J. Aust. Math. Soc. 76 (2004), 357-368

POSNER’S SECOND THEOREM, MULTILINEAR POLYNOMIALS
AND VANISHING DERIVATIONS

VINCENZO DE FILIPPIS and ONOFRIO MARIO DI VINCENZO
(Received 1 June 2002; revised 2 April 2003)

Communicated by J. Du

Abstract

Let K be a commutative ring with unity, R a prime K-algebra of characteristic different from 2, & and é
non-zero derivations of R, f (x, ..., x,) a multilinear polynomial over K. If

S(ld(f (ry, ..., m).f(r,....,rm)D) =0 forall r,..., r. € R,
then f (xy, ..., X,) is central-valued on R.
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A well-known Posner’s result states that if R is a prime ring and d is a non-zero
derivation of R such that [d(r), r] € Z(R), the center of R, for all r € R, then R
is commutative [17]. This result is included in a line of investigation concerning the
relationship between the structure of R and the behaviour of some derivation defined
on R. It is possible to formulate many results obtained in the literature in this context
by considering appropriate conditions on the subset P(d, k, §) = {[d(s), 5], : s € S},
where § is a suitable subset of R, k is a positive integer and the k-commutator
[d(x), x])i, for k > 1, is defined by [d(x), x]}x = [[d(x), x]i1, x]. For instance, we
can read the result of Lansky [11] as follows: If L is a noncentral Lie ideal of R
and P(d, k, L) = 0 then R satisfies the standard polynomial identity Ss(x,, ... , x4)
and it is of characteristic 2. More generally, in the case when f (x|,...,x,) I8
a multilinear polynomial, / is a non-zero twosided ideal of R, Lee and Lee [12]
proved that if P(d, k, f (I)) = O then either f (x,, ..., x,) is central valued on R or
char(R) = 2 and R satisfies the standard identity Sy(xy, ..., xs). On the other hand,
if P(d, 1, R) # Othenitis a large subset of R, and as showed by BreSar and Vukman
in [4], it generates a subring which contains a non-zero right and a non-zero left ideal of
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R. More recently, in [6] and [7], we considered the case when R is a prime algebra over
acommutativering K, f (x|, ..., x,) is a multilinear polynomial with coefficients in K
and P, L, f(R)={ld(f (i, ..., r)), f(r,..., )] n,..., rn € R} isnot zero.
More precisely, if char(R) # 2, we proved that the left annihilator of P(d, 1, f (R))
in R must be zero [7]. Moreover, if the non-zero elements of P(d, 1, f (R)) are
invertible then R is a division ring [6, Corollary 1].

The previous results also say that the subset P(d, 1, f (R)) is rather large in R.

It would seem natural to ask what happens if there exists a non-zero derivation §
of R, such that (a) = O forall a € P(d, 1, f (R)). In this paper we will give an
answer and prove the following:

THEOREM 1. Let K be a commutative ring with unity, R a prime K-algebra of

characteristic different from 2, d and § non-zero derivations of R, f (x},...,x,) a
multilinear polynomial over K. If §([d(f (ry,.... ). f(r,...,r)]) = O for all
r,...,T € R, then f (x4, ..., x,) is central-valued on R. :

We begin with the case when R is a ring of matrices over a field and d and § are
inner derivations. As above, for any elements s, ¢ in a ring, we shall denote [s, ],
the triple commutator [[s, ¢], t], and we shall use this notation through the rest of the
paper. We have:

LEMMA 1. Let R = M(F) be the ring of k x k matrices over the field F, with

k > 1, a, b non-central elements of R such that [a,[b, f (r1, ..., r.))2] = 0 for all
r,...,r € R. Then f (xy, ..., x,) is central-valued on R.
PROOF. We suppose that f (xy, ..., x,) is not central-valued on R and prove that in

this case either a or b fall in Z(R). The first aim is to prove that, if b is not a diagonal
matrix, then @ must be a central matrix. We will divide the proof in two cases: k = 2
and k > 3.

Case 1: k =2. Saya =}, a;e;, b=}, bye;, where a;, b; € F, and ¢;
are the usual unit matrices. Suppose that b is not a diagonal matrix, for example let
bn #0.

