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Abstract

We study graded group-valued continuously differentiable mappings defined on stratified groups, where
differentiability is understood with respect to the group structure. We characterize these mappings by
a system of nonlinear first-order PDEs, establishing a quantitative estimate for their difference quotient.
This provides us with a mean value estimate that allows us to prove both the inverse mapping theorem and
the implicit function theorem. The latter theorem also relies on the fact that the differential admits a proper
factorization of the domain into a suitable inner semidirect product. When this splitting property of the
differential holds in the target group, then the inverse mapping theorem leads us to the rank theorem. Both
implicit function theorem and rank theorem naturally introduce the classes of image sets and level sets.
For commutative groups, these two classes of sets coincide and correspond to the usual submanifolds.
In noncommutative groups, we have two distinct classes of intrinsic submanifolds. They constitute the
so-called intrinsic graphs, that are defined with respect to the algebraic splitting and everywhere possess
a unique metric tangent cone equipped with a natural group structure.

2010 Mathematics subject classification: primary 22E30; secondary 26B10, 26B12.
Keywords and phrases: stratified groups, implicit function theorem, mean value inequality, rank theorem,
intrinsic submanifolds.

1. Introduction

The relationship between the geometry of stratified groups and several branches
of Mathematics, such as PDEs, Differential Geometry, Complex Analysis, Control
Theory and Geometric Measure Theory, has known an increasing interest in the last
decades.

The initial purpose of this work was the study of a general framework to properly
state and prove an implicit function theorem for mappings between stratified groups.
Here the first aspect to clarify is the notion of differentiability, that can be naturally
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stated taking into account the homogeneous structure of the group [24]. We will always
refer to this notion of differentiability, if not otherwise stated.

An implicit function theorem for differentiable mappings requires a thorough study
of these mappings. Although the notion of differentiability defined by group dilations
and group translations reminds of the classical one, see Definition 2.6, this notion is
indeed highly nonlinear. In fact, our first purpose is that of studying this nonlinearity,
searching for its analytic characterization in terms of PDEs.

This study in particular leads us to both the implicit function theorem and the rank
theorem below stated. From the development of these tools, we naturally meet the
notion of regular set modeled on a couple of groups. A discussion on this project can
be found in the first version of this work [20].

The notions we use in the following will be precisely introduced in Section 2. Let G
and M denote a stratified group and a graded group, respectively. The corresponding
Lie algebras G of G and M of M are decomposed into the direct sums of layers V;
and W;, respectively. The mappings n; indicate the canonical projection onto the
jth layer of a graded algebra. The symbol D denotes the differential. In the next
theorem, we will consider the differential of the mappings F;, that take values in
the subspaces W;. In fact, these linear spaces can be also regarded as commutative
stratified groups.

THeorewm 1.1 (Characterization of differentiable mappings). Let Q C G be an open set

and let f: Q — M. Then the following statements are equivalent:

. f is continuously differentiable;

o if f(x)=expoF(x)=exp X}, Fj(x), then F;:Q — W), equal to mtjo F, are
continuously differentiable and the formulas

Df(x)(exp Y) = exp(Y F(x)), (1.1)

(="
n!

DFj(x)(h)=

n=2

7i([F(x), DF(x)(h)]n-1) 1.2)

hold for every Y € Vi, every j=2,...,v and every h € G;
. f is continuously h-differentiable contact.

The integer v denotes the step of M and D f denotes the differential of f.

Let us point out that A-differentiability corresponds to the classical differentiability
restricted to horizontal directions. This notion coincides with differentiability if
and only if the target is commutative and it becomes a weaker notion as soon as
the target is noncommutative. Theorem 1.1 shows that horizontal differentiability
joined with the contact property characterizes differentiability. Thus, by Theorem 1.1
we can study differentiable mappings through the following system of first-order
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nonlinear PDEs

vo—1)
xiky= 3 Sk Xk
n=2 ’

v —1)
X:Fj= )" % 7([F, X2F1-1) w3
n=2 ’ .

ZU ="
Xij = T ﬂj([Fa XinFln1),
n=2 :

where j=2,...,v and (Xi,...,X,,) is a basis of the first layer V; of G. In
fact, all the previous systems of first-order PDEs (1.3) are equivalent to the
equations of (1.2) and exactly characterize the contact property of f. The
nonlinearity of these equations comes from both the iterated commutators [X, Y],-; =
[X,[X,...,[X, Y]]...] introduced in Definition 3.3 and from the polynomial form of
X,F; with respect to Fy, ..., F;_1,X;F,...,X;F;_;. This can be easily seen by the
recursion structure of (1.3). The equations of (1.3), namely the ‘contact equations’,
have been used in [21] to characterize Lipschitz mappings and study Lipschitz
extensions problems. This recursion structure has been also used to establish an
‘algebraic regularity theorem’ in the study of regularity of 1-quasiconformal mappings,
see [2].

Let us point out that in our study we only require the codomain of the mapping
to be graded and not necessarily stratified. Graded groups in general need not be
connected by rectifiable curves, according to Examples 2.1 and 2.2. In particular, our
Corollary 4.7 extends the almost everywhere differentiability of Lipschitz mappings,
proved in [24], to the case where the target need not be connected by rectifiable curves.

If one assumes a priori the C ! smoothness of f, then the characterization of contact
mappings by differentiability is proved in [29]. The intriguing feature of Theorem 1.1,
along with its technical difficulty, stems from the fact that we do not assume any
‘extrinsic’ regularity of f. Here it is worth emphasizing the existence of continuously
differentiable functions that are not C' in the Euclidean sense and in this sense they
are not differentiable on sets of positive measure [18].

The crucial point in proving Theorem 1.1 is the estimate of the following difference
quotient of a horizontal curve I' = exp o y. We define y; = ; o v and observe that the
exponential of the element

S1/n(=hy1(D) @ (=y(1) @ ¥(1 + h)))

is equal to 9} /h((exp()'q(t)h))‘ll"(t)‘lf‘(t + h)), where 9;, here denotes the dilation in the
target group and © is the group operation on the Lie algebra, which is provided by the
Baker—Campbell-Hausdorff formula. Taking into account this fact, we can state the
following key estimate of Theorem 4.6:

161/n(=h 1) © (=¥ (1)) @ (& + W)l < Y(Ly) A} (1 = 31(1)), (1.4
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where ﬂf()'/l —¥1(t)) denotes the ‘sup-average’ of s — y;(s) — ¥1(t). This leads us
to the uniform convergence of the difference quotient along horizontal directions,
eventually proving the differentiability. We also apply (1.4) to the restriction of the
difference quotient of f along a fixed family of piecewise horizontal lines that span an
open set. These curves are collected by the mappings P*, introduced in Definition 4.8,
and have an associated geometric constant ¢(G, d), given in Definition 4.10. In
this case, we arrive at the proof of (1.6), where Wa, duF, denotes the modulus of
continuity of the horizontal differential dyF; and F; is the vector representing the
horizontal components of f. The Lie algebras will be always assumed to be equipped
with a norm, denoted by || - ||. This norm in G naturally yields a left invariant sub-
Finsler norm on G and then allows for defining an operator norm ||dgyF(x)|| for
dyF(x) : H.G — W,. With this notation, we have the following theorem.

THeorEM 1.2 (Mean value estimate). Let Q C G be open and consider a continuously
differentiable mapping f : Q — M. Let Q1, Q, C G be open subsets such that

{xeGld(x, Q) <c(G, d) N diam(Q)} C Q,, (1.5)

where Q, is compactly contained in Q. Then there exist a constant C, only depending
on G, max [ldg F1(x)|| and on Wa, duF, (diam(€2,)), defined in (4.11), such that

xe

p(f()™ (), Df(x)(xy))
d(x,y)

< Clwg, 4, p, (N (G, d) d(x, y)]'" (1.6)

forevery x,y € Qy, with x # y. The integer  denotes the step of G.

Let us point out that the condition (1.5) has only a technical nature. In fact, it is
used only to make sure that our fixed family of piecewise horizontal lines, connecting
all points of Q; and along which we apply (1.4), are all contained in Q.

There are a number of technical difficulties that appear in the proof of the estimate
(1.6). First, differentiable mappings in general need not be C' smooth in the classical
sense. Second, working by single components does not suffice, since this would lead
us to estimates of the Euclidean norm of the difference quotient. Here the problem
stems from the fact that the Euclidean norm is not equivalent to the homogeneous
norm and the latter is required in the notion of differentiability. We wish to stress that
better families of horizontal curves may lead to better estimates. In fact, the exponent
1/¢% in (1.6) is not sharp and certainly can be improved in many single cases. On the
other hand, our interest in this estimate is that of establishing a uniform convergence
of the difference quotient of continuously differentiable mappings. This key fact leads
us to an important theorem of Calculus.

Tueorem 1.3 (Inverse mapping theorem). Let QC G be open, let f:Q— G be
continuously differentiable and let Df(X) : G — G be invertible, with X € Q). Then
there exists a neighborhood U of X such that the restriction fiyy has an inverse mapping
g that is also differentiable and for every y € f(U) we have Dg(y) = Df(g(y))™".
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Another important result of Calculus is the classical implicit function theorem. We
observe that the implicit mapping is classically defined by decomposing the space into
a product of two linear subspaces, naturally given by the tangent space to the level set
and one of its complementary subspaces. In stratified groups, subspaces are replaced
by homogeneous subgroups that are Lie subgroups closed under dilations. However,
extending the previous scheme to this setting does not work, since the first subgroup is
automatically given by the kernel of the differential of the defining mapping, but one
could not always find any ‘complementary subgroup’.

In view of this difficulty, we replace complementary subspaces by complementary
subgroups and introduce special classes of h-epimorphisms and ~-monomorphisms,
see Section 7 for more details. If N and H are complementary subgroups of G and
D, C G is aclosed ball of center p and radius s > 0, we use the convenient notation
D) =D,sNN and DIl =D, ;N H. We are now in the position to state one of the
central results of this paper.

Trueorem 1.4 (Implicit function theorem). Let Q C G be an open set and let f : Q —
M be continuously differentiable, where x € Q and the differential Df(x) : G— M
is an h-epimorphism. Let N be the kernel of Df(x) and let H be a complementary
subgroup. Then there exist r, s > 0, with Dﬁ{ ngS C Q, along with a unique mapping

¢:DN — D | such that
nr T.s

[ @) N DY DY ={npn)|neDy ). (1.7)

h,s

Furthermore, there exists a constant k > 0 such that the Lipschitz-type estimate

d(e(n), o(n) < k d(e(n’)'n”'n’(n’)) (1.8)
continuous with respect to the metrics d in D%’r and || - || in D%’ e

It is worth mentioning that the standard application of the contraction mapping
principle to prove the classical implicit function theorem does not work for groups. In
fact, to use this argument, where we assume x = e and f(e) = e, one should consider the
mapping F(h) = (L' o f(nh))~'h, where L is the restriction of the differential Df(e)
to the complementary subgroup H. In the classical case, one can show that F is a
contraction for every n sufficiently close to e, and hence obtaining the fixed point ().
In stratified groups this argument fails, since the pointwise product of differentiable
mappings need not be differentiable, for noncommutative targets.

To overcome this point, we show that the mapping F,(h) = f(nh) is uniformly
bi-Lipschitz with respect to n and has constant nonvanishing topological degree as
n varies in a compact neighborhood of the unit element of N. This gives existence
and uniqueness of the implicit mapping. Here the crucial point resides in the proof
of the bi-Lipschitz continuity of F,, that relies on both the mean value estimate of
Theorem 1.2 and on the proper inner semidirect factorization of G.

To prove the rank theorem, the algebraic splitting is required to hold in the
target. Then we refer to our special class of injective ~-homomorphisms, that we call
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h-monomorphisms, see Section 7. These mappings yield the natural splitting of the
target and this property is precisely a characterization of these h-homomorphisms,
according to Proposition 7.11.

TueOREM 1.5 (Rank theorem). Let f:Q— M be a continuously differentiable
mapping, where Q is an open subset of G. Let x € Q and let Df(x) : G — M be the
differential. Let us assume that Df(X) is an h-monomorphism with image H and let N
be a normal complementary subgroup. Let p: M — H be the associated canonical
projection. Then there exist neighborhoods V C Q of x and W C H of p(f(x)) along
with mappings ¢ : W — N, J: H— G and ¥ : f(V) — M such that we have

F(V)=tho(h) |he W} and Yo foly =1y, (1.9)

where I : H — M is the restriction of the identity mapping Idy; to H C M, the open
subset V' C H is equal to J™'(V) and J is equal to (p o Df(X))"'. Furthermore, setting
F =exp~! o ¢, there exists C > 0 such that for every h, ' € W,

|IF(h)y — F(W)II<Cdh,I). (1.10)

The proof of this result strongly differs from that of the implicit function theorem.
Here the key observation is that the projection p : M — H is an A-homomorphism,
and hence the composition p o f : Q — H has invertible differential at x. This allows
us to apply the inverse mapping theorem stated in Theorem 1.3.

Implicit function theorem and rank theorem are the standard tools to define
regular sets of the Euclidean space and, more generally, differentiable manifolds.
Analogously, in an obvious way Theorem 1.4 and Theorem 1.5 define subsets that
are expected to possess some intrinsic regularity. These are the (G, M)-regular sets,
which we distinguish into those contained in G, which are suitable level sets, and
those contained in M, which are suitable image sets, see Section 10 for more details.
By estimate (9.8), which immediately follows from (1.8), (G, M)-regular sets of G
can be locally parametrized by 1/:-Holder mappings. In the case of (H!, R)-regular
sets of H', where ¢ =2, Kirchheim and Serra Cassano have proved that the Holder
exponent 1/2 cannot be improved. In the same work [13], the authors also provide
an interesting example of (H', R)-regular set of H' of Euclidean Hausdorff dimension
5/2. A simple consequence of both the rank theorem and the implicit function theorem
is the following corollary.

CorOLLARY 1.6. Every (G, M)-regular set is locally an intrinsic graph.

In general stratified groups, (G, M)-regular sets of G have been considered in [19],
without assuming that the differential of the defining mapping is an /-epimorphism.
New examples of (G, M)-regular sets can be found in Theorem 12.6, where all possible
regular sets of the six-dimensional complexified Heisenberg group ]HI; are provided.
To establish this classification, we find all possible factorizations of Hé into an inner
semidirect product of two complementary subgroups, then we apply both Theorem 1.4
and Theorem 12.1. The latter theorem shows that (R¥, M)-submanifolds of M coincide

https://doi.org/10.1017/51446788713000098 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788713000098

82 V. Magnani [7]

with k-dimensional C! horizontal submanifolds of M, namely, those submanifolds that
are tangent to the horizontal distribution of M. Another consequence of Theorem 12.1,
joined with Theorem 1.5, is that horizontal submanifolds are intrinsic graphs.

