we will view Sk(2™") as a topological subspace of 272" by means of
the embedding ¢ in Proposition 3.2.15. If 2" is regular over R and 2} is a divisor with strict
normal crossings, the skeleton Sk(2 1) was described in [MN15, §3.1].
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3.3 Contracting the generic fiber to the skeleton

3.3.1. We denote by D g por the component of Dy not contained in the special fiber 2.
The inclusion ¢ : Sk(2'") — 22" is actually an inclusion in (Zx \ D2 hor)™ and it admits a
continuous retraction

Py (%K \ D%7h0r)an —> Sk(%+)
constructed as follows. Let = be a point of (Zx \ D2 hor)*" and consider the reduction map
redy : (Zx \ D2 hor)™ = Zk-

Let Ei,...,E, be the irreducible components of Dy passing through the point red s (z). We
denote by & the generic point of the connected component of F1N---NE, that contains red 2-(z).
By Lemma 2.2.3, £ is a point in the associated Kato fan F'. We set « to be the morphism of
monoids

a:C e R;o

such that a(m) = v,(m) for any element m of Mg ¢. In particular, a(m) = vy(7m) = 1 as we
assumed the normalization of all valuations in the Berkovich space. Then pg (x) is the point of
Sk(2Z*) corresponding to the couple (&, ). By construction pg- is continuous and right inverse
to the inclusion ¢.

3.3.2. Given a dominant morphism f : 2" — # T of integral flat separated log-regular log
schemes over S, it induces a map between the set of birational points Bir(Zk) — Bir(%k). As
Bir(Zx) € (Zk \ D2 hor)™, we can employ the retraction p to define a map of skeletons as
follows.

Bir(2x) — > Bir(%)

ol

Sk(2+) = Sk(F+)

This association makes the skeleton construction Sk(2 *) functorial in 2°* with respect to
dominant morphisms.

3.4 Skeleton of an fs fibred product
3.4.1. Let 2" and T be log-smooth log schemes over ST, and let 2" be their fs fibred

product. Let
Sk(Z1) — Sk(2 ) x Sk(Z')

be the continuous map of skeletons functorially associated to the projections pry : T — 2°F
and pry : Zt — #T. We denote this map by (prSk( %),prSk(@)) and we recall that it is
constructed considering the following diagram.

Bir(Zx) — %) Bi(25) x Bir(Yk)
pfé"w\L—?’ i(p%,f)@) (3.4.2)
(prSk(ﬁK):prSk(ﬁy))

Sk(Z+) Sk(2°+) x Sk(#+)

PROPOSITION 3.4.3. Assume that the residue field k is algebraically closed. If 2" is semistable,
then the map (prgy(4); Prsk(#)) is a PL homeomorphism.
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Proof. We first provide an explicit description of the map prgy 4 (respectively, of prgy(ay) in
diagram (3.4.2). Then we show that the map (prgy(27), Prsk(#)) is injective and surjective.

Let v, . be the valuation in Sk(Z*) corresponding to a couple (z,¢) with z € F» N 2% and
€ € 0,. We consider the morphism of associated Kato fans

Fgg—)Fgg XFSFZZ/

as established in Proposition 2.4.8. We denote respectively by prp, and prg,, the projection to
the first and second factor. Then prp, (z) is a point in the associated Kato fan Fy-, which we
denote by x. We consider the morphism of monoids

ix:Cag— Cox,
and the composition
pI‘gg(S) : Cﬂ?ﬂaﬂ g C§7Z = (C%,x DN ngﬂ)sat s R>0
at [a, 1] 1 e([a, 1]).

It trivially satisfies € o i,(m) = 1. In order to conclude that it correctly defines a point in the
skeleton Sk(.2"T), we need to check the compatibility with respect to the equivalence relation ~.
Indeed, suppose that ¢ = ¢’ o 7, . for some z € {2’}. We denote by 2’ the projection of 2’ under
the local isomorphism of associated Kato fans. The diagram

iy
Cﬁl’ T > Cff z
) ) €
\Lm,zl \LTz,z’\ R>0
iz’ / -
C%',z’ - Cf’f,z’ €

is commutative as it is made up of a commutative square and a commutative triangle of arrows.
Therefore, by commutativity

pr%(a) = Pryg (6/) O Tg,a!

and this implies that pr-(¢) defines a well-defined point v, 1., () of Sk(2Z™).

We claim that vy, (c) is indeed the image of v, under the map prgy(y). We recall that
the projection pr,-, in diagram (3.4.2), is such that a valuation v on the function field K(%%)
maps to the composition v o i where i : K(2%) — K(Z%). Thus, we need to prove that the
equality in the following inner diagram holds.

Bir(Zx) s Bir(2k)
Vpe ———>10,.01
px | |t ﬁ ¥ pa

’UZ,E s p% (/UZ»E © Z) = Uﬂ?,pr%(€)

Sk(Z+) Sk(2'+)

Prgk(«)

We denote pg (vse01i) by (x,a) as a point of Sk(:2"T). By definition of the retraction pg-, the
morphism « is characterized by the fact that a(m) = (v, oi)(m) for any m in Mg, and then
we have

a(m) = (v,c01)(m) = v, (M) = ().
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On the other hand, for any m in My ,,

Uz,pr g () (M) = Pro(e)(M) = e(m)
hence we obtain that a coincides with the morphism pr,-(¢). This means that their associated
points pg-(vze i) and vy, () coincide in Sk(Z™).
We now prove injectivity and surjectivity of the map (prgi(4-y, Prsi(#))- Given a pair of points
in Sk(.2" ") x Sk(#), they are of the form (vy.q,vy3), wWith © € For N 2%, y € Fy N, a € 04,
and B € o,. The assumptions of semistability of 2" and algebraic closedness of k guarantee
that there is a unique z in F's in the fiber of z and y, by Proposition 2.5.4 and Remark 3.1.4.
We claim that we can construct a unique € € o such that (prex(2-), Prsk@)) (Vz,e) = (Vz,a5 Vy8)-
We set
e: Cy.=(Cozp®nCyy)™ —Rxg
[a,1] ———«a(a)
[1,0] B(b);
this is well defined as e([m, 1]) = a(7) =1 = B(7) = ¢([1, 71]). By construction, the image of v, .
i8 (Vz,a,Vy,), so the map (prgy(27), Prsk(a)) is surjective. Moreover, we can uniquely reconstruct

¢ by looking at the values of v, (¢) at the elements of My ;, and of v, 1, (c) at the elements
of My . Thus (prgy 2, Prska)) is injective. O

The assumption of semistability is crucial in the result of Proposition 3.4.3. To see this, it is
helpful to consider an example.

Ezample 3.4.4. Let g be the equation of a generic quartic curve in ]P’(%((t)). Then 2 : tq+z%y> =0
gives the equation of a family of genus-3 curves, degenerating to two double lines. The dual
complex D(Z¢) of the special fiber Z¢ is a line segment and 2" has four singularities of type
Aj in each component of the special fiber, corresponding to the base points of the family. In this
case taking a semistable model of 2¢(()) requires an order-2 base change R’ of R = C[[t]], which
induces coverings branched at each of these singular points (see [HM98, p. 133] for details). Let
% be such a semistable reduction. Thus the special fiber of % consists of two elliptic curves,
call them FE; and F5, which intersect in two points, p4 and pp, which are the preimages of the
point (0:0:1). The dual complex D(%¢) of the special fiber Z¢ is isomorphic to S*.