Since f (x1,...,X,) is not central on R, there exists an odd sequence of matrices
M....,Tn € Rsuchthat f(r,...,r,) = ye;, with0 # y € Fandi # j [14,
Lemma). In particular, we may assume that f (ry, ..., r,) = ye;, because the set
SR = {f(s1,...,8) : s1,...,8, € R} is invariant under the action of all inner
automorphisms of R. Thus

0={[a,[b,f(r,.... )] = —2y*(aenbe, — enbena)
and multiplying on the right by e,, we have:

ennbeae;; =0, thatis, bya; =0.
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Since b;; # 0, we have a;; = 0. Moreover by [15, Lemmas 2 and 9] there exists an

even sequence of matrices sy, ..., S, € R such that f (s, ..., s,) = ae + Bex, with
o # B. Then
0 (B~ a)szZ:I
b,f(si,....,s0)] =
and
anby (@ — B)? (an — an)b (B — 0!)2]
O0=1a,l[b, f(s1,..., s, = .
(@, 16.f (s ] [(azz — an)by(a — B)? —apby (@ — B)?

Since by, # 0, then a;; = 0 and a;; = ay, which means that a is central in R, a

contradiction.

Analogously we have the same contradiction if we suppose by, # 0 and a;; = 0.
Hence b must be a diagonal matrix in R = M,(F).

Case 2: k > 3. As above, since f (xy, ..., x,) is not central on R, and f (R) is
invariant under the action of all F-automorphisms of R, for all i # j, there exist
r,...,r, € Rsuchthat f (r,,...,r,) = ae; # 0. Thus

O={a,[bf(r,....rmL] = -—2a2(ae,-,- be; — e;jbe;a)
and multiplying on the right by ey, with [ # j we have:
¢))] e;bejae; =0, thatis, bja;; =0, Vj#il
Analogously, left multiplying by e,,, with p # i,
1) epae;jbe; =0, thatis, a,b;; =0 Vi#j,p.
Suppose b is not a diagonal matrix. Let i # j such that b;; 7 0. Hence
2) a,; =0, VpF#i, and a;=0, VI#j.
Moreover, we know that

(I 4+ e)(ae; ) (1 —ey) =aley +ey) Vg #1i,j

is also a valuation of f (x;,...,x,) in R.
So, [a, [b, a(e; + €,)]2] = 0, and left multiplying the last equation by e, with
h # i, q, we have

3) enae;be; + eypae;bey + ennaegbey + eppaeq bey; = 0.
By (3) using (1), and (2) we obtain

ahqu,’ =0, that is Apg = 0 Vh # i q Vq ;é l,j
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This fact and (2) means that

(A) ‘If b;; # 0 then the non-zero entries of the matrix a are just in the i-th
row, in j -th column or in the main diagonal.’

As above, we assume b;; # 0 and let m # i, j. Denote by o, and 1,, the following
automorphisms of R:
OnX) =0+ em)x(l —ejm) =X + €mX — X€jm — €jmX€m,

TnxX) =0 —¢€nux(1+ejpn) =X —€mx +Xx€n— ejmxen
and say o, (b) = Y_ 0,5, Tn(b) = Y_ 1,.¢,, Where 0,;, 7,, € F. We have
O'j,'—':bj,"*"bm,‘ and Tj[':bj['—bm,u

If there exists m such that o;;, = b;; + b,y = O or 1;; = b;; — b,; = 0 then
bmi = —b;; # 0or b, = b;; # 0. Therefore b;; # 0 and b,,; # 0, and so, using
(A), the non-zero entries of the matrix a are just in the i-row or on the main diagonal,
since m # j. Hence

@) a= Z a,.e., + Za,-se,-s, with a,, € F.
r.r#i s
Now assume that o;; # 0 and 7;; # O, for all m % i, j, and recall that, for any
F-automorphism ¢ of R, the following holds

[‘p(a)s[w(b)!f(rh---,rn)]Z]=0; forall rh-~-vrn€R-

Thus in this case by (A), for any m # i, j, the non-zero entries of the matrices 0,,(a)
and 1,,(a) are just in the i-th row, in j -th column or on the main diagonal. In particular,
since

Um(a) =aqa+ ejma - aejm - ejmaejmw

(@) =a—¢€n,a+aen,— €¢naen
then both of the above matrices have zero in the (j, m) entry, that is,
Ajm + Qe — Qjj — Ay =0,  Ajpp — Aum + a5 — Ay =0, YVm £, j.