From the metric viewpoint, estimate (1.10) shows a stronger regularity of image
sets with respect to level sets, where the ‘nonlinear estimate’ (1.8) holds. However,
both level sets and image sets everywhere possess metric tangent cones equipped with
a group structure.

TheoreM 1.7 (Intrinsic blow-up). Under the hypotheses of Theorem 1.4, we consider
the set S = f~'(f(x)). Then for every R >0,

DN 61 ((®)'S)— DrNN as1—0*

with respect to the Hausdorff convergence of sets, and hence Tan(S, x) = N.
Under the hypotheses of Theorem 1.5, setting S = f(V), for every R > 0,

Dr N6 ((X)7'S)— DgnH as1—0"

with respect to the Hausdorff convergence of sets, and hence Tan(S, x) = H.

As a consequence of this theorem, we notice another strong difference between level
sets and image sets in general. In fact, all homogeneous tangent cones to a (G, M)-
regular set of M are clearly A-isomorphic to G and, in particular, they have all the
same Hausdorff dimension. Furthermore, by the area formula of [15], their Hausdorff
dimension coincides with that of G and there is an integral formula for their Hausdorff
measure. On the other side, homogeneous tangent cones to a (G, M)-regular set of
G are not necessarily h-isomorphic to each other, see Example 10.7, but they are all
normal subgroups of G. In Corollary 10.6 we show that all homogeneous tangent
cones Tan(S, X) to a (G, M)-regular set of G have the same Hausdorff dimension and

Tan(S, x) = H-dim(G) — H-dim(M).

This suggests that the Hausdorff dimension of a (G, M)-regular set of G is expected to
be that of the homogeneous tangent cones. This is indeed the case for (H", R¥)-regular
sets of H", with 1 < k < n, for which Franchi, Serapioni and Serra Cassano have also
established an area-type formula to compute their spherical Hausdorff measure [7].
Then the natural question is that of studying the validity of an area-type formula for
any (G, M)-regular set of G.

The previous results suggest that the existence of many (G, M)-regular sets is related
to the existence of large families of A-homomorphisms from G to M, along with
suitable factorizing properties. In Section 11, we address novel applications of both the
rank theorem and the implicit function theorem, considering some special couples of
groups where all injective ~-homomorphisms are #-monomorphisms and all surjective
h-homomorphisms are #-epimorphisms. All of these facts suggest how new geometric
models could be studied through the development of sufficiently deep algebraic tools.
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2. Preliminaries and definitions

All Lie groups we consider in this paper are real, connected, simply connected and
finite dimensional. A graded group is a Lie group G, whose Lie algebra G can be
written as the direct sum of subspaces V;, called layers, such that [V;, V;] C Vi, ; and
G=V®&-- &V, The integer ¢ is the step of nilpotence of G [4]. A graded group G
is stratified if its layers satisfy the stronger condition [V}, V;] = Vi, ;.

The grading of G allows us to introduce a one-parameter group of Lie algebra
automorphisms 6, : G — G, defined as 6,(X)=r" if X € V;, where r>0. These
mappings are called dilations. Taking into account that the exponential mapping
exp : G — G is a diffeomorphism for simply connected nilpotent Lie groups, we can
read dilations in the group G through the mapping exp and maintain the same notation.
Recall from [28, Theorem 2.14.3] that the differential of the exponential mapping is
given by the following formula

dexp(X)=Id- ) % ad()™ . 2.1)
n=2 !

The group operation can be read in the algebra as follows

XoY= Z en(X, 1), 2.2)
=1

where c;(X, Y) = X + Y and the addends c, are given by induction through the Baker—
Campbell-Hausdorff formula

(n+ 1) ennt (X, ¥) = % [X = ¥, (X, V)]

) Ky > ML e, D, X+ YL, @2

see [28, Lemma 2.15.3]. Analyzing (2.3), one easily notices that
cn(AX, AY) = 2" ¢, (X, Y)

for every X, Y € G and A € R. These formulas will be important in the next section.

The metric structure of a graded group is given by a continuous, left invariant
distance d : G X G — R such that d(6,x, 8,y) = r d(x, y) for every x,y € G and r > 0.
Every distance satisfying these properties is a homogeneous distance.

The Carnot—Carathéodory distance is an important example of homogeneous
distance that can be defined in stratified groups, since they satisfy the Lie bracket
generating condition, see for instance [8].

Notice that graded groups may not satisfy this condition. On the other hand,
according to Example 2.2, when a graded group is contained in a stratified group,
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the restriction of the Carnot—Carathéodory distance to the graded subgroup provides an
example of homogeneous distance. In general, it is possible to construct homogeneous
distances in every graded group [6, 10].

Exampre 2.1. Let R” X R be equipped with the sum of vectors as commutative group
operation and define the parabolic distance |(x, #)| = |x| + V|f| and dilations &,(x, 1) =
(rx, r’t). Then M is a 2-step graded group, that is neither stratified nor connected by
rectifiable curves.

Exampie 2.2. Let H' denote the Heisenberg group with its Heisenberg algebra
b' = span{X, Y, Z}, where [X,Y]=Z. Then the ‘vertical’ subgroup exp(span{X, Z})
equipped with the restriction of the Carnot—Carathéodory distance is a graded group,
but it is not stratified.

We denote by e the unit element and to simplify notation we set d(x) = d(x, e).
Notice that left invariance and symmetry of d imply the equality d(x~') = d(x). An
open ball of center x and radius r with respect to a homogeneous distance will be
denoted by B, ,. The corresponding closed ball will be denoted by D, .

2.1. h-homomorphisms and notions of differentiability.

DeriniTion 2.3 (h-homomorphism). Let G and M be graded groups with dilations 6%
and 6, respectively. We say that a group homomorphism L:G — M such that

L(69x) = 6§4L(x) for every x € G and r > 0 is a homogeneous homomorphism, in short
h-homomorphism. Invertible hi-homomorphisms will be called h-isomorphisms.

RemMark. Analogous terminology will be used for the corresponding Lie algebra
homomorphisms of graded algebras that commute with dilations.

ReEmMArRk. We introduce ‘h-epimorphisms’ and ‘h-monomorphisms’ to indicate
surjective and injective A-homomorphisms, respectively. We notice that a surjective
linear mapping of vector spaces is characterized by the existence of a right inverse
that is also linear. Analogously, injective linear mappings are characterized by the
existence of a linear left inverse mapping. The analogous characterization for either
surjective or injective algebra homomorphisms does not work, as we will see in the
next example.

ExampLe 2.4. Let 1:h' — R? be a surjective ~-homomorphism. Clearly, /(v) = R?
and [(3) = {0}, where h' = v @ 3. We show that there is no right inverse that is also
an ~A-homomorphism. Assume by contradiction that there exists an A-homomorphism
7:R?* — b! that is a right inverse. Then the property [ o T = Idg. and the fact that 7 is
an h-homomorphism imply that 7(R?) is a two-dimensional homogeneous subalgebra
of h!. Clearly, 7(R?) cannot intersect ker [ = 3, but this conflicts with Example 7.7,
where we show that any two-dimensional homogeneous subalgebra of h! contains 3.

As a consequence of the previous example, in the category of graded algebras
and s-homomorphisms, requiring the existence of a right inverse homomorphism is
a stronger condition than surjectivity. This motivates the following definition.
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DermniTiON 2.5. We say that an ~-homomorphism is an h-epimorphism if it has a right
inverse that is also an A-homomorphism. We say that an #-homomorphism is an A-
monomorphism if it has a left inverse that is also an Z-homomorphism.

In Section 7.2, we will characterize both A-epimorphisms and Z-monomorphisms
by their property of factorizing either the domain or the codomain.

Derinition 2.6 (Differentiability). Let G and M be graded groups with homogeneous
distances d and p, respectively. Let Q2 be an open subset of G and consider f : Q — M.
We say that f is differentiable at x € Q if there exists an h~-homomorphism L : G — M
such that

p(f ()~ f(xh), L(h))

dh)

The h-homomorphism L satisfying this limit is unique and it is called differential of f
at x. We denote L by Df(x).

— 0 ash—oe.

DeriniTioN 2.7 (Horizontal differentiability). Let Q € G be an open set and let M be
a smooth manifold. We consider a mapping f:Q — M and x € Q. We say that
f 18 horizontally differentiable at x, in short h-differentiable at x, if there exists a
neighborhood U of the origin in the first layer V; such that the restriction

UsX — f(xexpX)eM

is differentiable at the origin. We say that this differential L : H,G — TpM is
the h-differential of f at x and denote it by dy f(x). We say that f is continuously
h-differentiable in the case when x — dg f(x) is a continuous mapping. We also use
the convenient notation dy f(x)(X) = X f(x).

ProrosiTion 2.8. The differentiability of vector-valued mappings implies their
h-differentiability.

Proor. Let || - || be any norm on the Lie algebra G of G, let Q € G be an open subset
and let f: Q — V, where V is a linear space. We assume that f is differentiable at x
and restrict its differentiability property to horizontal directions. Thus, we observe that
d(exp X)/||X|| is bounded away from zero and from above with constants independent
of X as it varies in V. This immediately leads us to the A-differentiability of f at x,
concluding the proof. O

Remark. From the proof of Proposition 2.8 and following the corresponding notation,
it is not difficult to see that whenever f : Q — V is differentiable at x, then we also
have the equalities

df(x)(X)=Xf(x)=Df(x)(exp X) forevery X e V. 2.4)

Clearly, h-differentiability is in general a weaker notion than that of differentiability.
On the other hand, the little regularity of h-differentiable mappings suffices to
introduce contact mappings.
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Derinition 2.9 (Contact mapping). We say that f : Q — M is a contact mapping if it
is h-differentiable and dp f(x)(H,G) C H ;M for every x € Q.

Remark. Clearly, Rf-valued continuously 4-differentiable mappings are automatically
contact. These mappings have been already considered in [5].

Prorosition 2.10 (Chain rule). Let f:Q — U be differentiable at x € Q and let
g: T — M be differentiable at f(x) € T, where Q C G and T C U are open subsets
and f(Q)CY. Then gof:Q— M is differentiable at x and D(go f)(x)=
Dg(f(x)) o Df(x).

The proof of this result is elementary, see [16, Proposition 3.2.5].

3. Technical lemmas

Throughout this section, we denote by G a graded group, equipped with a
homogeneous distance d. Its Lie algebra is denoted by G and it has ¢ layers V;,
withi=1,...,:.. On G, seen as a finite dimensional real vector space, we fix a norm
|| - ||. Bilinearity of brackets yields a constant 8 > 0, such that for every X, Y € G

X, Y1I < BIXI Y- (3.1

Lemmva 3.1. Let v>0 and n=2,...,1. Then there exists a constant a,(v) only
depending on n and v such that

llen (X, VI < () ILX, Y]] (3.2)

whenever || X]|, |[Y|| < v.

Proor. Our statement is trivial for n = 2, as ¢»(X, Y) = [X, Y]/2. Assume that it is true
forevery j=2,...,n, with n > 2. Tt suffices to observe that [c,,(X, ¥), X + Y] # 0 in
(2.3) implies &y, > 1, then the inductive hypothesis yields

lick,, (X, VI < ag,, ) ILX, Y.

Using this estimate in (2.3) and observing that ||ct, (X, Y)|| < 2v whenever k; = 1, the
thesis follows. O

Lemma 3.2. Let ¢,(X, Y) be as in (2.2). Then for eachn =2, ..., there exists a set of
real numbers {e, o | @ € {1, 2}"‘1} only depending on G such that for every Ay, A, € G,

A A= D ena Lu(Aa A1 + A), (33)
(1,2}
where Ay = (Aq,, - . ., Aq,_ ), L1 =1dg and for n > 2 the n-linear mapping L, : G" —
G is defined by
Ln(Xl’ X29 ey Xn) = [X17 [X27 AR [Xn—17 X}'I]] .. ] (34)
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Proor. Let L : G — @G be the identity mapping and let ki, . . ., k,, be positive integers
with n=k; +ky +---+k,, where peN. Iterating the Jacobi identity of the Lie
product, it is not difficult to check that

[Li, (X, X [ (X, XD,
-1 -1
(L, X7 XD L (X7 XN ] 35)
LS XD XD,

g

_ Z Sorryncryr (X5, s X2

O’1€Skl ,.“,O'p,1€Skp71

where § ; is the set of permutations on j elements, sy, ., € {-1,0, 1},

_ (yP p b _(vyJ J J
XP=(Xr ... ,ka) and XU/. = (Xaj(l), Xq,-(z)’ - ’Xa,(k,))'

Our statement can be proved by induction. It is clearly true for n = 2 taking e; = 1/2
and e, = 0, due to the formula c>(A;, Ay) = [A1, A2]/2. Let us assume that (3.3) holds
for all ¢;j(A1, Ay) with j < n. By the recurrence equation (2.3),

1
(n+1)cp1(A1, Ar) = 3 Z enolA1 — Az, Ly(Ag, Ay + Aj)]

ae{1,2)m1

+ Z sz Z Z ekl,al ekz,a’z e ekgp,tlzp
p=1 kisekop>0  e(1,2)ki7!
2p<n ky+-+kyp=n i=1,..2p

[Li, (Ag,» A1 + A2), [ -, [Li,, (A, AL + A2), AL + A2]] .. .

szs

Then applying (3.5) we have proved that c,1(A;, A;) can be represented as a linear
combination of terms L,,i(A,,A; +A;), where a €{1,2}". This concludes our
proof. O

Dermvition 3.3. Let X, Y € G. The kth bracket is defined by
(X, Y =[X[X,...,[X,Y]]...] and [X,Y]o=Y.
————

k times

Lemwma 3.4. If c,(X, Y) is as defined in (2.2), 2 < n <, then we have

-y -X
e, 1) = 2D [—,X+ v| +R.x. V), (3.6)
n! 2 -1
and for every v > 0 there exists a positive nondecreasing function C(n, -) such that for
all | X]I, IY][ < v,
IR,(X, VIl < Cln, ) |IX + Y. 3.7

Proor. Taking into account (2.3), we define E,(X, Y) by setting

11Yy-X
(X Y) == ——. e (X, V) | + En(X, ). (3.8)
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We have E»(X,Y)=Ry(X,Y)=0 for all X,Y €G, and hence for n =2 our claim
trivially holds. Let us consider n > 3. By definition of E,, applying both (2.3) and
(3.3), forevery A}, Ay € G,

E,(A1,Ay) = Z K2p Z Z Ckiar Char " Chopary

pzl1 kiyekap>0 gief1,2)k!
2p<n-1 ky+-+hkyp=n—1 i=1,..2p

[Li,(Agy, A1 + A2), [ - -, [Liy, (Aay,, AL +A2), Ay + A2]] - . ]
As a consequence, there exist constants 5[, > ( such that

IEX VI Y Gy IX + v
1<p<(n—1)/2

This immediately implies that

IEX DI > 47 Cy X + Y. (3.9)
1<p<(n—-1)/2

Iterating (3.8),

(=D 1)?
X = s 1) S X D) + B Y)
11y-X
o E, (X, Y)]
=iy -x
Spat) | +EED
n! 2 n—1
n-2
(-DF [Y—X ]
E, (X, V)] .
- kZ_;n(n—l)---(n—k+l) 5 Bk X V)|
Therefore, (3.9) concludes our proof. m]

REMARK. As a consequence of Lemma 3.4, we achieve the estimate

I=&) @nll < CMIE = nli (3.10)

for every &, n € G satisfying ||£]], |In]| < v. To see this, it suffices to apply (3.6) and (3.7)
to the Baker—Campbell-Hausdorff formula

(O on=—¢+n+ ) cu=£ ).
n=2

A simple extension of (+) in [24, page 13], see also [23], is given in the following
lemma.
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Lemma 3.5. Letn' : G — V; ® - - - @ V, be the canonical projection onto the codomain
and let U be a bounded open neighborhood of the unit element e in G. There exists a
constant Ky > 0, depending on U, such that for every x € U,

|l (exp™ (X))l < Ky d(x)'.
Proor. We first define S ={ve G|d(expv)=1}. Let us fix ve S and s > 0 satisfying
the condition s < M, with M = maX,cy d(x). Then

@l = || Z s || < ¢,
J=i

where C = 3!, M7 max,es |7 j(w)ll. This concludes the proof. o

Remark. From [4, Proposition 1.5], it is easy to check that there exists a constant x(v)
such that for all [|£]| < v,

dexp &) < k() [l€I'", G.11)
REmARK. As a byproduct of (3.10) and (3.11) we obtain the well-known estimate
d(exp &, expn) < C) [l - nll'" (3.12)

for every £, 7 € G satisfying [l€], il < v.