We will compare the dual complex of (2" xgr 2 )c with that of (# xpr #)c. The models
Z and % are not log-regular at every point, but from our perspective it is enough that they
are log-regular at the generic point of each stratum. For the product with a semistable model,
the dual complex is the product of the dual complexes, and D((# xr % )c) is therefore a real
2-torus S* x St

On the other hand, the dual complex of the product (2" xr 2 )c is given by a quotient of
St x St by the action of Z/2Z. D((# x g % )c) has the structure of a cell complex, whose cells
correspond to ordered pairs of strata in D(%¢), so

zero-dimensional strata:  (Ey, E2), (E1, E1), (B2, E1), (E2, E9)
one-dimensional strata:  (F1,pa), (E1,pB), (F2,p4), (F2,pB)

(pA7E1)7(p )7(p )7(p )
two-dimensional strata:  (pa,pa), (pa,pB), (PB,PA), (PB,DB).

The action of Z/27 fixes E; and Es, while switching p4 and pp. Therefore it fixes exactly
the zero-dimensional strata while acting freely on the other points. The quotient, the complex
D(Z xr 2 )c), is piecewise linearly homeomorphic to the sphere S2. In particular, it is not
isomorphic to the product of two line segments.
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4. The weight function

From now on we assume char(K) = char(k) = 0.

4.1 Weight function associated to a logarithmic pluricanonical form

4.1.1. Let X be a connected, smooth and proper K-variety of dimension n. We introduce the
following notation: for any log-regular model 2°* of X, for any point z = (&, ]| |.) € X", and
for any Q-Cartier divisor D on 2" whose support does not contain &,, we set

ve(D) = —Inlf (z)|"/",

where f is any element of K (X)* such that mD = div(f) locally at redy (x), and m € Z~q is
such that mD is Cartier.

4.1.2. Let (X,Ax) be a fractional snc pair as in § 1.5, so that Ay is an effective Q-divisor
such that Ax = Y a;Ax,; has 0 < a; < 1, and the round-up X = (X, [Ax]) is snc. Let w be
a regular m-pluricanonical form on X with poles of order at most ma; along Ax ;, for some m
such that ma; € N for any ¢. Thus, such a form is a section of Ox(m(Kx + Ax)), and we call
it a Ax-logarithmic m-pluricanonical form.

Given a log-regular model 2t of X*, where Dy = [Ax| + Zkred, We can view any
A x-logarithmic m-pluricanonical forms as rational sections of the logarithmic m-pluricanonical
bundle (wlé%g+ /S+)®m, that is, of

1 ~ .
(wg,g+/s+)®m = w%-r';s ® Oz (m([Ax ]| + Zired — div(m))).

The form w, viewed as a rational section of (w(l;i /S+)®m, defines a divisor divy+(w) on 2.

Note that the multiplicity in div g+ (w) of the closure Ax; in Z of Ax is at least m(1 — a;).

4.1.3. Given a Ax-logarithmic m-pluricanonical form w, we can consider it as a rational
section of w%TK. Hence, we can associate to w the weight function wt,, as in [MN15]. The following
lemma gives an interpretation of the weight function associated to w in terms of logarithmic
differentials, which we will use in the sequel.

LEMMA 4.1.4. Let 2" be a log-regular model of X+. Then for every point x of Sk(2 1),
Wty (z) = vy (div g+ (w)) + m.

Proof. Tt suffices to prove the equality for the divisorial points in Sk(.2™1), since they are dense
in the skeleton, and both wt,(-) and v.(divg+(w)) are continuous functions on the skeleton
Sk(Z'T).

Let = be a divisorial point in Sk(2 *). If z corresponds to a component of the special
fiber 2}, then the center redy (x) of x does not contain the closure of any components of
Ax. Thus, locally around red g (z) the log schemes 2™t and (2", Zj red) are isomorphic and, in
particular, div g+ (w) = div o 2 ,.4)(w). The computation in [NX16, § 3.2.2] shows that wt,,(z) =
Vg (div(o 25 ,.4)(@)) +m, so we obtain the required equality.

Otherwise, we consider the blow-up h : 27/ — 2°T at the closure of the center red »- () of
rin 27T, By [KMO08, Lemma 2.45],! iterating this procedure a finite number of times, we obtain

! The proof in [KMO8] considers the case of a variety over a field, but it generalizes to varieties of finite type over
a discrete valuation ring.
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a log-regular model %t such that the x corresponds to a component E of the special fiber %,.
By reduction to the previous case, it is enough to check that the value v, (div g+ (w)) does not
change under such a blow-up h.

The morphism h is the blow-up of a stratum of the log boundary [Ax| 4+ 2 red, hence h is

lo

a log étale morphism. By [Kat89, Proposition 3.12], we have h*(w%gﬂy) = w1§5+/s+. It follows
that div g+ (w) = h*(div g+ (w)) and this concludes the proof. O

4.1.5. We recall from [MN15, §4.7] that the Kontsevich-Soibelman skeleton Sk(X, Ax,w) is
the closure in Bir(X) of the set of divisorial points of X" where the weight function wt,, reaches
its minimal weight, namely

wt (X, Ax) = inf{wt,(z) |z € Div(X)} € RU{—o00}.

A priori the weight function associated to a rational pluricanonical form may have minimal
weight —oo, hence the corresponding Kontsevich—Soibelman skeleton would be empty. We prove
that this does not occur for Ax-logarithmic pluricanonical forms.

PROPOSITION 4.1.6. Given a Ax-logarithmic m-pluricanonical form w, for any log-regular model
2t of Xt the inclusion Sk(X,Ax,w) C Sk(2™*) holds.

Proof. Let 2" be a log-regular model of X and let y be a divisorial point of X2". It suffices
to prove that

wtw(y) = Wty (p2(y))

and that the equality holds if and only if y is in Sk(2""). As in the proof of Lemma 4.1.4, we
consider the blow-up of 2™+ at the closure of red o-(y): iterating this procedure a finite number
of times, we obtain a log-regular model Z'* such that y € Sk(#*).

Let h: T — #T be a morphism of this sequence. If {redy (y)} is a stratum of Dy, then
the morphism / induces a subdivision of the skeleton Sk(# ), so p#(y) = py (y).

Otherwise, {redy (y)} is strictly contained in a stratum V of Dy . Let E be the exceptional
divisor of h, r = r; + 7, be the codimension of V in #', where r, and r, are the number
of irreducible components of [Ax| and respectively of the special fiber #j, containing V. Let
r + j be the codimension of {redy (y)}, where j > 1. We denote the projections onto St by
sy W T — ST and sy : ZT — ST and by 7 a uniformizer in R. Then we have that

Wk o) = B @y r ® Op (TAXT soq + Whred — s div(m)))

= (,Ug/R & Ofg((l - Tr— ])E + [AX—‘,red + ThE + %f,red + (TU - 1)E - Szf div(ﬂ'))
= W;g«r/y ®@O0x(—jE).
It follows that div g+ (w) = h*(divy+(w)) + mjE, so
Upar (y) (dinZ”f (w)) = Upgg(y)(h* (div“//+ (w)) + m]E)

2 Uy, (y) (divy+(w)) + mjuv,,, ) (E)
> Upyy () (divy+ (W),

where for the first inequality we apply [MN15, Proposition 3.1.6], while the second strict
inequality holds as j > 0 and v, (,)(£) > 0 since the center of the valuation py (y) is
contained in E. Therefore, for any such morphism h, the weight is strictly increasing, namely
wty,(pz(y)) > wty,(py (y)). This concludes the proof. O
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Only the components of Ax with coefficient a; = 1 determine strata that are contained in the
Kontsevich—Soibelman skeletons. The introduction of A x-log pluricanonical forms allows us to
construct non-empty Kontsevich—Soibelman skeletons even for varieties with Kodaira dimension
—00, as in the following examples.

Example 4.1.7. Let X be the projective line }P’}( with affine coordinates = and y, and Ax =
(0:1)4(1:0). Then a; = 1 for any 7 and there exist A y-logarithmic canonical forms. For example,

we consider
_de _ dy

Zz Y
Let 2 =PL and Dy = (0:1) + (1:0) + Pi. The log scheme 2+ = (27, Dy) is a log-regular
model of X = (X, [Ax]) and the associated skeleton Sk(2™*) looks like this:

Dy Sk(2°+)

w

R U]p]lc

Since div -+ (w) = 0, the weight associated to w is minimal at any point of the skeleton Sk(.2™).
Thus Sk(X, Ax,w) = Sk(Z") ~R.