Moreover, by (A), a;,, = 0, because m # i,j and SO @pnm —~ Qj; = Awj = Aj; — A,
which implies a,; = 0, for all m % i, j. At this point we can write again the matrix a
as follows:

@) a=D anen+) ae

r.r#i s
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In other words, by (4) and (4'), we have:

B) ‘If b;; # 0 then the non-zero entries of the matrix a are just in the i-th
row or on the main diagonal.’

Let again b;; 7 0 and m # i, j. Denote
An(x) = (1 4+ ep)x(1 — ep)) =X + epix — X — emiX emi,
Un(X) = (1 — )X (1 + emi) =X — emiX + X — emiX em;
and say A, (b) = 3_ A€, (b)) =Y ppse,s With A, ,; € F. We have that
Aji=bj; — b, and pwj; = bj; + bjp.

If there exists m # i, j such that A;; = b;; — bj,, = O or u;; = b;; + b;,, = O then
bjm = bj; # 0 or b;,, = —b;; # 0. Thus, by (B), a is just a diagonal matrix because
bj; #0,bj, #0andm # 1, .

On the other hand, if A;; # 0 and u;; # 0, for all m # i, j, then the non-zero
entries of the matrices A, (a) and u,(a) are just in the i-th row and on the main
diagonal. In particular, since

A'm(a) =a-+ e,,a — aey; — €y;aen;,

um(a) =a— eépa + A€ym; — €nAlpm;
then both the matrices have zero in the (m, i) entry, that is,
ami+aii_amm”'aim=Ov Apmi — Qii + Amm — Aim =0, Ym :/élv]

Moreover, by (B), a.; = 0, because m # i, j, and SO apmm — Qi = Aim = A;; — Ay
which implies a;, = 0, for all m # i, j. Finally in any case, if b;; # 0, we can write
the matrix a as follows:

&) a= Z a,re,, +aje;.
Since f (xy, ..., x,) is not central valued on R, by [15, Lemmas 2 and 9] there exists
an even sequence of matrices sy, ..., s, € R, such that f (s, ..., s,) = D>, ey, with

a, # a,, for some p # q. Moreover, since f (R) is invariant under the action of all
F—automorphisms of R, we may assume p = i and ¢ = j. By the above argument,
a=y_, a,e, + a;e;, moreover [b, > o:,e“]2 =Y, b(a; — a,)%e, and

(6) 0= [Z auey + a; eij ’ Z br.\'(as‘ - ar)zer.\':l .
i rs
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In particular, the (i, f) entry of the matrix (6) is zero, that is, b;;a; (o; — @ )2 =0.
Since b;; # 0 and a; # «a;, we get a; = 0, which means that a is a diagonal matrix.
Letnow, forallm # i, j, x. € Autg(R) with x,,(x) = (1 + €;n)x(1 — €;). Since

[xm(@), Ixm(B), f (s1,...,85.01a] =0, forall sy, ..., s, € R and the (j, i)-entry of the
matrix x,,(b) is not zero, then x,,(a) = a — ae;, + €;ma — einae;, is diagonal, which
implies

@) A = @i,  YM # j.

Analogously, forall ¢ # i, j, let ¥,(x) = (1 + ¢;)x(1 — e;). Also in this case the
(j, i)-entry of ¥, (b) is not zero, then Y, (a) = a — ae; + eja — e;aey; is diagonal,
which implies

(7’) a;; = ajj, Vt # i,

Thus by (7) and (7') we conclude that if b is not diagonal then a must be central, which
is a contradiction.
Therefore, we can assume that b is a diagonal matrix in M, (F) also in the case

k> 3.
Finally, for any ¢ € Autg(R), we have [¢(a), [p(b), o(f (r1, ..., r))]2] = O for
all r, ..., r, € R, and so, by the previous cases, ¢ (b) must be a diagonal matrix in

M, (F) forany k > 2.
In particular, for any r # s, if (x) = (1 + €,,)x(1 — ¢,,), then

(P(b) = b + er.\'b - bers - ersbers = b + (bss - brr)ers-

This means b,, = b, for all r # s, that is b must be central, a contradiction again.
The previous argument says that f (xy, ..., x,) must be central-valued on R. [

Before beginnig the proof of the main theorem, for the sake of completeness we
recall some basic notations, definitions and some easy consequences of the result
of Kharchenko [10] about the differential identities on a prime ring R. We refer to
[2, Chapter 7] for a complete and detailed description of the theory of generalized
polynomial identities involving derivations.