Remark. Notice that for every homogeneous distance d, there exists a constant Cg
such that

Caly D Mm@ < d(exp &) < Cayy Y 1",
j=1 j=1
In particular, for every &, n € G,

d(exp &, expm) = C[;,|l|‘|| ll7r1 (€ = .

Lemwma 3.6. Let x,y € G and let v > 0 be such that d(x), d(y) <v. Then there exists a
constant C(v) only depending on G and v such that

d(y ' xy) < C) llexp™ ()", (3.13)

Proor. Let us fix x=exp & and y =exp h. By Lemma 3.5 we find a constant &, >0
such that ||£]|, ||| < k,. The Baker—Campbell-Hausdorft formula yields

(e Eon=£+ ) & h+ ) cu(-h O h). (3.14)
n=2 n=2

The same formula along with (3.2) also gives

€ hll < k(2 + S k) B k)=A40).
n=2
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The bilinear estimate (3.2) also yields
llea(=h, & © Wl < @y (A(V)) [I[h, & © A]|l. (3.15)
Observing that [h, £ @ h] = [h, € + );,_, cu(&, h)], we achieve the estimate

2, & @ Al < B 1Al il (1 + Z an(ky) IIhII)-

n=2
Joining this estimate with (3.15), we get

L

lea(=h, €@ W <BanAWN(1 + " v ) Il Il (3.16)
n=2
Thus, formula (3.14) joined with estimates (3.2) and (3.16) yields B(v) > 0 such that
I(=h) ® & ® Al < ligll (1 + BO:)I|Al|). (3.17)

The previous inequality yields [|[(-h) ® £ ® h|| <k, (1 + k, B(v)), then (3.11) gives a
constant B;(v) > 0 such that d(y~'xy) < B;(v) |[(=h) @ ¢ ® h||'/*. Thus, by (3.17) we
get B>(v) > 0 such that d(y~'xy) < B,(v) ||€]|'/*. This finishes the proof. o

Remark. The previous lemma also provides another variant of its estimate. In fact,
the condition d(x) < v implies that |lexp~!(x)|| is bounded by d(x) up to a factor only
depending on v, due to Lemma 3.5. As a result, the assumption d(x), d(y) < v gives a
constant C(v) such that the following estimate holds

d(y ' xy) < C(v) d(x)'. (3.18)

Lemwma 3.7. Let N be a positive integer and let Aj, Bj€ Gwith j=1,...,N. Letv>0
be suchthatd(BjBj,1 --- By) <vandd(Aj, Bj) <v forevery j=1,...,N. Then there
exists K, > 0 such that

N
d(AiAy -+ Ay, BiB -+ By) <K, > d(Aj, B)'. (3.19)
=1
Proor. We define B; = B;B;,; -+ By and A;=A;A;,; - - - Ay, and hence by the left
invariance of d,

N-1
d(A, B)) <d(Ay, By) + Z d(BjHAJ_‘lBijH)-
=1
Joining our hypothesis with (3.18),
N-1
d(A1, B)) <d(Av, By) + C() ) d(A;, B)' < d(An, By)'v'
=1
N-1 N
+C(v) » d(A;, B)"" <max{C(v),v''"} Z d(A;, B)'".
=1 =1
This shows the validity of (3.19). O
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Lemma 3.8. Let X, Y, Dy, D, € G and let
v = max{|IX[l, Y]], D], [1Dl}-
There exists a constant k,, > 0 such that for everyn=2,...,4,
llea(X + D1, Y + Da) = cu(X, VIl <k V'™ max{|IDyll, [ID,]]}. (3.20)

Proor. We set X =Al, D; =A%, Y =A) and D, = A3 and apply (3.3). Taking into
account that L, is a multilinear mapping defined in (3.4),

cn(Al + A2 AL + A3)
- Z ena Lu(AL +A2 .. AL+ A2 AL+ AT+ AL+ AD)

@p-1?
aefl1 2}
- LAl ... AL AL + AT + AL + A3
= Cna n( aps -0 Ag A TAT T Ay F 2)
ae(1,2)! yefl,2)!
— 1 1
= Y e Y LA ATl AD
(1,21 yef1,2)m-!
uel 42
+ Z ena Z Ly(AY, .. AL AY)
i=1,2 aefl,2)m! ye(1,2)m!
1 41 1Al !
= Cn(A s Az) + Z €na Z Ln(A)@/w]] (R Azn—ll’ Al + AZ)
aef1.2pr! yef1,2y!
y#(1,1,...,1)
a1 42
+ Z Z en,{t Z Ln(Ale LI Azn—ll ° Ai )’
i=1,2 qe{l,2)r! yefl,2)m!

where for the equality second to last line we have again applied formula (3.3). Taking
into account the multilinear estimate ||L,(X, X5, ..., X))l <B" ;;1 IXll, where B is
given in (3.1), a short calculation shows that

llea(A] + AT, Ay + A3) = ca(Af, A

is less than or equal to 2"*'"v"~! max{||A2||, lA3Il} Xeci12p-1 lenel- This leads us to
the conclusion. O

4. Differentiability of curves in graded groups

In this section we study differentiability properties of curves I : [a, b] — M, where
M is a graded group. We denote by y the corresponding curve exp~! oI" with values
in the Lie algebra M of M. The components of vy taking values in the layers W; are
denoted by y;, and hence y = };_, ¥;. We have y; = m; oy, where m; : M — Wi is the
canonical projection on layers of degree i and M =W; & - -- ® W,,. We denote by || - ||
a fixed norm on M. The horizontal subspace of M at x € M is the linear space

HM={Ux)eT,M|U € W},

where U(x) denotes the value of the vector field U at x.
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DeriniTION 4.1. We say that a curve I': [a, b] — M is horizontal if vy : [a, b)] — M
is absolutely continuous and for a.e. differentiability point ¢ € [a, b] the inclusion
’y(l) S H;,(,)M holds.

Identifying any T.M with M and applying formula (2.1) for the differential of the
exponential mapping,

-1 v -1y
el C 0, 50,

: . _ n—1,+ . _
WFW);,LMMMCMFW);’“
Then I'(f) € W, if and only if 7;(3(¢) — 2o ((1) /) [y(1), ¥(D)]-1) = 0 for all i > 2.
This immediately proves the following proposition.

ProrosiTion 4.2. Let y : [a, b] — M be absolutely continuous. Then T is a horizontal
curve if and only if for eachi=12,...,vand a.e. t,

n:

1% _1 n
3= Sl mtvo. yon. 1)
n=2

DeriniTiON 4.3. Let 7y : [a, b] — M be a locally summable curve and let A # 0. The
sup-average of y at t is defined as

1+T
sup)( lyldl if 1>0,
t

0<7<1

!
sup )( ly(lldl  if A<0.
15

ALt<0J t+1

Aly) = 4.2)

Notice that for some 7 the sup-average A (y) takes values in [0, +c0], as y is not
necessarily bounded in a neighborhood of z.

Levmma 4.4. For every i=2,...,v, there exists a strictly increasing function \;:
[0, +00) — [0, +00), which only depends on M, is infinitesimal at zero and satisfies
the following property. For any horizontal curve I' : [—a, a] — M such that T(0) = e,

A
]fwmwr
0

where L =max{A;" (1), Aj(yD)}, X €M, |IX||<L and the function ﬂé(-) is as in
Definition 4.3.

< Yi(L) A - X) 1AL,

Proor. First of all, we assume that ﬂg(jq) < 400, otherwise the proof becomes trivial.
Due to Proposition 4.2, the differential equations (4.1) hold. Applying (4.1) fori =2,

wm=ﬂ¥?mmﬂ
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hence we can write y,(f) as

n0= 4| f noan x|+ [ £ noanno-x])

For every 0 < s < a, it follows that fos [l72(9)|| dt is less than or equal to

%fo [Jgjq(r)dr,X]Hdt+%f0‘s

As a consequence,

[Jg‘f y1(t) dt, y1(t) — X]H dt.

S LS S
f Iyl e < 22 f Ay~ X)di + 5 Ay - X)),
0 0
This estimate shows that
f 92Ol dt < BL s> A1 — X).
0

From the grading property of the Lie algebra, (4.1) can be stated as follows:

v —1)"
(1) = Z; (n—,) 1</Z:1 [y, ), L., [y, @), 3,11 . . ] 4.3)
iy

for every j=2,...,vu. We will proceed by induction, assuming that for every
Jj=2,...,iandevery v > i, there exists a positive constant «;(3) such that

fo‘ 17,0l d < (B F (L) Ay = X) s, (4.4)

where F; : [0, +00) — [0, +00) is a strictly increasing function, that is infinitesimal at
zero. We have already proved this statement for i = 2. Using (4.3) for j=i+ 1 and
applying the inductive hypothesis (4.4),

fo ||7,~+1(z>||drsz% > fo by, Ol -+~ Iy, Ol @) de
n=2

N R
I 4+, =i+1

3y fo i Ol di fo @l dr- - fo I, (Ol dr

P 1<y, <v
li++l,=i+1

v nsi+l
< Z B Z Ky, - kg, Fr (L) - -+ Fi (L) A1 — X)"
n=2

n! 1<ly,...[,<v
L++l,=i+1
v Iani+1 ) ‘
< Py Ky + ok, Fry (L) - - Fi (L) QL) Ay(y — X).
n=2 ' 1<ly,...l,<v

li++l,=i+1
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This proves the estimates (4.4) forevery j =2, ..., v. To complete the proof, it suffices
to apply these estimates to the Lipschitz curve I'(f) = '(—f) and replace X by -X. O

CoROLLARY 4.5. There exists Y : [0, +00) — [0, +00) that is strictly increasing,
infinitesimal at zero and only depending on M such that the following property holds.
Let T : [a, b] — M be a horizontal curve and assume that t € [a, b] is an approximate
continuity point t of y,. Then

lli(exp™" (81w T(t + WDII < T(Le) AL (71 = 71(1) (4.5)
foreveryi=2,...,v, where L, = max{A’" (1), A (¥1)}.

Proor. Clearly, y; is absolutely continuous. Let ¢ be an approximate continuity point
of ¥ and then also a differentiability point. It suffices to apply Lemma 4.4 to the curve
h — T(t)~'T(¢ + h) with X = ¥,(¢). In fact, we observe that

mi(exp” (T@) T + 1) = y1(t + h) = 71(0)

and that AJ(1 (1 + ) = 71(1) = AXF1(-) = 71(1)). This implies that

llziexp™ (T ™' T + ) < CALBIAT 1 = 71(D)),

where the Y; are given in Lemma 4.4 and L, = max{ﬂf"()’q), AT (y1)}. Thus, setting
T = max;=;,_, 1; and using the definition of dilations, our claim follows. O

.....

THEOREM 4.6. There exists a nondecreasing function T : [0, +00) — [0, +00) only
depending on M with the following property. If T : [a, b] — M is a horizontal curve,
then for all approximate continuity points t of v, the estimate

161 /a(= 71(2) @ (=y(1)) @ y(t + )| < T(Ly) A (71 = 71(1)) (4.6)
holds, where L, = max{AY~' (), A" (31)}. In particular; T is a.e. differentiable.
Proor. Let 7 be an approximate continuity point of 3, and define

h— T@)7'T(t + h) = exp O(h) = exp(8y(h) + - - - + 6,(h)),

with 6;(h) € V;. Notice that, in particular, 8;(h) =y;(¢t + h) — y1(t). In view of (4.5),
there exists a constant K >0 depending on M and a strictly increasing function
T : [0, +00) —> [0, +o0) infinitesimal at zero such that

”%h) <YL A'Gr 310, @)

for every i =2, ..., v, where we have set L, = max{ﬂf"()'q), AL (y1)}. Thus, taking
into account that ¢ is a differentiability point of 7y, and that O is an approximate
continuity point of §;, we obtain that I' is differentiable at 7 and that

DI(#)(A) = exp(d ¥1(2)).
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Notice also that ||0;(h)/h — y1(®)|] < ﬂf()’/l —¥1(1)), then (4.7) yields
161/460Ch) = 71 (O < [1 + @ = DY(L)] A (1 = F1(D)). (4.8)
Applying (3.6) and (4.8) to
=¥1(8) © 61/n0(h) = 61/,0(h) — 1(2) + Z cn(=71(1), 61/n8(h)),
n=2
we get the estimate

=715 © 810N < [1 + (v = DYL)] ALG1 = 71(2))
N Zﬂ" ! 51/h9(h)+7’1(t)

* Z IR(=71(2), 6146l

n=2

n—1

[1+ (= DYL)A 1 - 71(D)

4.9)

Observing that ||y, (#)|| < L, and ?(f()'/l —¥1(1)) < 2L, inequality (4.8) implies that
[1017,60(M|| < 3L,(1 + (v — 1)T(L)] = T1(Ly).
Then we apply (3.7) to the third line of (4.9), obtaining

Ti(L) + L, )”‘1)

v n—1
I=31(t) © 81 40h)l| < (1 ; Z; ﬁn_‘( )

[1+ - DYL)A G — 71(D)

+( Con LM + @ = DTEP 41 A = 710,

n=2
This concludes the proof. O

CoroLLARY 4.7. Let Q be an open set of G and let f : Q — M be a Lipschitz mapping.
Then f is a.e. differentiable.