Ezample 4.1.8. Let X =P} and Ax = 2(0:1) + 2(1:0) + Z(1:1). So a; = 2 for any i and there
exist Ax-logarithmic 3-pluricanonical forms. We set

1 1 1
- .= . (dy)3.
EESVEA a2 W
We consider 2 =P}, and Dy = (0:1) + (1:0) + (1:1) + P}; then 27T = (27, D) is a log-regular
model of X = (X, [Ax]) and Sk(2'") is

Dy Sk(2' )

Pi - .

1) | U]Pl
1 k

() = -

w =

(0:
(1:
(1:0)

)|

Since div g+ (w) = (0:1) 4+ (1:0) + (1:1), the weight associated to w is minimal at the divisorial
point UpL corresponding to Pi, and is strictly increasing with slope 1 along the unbounded edges,
when we move away from the point vp:. Therefore, Sk(X, Ax,w) = {U]P’i }.

4.2 Weight function and Kontsevich—Soibelman skeleton for products
4.2.1. Let 2t and #* be log-regular models over ST of Xt = (X,[Ax]) and Y+ = (Y,
[Ay]) respectively. Then the fs fibred product Z+ = 2°F X];? . #* is a log-regular model of
Zt = Xt x’;s( Y *. Therefore, given wyx+ and wy+ Ax-logarithmic and Ay-logarithmic m-
pluricanonical forms on (X,Ax) and (Y, Ay) respectively, the form
B = pris wys ® pris wy+

is a Agz-logarithmic m-pluricanonical form on (Z,Az), where Ay = X xx Ay + Ax xg Y.
Viewing these forms as rational sections of logarithmic m-pluricanonical bundles, we see that
div g+ (@) = priy 4 (div g+ (wx+)) + pry,. (divg+ (wy+)) according to (2.4.6).
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4.2.2. Let z be a point of Fgr N Z; as before, we denote by = and y the images of z under
the local isomorphism Fg — Fg X pg Fz. Any morphism ¢ € o, defines a point v, . in Sk(2'T).
For the sake of convenience, we simply denote the valuations by the corresponding morphism
and we denote a = pry-(¢) and 8 = pry (). We aim to relate the valuation v.(div g+ (w)) to the
values

Vo (divy+(wx+)),  va(dive+(wy+)).

4.2.3. Let f, € Og , be a local equation of div g+ (wx+) around . In order to evaluate v,
on f, we consider an admissible expansion of f, as in (3.2.6),

Jo = Z Cy7Y-
'YEC.%',;E
Furthermore, this expansion also induces an expansion of pr¥-(f;) by

priv(fe) = Y. priy(e)y

7€C5?f,z

as formal power series in 63}’7Z, since the morphism of characteristic sheaves Cy , < Cx , is
injective. Following the same procedure for a local equation f, € Oy ,, of divg+(wy+) around y,
we get an expansion of f, that extends to prj, (f,):

fy=>_ dsb.

0€Ca
4.2.4. A local equation of @ around z is determined by pr¥-(f.) pr}, (fy). Thus
ve(divy+ (@) = v=(prly (f2) Priy (fy),

and by multiplicativity of the valuation v,

ve(pry (fa) Priy (fy)) = v=(pr (fa)) + v=(priy (fy))-
Recalling Remark 3.2.13, the valuation can be computed as follows:

ve(pry (fo)) = min{e(y) [ ¢y # 0};

as the elements v belong to Cy , and « is defined to be pry-(¢), we have

min{e(y) [ ¢y # 0} = min{a(y) [ ¢y # 0} = vz.a(fz).
Hence, we conclude that

ve(div g+ (@) = v=(priy (f2)) + v=(pry (fy))
= Ua(fa:) + Uﬂ(fy)
Vo (divg+(wx+)) + va(divey+ (wy+)). (4.2.5)

4.2.6. This result turns out to be advantageous to compute the weight function wt, on
divisorial points of Sk(Z™):

Wt (€) = ve(div g+ (w)) +m
= va(divg+(wx+)) + vg(divg+(wy+)) +m
= Wty , (@) + Wt (B) —m. (4.2.7)
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4.2.8. In the notation of the previous paragraphs, our computations lead to the following
result.

THEOREM 4.2.9. Suppose that the residue field k is algebraically closed and that 2T is
semistable. Then, the PL homeomorphism of skeletons

Sk(ZT) 5 Sk(21) x Sk(#Z™)
given in Proposition 3.4.3 restricts to a PL homeomorphism of Kontsevich—-Soibelman skeletons
Sk(Z,Az,w) = Sk(X, Ax,wy+) x Sk(Y, Ay, wy+).

Proof. This follows immediately from equality (4.2.7), which shows that a point in Sk(2°") has
minimal value wt(Z, Az) if and only if its projections have minimal value wt,, , (X, Ax) and
Wty (Y, Ay). O

5. The essential skeleton of a product

For this section, we assume the residue field k is algebraically closed.

5.1 Essential skeleton of a pair

5.1.1. Let X be a proper variety over K and (X,Ax) a fractional snc pair as in §1.5. Let
Z* be a log-regular model of (X, [Ax]) over ST. Let w be a non-zero regular A x-logarithmic
m-pluricanonical form on (X, Ax). There exist minimal positive integers d and n such that the
divisor div -+ (w®?7~") is effective and the multiplicity of some component of the special fiber is
zero: we denote this divisor by Dyin (2, w). It follows from the properties of the weight function
(see [MN15, Proposition 4.5.5]) that for any = € Sk(2™),

Vg (Dmin (27, w)) +dm = wtea,—n(z) = d - wty,(x) + vg(77") = d - wty(x) — n.

LEMMA 5.1.2. Let v, o be a divisorial point in Sk(21). Then v, o € Sk(X,Ax,w) if and only
if Diin (2", w) does not contain x.

Proof. We denote v, o simply by a. By the above series of equalities, the weight function wt,,
reaches its minimum at « if and only if vy (Dmin(2,w)) is minimal, hence, in particular, equal
to zero.

Let h : T — 2T be a sequence of blow-up morphisms of strata of D4 such that o
corresponds to an irreducible component E of D . As in the proof of Proposition 4.1.6,

B (Din(2,w)) = B (div -+ (@5077™)) = divg - (@7 "),

Therefore we have that ve(Dmin(2",w)) > 0 if and only if E C divy+ (w®¥7~"), and this holds
if and only if 2 € Dpyin (2, w). ]

5.1.3. We define the essential skeleton Sk(X,Ax) of a fractional snc pair (X, Ayx) as the
union of all Kontsevich-Soibelman skeletons Sk(X, Ax,w), where w ranges over all regular A x-
logarithmic pluricanonical forms. In the case of an empty boundary, this recovers the notions
introduced in [MN15].

The further reason to define the essential skeleton this way is that it behaves nicely under
birational morphisms. Let f: X’ — X be a log resolution. Then there is a Q-divisor I'" with snc
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support, and no coefficient exceeding 1, such that Ky + I = f*(Kx + Ax). Take Ax/ to be
the positive part of IV and write

For any m, pullback along with multiplication by the divisor of discrepancies N induces an
isomorphism of vector spaces

HY(X,mKx +mAx) = H (X', mKx: +mAx). (5.1.4)
Let w and w’ be corresponding forms via this isomorphism.

PROPOSITION 5.1.5. Under the identification of the birational points of X with those of X',
Sk(X, Ax,w) is identified with Sk(X', Ax/,w').