Proor. By Theorem 4.6, rectifiable curves in graded groups are a.e. differentiable. This
extends [24, Proposition 4.1] to graded group-valued curves. Then the same arguments
of [24, Proposition 3.2 and Corollaire 3.3] lead us to our claim. O

4.1. Characterization of differentiable mappings. Here we denote by G and M
two arbitrary graded groups, where G is stratified and Q c G is an open set. To
obtain estimates on the difference quotient of differentiable mappings, we will use
the following family of piecewise horizontal lines.
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Derinition 4.8. Let N be a positive integer, X, . . ., X, be a basis of the first layer V1,
i1,...,iv €{1,...,m} be fixed integers, and for every a = (aj, ..., ay) € RY define

oo Je if s=0,
P(a) = {@llhilé@hiz 8 by ifs=1,...,N,

where h; = exp Xy, . . ., h, = exp X,, and we have assumed that d(h;) = 1.
Now, [4, Lemma 1.40] yields the following lemma.

Lemma 4.9. For every stratified group G there exists an integer N and a family

of integers {iy, ...,ixy} C{l,...,m} depending on G, such that the mapping P" of
Definition 4.8 sends a neighborhood of the origin in RN onto a neighborhood of the
identity e € G.

DeriniTioN 4.10. Under the conditions of Lemma 4.9, we define the number
c(G,d) = nllaxN lagl, (4.10)
a=(as)e(PV)""(Dy)

that only depends on the algebraic structure of G and on the homogeneous distance d
used to define both PV and the closed unit ball D;.

Dermition 4.11. Let f : K — Y be a vector-valued continuous function on a compact
metric space (K, p). Then we define the modulus of continuity of f on K as

wif(1) = max || f(x) = fOIl- (4.11)
x,yeK
plx,y)<t
THEOREM 4.12. Let f:Q — M be differentiable at x € Q, where f =expoF and
F=F+---+F, with Fj : Q— W,. Then every F; is differentiable at x and we
have the formulas
mioexp ! o Df(x) = DF;(x), (4.12)
(="

n!

DF(x)(h) = Z 7i([F(x), DF (x)(I)]n-1), (4.13)
n=2

foreveryi=2,...,vandevery heG.

Proor. We will use the notation |h|=d(h). By definition of differentiability,
o1/ (f (x)~ f(xh)) uniformly converges to D f(x)(d; /mh) as h — e, with respect to the
parameter 1,/ varying in a compact set. Then the difference quotients

i o exp” [S1m(F () f(xh))]

uniformly converge for every i =1,...,v. In other words, the difference quotient
(F1(xh) — F1(x))/|h| along with

Fi(xh) — Fi(x) + X, _, mi(ca(=F(x), F(xh)))
Il

(4.14)
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converge as h — 0, whenever i =2, ..., v. In particular, F is differentiable at x and
mp o exp” (Df(x)(h)) = DF(x)(h), which implies (4.12). Writing (4.14) for i = 2,

Fa(xh) = Fa(x) = 5[F1(x), Fi(xh)]
|l '

The convergence of the previous quotient and differentiability of F; at x imply that
F, is also differentiable at x and DF;(x)(h) = [F1(x), DF1(x)(h)]/2. By induction, we
assume that for j > 2, the vector-valued mapping F; is differentiable at x and that

="
|

n:

DFi(x)(h) = Y | —= mi([Fi-1(x), DFici () (M)],-1)

n=2
holds for every i = 1, .. ., j, where we have set Fi=F +F,+---+F, By (4.14),

Fip1(xh) = Fi1(X) + X miv1 (€ (= F (x), F(xh)))
|hl

— 0 ash—0. 4.15)

Now we notice that
K1 (ea(=F (@), F(t + 1)) = 71 (ca(=Fi(0), Fi(t + h))). (4.16)
Furthermore, the inductive hypothesis and Lemma 3.4 ensure the existence of

. ea(=Fi(x), Fi(x + b)) (1"
lim =

|h|—0 |h| [Fi(-x)s DFi(x)(h)]n—l- (417)

Thus, joining (4.15), (4.16) and (4.17), it follows that DF;,{(x) exists and

i+1

—1y" _ _
DF i1 (x)(h) = Z ( n') Tis1 ([Fi(x), DFi(X)]n-1).
n=2 :

This shows that_ F : Q — M is differentiable at 7, and hence in the previous formula
we can replace F; by F, achieving (4.13). This ends the proof. O

Remark. Under the assumptions of the previous theorem, it is worth mentioning that
the differentiability of f at x also implies differentiability of F'; along the directions
of V; with 1 <i < j, as has been shown in [2, Lemma 3.4]. Due to Theorem 1.1, the
formulas (4.13) suffice to prove differentiability, and hence derivatives along V| and
the contact property imply the existence of higher layer derivatives.

CoroLLARY 4.13. Let T':[a,b] — M be differentiable at te€[a,b]. Then vy is
differentiable at t and satisfies (4.1).

This corollary is an immediate consequence of Theorem 4.12. Next, we present the
proof of Theorem 1.1.
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Proor. If f:Q — M is continuously differentiable, then Theorem 4.12 implies the
differentiability of all the F; and the validity of both formulas (1.1) and (1.2). These
equations give the continuity of the differential of every F;. Then the first condition
implies the second one.

Now, we assume that the second condition holds. By Proposition 2.8,
differentiability of vector-valued mappings implies their i-differentiability, and hence
all the F; are, in particular, A-differentiable. In addition, (2.4) yields the continuity
of the horizontal differential. By our assumptions, formulas (1.2) hold, therefore
combining these formulas with Proposition 4.2, it follows that f has the contact
property. Then f is continuously A-differentiable contact, which is the third condition.

Let us assume that f be continuously A-differentiable contact and consider

Ix(r) = exp(ZL] ¥x,0) = Flex(t) = exp(2 Filex(o)),
j=1 j=1

where cx(f) = xexp(tX) and exp!oly=1yx= ZLj:l vx,; with t—yx(H)eV,.
Notice that our assumption implies that all F; are also continuously h-differentiable,
then yx j(t) = duF j(cx(£))(X) = XF j(cx()). We know that I'y is a horizontal curve, and
we apply the key estimate (4.6) to I'y at # = 0, achieving

161/1(=h XF1(x) © (=yx(0)) © yx(W)Il < Y(L) AL(XF)) 0 cx — XF1(x)),

where T : [0, +00) — [0, +00) is a nondecreasing function depending on M, ﬂg is
defined in (4.2) and L = max{A;(yx.1), A,°(yx.1)}. Set o = max)x<1 d(exp X), and
hence cx([—¢, €]) ¢ U for every X € V| with ||X|| =1 and € < r/o, where D, , c U C Q
and U is a fixed compact set. We can also assume that U_, = {y € U | dist(y, U°) > r}
is a neighborhood of x. For every || < &,

AXF) 0 ex = XFi(x) < max [IXFi(2) = XFi)l
d(yjz)ﬁo-lh\

We notice that I'y(0) = XF(x) = dy F; (x)(X) and recall the notation

wudyr, (olhl) = max lduF1(y) — duF1(2)l|.
d(y,’Z)SrthI

Observing that L < max,cy |ldgF1(y)ll, we have that
61/n(=h XF1(x) @ (=yx(0)) © yx(M)Il

is less than or equal to Y(maxycy |ldg F1(Y)I) wy.a,F, (olhl). This number is independent
of x and tends to zero as h — 0, so taking the exponential of the elements on the left-
hand side, we get the uniform convergence of

S1/n(exp(=hXF1()(f) " f(y exp(hX))) (4.18)

https://doi.org/10.1017/51446788713000098 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788713000098

[24] Towards differential calculus in stratified groups 99

to the unit element as 7 — 0, where y varies in the smaller neighborhood U_, of x.
Thus, arguing as in [24, Corollaire 3.3], we achieve the differentiability of f at x. This
shows the everywhere differentiability of f. In particular, the convergence of (4.18) to
the unit element as 7 — 0 gives

exp o DF1(x)(exp X) = exp o dyy F1(x)(X) = exp XF1(x) = D (x)(exp X)

for every x€Q and X €V, where the first equality follows from (2.4). Then
X —> Df(x)exp v, is continuous. The fact that D f(x)|exp v, polynomially depends on
Df(x)|exp v, concludes the proof. O

5. Absolutely continuous curves in graded groups

This section is devoted to the characterization of absolutely continuous curves in
graded groups. Let M and M denote a graded group along with its Lie algebra,
equipped with a homogeneous distance p and a norm || - ||, respectively.

DeriniTioN 5.1. Let 7y : [0, s] — M be an absolutely continuous curve in M and let
X=(t,1,...,ty) be a partition of [0, s], where #p =0, f; < t;;; and ty = s for some
N e N. The associated ‘sum’ with respect to the group operation in M is defined by

N-1

TS = D ¥t @ Y(tin). G.1)

k=0
We also set ||Z|| = max<j<n(ti — ti_1).

LeEmma 5.2. Let y : [0, s] — M be absolutely continuous. Then it follows that

: 1
i )= =0+ 33 =0 o [vosonaa e
Proor. Applying (2.2) and (5.1),
N-1
os(s) = Cn(=y(t), Y(tk+1)),
k=0 n=1
(3.6) yields
N-T (- 1)n1
os(s) =y(s) —y(0) + [ttkes Y (trs1) = Y@ 1n-1
o =0 n=2 53)
+ 20D Ry (10, ¥t

k=0 n=2

where u; = (y(tx) + y(#+1))/2. Thus, the absolute continuity of vy yields

N-1 N-1 Tt
P IRICESTINEDY f [tk (D11 dl.
k=0 k=0 vt
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Notice that

N-1 T+l s
> f [t YD),y dl = f [y (D). (D)]mr
k=0 vl 0

n=2 N=1 .,

+ [tier ke = v (D), [y(D, YD p1ln-p-2 dl.

p=0 k=0 Y%
‘We have the estimate

n-2 k+1

[t itk = D YD, 7O T dzH

%)

< (=D 0z max ol [l

p=0 k

where we have set 1(7) = SUPjs_qi<r | fa h [l¥(DI| dl|. Since vy is absolutely continuous, it
follows that (1) goes to zero as T — 0*. This immediately proves the validity of the

limit
o[ 70 + Yt '
tim 3 [T ) - yw| = [0 0hd 6
IZl-0* £ 2 -1 Jo
Taking into account (3.7), (5.3) and (5.4), the limit (5.2) follows. m]

DermniTioN 5.3. Let I : [a, b] — M be continuous. Then we define

Var! T = sup Z o), T(tk-1)).

to=a<t|<--<ty=t
NeN
Tueorem 5.4. LetT : [a, b] — M be a curve and definey =exp™! oI = i1 Yi» where
v; takes values in V;. Then the following statements are equivalent:
(1) T is absolutely continuous;
(2) v is absolutely continuous and the differential equation

v 1y
50 =3 Lm0, 30l) (5.5)
n=2 :

is satisfied a.e. for every i > 2.

If one of the previous conditions holds, then there exists a constant C >0 only
depending on p and || - ||, such that for any T < 1,

p(T(r1), T(r2) < C f 1ol d. (5.6)

1
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Proor. We first assume that I" is absolutely continuous with respect to a homogeneous
distance p fixed in M. Observing that the image of I' is bounded and applying
Lemma 3.5 with i = 1, we immediately conclude that 7y is also absolutely continuous
with respect to the norm || - || fixed in M; then vy is a.e. differentiable. Let a <7 <b
be both an approximate continuity point of ¥ and a differentiability point of the total
variation [a, b] > — Varil". We fix a suitably small € > 0. We also fix a bounded
open neighborhood U of e and choose ¢ > 0 such that exp(y(T + ti_;) ™' @ (1 + ;) €
U whenever X = (fy, t1, ..., ty) is an arbitrary partition of [0, s] with ||Z|| <6 and
O<s<e Foreveryi=1,...,u, there exists a constant k; > 0 such that

(s Cy( + N < ki lw' (Ts(y (T + ()]

N
) ) 5.7
<k Ky Z P + 1)), T(x + t;1)) <k; Ky (Var™ T, S
=1
By Lemma 5.2, passing to the limit in (5.7) as ||Z|| — 07,

(_l)n—l
n!

H)’i(T+ §) —yi(T) + Z f(; mi(ly(T + D, y(t + 1)]n—1)le
n=2

< k; Ky(Var™ Ty~ (Var’**T - Var’I).

By our assumptions, 7 is a differentiability point of both y and / — Varfll", and it is an
approximate continuity point of y. Thus, dividing the last inequality by s and taking
the limit as s — 0" for every i > 2, (5.5) follows.

Now, we assume that 7y is absolutely continuous and that (5.5) holds a.e. for every
i>2. Letus fix a < 1] <13 < b and consider

h—s O(h) =T(t)"'T(ry + h) = exp O(h) = exp(01(h) + O2(h) + - - - + 6,(h)),

where 6;(h) € V;. Since h — ©(h) is a left translate of 2 — I'(r; + h), where the latter
is horizontal a.e., it follows that ® is horizontal a.e., and we can conclude that

, S (1) ,
b= L wom, o0l 58)
n=2

n.

and that 6 is absolutely continuous. Now, we wish to prove by induction that there
exists a constant C; > 0, only depending on the norm constant 3, such that

ho ho i
f 1ol dr < f ) (5.9)
0 0

for every i > 1, with hy = 7, — 7. To prove (5.9), we first write (5.8) as

) Y (=1)" ,
e,(h):Zz%le 6, (), [0, (), . . ., [6,,,(h), B, (W] . . ], (5.10)
sy
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since M is a graded group. For i = 1, inequality (5.9) is trivial, choosing C; > 1. Let
us assume that (5.9) holds for every i < j. Due to (5.10) for i = j + 1 and our induction

hypothesis,
ho . v ﬂn—l ho .
f 1041 (DI di < Z pr Z f 16, DIl ... 116y, DI |6, DIl dt
0 =2 1<l de<v YO
= sl
v Bn—l ho j+l
- Y aalf mona)
n=2 1<l by <v 0
L4+, =j+1
ho j+l Y pnel
-( fo I6:ol ) (Z; T IZI GG
n= <l1,..[,<
l,+~~l~+ln:jf1
In fact, in the previous formulas [y, . .., [, < j, and hence we can apply the induction

hypothesis to foh” 16, ()l dt forall j=1,...,n. Thus, foralli=1,...,v,

16:000)l1 = I (—y(r1) © YTl < Ci( f 2 ||) .

1
These estimates establish (5.6), and hence I is absolutely continuous. ]

CorOLLARY 5.5. Let T : [a, b] — M, let y = exp™! o " and define y = 2y Vi where y;
takes values in V;. Then the following statements are equivalent:

(1) T is Lipschitz,
(2) vy is Lipschitz and the differential equation

vo—1y
310 =Y S r v, 501
n=2

n:

is satisfied a.e. for every i > 2.

If one of the previous conditions holds, then there exists a constant C >0 only
depending on p and || - ||, such that

C~' Lip(y1) < Lip(T') < C Lip(y1).

Remark. Notice that in Carnot—Carathéodory spaces 1-Lipschitz curves with respect
to the Carnot—Carathéodory distance coincide with subunit curves, which are
horizontal by definition [9]. On the other hand, the previous corollary treats the case
where M is a graded group, that need not be a Carnot—Carathéodory space.

The metric derivative of absolutely continuous curves suffices to recover by
integration their total variation. Since Theorem 4.6 and Theorem 5.4 show that
absolutely continuous curves are a.e. differentiable, the following corollary follows.
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CoROLLARY 5.6. Let T : [a, b] — M be absolutely continuous. Then

b
Var’I' = f p(exp(y1(0)) dt,

where VarZF is computed with respect to the homogeneous distance p.

6. Mean value estimate

Throughout this section, G and G denote a stratified group and its Lie algebra,
Q c G is a fixed open set, d is a homogeneous distance on G, and M is a graded group
equipped with a homogeneous distance p. When the norm || - || is applied to a vector
of either TG or TM, it is understood that it represents the left invariant Finsler norm
generated by the fixed norm in the Lie algebra of either G or M. When we wish to
stress the dependence on the point, we use the notation ||v||,, that is precisely ||dl;1v||,
where v € T,G and [,(z) = xz is the left translation by x. The mapping f: Q — M
will be represented in the algebra by F =exp™! of : Q — M and F j=mjoF, where
nj: M — W; are the canonical projections onto the layers.

Lemma 6.1. Let V be a finite dimensional vector space equipped with a norm || - ||, and
let F : Q — V be continuously differentiable. There exist constants g > 1 and Cy > 0,
only depending on (G, d), such that

IF(x) = F)Il < Co max [ldyF(2)l| d(x. y)

&por
for every x,y € D¢, where Dy ., C Q.

This lemma can be achieved by integration on a fixed family of piecewise horizontal
lines, as in the proof of Theorem 1.2. Notice that the operator norm ||dg F(z)|| is defined
as max{||dy F(2)(v)I| : v € H,G, [Iv]|; =1}, so

ldu F ()Xl < lldu FIHX @Iz = ldaF I IXI]-

Combining Lemma 6.1, Theorem 4.12 and Proposition 2.10, we immediately arrive at
the next proposition.

ProrosiTion 6.2. Let ¢ : [a, b] — Q be a Lipschitz curve and let f:Q — M be
a continuously differentiable mapping. Then there exists a constant C >0, only
depending on d, p and the norms on G and M, such that I = f o c is Lipschitz and

p(C(). T(@) < C Lip(e) max [ldyF(9)l It =,
¥1(6) = DF1(c(1) © De(t) = DF 1 (c(t))(exp @1(1)),
where we have sety;=mjoexp ' ol and aj=m;oexp ! oc, and hence

I'=exp(y1+---+v,) and c=expla;+--+a,).
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CoroLLARY 6.3. Every continuously differentiable mapping is locally Lipschitz.

THEOREM 6.4. Let f : Q — M be continuously differentiable, let Q) be an open subset
compactly contained in Q and let c: [a,b] — Q' be Lipschitz. Then there exists
C >0, depending on both A= esssup,,lldll and L =max g (|duF1(X)||, such that
at all approximate continuity points t of ¢,

p(Df(c(t)(exp ét) h), f(c®)™ f(c(t + h)))
s 1/t
<C sup b( llcr (D) = @1 (Il dl| |l + C max |ldpF1(c(s)) = dyFi(c)]|'|hl,

SEl 14n SE€l n
6.1)
where ¢ =exp(a; + - - - + 1) and I+, = [min{z, t + b}, max{t, t + h}] C [a, D].
Proor. By Proposition 6.2, it follows that I' = f o ¢ = exp o 7 is Lipschitz and
Y1) = DF (c(9))(exp @1 (7). (6.2)

Thus, by Theorem 4.6 and taking into account (6.2), the estimate (4.6) applied to I’
yields

161/n[=h dF\(c(1)) (@1(1) © (=F(c(n) @ F(c(z + M)]Il

<T(AL) sup ]( IDF (D) (exp(@i (1)) -~ DFy(c(h)expla )l dI

SE€L 1n

s (6.3)
<Y L)L sup )( (D) = a1 (D)l dI
SELy 14 t

+ T(A L)A max [|dy Fi(c(s)) — dyFi(c()Il,

S€l11n

where T is defined in Theorem 4.6. Now, applying (3.12) and (6.3), we obtain a
constant C > 0 such that (6.1) holds. m]

CoRrOLLARY 6.5. Let f: Q — M be a continuously differentiable mapping and let
and Q) be open subsets such that Q, is compactly contained in Q. Let x,y € Q| be
such that x 'y € exp V; and x8;(x”'y) € Q,, whenever 0 <1< 1. Then there exists a
constant C, only depending on max e ldg F1(x)||, such that

P(DFOCY), F fO) < C wg g, 5 (dCx, YD d(x, ). (6.4)
Next, we present the proof of Theorem 1.2.

Proor. Let P° be as in Definition 4.8, with s=1,..., N, where N is defined
in Lemma 4.9. Let x,yeQ; and let a€(P¥)"'(D;) be such that PN(a)=
01 /d(x,y)(x"y). We have d(P°(a)) < s ¢y, where ¢y = c(G, d) is given in Definition 4.10.
Then d(é,Ps‘l(a)(S;hiJ) <co N diam(Q;), when [€[0,ta;] and 0 <t <diam(Q;).
We fix to=d(x,y) <diam(Q;), and hence [0, toa,] > —> x5, P! (a)dh;, € Q.
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Applying (6.4) to this curve, we get Cy, only depending on max g [[duF (x|,
such that

p(f(x6,, P (@) f(x61, P*(@)), Df (361, P*™ (@))(Ba,1,)
< Ci las 1ol wg, 4, , (co 10)"".

Then we obtain the key uniform estimate

(6171, (f(x8, P (@) ™! (x84, PS(a))), D (X6, P~ (@) (S, Pi,))

(6.5)
<Cico Gy dy F (co l‘())l/L.

Letv= max, g lldg Fi(x)|| and let h; =exp X; fori=1,...,m. By (1.1), we have a
geometric constant ¢; > 0 such that

P(Df(x)(hi,) = plexp X; F1(x)) < c1 v
for all i;. Then we have the estimate
P(Df(xX)(bahi, - - - Oayhiy)) < cocy N v. (6.6)
Taking into account (3.11), we have «y > 0 depending on both v and ¢ such that

P(DF(X)Ga, i), DF (xS, P (@)Gu, i) < k0 € g, g (CON )" (6.7)

Joining (6.5) and (6.7), forall s=1,..., N, we get

(6171, (f (x5, P (@) ™! f (x84, PS(a))), D (X)(8a, i)

1/t 1/t (68)
< (K()CO + Cicop) wﬁzdeFl (Ncotg) "' < Cy,

where C, depends on Cy, cp, kg, ¢t and wg dHFl(diam(Qz)). By (6.6) and (6.8),

in view of Lemma 3.7, we get a constant /31, possibly depending on both v and

wg, 4, F, (diam(€2y)), such that
.0(51/m(f(X)_lf(xé,OPN(a))), Df(x)(PN(a)))
N
<K Z (611, (f(x6,, P~ (@)™ f(x61, P*(@))), D (x)( g, hi )

s=1

Thus, due to (6.8), we achieve

P~ f), DF)('y)
d(x,y)

1 1 1/2
< NK](K()CO/[ + Cicp) /Lwﬁz,dHFl (Ncoty) It .

This estimate clearly extends to Q, and concludes the proof. O
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Next, we give the proof of Theorem 1.3.

Proor. By continuity of x — D f(x), there exist a compact neighborhood U’ of ¥ and
a number y > 0 such that
i i D = L.
min min p(Df(xX) () = p
Then the triangle inequality joined with (1.6) gives us 8> 0 and an open set U such
that d(f(x), f(y)) 2B d(x,y), whenever x,ye U and x€ U c U’. Then fy has an
inverse defined on f(U) and by the domain invariance theorem, see, for instance, [14,
Theorem 3.3.2], fiy is an open mapping. Then the inverse mapping g : f(U) — U is
continuous and Proposition 2.10 concludes the proof. O

7. Homogeneous subgroups

Throughout this section, we assume that all subgroups are closed, connected and
simply connected Lie subgroups, if not otherwise stated. Here G denotes an arbitrary
graded group, that is not necessarily stratified. Its Lie algebra is denoted by G.
From [27, Section 5.2.4] we recall the notion of homogeneous subalgebra and the
corresponding notion of homogeneous subgroup.

Derinition 7.1 (Homogeneous subalgebra). Let p € G be a Lie subalgebra. We say
that p is a homogeneous subalgebra if §,p C p for every r > 0.

Remark. Itis not difficult to find examples of subalgebras which are not homogeneous.
It suffices to consider L =span{X + Z}, which is a subalgebra of the Heisenberg
algebra ' of brackets [X, Y] = Z. However, 6;(X + Z) =2X +4Z ¢ L.

ProposiTiON 7.2. Let a be a homogeneous subalgebra of G, where G is decomposed
into the direct sum Vi ®---®V,. Then we have a=(Vina)d(Vo,Na)d---&
V.Na).

Proor. We have to prove that each & € a with the unique decomposition & = th:l &,
with &; € V;, satisfies £; € a. By hypothesis, 6, € a whenever r > 0, so the closedness
of a implies that lim,_q+ ™' §,&£ =& €a. This implies that £ — €& €q, and so
lim,_g+ ¥72 8,(& — &) = & € a. Iterating this argument, our claim follows. O

CoroLLARY 7.3. Every homogeneous subalgebra a C G is a graded algebra.

ReEmaRrk. Let a=a; @- - - ® q, be a homogeneous subalgebra. In general, some factor
a; might be the null space. Consider, for instance, the homogeneous subalgebra
a:VZEBV4€B--‘GBVZ[L/Z],whereg:V] eVod---dV,.

DermniTioN 7.4 (Homogeneous subgroup). Let P € G be a Lie subgroup. We say that
P is a homogeneous subgroup if 6,P C P for every r > 0.

It is clear that all properties of homogeneous subalgebras are exactly translated to
homogeneous subgroups. Thus, in the sequel we will equivalently work with either
homogeneous subalgebras or homogeneous subgroups.
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7.1. Complementary subgroups. This subsection is devoted to the notion of
complementary subgroup, which plays an important role in the algebraic side of this
paper.

When A and B are subsets of an abstract group G we will use the notation

AB={ablacA,becB}.

DeriniTION 7.5 (Complementary subgroup). Let P be a homogeneous subgroup of G.
If there exists a homogeneous subgroup H of G satisfying the properties PH = G and
P N H = {e}, then we say that H is a complementary subgroup to P.

Remark. Recall that for abstract subgroups A, B of an abstract group G, the subset
AB is an abstract subgroup if and only if AB = BA, see, for instance, [11]. As a
consequence, H is complementary to P if and only if P is complementary to H.

Due to the previous remark, being complementary is a symmetric relation and we
can say that two subgroups are complementary.

Remark. Let H and P be complementary subgroups of G and let g € G. Then it is
immediate to check that there exist unique elements i, ' € H and p, p’ € P such that
g=hp=p'h.

The following proposition characterizes complementary subgroups by their Lie
subalgebras. Its proof is elementary and uses intrinsic dilations.

ProrosiTioN 7.6. Let p and Y be homogeneous subalgebras of G and let P and H
denote their corresponding homogeneous subgroups, respectively. Then the condition
P®Yh=G is equivalent to require that P and H are complementary subgroups.
Furthermore, if one of these conditions hold, then the following mapping is a
diffeomophism:

$:pxh—G, W, Y)=expW expY. (7.1

REmARK. Joining Propositions 7.2 and 7.6, we have the following property. If K and P
are complementary subgroups, then

Q = H-dim(K) + H-dim(P), (7.2)

where H-dim denotes the Hausdorfl dimension with respect to a fixed homogeneous
distance. One can interpret this fact as a ‘proper splitting’ of the ambient group even
with respect to the metric point of view.

Through Proposition 7.6, it is easy to observe that not every subgroup admits a
complementary subgroup.

ExampLE 7.7. Let us consider the second layer n = span{Z} of the Heisenberg algebra
', with bracket relations [X, Y] =Z. Then the normal subgroup N =exp(i) does
not possess any complementary subgroup, see also [7]. In fact, let a be any

https://doi.org/10.1017/51446788713000098 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788713000098

108 V. Magnani [33]

two-dimensional homogeneous subalgebra of h'. Then Proposition 7.2 gives the
decomposition a = a; @ ay, where a; is contained in the jth layer, j= 1, 2. If ap = {0},
then a = a; = v is not a subalgebra of bl. Thus, a must contain n and this conflicts with
existence of a two-dimensional subalgebra complementary to n.

RemArK. More generally, there do not exist two-dimensional subalgebras a of b’
such that a®@n=5!, even if we do not require the homogeneity of a. In fact,
let a = span{U + aZ, U’ + a’Z} be a two-dimensional subalgebra of h!, where U, U’
belong to the first layer v. If [U, U’] =0 then they are proportional and a&®n is
two-dimensional. It follows that [U, U’] = yZ, with ¥ # 0. On the other hand, a is a
subalgebra, and hence Z € a and this would imply a = b'. This is also a contradiction,
so such a complementary subalgebra cannot exist.

Remark. All the homogeneous subgroups exp a, = exp span{X + 1Y} of H! with
A eR yield complementary subgroups A, =exp a, of S =exp(span{Y, Z}). Hence,
complementary subgroups, when they exist, need not be unique.

Next, we wish to see how the notion of complementary subgroup is translated for
the corresponding subalgebras, when G is a graded group. First of all, we notice that a
decomposition of G as a direct sum of two subspaces does not ensure a corresponding
decomposition of G as the product of their images through the exponential mapping.
This simple fact is shown in the next examples.

ExampLE 7.8. We consider the Heisenberg algebra §! with basis (X, ¥, Z) and bracket
relation [X, Y] = Z. We consider the following subspaces of b':

u = span{X, Y},
w = span{Y + %Z}.

It is immediate to check that u® w = b', but exp u exp w # H!, since for every 1+ 0
we have exp(—X + AZ) ¢ exp u exp w.

ExampLE 7.9. We consider the Heisenberg algebra h? equipped with the basis
(X1, Y1, X5, Y, Z) and bracket relations [X;, Y1] = [X,, Y2] =Z. Then we define the
linear subspaces
a=span{Xy, X, Z + Y1},
{b =span{Yy, Y}.

It is immediate to check that a ® b = b2, but exp(2X; + Z) ¢ AB, where A = exp a and
B=expbh.

7.2. h-epimorphisms and Z-monomorphisms. In this subsection we use com-
plementary subgroups to characterize both A-epimorphisms and s-monomorphisms.
These characterizations will be used in the proof of both the implicit function theorem
and the rank theorem.
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ProposiTion 7.10 (Characterization of #-epimorphisms). We consider a surjective
h-homomorphism L:G— M and denote its kernel by N. Then the following
conditions are equivalent:

(1) there exists a subgroup H complementary to N;
(2) L is an h-epimorphism.