Proof. The Kontsevich—Soibelman skeleton Sk(X, A x,w) is contained in the skeleton associated
to any log-regular model by Proposition 4.1.6. Thus, we choose log-regular models 2+ and
2" so that f extends to a log resolution fr: 27 — 2 and the pair (27, Ay) is fractional snc,
where Ay~ = Ax + 2 rea. Likewise we denote A g = Ay + ’%kl,red’ and (2", A y) is fractional
snc as fr is a log resolution. It suffices to check the proposition for divisorial valuations. By
Lemma 5.1.2 a divisorial valuation v of Sk(:2 ") is in Sk(X,Ax,w) if and only if it is a log
canonical center of (27, A ) and the divisor Dp,in(2 ,w) does not contain the center of v.

Suppose v is a divisorial point in Sk(X, Ax,w). Without loss of generality, we can assume
that the divisor divg+(w) in 2" does not contain the center of v. As (27, Ay ) is a fractional
snc pair, it is dlt (1.9.9) and we have that

where M is effective, thus div g+ (') = f5(divy+(w)) + mM. As v is a log canonical center of
(Z,Ay), M does not vanish along v, so neither does div y-+(w’). Likewise v is a log canonical
center of (2", Ag). It follows that v € Sk(X', Ax/,w').

Conversely, if v is a divisorial point in Sk(X’, Ax/,w’), it is a log canonical center of (2", A 41)
and the divisor Dp,in (2, w’) does not contain the center of v. As a result, v is also a log canonical
center of (2, Ay ), and the divisor Dp,in(2",w) does not contain the center of v since its pullback
does not. a

We define the Kontsevich-Soibelman skeleton Sk(X,Ax,w) of a dlt pair (X,Ax) as the
Kontsevich-Soibelman skeleton Sk(X’, A x/,w’) where (X', Ax/) is any log resolution of (X, Ax),
and w' is the form corresponding to w under the isomorphism (5.1.4): Proposition 5.1.5 guarantees
that this is well defined. It follows that we can define the essential skeleton Sk(X, Ay) of a dlt
pair (X, Ax) as the essential skeleton of any log resolution of (X, Ax).

Moreover, notice that our construction works more generally for log canonical pairs, hence
the notions of Kontsevich—Soibelman skeleton and essential skeleton generalize to such pairs.

5.1.6. Suppose that (X, Ax) is a proper dlt pair over K, such that Kx + Ax is semiample.
Suppose also that 2" is a good minimal dlt model of (X, Ax) over R and let Ay = Ax + 2 red-
We denote by D5 1(2, Ay ) the dual complex of the strata of the coefficient-1 part of Ay that
lie in the special fiber.

We consider a log resolution f : X’ — X that extends to a log resolution of (27, Ay). We
write Ky + TV = f*(Kx + Ax). Let Axs be the positive part of I'. We may embed the open
dual complex DF!(2°, Ay ) into the birational points of X.
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PROPOSITION 5.1.7. This embedding identifies Dy'(2", A 5-) with Sk(X', Ax).

Proof. Choose a regular R-model 2" for X’ which is a log resolution of (2", A ") extending f
and let Ay = Axs + ;%”k”red, namely we have the log resolutions

(X' Ax/) = (X,Ax) where (X,Ax) dlt and Ay is the positive part of T,
(2", 897) = (Z,A2) where Ay = Ax + Zired and Ay = Axr 4+ 2 rea-

As in the previous proof, it suffices to check the proposition for divisorial valuations. Let v
be a divisorial valuation, and suppose v € Dy Y2 ,A4). Then v is a log canonical center for
(Z,Ay), sowv is also a log canonical center of (2", Ay+). For a sufficiently divisible index, we
may find a Ax-logarithmic pluricanonical form on (X, Ax) whose associated divisor in 2" has
vanishing locus C such that C is a divisor not containing the center of v. After pullback, we get
a A x-logarithmic pluricanonical form w’ whose associated divisor in 2" is supported on the
strict transform of C' and the exceptional divisors of positive log discrepancy. But none of these
contain v. Thus, v € Sk(X', Ax/,w’).

Conversely, if v is a divisorial point in Sk(X’,Axs), then v is a log canonical center of
(Z',Ay1), so v is a log canonical center of (2°,Ay ), hence an element of the open dual
complex DF1(2°, Ay ). O

Remark 5.1.8. Proposition 5.1.7 compares the essential skeleton of (X, Ax) to the skeleton of a
good minimal dlt model of (X, Ax). Thus, the result can be restated as follows: if (X, Ax) is a
dlt pair with Kx + Ax semiample and (27, Ay) is a good minimal dlt model of (X, Ax) over
R, then DY 2", Ay) = Sk(X, Ax). This generalizes [NX16, Theorem 3.3.3] to dlt pairs.

5.2 Essential skeletons and products of log-regular models

5.2.1. We say that a proper dlt pair (X, Ax) has non-negative Kodaira—litaka dimension if
some multiple of the line bundle Kx + Ax has a regular section. We also define products for
pairs: if (X,Ax) and (Y,Ay) are pairs over K, then we define their product to be (Z,Ay),
where Z = X xg Y and Az =Ax xg Y + X xg Ay. If (X, Ax) and (Y, Ay) have semistable
models (Z°,Ay ) and (#,Ay) over R, then their product is (2, Ay), where 2 = 2 xp ¥
and Ag is the sum of the strict transform of Az with the special fiber 2%, which is reduced.

THEOREM 5.2.2. Let (X,Ax) and (Y, Ay) be proper dlt pairs such that X* = (X,[Ax]) and
Y+ = (Y,[Ay]) are log-regular log schemes over K. Suppose that both pairs have non-negative
Kodaira-Iitaka dimension and both admit semistable log-regular models 2"+ and % over ST.
Then the PL homeomorphism of skeletons

Sk(ZT) 5 Sk(21) x Sk(#Z™)
of Proposition 3.4.3 induces a PL, homeomorphism of essential skeletons
Sk(Z,Az) = Sk(X,Ax) x Sk(Y, Ay),
where 2", Z and Ay are the respective products.

Proof. 1t follows immediately from Theorem 4.2.9 that we have the inclusion Sk(X, Ax) x Sk(Y,
Ay) C Sk(Z,Az). Thus, we reduce to proving the following statement. Let v, . be a divisorial
point in Sk(Z") and (vga,vys) be the corresponding pair in Sk(.2t) x Sk(# ™) under the
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isomorphism of Proposition 3.4.3; if v, . lies in the essential skeleton Sk(Z, Ayz), then v, , lies in
Sk(X,Ax).

Assume that v, . lies in the essential skeleton Sk(Z, Az). Then there exists a non-zero regular
A z-logarithmic m-pluricanonical form w on Z*, such that v, . € Sk(Z, Az, w). By Lemma 5.1.2,
Dpin(Z,w) does not contain z.

Let E be an irreducible component of %4, containing y and denote by £ the generic point of
E. Then the point in the Kato fan of 2’ corresponding to (z,£g) is not contained in Dy, (2, w),
as otherwise z would be contained in it.

As k is algebraically closed, we can choose a k-rational point p in F such that p is contained
in no other components of Dy and Dpin(2,w) does not contain the locus {z} xg {p}. By
Hensel’s lemma and the assumption of semistability, p can be lifted to an R-rational point of #.
The pullback of 2T along this R-rational point is an embedding i : 2T — 2T, so we have the
following diagram.

g+ P2 gt

L

S @+ S

Since S has trivial normal bundle in %', we have that

1 .
W)?g-l—/K = Z*(WZO-%—/K)7

so i*(w) is a non-zero pluricanonical form on X and, in particular, is a regular A x-logarithmic

m-pluricanonical form. Moreover, Dy (2, 7*(w)) = *(Dpin(Z,w)). Finally, x is not contained

in Dpin(Z2,7"(w)), as otherwise i(x) = {z} xg {p} would be contained in Dpin(Z,w). By

Lemma 5.1.2, x is a point of Sk(X, Ax,i*(w)) and this concludes the proof. O

Remark 5.2.3. Consider the case where the line bundles Kx + Ax and Ky + Ay are semiample,
that is, some multiple of them is base point free. It follows from the arguments of [NX16, Theorem
3.3.3] that the essential skeleton of (Z, Ay) is a finite union of Kontsevich—Soibelman skeletons
where the union runs through a generating set of global sections of a sufficiently large multiple
of Kz + Az. We can construct such a set from generating sets of global sections of multiples
of Kx + Ax and Ky + Ay respectively, via tensor product. Then, in this case, the result of
Theorem 5.2.2 follows directly from Theorem 4.2.9.