Moreover, if one of them holds, then the restriction Ly is an h-isomorphism.

Proor. We first assume the validity of the first condition. Then we consider the
restriction T = Ly : H— M. Let meM and let g€ G such that L(g) =m. Then
the property NH = G implies that g is nh, where (n, h) € N X H. As a consequence,
we have L(nh) = L(h) = T(h) =m, and hence T is surjective. If we have T(h) =e,
then h€e HN N ={e}. We have shown that Ly is an h-homomorphism. Clearly,
T~':M— H is an h-homomorphism and satisfies Lo T~!=1Idy, so L is an
h-epimorphism. Conversely, if L is an h-epimorphism, then there exists a right inverse
R:M — G that is also an A-homomorphism. We set H = R(M) and easily observe
that HN'N = {e}. Let g € G and consider m = L(g) = L(R(m)), so that g"'R(m) € N,
and this implies that g € HN. Then G = HN = NH, and this concludes the proof. O

ProrosiTion 7.11 (Characterization of ~-monomorphisms). Let us consider an injec-
tive h-homomorphism T : G — M, along with its image H. The following conditions
are equivalent:

(1) there exists a normal subgroup N complementary to H;
(2) there exists an h-epimorphism p : M — H such that pjy = Idg;
(3) T is an h-monomorphism.

Proor. We show that (1) implies (2). We define the projection p: M — H that
associates to any element m = nh € M, with (n, h) € N X H, the element & € H. This
definition is well posed, since N and H are complementary. The fact that N is normal
and the uniqueness of representation of the product nh give

(i) (nahy)) = p((nihynahy Y (hihy)) = hiha = p(nihy) p(nahy).

It is trivial to observe that p is homogeneous and that its restriction to H is exactly
Idy. Then p is a surjective Ai-homomorphism. Furthermore, H is a complementary
subgroup of the kernel N, so Proposition 7.10 implies that p is an s-epimorphism.

To prove that (2) implies (3), we define the mapping L = J o p, where the injectivity
of T allows us to define the h-isomorphism J: H — G such that J(T'(g)) = g for
every g € G. Then L is an A-homomorphism as composition of Z-homomorphisms.
In addition, one can easily verify that L o T = Idg.

We are left to show that (3) implies (1). By definition of A-monomorphism, we
have an A-homomorphism L : M — G that is a left inverse of 7. Let N be its kernel,
that is a normal homogeneous subgroup of M. We have to show that N and H are
complementary subgroups. Let m € M and consider L(m) = g € G. We have

LimT(g™") = Limyg " =e,
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and hence m T(g™')=ne N, thatis, m=nT(g)e NH. Let xe NN H and let g€ G
such that x = T'(g). Thus, we get eg = L(x) = L o T(g) = g, which implies g = eg and
x=T(eg) = ey, thatis, N N H = {ewm}. O

8. Quotients of graded groups

In this section we show that the group quotient of graded groups is still graded with
a natural left invariant and homogeneous distance. We first recall some elementary
facts of Lie groups theory in order to study the relationship between quotients of Lie
algebras and quotients of Lie groups.

Let G be a real Lie group and let H be a Lie subgroup of G. Recall that the
quotient G/H has a unique manifold structure that makes the projectionn: G — G/H
a smooth mapping. G/H is called a homogeneous manifold, see [30, Theorem 3.58].

If we consider a normal Lie subgroup N, then G/N is, in addition, a Lie group,
according to [30, Theorem 3.64], and in this case

n:G— G/N
is clearly is a Lie group homomorphism. As a result, by [30, Theorem 3.14],
drn: G — é

is a Lie algebra homomorphism, where G and G are the Lie algebras of G and G/N,
respectively.

Remark. The mapping dr is also surjective. In fact, [30, Theorem 3.58] ensures the
existence of a neighborhood W C G/N of the unit element ¢ of G/N and a smooth
mapping 7: W — G such that ro 7 =1Idy. Let I': (—¢, &) — W be a smooth curve
with I'(0) = Xz € Tz (G/N). Then the curve y=1ol:(-g, &) — Gsatisfiesmroy=T

and dn(X,) = Xz, where X, = ¥(0). This shows surjectivity of dn.

ProposITION 8.1. The Lie algebra G of G/N is isomophic to the quotient algebra G/N,
where G is the Lie algebra of G and N is the ideal corresponding to the normal
subgroup N. Furthermore, we can represent the exponential mapping of G/N on G/IN
by setting Exp : G/N — G/N,

Exp(X + N) = n(exp(X)),

where exp : G — G is the exponential mapping of G, n: G — G/N is the canonical
projection and the diagram

Exp ‘/exp
G/N

commutes, where exp : G —> G/N is the canonical exponential mapping of G/N.
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Proor. We have seen above thatdn : G — é is surjective, hence
dim(ker(dr)) = dim(N).

For every U € N the curve m(exp(tX)) is constantly equal to the unit element e of G/N,
then dn(X) =0 and clearly N C ker dn. It follows that N =ker dr and the algebra
isomorphism dn: GIN — G is well defined, where p:G — G/N is the canonical
projection and

[p(X), p(Y)] = p([X, Y])

for every X, Y € G. If we consider the diagram

G
p‘{ dn
GIN - =G (8.1)
Exp lexp

G/N

then we are left to show that its lower part commutes. In fact, by definition of dn, for
every X €G

&Xp o dn(p(X)) = &Xp o dr(X).

On the other hand, due to [30, Theorem 3.32], the diagram

G —>>G/N
g dn é

commutes, namely exp o dm(X) = o exp(X) for every X € G. It follows that
eXp o dn = 7 o exp = Exp.

This concludes the proof. O

ProposiTioN 8.2. Let M be a graded group and let M=W, @ ---® W, be its Lie
algebra. Let N be a normal homogeneous subgroup corresponding to the ideal
N=N1®---®N,. Then the surjective Lie algebra homomorphism dn: M — M
induces a grading

W1®"'®WU
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on the Lie algebra M of M/N, which is h-isomorphic to
Wl/Nl D-- ’®WU/NU’

where dn(W;) = W, is linearly isomorphic to Wi/ Ni. Moreover, a family of dilations 6,
can be defined on M/N such that 7 : M — M/N is an h-homomorphism. Finally, if M
is stratified then so is M/N.

Proor. The decomposition of N into factors N; follows from Corollary 7.3, where
some of the N; are possibly vanishing. By Proposition 8.1 the Lie algebra M of the
quotient M/N is isomorphic to M/N and

p: M—> M/N is equivalent to dr : M — M,

by commutativity of the diagram (8.1), and hence we consider the grading induced by
p. Let us check that p(W;) N p(W;) = {0} whenever i # j. By contradiction, let Xe
p(W;) 0 p(W;) be nonvanishing. Then there exist X; € W; \ N and X; € W; \ NV such
that X; = X; + Z, where Z € N. Since N is homogeneous, we must have Z = Z; + Z;,
where Z; € W;N N and Z; € W; N N, and hence Z; = X; and Z; = —X;, which conflicts
with our initial assumption on X; and X;. This shows that M=W,®---@W,isa

grading, where W; = dn(W;). This immediately implies that M is stratified when M
is stratified. If we set 6,(X;) = r'X; for every X; € W;, then one can easily check that
dr o 8, =6, o dr and 7 is an h-homomorphism. Finally, we consider the commutative
diagram

Wi/Ni®---d W, /N,

where we have set po(w; +---+w,)=w; +Nip,...,w, + N,) and the definition
Jwi + N, oo, wy + Ny =wy +---+w, + N is well posed. It is immediate to
observe that ker J = {0}, so J is a linear isomorphism. The commutativity of the
diagram above implies that p(W;) = J(W;/N;). This concludes the proof. ]

Remark. The induced grading on M/N considered in Proposmon 8.2 is given by the
subspaces W = dn(W;), which satisfty M/N = W,&---&W,, where some of these
factors are poss1bly vanishing. On the other hand, when N is not homogeneous M/N
still can have a grading with dilations, but these ones do not commute with 7, that is,
7 is no longer an h-homomorphism.

ExawmprE 8.3. Let W = span{X;, X, X3} and W, = span{Z}, where the only nontrivial
bracket relation is [X;, X;] = Z. Then M = W; & W, is a 2-step stratified algebra and
N = span{X3 — Z} is an ideal of M that is clearly not homogeneous. Elements of M/N
are X; = X; + N, where i = 1,2, 3 and X3 = Z + N. Clearly, the only nontrivial bracket
relation is [X|, X»] = X3 and M/N is isomorphic to the three-dimensional Heisenberg
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algebra. On the other hand, there are no dilations 6, on MIN such that dmr o 6, =6, o
dn, since dn(6,X3) = r dn(X3) = r X5 and dn(6, Z)= 2 dn(Z) = r* X5. We also notice
that in this case dr cannot induce any grading on M, since da(W;) N da(W,) = (X3).

9. Implicit function theorem and rank theorem

In this section we prove both the implicit function theorem and the rank theorem
stated in the introduction. We will use the notation DY =D5, NN and Dg =
’ .S

DE, s N H.
Next, we give the proof of Theorem 1.4.

Proor. Our arguments are divided into two main steps.

Step 1. Existence. By Proposition 7.10, the restriction D f(x)(h) : H — G is invertible,
and

min p(DfG(R) > 0.
heH

By continuity of Q X H 3 (x, h) — p(Df(x)(h)), there exists R > 0 such that

u= xrenll}n dr}mn p(Df(x)(h))>0 and pu= )glgx dr(nax p(Df(x)(h)) >0 9.1
heH heH

with Dz g C Q. Now we set Ry = R/(2 + 2 ¢(G, d) N), where ¢(G, d) and N are as in
(4.10) and Lemma 4.9, respectively. Then condition (1.5) is satisfied and Theorem 1.2
yields the estimate

max p(f(07 ), DFCOT') < C@pyyar (N e dle ) d(x, ). 92)

X.Ro

Thus, by definition of i in (9.1),
P(fX), FO)) < (Clwp, iy (N ¢ dx, y)IVE + ) d(x, y) (9.3)

for every x,y € Dzg,. Let (n, h) be the unique tuple in N X H such that nh = and let
r, s > 0 be such that DY ng C Dx,. Then, using the definition of 4 in (9.1), for every

ne DY andevery h, i’ € DY , we have the inequality
n,r h’s

p(f(nh), f(h')) 2 (= Clwp,payr, (N ¢ d(h, K))]'E) d(h, ), 94)

since d(nh, nh") = d(h, h"). Using (9.3) and (9.4) and possibly taking a smaller s > 0,
depending on C, N, ¢ > 0, we get a constant § > 0 such that

B d(h, 1) < p(Fu(h), Fu(h')) < Bd(h, K, 9-5)
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where for each ne DlﬁV .» we have defined F,: Dg’s — M, with F,(h) = f(nh).
Observing that Fﬁ(ﬁ) = f(x) and taking into account the bi-Lipschitz estimate (9.5),
we have Fy(h) # f(x) for every h € aDg K Injectivity of F5 implies that

deg(Fr, B , f@) € (-1, 1},
see, for instance, [14, Theorem 3.3.3]. Since the function

n— max p(f(nh), f(nh))
heﬁD}’{’S

is continuous, up to choosing a smaller r > 0, we can assume that

_ S
max p(f(nh), f(nh)) < %

hs

for every n € Dlﬁv .- As a consequence, applying (9.5), it follows that
— — S
P(Fu(h), f(X)) 2 p(F(h), f(X)) = p(Fa(h), Fu(h)) > %

for every h € E)Dgs and every n € DY . For an arbitrary n € DY '\ {11} one can consider
the continuous curve y : [0, 1] — D’ﬁ\' - defined by y(t) = n6,((n)'n). Notice that y has

image in D , since N is a homogeneous subgroup of G. By previous estimates, the
mapping (D [O 1] x D5, - — M defined by ®(z, h) = f(y(t)h) is a homotopy between
F5 and F, such that ¢)(t h) # f(x) for every t€[0, 1] and every h e 6DZIS Thus,

homotopy invariance of topological degree [26], implies
deg(F,, B , f(3)) = deg(F, B , f(3)) 0,

and hence there exists at least one element A’ € Dgs, depending on n, such that
F,(h") = f(x). Injectivity of F, gives uniqueness of /', so there exists ¢ : D’ﬁV L D%{S,
uniquely defined, such that F,(¢(n)) = f(n ¢(n)) = f(%). ’

Step 2. Regularity. We keep the same notation of the previous step. By definition
of u>0 in (9.1), the restriction L(x) = (Df(x))z : H— M is invertible for every
x € Dz, and setting T'(x) = L(x)7!,

d(T(x)(m)) < p~" p(m) (9.6)

for every m € M. Due to (9.2), we can choose a possibly smaller R > 0, and hence a
smaller Ry = R/(2 + 2¢N), such that

max p(f)7 fO), DF()(xy) < —7=

(RO

pd(x, y)
2
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It follows that the remainder E(n, n’) in the expression
flngm)™ fnp(n)) = Ling(m)(p(n)™' ¢(n")E(n, n')
satisfies the uniform estimate
P(En, 1) <& d(p(n). o)) ©.7)

’ N . . . . .
for every n,n’ € Dﬁ’r. The implicit mapping ¢ satisfies

Flnpm)) ™" fnp(n')) = (f(np(’)) ™ f(n' o))",
and therefore one easily gets
@) o(n) = T(np(m)(f(np(n )" £’ (') ™" T(np(m))(E(n, n'))™".

As aresult, in view of (9.6) and (9.7),
2
d(p(n), ¢(n')) < p p(f(np(n")), f(n'p(n"))).

By (9.3), up to choosing a possibly smaller R > 0, we can suppose that

pf(x), f()) <2 pd(x,y)

for every x, y € Dxg,, and hence

4
d(e(n), g(n')) < 7’“‘ A’y n ('),

Finally, formulas (3.13) and (3.10) lead us to the conclusion. O

RemMark. Under the hypotheses of Theorem 1.4, one immediately gets

d(ng(n), n'e(n') < (1 + 1) d(e(n’ )" n~' ' o(n')), 9-8)

Proor or THEOREM 1.5. By Proposition 7.11, we have a projection p: M — H that
is an h-epimorphism and pjy =Idy. We also know that the kernel N of p
is complementary to H. As a first consequence, the mapping p o f: Q— H
is continuously differentiable and D(p o f)(x): G— H is invertible. Due to
Theorem 1.3, there exist open neighborhoods V € Q and W € H of X and p(f(x)),
respectively, such that the restriction (p o f)y : V — W is invertible. We denote by
¥ : W — V its inverse function. By the second remark of Section 7.1, there exists a
unique function fy : Q — N such that f(x) = p(f(x))fnv(x) for every x € Q.