5.3 Essential skeletons and products of dlt models
5.3.1. We need a combinatorial lemma to understand the formally local behavior of products
of semistable dlt models.

LEMMA 5.3.2. Let M be the monoid generated by ry...rp,, S1...5n, With the single relation
>ty i =2, sj. Then any small Q-factorialization of the affine toric variety W = Spec (k[M])
associated to M is a log resolution.

Proof. We calculate the fan of W. Let IV be the dual lattice of M. The fan associated to W is the
cone of elements of N ® R which are non-negative on M. We consider these as linear functions [ on
the vector space spanned by the r; and s;, subject to the restriction that [(3 i, r;) = 1(372, ;).
Let x;; be the function which is 1 on 7; and s; and 0 on all others. Then the fan of W is given
by the single cone Cyy spanned by the x;;.
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Any Q-factorialization w corresponds to a simplicial subdivision of the cone Cyy (see [Ful93,
p. 65]). We now check that every choice of W is non-singular.

A maximal cone of W is spanned by n = ny + no — 1 independent rays of Cyy. Each ray of
Cw corresponds to a choice of x;;, and we can index these by edges of the complete bipartite
graph B on the r; and s;. These z;; are independent if and only if the Correspondlng edges form
a spanning tree. Let wy ...w, span a maximal cone of W. On this affine chart, W is smooth if
and only if the w; generate N as a lattice. We have shown already that the x;; generate V. But
every x;; is either one of the wj;, or it completes a cycle in B, so that it is a Z-linear combination
of the w;. O

PROPOSITION 5.3.3. Let (2, Ay ) and (%, Ay ) be semistable projective good minimal dIt pairs
over the germ of a pointed curve €, such that both A - and Ay contain their respective special
fibers. The product (%, A ) is a log canonical pair, K »+ A % is semiample, and the log canonical
centers of (2, Ay) are strata of the coefficient-1 part of A .

Proof. We first show the product 2 is normal. As 2" and % are semistable, the special fibers
Zi and %, are reduced. The dlt condition guarantees that both 2" and ¢ are Cohen—Macaulay,
hence the Cartier divisors %} and %;, are Cohen—Macaulay. The special fiber %, is the product
2 X % Since k is algebraically closed, % is reduced, so £ is regular in codimension 1. The
special fiber % is the product of Cohen—Macaulay varieties over a field, so it is Cohen—Macaulay
by [BK02]. As % is a Cartier divisor in 2, 2 must be Cohen—Macaulay and, in particular, it
is SQ.

The divisor K« + Ay is semiample by pullback of semiample divisors. Let (3%/7, A 37) and
(@: A7) be log resolutions of (27, Ay) and (%, A%), respectively. Then we have

Ky+Ap=[fy(Ky+0y)+) aiBy;,

where the coefficients a; and b; are non-negative. Let Z be a toroidal log resolution of the fs
product 2~ xf; % . In particular, 2 is a log resolution of % and we can write

Ky+Az=fy(Ky+Ax)+Y cnExp,

where Az is effective. Over the generic fiber, (2°,Ay) is dlt, so we need only compute
discrepancies over the special fiber, namely study the positivity of the coefficients cp.

Let I be a divisor of 2 over the special fiber, denote by vr the corresponding divisorial
valuation in Sk(Z°"), and by 'y, T's, and T its images in 2", %, and 2. The projections of
ur in Sk(ﬁ? *) and Sk(@ T) are divisorial valuations. Up to subdivisions of the skeletons, we can
assume without loss of generality that the projections correspond to divisors I' = and I' 7

Choose A g-logarithmic and Ag-logarithmic pluricanonical forms wg on 2 and wgy on
% respectively, such that the divisors div g+ (w4 ) and divgy+(wsy ) do not contain Iy and Ty
respectively, where 2" = (2',[Ay ) and #* = (#,[Agy]). Then, the divisor divg+(wz),
associated to the wedge product wy of the pullbacks wy and wy to 2, does not contain I' 4.
Denote by w ;- and wz the pullback of the respective forms to 3&” @ and 2. Then we
have

?y?
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div = (wz) = fo (divg+(w Z a;Eyg ;,
divz, (wy;) = fy (divg+(wa)) + Z bjiEwy j,
div 7. (W 7) = fi(divas(we)) + Y cnBo p.
As divg+(wg ), divg+(wa ), and divg+(we) do not contain I'g-, 'y, and I'# respectively, we
have
S (div = =y avr (Eg ;) 20,
(dw%( = bjur(Ey 5) >0,

UF(dIVf+(w’@7 = Zchvp Eg,h).

From formula (4.2.5), vr(div 7, (wz)) = vr (divz, (wyz)) + vr -(div 7= (w 7)), hence we obtain
that the log discrepancy of I' with respect to the pair (2, A ) is non-negative. Moreover, it is
zero if and only if the log discrepancies of I' ;= and I'j; are both zero, namely if and only if I' o
and 'y are log canonical centers of (2, Ay ) and (@ Ay ), respectively. Since for dlt pairs the
log canonical centers are the strata of the coefficient-1 part of the boundary, it follows that any
log canonical center of (2, A#) is a product of such strata, hence a stratum of the coefficient-1
part of (2, Ay). O

5.3.4. Let (X,Ax) and (Y,Ay) be dlt pairs over the germ of a punctured curve C, and
(Z,Az) their product, where Ay = X x¢c Ay + Ax x¢ Y. Let (Z°,A9) and (#,Ay) be
semistable projective good minimal dlt models over the pointed curve.

THEOREM 5.3.5. The product (Z,Az) has a semistable projective good minimal dlt model
(gl, Agg’/) and ’Dozl(Agg)/) ~ 'Dozl(Agg) X D():l(Agg/)

Proof. Let (2,A%) be the product of (Z,Ay) and (#,As) as in Proposition 5.3.3. Thus
Ko + Ag is semiample and log canonical, so any minimal dlt model over (2, Ag) will also
have semiample log canonical divisor.

Let ¥ : % — Z be a log resolution given by iterated blow-ups at centers of codimension at
least 2. Then there exists an effective divisor D supported on all of the exceptional divisors, such
that —D is ¥-ample.

CrAIM. There exist By and By effective divisors on 2 and % whose respective supports
contain no log canonical centers of A g and Ay, and such that By — eA}l and Boy — GA;I are
ample, for ¢ small and rational.

Choose € small and rational. Then I'g- = A g+ By — EAE} and 'y = Ay + By — GA?:yl are
effective, and (2,T2) and (#,Tw) are klt. Let I, be the log pullback to % of the product
I'y of Ty and I'y, namely Ky + 1", = 9*(K# + I'#); we denote by I'ys the positive part of
I, Since (Z,T %) was klt, so is (#',I'y). For sufficiently small 6, (#,Ty + dD) is still klt.

Let «; be arbitrary small rational coefficients, one for each divisor A?_Zlﬂ of A 4 with coefficient
1 and in the special fiber. We will recover the requested dlt model by running an MMP with
scaling on the pair (#,T'y + D — ZaiA}{i), scaling with respect to an ample divisor A
equivalent to —D. By [BCHM10] this MMP terminates in a log terminal model ¢: # --» Z'.
Moreover, as long as the «; are small relative to d, when the MMP terminates it must be the case
that every exceptional divisor is contracted. As running MMP induces birational contractions,
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the morphism ¢ : 2/ — 2 is small. Hence (2", ¢*A ) is log canonical, and every log canonical
center dominates a stratum of the coefficient-1 part of (2, Ag).