Then we consider g: W — M defined by g(h) = f(¥(h)) = h fxn(W(h)) for every
heW. The uniqueness of the factorization implies that g(W’) = g(W’) N W’'N,
whenever W c W. If W’ is open, then so is W’N, since the mapping (7.1) is open.
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As a consequence, g is an open mapping on its image, and hence so is the restriction
Jfiv. This implies that fy is a topological embedding. If we set

p=fyvoy and ¥=IoJ " oyopyuy

then @(h) = h~'g(h) and (1.9) holds, where I and J are defined in the statement of
Theorem 1.5. We notice that g is continuously differentiable on W, and therefore, in
particular, it is Lipschitz on W up to a suitable choice of W, for instance, a closed ball.
Our next computations are performed in the Lie algebra G of G. We set p =expo F
and g = exp o G, and therefore Lemma 3.5 gives a constant C > 0, depending on both
W and the Lipschitz constant of g, such that

IG(h) = GO < Cd(h,i’) and |I§ =&l < Cd(h, 1), 9.9)
where h = exp & and &’ = exp &, with h, i’ € W. Then
F(h) - F(') = (=§) @ G(h) - (=¢") @ G(h"))

=& -+ Gh) -G + Z[cn(—f, G(h)) = cu(=¢', G(h))],
n=2
due to the formula (2.2). From (3.20), it follows that

IF(h) = F(OI < 1lg” = &1l + IG(h) — G(ROI + Z Y V'L IE = €1+ IG() = GUID,

n=2
where we have set v=2 (maxnew IG(m)l + SUp, <y [I7l]). By virtue of (9.9), we get

a constant C; >0, depending on W, v and the Lipschitz constant of g, such that
IF(h) — F(W)|| < Cy d(h, ). This concludes the proof. O

10. Intrinsic graphs and (G, M)-regular sets

The notion of complementary subgroup allows us to set properly the well-
established notion of intrinsic graph in those graded groups that admit a factorization
into two complementary subgroups.

Derinition 10.1. Let P and H be complementary subgroups of G and let S ¢ G. We
say that S is an intrinsic graph with respect to (P, H) if there exists a subset A C P and
amapping ¢ : A — H such that S = {p ¢(p) | p € A}.

Remark (Translations of intrinsic graphs). As already observed in [7], intrinsic
graphs are preserved under left translations. If P and H are complementary subgroups
of G and S ={p¢(p)| p €A} is an intrinsic graph with respect to (P, H), then the
left translated xp ¢(p), for some x € G, is of the form j y(p), where p € A c P and
W :A— H. In fact, by unique decomposition of elements in G with respect to P
and H, there exist functions ¢; : A — P and i, : A — H such that

xp p(p) = ¥ (pa(p).
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To conclude, it suffices to show that i/ is injective. If ¥;(p) = ¥ (p’), then
xp e(PW2(p)™ = xp"e(p W (p) 7,

where o(p)a(p)~L, o(p )W2(p’)~' € H. Again, uniqueness yields p = p’.

DeriniTioN 10.2 (G, M)-regular set of G). Let G be a stratified group and let M be
a graded group such that M is an h-quotient of G. We say that a subset S C G is
(G, M)-regular if for every point X € S, there exists an open neighborhood U of x
and a continuously differentiable mapping f : U — M such that S N U = f~!(e) and
Df(x): G — M is an h-epimorphism for every x € U.

Dermvition 10.3 (G, M)-regular set of M). Let G be a stratified group and let M be a
graded group such that G h-embeds into M. A subset S ¢ M is (G, M)-regular if for
every point X € S, there exist open neighborhoods U c M of X and Vc G of e G,
along with a continuously differentiable topological embedding f : V — M, such that
SNU=f(V)yand Df(y) : G— M is an h-monomorphism for every y € V.

DermviTion 10.4 ((G, M)-regular set). When a subset S is either (G, M)-regular in
G or (G, M)-regular in M, we simply say that it is (G, M)-regular without further
specification, or we can say that it is an intrinsically regular set.

10.1. Tangent cone to (G, M)-regular sets. The notion of ‘tangent cone’ given
in [3, 3.1.21] can be easily extended to graded groups.

Dermvition 10.5. Let G be a graded group and let S ¢ G with a € G. The homogeneous
tangent cone of S at a is the homogeneous subset

Tan(S, a) = (v € G| 6, (a " s;) = v, (1) CRY, (s;) € S and s — al.
Remark. If a € S, then Tan(S, a) # 0.

Proor or THeEorEM 1.7. Replacing f with f o [, where [,(y) = xy, it is not restrictive to
assume that x = e, since

@S = (fo )N (f o k)(e)

and Df(x) = D(f o Iz)(e). Now we use the notation of Theorem 1.4, applying it in the
case x = e. From differentiability of f at e and the representation (1.7),

f(e) = f(np(n) = f(e)Df(e)(e(n))o(ne(n)).
Setting L = Df(e),
d(¢(n)) = d(Ly; (o(np(n)))) < &(d(n) + d(@(n))),

for n suitably close to e and small & > 0, arbitrarily fixed. From this, we easily conclude
that ¢ is differentiable at ey and Dg(ey) is the null A-homomorphism. Now, we
arbitrarily fix R > 0 and consider sufficiently small A > 0, such that

Dg N 61728 = Dg N {81/n81,29(n) | n € DN}
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Let (1;) be a sequence of positive numbers converging to zero. Using [1, Proposition
4.5.5], we have to prove the following conditions:
(1)  if x = limy_, x; for some sequence (x;) such that x; € Dg N 61/,,S, then we have
x€ DgrNN;
(i) if x € Dg N N, then there exists a sequence (x;) such that x; € Dg N 61/, S and
Xk — X.
To prove (i), we write x; = (0174, 1)(01/2,¢(nk)) and use Proposition 7.6 with respect
to our complementary subgroups N and H. Through the global diffeomorphism ¢
in (7.1), convergence of the sequence (x;) implies convergence of both (6,4,1¢) and
(61/2,9(n)). We notice that the limit ng of (6;,4,71¢) belongs to N. Differentiability of
@ at ey gives
kll_)rg S1/4,9(02,1,) = Dy(en)(no) = ep,
where we have set 614, = n;. Then x; — x =ng € Dg N N and our claim is achieved.
Now we choose xe€ NN Dg and consider a sequence (x;) contained in N N By

converging to x. We observe that for every fixed /, there exists a sufficiently large
ki such that 6,, x; € DY and

61/, (O, X1p(6 0, X1)) € BR N 61/, S,
since differentiability of ¢ at ey implies that
0174, (04, X100, X)) — x;  as k — oo.
The fact that Dg(ey) is the null ~-homomorphism also implies that
81/, (62, X183, 31)) — xDplen)(x) = x  as [ — .

Finally, we notice that (i) and (ii) exactly prove the two opposite inclusions between
N and Tan(S, e). This concludes the proof of the first part of Theorem 1.7.

Now, we keep the same notation used in the proof of Theorem 1.5 and observe that
it is not restrictive to assume that f(x) = ey. In fact, in the general case it suffices to
replace f with the left translated x — f(x)~' f(x), for which same assumptions hold.
We know that the mapping p o fjy is invertible with differentiable inverse y : W — V
and g(h) = f o y(h) = he(h) for every he W. By Proposition 2.10, we have that
Dg(ey) : H— M identically embeds H into M. Then

gh) = ho(h) = h ¢(h),

so that ¢(h) = o(h). This implies that Dy(ey) exists and it is constantly equal to the
unit element ey € N. To show the remaining claims, one can argue exactly as in the
first part of this proof, using the fact that ¢ is differentiable at ey with null differential
at this point and replacing N with H. O

CoroLLARY 10.6. Let S be a (G, M)-regular set of G. Then for every x € S,
H-dim(Tan(S, x)) = H-dim(G) — H-dim(M).
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Proor. By Theorem 1.7, Tan(S, x) is h-isomorphic to N =ker Df(x), where f is
the continuously differentiable mapping defining S around x as a level set. Due to
Proposition 7.10, the factorizing property of s#-epimorphisms yields a complementary
subgroup H that is h-isomorphic to M. By (7.2), our claim follows. O

Exawmpre 10.7. The fact that homogeneous tangent cones to a (G, M)-regular set of
G have a fixed Hausdorff dimension does not mean that they are all algebraically A-
isomorphic. Let us consider the mapping

.2 2 [2 2
f'H _>R 9 (xlax29 x39-x43 xS)_’( x2+x39 x4)9

where p = exp(Z?z1 x;X;) € H? and [X), X»] = [X3, X4] = X5 are the nontrivial bracket
relations of H?. The differential Df(x) is represented by the matrix

= L0 0
0 0 0 1 0

Then, defining the connected open set
Q= {(x1, %2, X3, X4, X5) € H? | x4 > 0, x5 + 23 > 0},

we notice that S =Qn f71((1,1)) is (H?, R?)-regular in H?>. Now we fix &=
(0,1,0,1,0) and n=(0, 0, 1, 1, 0), observing that £,7€ S. Thus, it is easy to check
that Tan(S, &) is a commutative graded group and Tan(S, ) is h-isomorphic to H!.

11. Factorizing groups

In this section we investigate the algebraic conditions under which either
surjective or injective A-homomorphisms are ~A-monomorphisms or s-epimorphisms,
respectively. Let G and M be arbitrary graded groups with algebras G and M.

DerniTION 1.1 (h-quotients and s-embeddings). We say that M is an h-quotient of G
if there exists a normal homogeneous subgroup N C G such that G/N is h-isomorphic
to M. Analogously, G h-embeds into M if and only if there exists a homogeneous
subgroup H of M which is A-isomorphic to G.

Prorosition 11.2. There is a normal homogeneous subgroup N of G such that G/N
is h-isomorphic to M if and only if there exists a surjective h-homomorphism
L:G— M.

Proor. If we have a normal homogeneous subgroup N such that there exists an
h-isomorphism 7' : G/N — M, by Proposition 8.2 the canonical projection 7 : G —
G/N is an hi-homomorphism, and hence defining

L=Ton:G— M,

we have obtained a surjective 2-homomorphism. The converse is trivial. O
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Remark. The previous proposition shows that M is an h-quotient of G if and only if
there exists a surjective A-homomorphism L : G — M. In view of Proposition 8.2, M
is stratified when @G is stratified. It is also easy to check that G #-embeds into M if and
only if there exists an injective ~-homomorphism 7 : G — M.

Levva 11.3. If m is the dimension of the first layer of G, then R* is an h-quotient of G
if and only if k < m.

Proor. Let V; @ V, @ - - - ® V, be the direct decomposition of G into its layers. Let u
be an (m — k)-dimensional subspace of V. Then N =u® V, ®--- @V, is an ideal and
clearly G/N is h-isomorphic to R*. By Proposition 8.1, G/N is also h-isomorphic
to R¥, where N =exp N. Conversely, assume that R¥ is an h-quotient of some
G. From Proposition 8.2, it follows that there exists N, corresponding to the ideal
N =N; @ ---® N, such that R¥ is linearly isomorphic to V| /N, so k < dim V| = m. O

ExampLe 11.4. The Heisenberg group H¥ is not an h-quotient of H", whenever n > k.
By contradiction, assume that there exists a normal subgroup N = exp 1 such that H"* /N
is h-isomorphic to H¥. In terms of algebras, we have a 2(n — k)-dimensional ideal n of
b” such that §” /1 is h-isomorphic to b*. This implies that there exists n + Z’ € )" /n that
corresponds to a nonvanishing element of the second layer of b*. It follows that n C v
and [n, n] = {0}, since v is the first layer of . If we pick an element X € v such that
[X, n] # {0}, then we meet a contradiction. In fact, X ¢ n, since 1 is commutative and
this conflicts with the fact that 1 is an ideal.

RemaArk. In view of the previous remark, Example 11.4 shows the nonexistence of
surjective A-homomorphisms from H" to H* whenever n > k, as it was proved in [17,
Theorem 2.8], by explicit representation of ~-homomorphisms from H" to H¥.

Dermition 11.5 (Factorizing group as a quotient). We say that M factorizes G as a
quotient if it is an h-quotient of G and every normal subgroup N of G such that G/N
is h-isomorphic to M has a complementary subgroup H.

Dermnition 11.6 (Factorizing group as a subgroup). We say that G factorizes M as a
subgroup if it h-embeds into M and every subgroup H of M which is A-isomorphic to
G has a complementary normal subgroup N.

As a corollary to Propositions 7.10 and 7.11, we have the following proposition.

Prorosition 11.7. We have that M factorizes G as a quotient if and only if every
surjective h-homomorphism is an h-epimorphism, and G factorizes M as a subgroup
if and only if every injective h-homomorphism is an h-monomorphism.

ProposiTion 11.8. If R¥ h-embeds into G, then it factorizes G as a subgroup.

Proor. By hypothesis, the class of k-dimensional subgroups H = exp ) of G which are
h-isomorphic to R¥ is nonempty and it corresponds to the k-dimensional commutative
subgroups contained in exp V;. Let N| be a subspace of V| such that h & N| = V.
Then N=N;®V,®---®V, isanideal and N = exp N is complementary to H. O
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Remark. If R¥ i-embeds into M, then every injective z-homomorphism from R¥ to M
is an ~-monomorphism. This immdiately follows joining Propositions 11.7 and 11.8.

Dermvition 11.9 (Factorizing group). We say that G factorizes M if it factorizes M
both as a subgroup and as a quotient.

RemARrK. It might be interesting from an algebraic viewpoint to investigate whether
factorizing groups as a quotient are also factorizing as a subgroup and vice versa.

The following proposition is straightforward.
Prorosition 11.10. R factorizes every stratified group.

ExampLE 11.11. One can easily find G and M such that there exist s-epimorphisms
L: G — M, although M does not factorize G as a quotient. In fact, let us consider the
2-step stratified group G with Lie algebra G = V| @ V,, where

Vi =span{Xy, Xp, X3, X4}, V2 = span{Zy3, Zo4, Z34},
and the only nontrivial bracket relations are

(X2, X3]1=Zp3, [X2,X4]l =254 and [X3, X4] =Z3.
Let L; : G — R? be the h-epimorphism defined by

4
L (CXP(Z XiXi + 203203 + 204204 + 134234)) = (X1, x2)
i=1
and let ker L; = exp n = exp(in; & 1p) = N. We have n, = V, and n; = span{Xs, X4}, so
H = exp{Xi, X2} is complementary to N, which easily follows from Proposition 7.6.
However, if we consider the s-epimorphism L, : G — R? defined by

4
Lz(exp(z XiXi + 203203 + 204204 + 234234)) = (x3, xa),
i=1
then ker L, = exp 1, with n = span{Xj, X} ® V>, and we will check that N = exp 1t does
not admit any complementary subgroup. By contradiction, if H is complementary
to N, then Proposition 7.10 shows that the restriction 7 : H — R? of L, is a group
isomorphism. In particular, H is commutative. In addition, Proposition 7.6 shows
that h ® n = G, where ) denotes the Lie algebra of H. Then }) is a two-dimensional
commutative subalgebra of G. We consider a basis (v, w) of b, given by

4 4
v=> aX;+Z and w=) BX;+T,
j=1 J=1
where T,Z €V,. The decomposition h®n =G implies that the ordered set of
vectors (v, w, X1, X», Z»3, Z»4, Z34) is a basis of G, and hence we must have a384 —

ﬁ3a4 #0. As a consequence, [v,w] = ((12ﬂ3 - 61'3,32)223 + (azﬁ4 - &4ﬂ2)224 + ((l’3ﬂ4 -
a@4f33)Z34 # 0. This conflicts with the fact that Iy is commutative.
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11.1. Factorizations in some H-type groups. Our aim here is to present some
factorizing properties of R¥ in some important H-type groups. These groups were
introduced in [12].