By construction of 2, the divisor —)_ aZA}lﬂ. + ugi A is Y-ample, where p is arbitrarily
small. But for p small enough, we can absorb u¢,A into the term 6D. Thus in fact —) aiA?fli
is 1-ample. As a result we can represent 7

7" = Projy @O(—m(ZazA?Z))

m>=0

At this point we may take an arbitrarily large Veronese subring and assume the ¢; are all integers.

Now we show that (Z7,9*Ay) is a dlt pair by looking at a formal toric model. Indeed,
by Proposition 5.3.3, (Z°,A%) is formally locally toric at the log canonical centers, and the
condition of being dlt is a formally local property. Moreover, we reduce to checking this property
at the log canonical centers of (Z’,1*Ay) that lie in the special fiber, as the generic fibers of
Z'" and & are isomorphic and the latter is dlt.

Let z be the generic point of the image in Z of a log canonical center of (2”,1*A ), hence z
is the generic point of a log canonical center of (2, A ) and by Proposition 5.3.3 it is a stratum
of the coefficient-1 part of A 4. Let 2 and y be the generic points of the corresponding strata of
(Z',Ag)and (#,Ay). Let E, and E, be the monoids of effective Cartier divisors supported on
the strata near « and y, respectively. Then the corresponding monoid for z is (E, @ Ey) /(t, = t,),
where t, and t, are the respective sums of local equations of strata in the special fibers. This
monoid has the form M @ N, where [ is the number of horizontal divisors containing z, and M
is a monoid of the type considered in Lemma 5.3.2. The toric variety Ty = Spec k[M & N'] is
a formal local model for % near z, so it suffices to consider

T = Projy,, @ @) <—m<2 OéiAT,i)>a

m=0

where the divisors Ar; range over the torus invariant Weil divisors corresponding to the A?}fli'

The divisors corresponding to the [ generators of N! are Cartier, so their contribution to T
is trivial and we can reduce to the case [ = 0. For sufficiently general choices for the a;, the toric
variety T” is simplicial, its fan being induced by the simplicial subdivision of the fan of Ty such
that the a; induce a strictly convex PL function. Thus, 7" is a small Q-factorialization of Ty k.
By Lemma 5.3.2, for any such model, T” is a smooth toric variety, hence its invariant divisors
are snc. Thus (27, Y*Ay) is dlt.

Finally, we compute the dual complex of the coefficient-1 part of (Z”,1*A#) by looking at
formal toric models again. Locally at the generic points of the log canonical centers, (27, Ag)
and (#,Agy) are snc, hence log-regular, and are also semistable. By Proposition 2.5.4 there
is a bijective correspondence between pairs of points in the Kato fans of 2" and % locally
around the log canonical centers and the points in the Kato fan of their product. This induces,
by Proposition 3.4.3, a PLL homeomorphism between the product of skeletons around the log
canonical centers and the skeleton of their product, namely a bijective correspondence between
pairs of points in the dual complexes A}l and Ag,l, and points in the skeleton of (2, A ») whose
projections map to A}l and Ag,l. A face o, of the skeleton of %, where z is a log canonical center
corresponding to (z,y), corresponds to a prime ideal of the monoid E, = (E, @ Ey)/(tz = ty).
Thus, we may reduce to considering such faces in the formal toric model T}y, and to studying
the dual complex of the coefficient-1 part of (Z”,9*A4) in the formal model T'. But 7" is
obtained by a simplicial subdivision of T'. Thus, we conclude that the dual complex D5 *()*A &)
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is identified with the product of the dual complexes of the coefficient-1 part of (27, Ay) and
(@7 Agy) O

Proof of Claim. Let (2°,A4) be a good projective minimal dlt model of (X, Ax) and let Ay
be an ample divisor on Z". Let J be the ideal sheaf of A}l and let

X: Z'=Bls 2 - X

be the blow-up of 2~ with respect to J. Then the transform —((AZ!)'+ E) is a x-ample Cartier
divisor, where (A7!)" denotes the strict transform of AZ! and E an effective divisor supported
on the exceptional divisor of x. For small positive rational €, x*(42") — e((AZ}) + E) is ample.
We choose such an e. For a sufficiently large integer n, we can find

G ~nx*(Az) —ne((AZ) + E)

such that Gy is effective and contains no log canonical centers. Then the pushforward G4 ~
nAgy —nsAz} of G 91 is effective and contains no log canonical centers of (2", A 4-). In particular,
G o is Cartier at the log canonical centers of (27, Agy).

We can run the same construction for the ideal sheaf of the divisor G ¢ . Notice that the
blow-up with respect to G o~ is an isomorphism at the log canonical centers of (2", A 4-) as there
G 4 is Cartier. We obtain that, for sufficiently small positive rationals § and then sufficiently
large integers m, we can find Hg ~ mAg —mdG ¢ such that it is effective and does not contain
any log canonical center of (2", Ay ). Then

1 1

e Ho o~ (o~ b — =1
6A3:; m(SHgf Gag ~nAg —neAy

implies that

1 1 _
For § sufficiently small the term (1/§ — n) is positive, and then for m sufficiently large By =

(1/md)H 4, which concludes the proof. O

6. Applications

6.1 Weight functions and skeletons for finite quotients

6.1.1. Let X be a connected, smooth and proper K-variety and let G be a finite group acting
on X. Let X?" be the analytification of X. We recall that any point of X?" is a pair x = (&, |+|2)
with £, € X and |- |, an absolute value on the residue field x(&,) that extends the absolute value
on K. For any point &, of X, an element g of the group G induces an isomorphism between the
residue fields k(&,) and k(g. &;), which we still denote by g. Then the action of G extends to X"
in the following way:

g-(&a| - 12) = (9-&as | - |2 Og_l)-

In particular, the action preserves the sets of divisorial and birational points of X.

Let f: X — Y = X/G be the quotient map of K-schemes, let f": X*" — Y be the map
of Berkovich spaces induced by functoriality and let f : X" — Xan /G be the quotient map of
topological spaces.

PROPOSITION 6.1.2 [Ber95, Corollary 5]. In the above notation, there is a canonical homeomor-
phism between X?" /G and Y®" such that f and f*" are identified.
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LEMMA 6.1.3. Let w be an m-pluricanonical rational form on X. If w is G-invariant, then the
weight function associated to w on the set of birational points is stable under the action of G.

Proof. Let z be a birational point of X and g an element of GG. There exist snc models 2~ and
2" over R such that x € Sk(2) and g.x € Sk(Z”). By replacing them by an snc model # that
dominates both 2" and 2", we can assume that both points lies in Sk(#/). The weights of w at
x and g.x are such that

Wt (9. ) = vg.(divg+(w)) +m = vgﬁ((g_l)*div@Jr (w))+m
= vy (divg+(w)) + m = wty,(x)

as w is a G-invariant form. Thus we see that birational points in the same G-orbit have the same
weight with respect to w. |

COROLLARY 6.1.4. Let w be a G-invariant pluricanonical rational form on X. Then the
Kontsevich—Soibelman skeleton Sk(X,w) is stable under the action of G.

Proof. This follows immediately from Lemma 6.1.3. a

6.1.5. Let y be a divisorial point of Y?" and consider a normal R-model % of Y adapted to y;
this means that y is the divisorial valuation associated to (%, F) for some irreducible component
E of %, and the model % is regular in a neighborhood of the generic point of E. We denote
by 2" the normalization of % inside K(X), where K(%#) = K(Y) = K(X)% — K(X). As X
is normal and the quotient map f : X — Y is finite, we obtain that 2 is an R-model of X.
Moreover, by normality 2~ is regular at the generic points of the special fiber 2.

6.1.6. We assume char(k) = 0. We denote respectively by R and by B the codimension-1
components of the ramification locus and of the branch locus of f: X — Y. We set X T = (X,
Ryeq) and YT = (Y, Byeq). Then f extends to a morphism of log schemes f*: X* — Y.

LEMMA 6.1.7. The reflexive sheaves wl;ﬁ/K and wi?i/K are identified via the pullback (f*)*
along the smooth locus of Y.

Proof. From a generalization of [Har77, Proposition IV.2.3] to higher dimension, we have that
wx/k = [*(wy k) ® Ox(R) along the smooth locus of Y. It follows that

W;i/K = wx/Kk ® Ox (Rred) = [*(wy/x) ® Ox (R + Ryea).

In order to study the divisor R+ R,cq, we consider one irreducible component of B. Let D be an
irreducible component of B, denote by e the ramification index of f at D g, and by Dg the support
of the preimage of Dp. As multp,(R) =e— 1, multp,(f*(Dp)) = e, and multp, (Req) = 1, we
conclude that R+ Ryea = f*(B), and finally wif o = (f )" (wy% 1), O

In particular, Lemma 6.1.7 implies that G-equivariant logarithmic pluricanonical forms on
X correspond to logarithmic pluricanonical forms on Y via pullback.

PROPOSITION 6.1.8. Let w be a G-invariant R,.q-logarithmic m-pluricanonical form on X and

let @ be the corresponding Bieq-logarithmic form on Y T via pullback. Let y be a divisorial point
of Y2, Then, for any divisorial point z € (f)~1(y), the weights of w at x and of @ at y coincide.
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Proof. Let % be a model of Y over R such that y has divisorial representation (%, E') and the
model is regular at the generic point of E. Let 2~ be the normalization of ¢ in K(X): as we
observed in paragraph 6.1.5, it is a model of X, regular at generic points of the special fiber
Zr. We denote as well by f: 2" — % the extension of f. The preimage of E coincides with
the pullback of the Cartier divisor E on 2, hence f~1(FE) still defines a codimension-1 subset
on 2. We denote by F; the irreducible components of f~!(F) and we associate to the F; their
corresponding divisorial valuations z; = (27, F;). By Lemma 6.1.3, it is enough to prove the
result for one of the z;. We denote it by z = (£, F') and we compare the weights at y and z.

We recall that for log étale morphisms the sheaves of logarithmic differentials are stable under
pullback [Kat89, Proposition 3.12]. Furthermore, it suffices to check that, locally around the
generic point of F, the morphism 2'" — %7 is a log étale morphism of divisorial log structures,
to conclude that the weights coincide. For this purpose, we will apply Kato’s criterion for log
étaleness [Kat89, Theorem 3.5] to log schemes with respect to the étale topology.

We denote by £ the generic point of F' and by &g the generic point of E. The divisorial log
structures on 2+ and # T have charts N at £z and £g. In the étale topology, the normalization
morphism 27 — # 1 admits a chart induced by v : N — N, where 1 — m for some positive
integer m as follows.

Spec O g ¢, — Spec Z[N]

| |

Spec Oy ¢,, — Spec Z|N]
Firstly, by the universal property of the fiber product, we have a morphism
Spec O g ¢, — Spec Ow ¢, Xspeczin) Spec Z[N]
and it corresponds to
Ow ¢, ®zN| ZIN] = Oz ¢p-

This is a morphism of finite type with finite fibers between regular rings and by [Liu02, Lemma
4.3.20] and [Now97] it is flat and unramified, hence étale. One of the two conditions in Kato’s
criterion for log étaleness is then fulfilled. Secondly, the chart u : N — N induces a group
homomorphism u8P : Z +— Z; in particular, it is injective and it has finite cokernel. Then u
satisfies the second condition of Kato’s criterion for log étaleness. Therefore we conclude that

wtw(y) = wty, (2). O

PROPOSITION 6.1.9. Let w be a G-invariant R,.q-logarithmic pluricanonical form on X and let
w be the corresponding B.q-logarithmic form. Then the canonical homeomorphism between
X /G and Y of Proposition 6.1.2 induces the homeomorphism

Sk(X,w)/G ~ Sk(X/G,w).
Proof. This follows immediately from Corollary 6.1.4 and Proposition 6.1.8. O

6.1.10. Let X be a smooth K-variety and let wx be a pluricanonical form on X. Let pr; :
X™ — X be the jth canonical projection. Then

_ *
w = /\ prjwx

1<j<n

is a pluricanonical form on X™ and, moreover, it is invariant under the action of &,,. We denote
by @ the corresponding form on the quotient X" /&,, as in Lemma 6.1.7.
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PROPOSITION 6.1.11. Assume that the residue field k is algebraically closed. If X admits a
semistable log-regular model or a semistable good minimal dIt model, then the Kontsevich—
Soibelman skeleton of the nth symmetric product of X associated to w is PL homeomorphic to
the nth symmetric product of the Kontsevich—Soibelman skeleton of X associated to wx.

Proof. Iterating the result of Theorems 5.2.2 and 5.3.5, we have that the projection map defines
a PL homeomorphism of Kontsevich—Soibelman skeletons

Sk(X™ w) = Sk(X,wy) x - x Sk(X,wx).
Thus, applying Proposition 6.1.9 with the group &,, acting on the product X", we obtain that
Sk(X™/6,,w) ~ Sk(X"™, w)/6,, ~ Sk(X,wx)"/6,.

Since the action on the Kontsevich-Soibelman skeleton Sk(X™,w) is induced from the symmetric
action on X", and the projections pr; : X" — X functorially induce the projections pr; : Sk(X,
wx)™ — Sk(X,w), the action of &,, on Sk(X,w)" is exactly by permutations of the components.
Thus,

Sk(X,wx)"/6, ~ Sym" (Sk(X,wx)). O

6.2 The essential skeleton of Hilbert schemes of a K3 surface
6.2.1. Let S be an irreducible regular surface. We consider Hilb"(S) the Hilbert scheme of
n points on S: by [Fog68] it is an irreducible regular variety of dimension 2n. Moreover, the
morphism
prc : Hilb"(S) — S"/6,

that sends a zero-dimensional scheme Z C S to its associated zero-cycle [Z] is a birational
morphism, called the Hilbert—Chow morphism.

6.2.2. Let S be a K3 surface over K, namely S is a complete non-singular variety of
dimension 2 such that Q% /K Og and H'(S,Og) = 0. In particular, S is a variety with trivial
canonical line bundle.

COROLLARY 6.2.3. Assume that the residue field k is algebraically closed. Suppose that S admits
a semistable log-regular model or a semistable good minimal dIt model. Then the essential
skeleton of the Hilbert scheme of n points on S is PL homeomorphic to the nth symmetric
product of the essential skeleton of .S,

Sk(Hilb™(S)) = Sym™(Sk(S)).

Proof. This follows immediately from Corollary 6.1.11 and the birational invariance of the
essential skeleton [MN15, Proposition 4.10.1]. |

PROPOSITION 6.2.4. If the essential skeleton of S is PL homeomorphic to a point, a closed
interval or the two-dimensional sphere, then the essential skeleton of Hilb™(S) is PL
homeomorphic to a point, the standard n-simplex or CP", respectively.

Proof. Applying Corollary 6.2.3, we reduce to the computation of the symmetric product of a

point, a closed interval or the sphere S2. Then, the result is trivially true in the first two cases,
and follows from [Hat02, §4K] in the third case. O
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6.3 The essential skeleton of generalized Kummer varieties

6.3.1. Let A be an abelian surface over K, namely a complete non-singular, connected group
variety of dimension 2. Since A is a group variety, the canonical line bundle is trivial and the
group structure provides a multiplication morphism my,11: AX Ax---x A — A that is invariant
under the permutation action of &, 1, hence it induces a morphism

Sh1 : Hilb" 1 (A) 229 Sym™ 1 (4) > A

by composition with the Hilbert-Chow morphism. Then K,(A) = E;Hl_l(l) is called the nth

generalized Kummer variety and is a hyper-Kéhler manifold of dimension 2n [Bea83].