Dermition 11.12. Let g be a Lie algebra equipped with an inner product (-, -) and let 3
be a nontrivial subspace of g such that [g, 3] = 0 and [g, g] C 3. Let o be the orthogonal
space of 3 and define J : 3 — End(v) by the formula

(JzX,Y)=(Z,[X, Y]

forevery Z €3 and X, Y € v. If J satisfies the condition |JzX| = |Z] |X]|, then we say that
g is an H-type algebra.

From the previous definition, it follows that
(X, J,X]=|X?Z forevery (X,Z)€vx3. (11.1)

Then g = @ 3 is a 2-step stratified algebra of first layer v and second layer 3. In the
sequel, we will utilize another well-known formula,

Jz2Jw + Jwdz = -2 <Z, W> 1d,. (11.2)

Exampre 11.13. Let (X, Y, Z) be an orthonormal basis of the Heisenberg algebra !,
where [X, Y] = Z. Then, setting 3 = span{Z}, v = span{X, Y} and J; X =Y, J;Y = X,
extended by linearity, it follows that J makes h' an H-type algebra. The higher
dimensional Heisenberg algebras ) can be seen as direct product of the irreducible
Heisenberg algebras isomorphic to ! as

V=0& - -®v,83,

where (X;, Y;) is an orthonormal basis of v; and JzX; =Y;, JzY;=—-X;. Here we
notice that setting w(U;, U,) =(JzU;, Up), we define a symplectic form on the
2n-dimensional first layerv =0, ®- - - ® v,,.

ExampLE 11.14. It is easy to check that R? does not factorize ! as a quotient, although
it is an h-quotient of h'. 1In fact, the only one-dimensional ideal n of h' is the
second layer 3 and we have already shown in Example 7.7 that there do not exist
two-dimensional subalgebras complementary to 3.

It is a standard exercise of symplectic geometry to notice that R¥ factorizes the
Heisenberg group H" as a quotient, whenever k <n. In fact, one can consider the
canonical symplectic structure induced on the first layer of the Heisenberg algebra,
see, for instance, [7, 22].

ProposiTioN 11.15. If 1 <k < n, then R¥ factorizes H".

REmARK. Joining Propositions 11.7 and 11.10, it follows that every surjective
h-homomorphism L: G — R and every injective A-homomorphism L: R — G are
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an h-epimorphism and an ~A-monomoprhism, respectively. Joining Propositions 11.7
and 11.15, for every 1 <k <n, it follows that every surjective ~-homomorphism L :
H" — R* and every injective h-homomorphism L : R¥ — H" are an h-epimorphism
and an A-monomorphism, respectively. On the other hand, Example 11.14 shows that
R is not an h-quotient of H", whenever k > n.

Another example of an H-type group is the complexified Heisenberg group H.,
where the center 3 of its Lie algebra b% is two-dimensional and the first layer v has
dimension four. More information on this group can be found in [25].

Lemwma 11.16. Let bé =v®3 be the six-dimensional real Lie algebra of the
complexified Heisenberg group H; and let X €v with |X|=1. Let (Zi,7Z,) be an
orthonormal basis of 3. Then the vectors

Ro=X, Ri=JzX, Ry=JzX, R3=JzJz,X (11.3)
form an orthonormal basis of v and the only nontrivial bracket relations are given by
[Ro, Ril =[R2, R3] =Z1,  [Ro, R2] = —[R1, R3] = 5.

Proor. Using only the properties of J and the formula [Y, J;Y] = |Y[Z for every Y € v
and Z €3, it is easy to check that the R; form an orthonormal basis of v. The previous
formula also yields [Ry, R|] = Z; and [Ry, R;] = Z,. In addition,

(Z1,[R1, Ra]) = (J3, X, J7,X) = ~(X, Jz,X) = 0,
(Z2, Ry, Ro)Y = (U7, 07, X, J7,X) = (J7,X, X) = 0,

so [Ry,R;]=0. To prove that [Ry, R3] =0, [Ry, R3] =—-Z, and [R;, R3] =Z;, one
argues in the same way, using additionally (11.2). O

ProposiTioN 11.17. R? factorizes the complexified Heisenberg group Hé as a quotient.

Proor. Lemma 11.3 ensures that R? is an A-quotient of Hi. Let N be the kernel of
an h-epimorphism L : H} — R? and set n = exp™' (N) = n; & 1o, with n; =n N V; and
1, =1 N V,, due to Proposition 7.2. Clearly, n, = 3 and dim(it;) = 2. We have either
dim([ny, n;]) = 0 or dim([ny, n1]) = 1. In the first case we choose an orthonormal basis
(X, Y) of n; and represent Y as a linear combination of R;, according to (11.3). Then
the fact that (X, Y) is an orthonormal basis and [X, Y] = 0 imply that ¥ = Jz, Jz, X for
a fixed orthonormal basis (Z;, Z,) of the center 3. Now we simply notice that the
commutative subalgebra b = span{Jz X, Jz, X} satisfies h @ n = bé. Let us consider the
remaining case and take an orthonormal basis (X, Y) of n;. We have [X, Y] =Z #0.
Let (T, T») be an orthonormal basis of 3 such that T} = Z/|Z|. Replacing (Z;, Z;) in
Lemma 11.16 with the orthonormal basis (7, T»), we get Y = a1 Jr, X + a3Jr, J71, X,
with |a|=|Z| > 0. By direct computation, one can check that the commutative
subalgebra b = span{X — AJr, X, AJr, X + Jr, Jr, X} satisfies the condition h & n = b; if
we fix 1 # 0 and 17! # @3/a;. This concludes the proof. O
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ProposiTion 11.18. Let b% =0 @ 3 be the complexified Heisenberg algebra. Then there
do not exist commutative subalgebras of v with dimension greater than two.

Proor. By the general formula (11.1), for every X € v\ {0}, the mapping
adX:v—3 Y—I[XY],

is surjective, so its kernel is two-dimensional. By contradiction, the existence of a
commutative subalgebra of v with dimension greater than two would conflict with the
dimension of the kernel. O

CoroLLARY 11.19. Fork = 3, 4 we have that R¥ does not h-embed into H% and does not
factorize Hé as a quotient.

Proor. The first assertion immediately follows from both Definition 11.1 and
Proposition 11.18. Concerning the proof of the second assertion, in view of
Proposition 11.7, we consider a surjective h-homomorphism L:bé —R3. By
contradiction, if L is an s-epimorphism, then we get a three-dimensional subalgebra
of v that is 4-isomorphic to R3. This conflicts with Proposition 11.18 and concludes
the proof. O

11.2. Factorizations in some free stratified groups. We denote by g,, the free
v-step stratified algebra on p generators, and by G, ,, its simply connected Lie group.

Remark. Let us show that g,, is an h-quotient of g.,®a, with p<r, and a
is a stratified algebra. Here @ denotes the direct product of Lie algebras.

Let B, ={[X;, .., (X, X;].. ]I 1<s<v, (s - -, ) €AS, C{L,..., 7)) and
B, =X, X X1 1S s <, G j) €A, UL pl) be

bases of g,,, and g,,,,, respectively. Setting

LXKy (X X1 D) = (X (X XL XG0T,

s—12

for every 1 < s <wv and every (ji, ..., Jjs) Eﬂ;,fv CcCAS

ru?

LAX,, Xy X, X301, =0

s-1?

for every 1 <s<v and every (ji,...,j,) €A}, \ A, and L(a) ={0}. It is easy to
check that L : g,, ® a — g, is a surjective i-homomorphism.

ProposiTion 11.20. Let P be a stratified group such that G, is an h-quotient of P.
Then G, ,, factorizes P as a quotient.

Proor. We apply Proposition 11.7. By hypothesis, we have that L: P —g,, is a
surjective A-homomorphism, where P =W, & --- @ W, is the stratified algebra of P.
Let Xi, ..., X, be generators of g,,. Then there exist Uy, ..., U, € W; such that
L(U;) = X;. By hypothesis, we consider the basis

B={X;, X [Xjn X, 1. 1 1< s<0, Gy ooy ) €ASCHL, .., p)f)

https://doi.org/10.1017/51446788713000098 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788713000098

[50] Towards differential calculus in stratified groups 125

of g, The homomorphism property of L implies that
L(U;,Uj,...,1U;.,,U;1]...D=1X;,[X},, ..., [X;,, X;1]...],

so the family

B ={[U;,,[Uj,,....[Uj,,,Uj1l..1:1<s<v,(ji,..., jy) e A C{l,..., p}’}

is a basis of h = Lie-span{Uy, ..., U,}. As a consequence, we have that L maps [
h-isomorphically onto g, . O

CoroLLArY 11.21. H! factorizes G,» X G’ as a quotient for every r > 2.

Proor. Observe that ! = 82,2, take into account the first remark of Section 11.2 and
apply Proposition 11.20. O

The following corollaries are straightforward.
CoroLLARY 11.22. H! factorizes G2 X Gyp X -+ - X G, as a quotient for every r > 2.
CoroLLARY 11.23. H! factorizes H' x H' x - - - x H' as a quotient.

Remark. Although H' factorizes H! x H! x - - - x H! as a quotient, note that there are
a few nontrivial h-epimorphisms between these groups. In fact, they are all of the form

n-times

L H' xH'x---xH —H', La,...,a,)=Ja),

for some fixed k € {1, . .., n} and some h-isomorphism J : H' — H'.

12. Examples of (G, M)-regular sets

Existence of different types of intrinsically regular sets in a given graded group P
depends on the corresponding algebraic factorizations. In correspondence to the fact
that R¥ factorizes a graded group M as a subgroup, we have the following theorem.

THeorEM 12.1. Let M be a graded group, let n be the maximum over all dimensions
of commutative subalgebras contained in the first layer and choose 1 <k <n. Then
every k-dimensional C' smooth submanifold is horizontal if and only if it is an (R¥, M)-
regular set of M.

Proor. Every k-dimensional commutative subalgebra of the first layer also represents a
trivial example of a k-dimensional horizontal submanifold. This shows, by definition
of n, that this family is nonempty for every 1 <k <n. Recall that a k-dimensional
horizontal submanifold is locally parametrized by a C' contact mapping defined on
an open subset of R¥. In other words, it is locally parametrized by a continuously
h-differentiable contact mapping with injective differential. Then Theorem 1.1
shows that this mapping is continuously differentiable. Furthermore, since in
this case classical differentiability coincides with h-differentiability, then (1.1)
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shows that the classical differential corresponds to the differential. Then
the differential of the local parametrization is an injective h-homomorphism.
As a result, the third remark of Section 11 implies that the differential is
an h-monomorphism.  Taking into account Definition 10.3, we have shown
that every C' smooth horizontal submanifold contained in M is an (R¥, M)-
regular set of M.  Clearly, we have also proved that there do not exist
k-dimensional horizontal submanifolds when k > n, since the injective differential of
the local parametrization would imply the existence of a commutative subalgebra in
the first layer of M with dimension greater than k, which is a contradiction. Now, let
S be an (R¥, M)-regular set, where clearly 1 <k <n. Again Theorem 1.1 shows that
continuously differentiable mappings on R exactly correspond to contact mappings of
class C', so S is a C' smooth horizontal submanifold. m]

DeriniTion 12.2. We say that a homogeneous subgroup of H" is horizontal if its Lie
algebra is contained in the first layer v and vertical if it contains the second layer 3.

RemaRrk. Notice that horizontal subgroups are always commutative, whereas
homogeneous normal subgroups exactly characterize vertical subgroups.

Proposition 7.6 and elementary arguments give the following proposition.

ProrosiTion 12.3. Every two complementary subgroups of H" correspond to a
horizontal subgroup and a vertical subgroup.

According to the next example, we may have H-type groups factorized by
complementary subgroups, none of which is a normal subgroup.

ExampLE 12.4. Let us consider the complexified Heisenberg group Hé along with
the bases (Ry, Ri, R», R3) and (Z,Z,), defined in Lemma 11.16. We define the
homogeneous commutative subalgebras a = span{R, R3, Z;} and b = span{R, R;, Z,}.
Clearly, a®b = b;, and hence from Proposition 7.6 it follows that A =exp a and
B =expb are complementary subgroups of H;. On the other hand, [Ry, Ry] =7, ¢ a
and [Ry, R;] = Z, ¢ b imply that both a and b are not ideals of I)i.

If we assume that one of the two complementary subgroups of Hé is normal, then
the other has to be horizontal and commutative, as shown in the next proposition.

ProposiTioN 12.5. Let N and H be complementary subgroups of H), where N is
normal. Then N contains the center of the group, top- dim(N) is either 4 or 5, and
H is commutative and horizontal, that is, H C exp v.

Proor. Let N =expnand H =exp b. If dim(n) > 3, then n >3 by (11.1). Then in this
case dim(h) <3 and h cv. By Proposition 11.18, it follows that dim(h) <2. Then
the case dim(n) =3 cannot occur. If dim(n) <2, then n C 3, and Proposition 11.18
prevents the existence of h C v, which should be commutative. As a result, the only
allowed possibilities are dim(it) = 4 and dim(1) = 5. ]
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Tueorem 12.6. The families of (HY, R)-regular sets, (HL, R?)-regular sets, (R, Hé)—
regular sets and (R, Hé)-regular sets constitute all nontrivial intrinsically regular sets
of Hé.

Proor. By Propositions 7.10 and 12.5, we are allowed to consider only level sets
defined through continuously differentiable mappings with values in R¥, k = 1, 2, and
defined on an open set of Hj. Every C' mapping f : Q c H} — R? with surjective
differential defines an (H!, R?)-regular set, since it is continuously differentiable and
its differential is an h-epimorphism due to Proposition 11.17. This allows us to apply
Theorem 1.4. We argue in the same way for C! mappings f: Q cC Hi — R, due to
Proposition 11.10.

Analogously, Propositions 7.11 and 12.5 allow us to consider only image sets from
open subsets of R¥, k= 1,2, with values in H}. By Theorem 12.1, (R, H})-regular
sets and (R?, H;)—regular sets of Hé exist and correspond to one-dimensional and
two-dimensional C' smooth horizontal submanifolds of Hé O
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