6.3.2. In [HN17, Proposition 4.3.2], Halle and Nicaise, using Temkin’s generalization of the
weight function [Tem16], prove that the essential skeleton of an abelian variety A over K coincides
with the construction of a skeleton of A done by Berkovich in [Ber90, Paragraph 6.5]. It follows
from this identification and [Ber90, Theorem 6.5.1] that the essential skeleton of A has a group
structure, compatible with the group structure on A*" under the retraction p4 of A*" onto the
essential skeleton, so the diagram

(Aan)n—i—l m?fjrl Aan

(pA)"“l PA
Sk(A)"+ £ SK(A)
commutes, where ;1 denotes the multiplication of Sk(A).

PROPOSITION 6.3.3. Assume that the residue field k is algebraically closed. Suppose that A
admits a semistable log-regular model or a semistable good minimal dIt model. Then the essential
skeleton of the nth generalized Kummer variety is PL. homeomorphic to the symmetric quotient
of the kernel of the morphism p, namely,

SK(Kn(4)) = Sk(my 14 (1)/€11) = i}y (1) /S n.

Proof. The first homeomorphism follows from the birational invariance of the essential skeleton
[MN15, Proposition 4.10.1]. We write

L= m;}rl(l) and A= ,u;}r (1).

For any choice of an &, j-invariant generating canonical form on L, it follows from
Proposition 6.1.9 that Sk(L/S,+1) ~ Sk(L)/S,41. We reduce to studying the quotients
Sk(L)/6n+1 and A/6n+1.

Let &/, and &! be the subgroups of &,, ;1 of the permutations that fix n and n+1, respectively.
Then 6,41 is generated by the two subgroups, so its action on Sk(L) and A is completely
determined by the actions of these subgroups. We consider the isomorphisms

fn : L :> A" (zl, .. .,Zn_H) —> (zl, .. .,Zn_l,Zn_H),
frox1: LS A" (21,00 2001) = (21,0 201y Zn).

Then f, is &/ -equivariant, f,,11 is &/ -equivariant and the morphism

L
An/f% 1#&/171

(21,5 201, 20) F———— (21, ., [ [imy 2 )
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is equivariant with respect to the action of &/ on the source and of &/, on the target. Hence, we
obtain a commutative diagram of equivariant isomorphisms. We denote by f,,, f,, 41 and 1 the
isomorphisms induced on the essential skeletons. By Theorems 5.2.2 and 5.3.5 we can identify
Sk(A™) with Sk(A)"™. Thus, we have the following commutative diagram.

. Sk(L) -

f’n,+1 fn
Sk(A)" Sk(A)"
(Ulv"’7vn—17vn)} (vlv"'7Hf?zlvi_1)

Then the action of &, on Sk(L) is induced by the isomorphisms f, and f,,; from the actions
of &” and &/, on Sk(A)" and these actions are compatible as 1) is equivariant.

In a similar way, A is isomorphic to n copies of Sk(A) and comes equipped with an action
of &,41. So we have equivariant projections ¢, and g,4+1 with respect to &/, and &!'. The
equivariant morphism that completes and makes the diagram commutative is 1. Finally, we
have the equivariant commutative diagram

and we conclude that the quotients Sk(L)/&,,4+1 and A/&,, 41 are homeomorphic. O

PROPOSITION 6.3.4. If the essential skeleton of A is PL homeomorphic to a point, the circle S*
or the torus S' x S!, then the essential skeleton of K, (A) is PL homeomorphic to a point, the
standard n-simplex or CP", respectively.

Proof. The case of the point is trivial. For the circle S, it follows directly from [Mor67, Theorem].
To prove the result for the torus S! x S', we apply [Loo76/77, Theorem 3.4]: the action of the
symmetric group corresponds to the root system of A,, the highest root is the sum of the
simple roots, each with coefficient 1, and so the quotient is the complex projective space of
dimension n. O

6.4 Remarks on hyper-Kéhler varieties

6.4.1. The cases we consider in Propositions 6.2.4 and 6.3.4 are motivated by the work of
Kulikov, Persson, and Pinkham. In [Kul77] and [PP81], they consider degenerations over the unit
complex disk, of surfaces such that some power of the canonical bundle is trivial. They prove
that, after base change and birational transformations, any such degeneration can be arranged to
be semistable with trivial canonical bundle, namely a Kulikov degeneration. Then they classify
the possible special fibers of Kulikov degenerations according to the type of degeneration.

We recall that the monodromy operator 7" on H?(X;, Q) of the fibers X; of a Kulikov
degeneration is unipotent, so we denote by v the nilpotency index of log(T"), namely the positive
integer such that log(T)” = 0 and log(T)*~1) % 0. The type of the Kulikov degeneration is
defined as the nilpotency index v and called type I, II or IIT accordingly.

It follows from [Kul77, Theorem II], that the dual complex of the special fiber of a Kulikov
degeneration of a K3 surface is a point, a closed interval or the sphere S? according to the
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respective type. For a degeneration of abelian surfaces, the dual complex of the special fiber is
homeomorphic to a point, the circle S! or the torus S' x S! according to the three types (see
an overview of these results in [FM83]). In all cases, the dimension of the dual complex is equal
v — 1, hence determined by the type.

6.4.2. Hilbert schemes of K3 surfaces and generalized Kummer varieties represent two families
of examples of hyper-Kéhler varieties. For a semistable degeneration of hyper-Kéahler manifolds
over the unit disk, it is possible to define the type as the nilpotency index of the monodromy
operator on the second cohomology group. It naturally extends the definition for Kulikov
degenerations.

In [KLSV17], Kollar, Laza, Sacca, and Voisin study the essential skeleton of a degeneration
of hyper-Kéahler manifolds in terms of the type. More precisely, in their Theorem 0.10, given
a minimal dlt degeneration of 2n-dimensional hyper-Kéhler manifolds, firstly they prove that
the dual complex of the special fiber has dimension (v — 1)n, where v denotes the type of the
degeneration. Secondly, they prove that, in the type III case, the dual complex is a simply
connected closed pseudo-manifold with the rational homology of CP".

From this perspective, Propositions 6.2.4 and 6.3.4 confirm and strengthen their result for
the specific cases of Hilbert schemes and generalized Kummer varieties. In particular, we turn the
rational cohomological description of the essential skeleton (Theorem 0.10(ii)) into a topological
characterization.

For Hilbert schemes associated to some type II degenerations of K3 surfaces, a
complementary proof of our result is due to Gulbrandsen, Halle, Hulek, and Zhang; see [GHH16,
GHHZ18]. Their approach is based on the method of expanded degenerations, which first appeared
in [Li01], and on the construction of suitable GIT quotients, in order to obtain an explicit minimal
dlt degeneration for the associated family of Hilbert schemes.

6.4.3. The structure of the essential skeleton of a degeneration of hyper-Kéahler manifolds is
relevant in the context of mirror symmetry and in view of the work of Kontsevich and Soibelman
[KS01, KS06]. The Strominger—Yau-Zaslow (SYZ) fibration [SYZ96] is a conjectural geometric
explanation for the phenomenon of mirror symmetry and, roughly speaking, asserts the existence
of a special Lagrangian fibration, such that mirror pairs of manifolds with trivial canonical bundle
should admit fiberwise dual special Lagrangian fibrations. Moreover, the expectation is that, for
type III degenerations of 2n-dimensional hyper-Kahler manifolds, the base of the SYZ fibration
is CP" (see, for instance, [Hwa08]).

The most relevant fact from our perspective is that Kontsevich and Soibelman predict that
the base of the Lagrangian fibration of a type III degeneration is homeomorphic to the essential
skeleton. So, the outcomes on the topology of the essential skeleton we obtain in Propositions 6.2.4
and 6.3.4 match the predictions of mirror symmetry about the occurrence of CP™ in the type I11
case.
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