We denote by Q the Martindale quotients ring of R and let C = Z(Q) be the
extended centroid of R [2, Chapter 2]. It is well known that any derivation of a prime
ring R can be uniquely extended to a derivation of its Martindale quotients ring Q,
and so any derivation of R can be defined on the whole Q [2, page 87]. Moreover, if
R is a K-algebra we can assume that K is a subring of C.

Now, we denote by Der( Q) the set of all derivations on Q. By a derivation word we
mean an additive map A of the form A = d\d, - - - d.,, with each d; € Der(Q). Then
a differential polynomial is a generalized polynomial, with coefficients in Q, of the
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form ®(* x;) involving noncommutative indeterminates x; on which the derivations
words A; act as unary operations. The differential polynomial ® (% x;) is said to be
a differential identity on a subset T of Q if it vanishes for any assignment of values
from T to its indeterminates x;.

Let Dy, be the C-subspace of Der( Q) consisting of all inner derivations on Q
and let d and § be two non-zero derivations on R. By [10, Theorem 2] we have the
following result (see also [13, Theorem 1}):

FACT 1. Let R be a prime ring of characteristic different from 2, if d and & are
C-linearly independent modulo Dy and ®(® x,) is a differential identity on R, where
A; are derivations words of the following form 8, d, 8%, 8d, d* then ®(y;;) is a
generalized polynomial identity on R, where y;; are distinct indeterminates.

As a particular case, we have:
FAcT 2. If d is a non-zero derivation on R and

]

d d, & e
DOy, o X, X, L T X, e, X

is a differential identity on R, then one of the following holds
(i) eitherd € Dy,
(ii) or R satisfies the generalized polynomial identity

‘D(Xh~--yxm)’17-~-,}’n,21,--- 7Zn)'

We study now the case when § and d are both Q-inner derivations:

LEMMA 2. If § and d are both Q-inner non-zero derivations, then f (x, ..., X,) is
central-valued on R.

PROOF. Let § be the inner derivation induced by the element a € @, and d the one
induced by b € Q. Trivially a and b are not in the extended centroid C, which is
the center of Q. These assumptions say that R satisfies the generalized polynomial
identity [a, [b, f (xi, ..., x,)]2] which is explicitely:

abf*(xy, ... xa) +af 2(xy, oo Xa)b = 2af (xp, . x)Bf (X0, X))
—bf2(xy, .. xp)a— fRx0, . xa)ba 4+ 2f (x4, .. x)Bf (x4, ..., Xg)a.
By a theorem due to Beidar [1, Theorem 2] this generalized polynomial identity is
ilso satisfied by Q. In_case C is infinite, we have [a,[b, f (r, ..., m)]2] =0 for

Al ry,...,r, € 0@, C, where C is the algebraic closure of C. Since both Q and
020X C are centrally closed [8, Theorems 2.5 and 3.5], we may replace R by Q or
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0Qc C according as C is finite or infinite. Thus we may assume that R is centrally
closed over C which is either finite or algebraically closed and

[a,(b,f(n,...,m)]=0, forall n,...,r, €R.

By Martindale’s theorem [16], R is a primitive ring having a non-zero socle with C
as the associated division ring. In light of Jacobson’s theorem [9, page 75] R is
isomorphic to a dense ring of linear transformations on some vector space V over C.

Assume first that V is finite-dimensional over C. Then the density of R on V
implies that R = M,(C), the ring of all k x k matrices over C. In this case the
conclusion follows by Lemma 1.

Assume next that V is infinite-dimensional over C. We will prove that in this case
we get a contradiction. Since V is infinite dimensional over C then, as in Lemma 2
in [18], the set f (R) is dense on R and so from {a,{b, f (r;,..., )1} = 0, for
all r,...,r, € R, we have [a,[b, r];] = O, for all r € R. As a consequence a
falls in to the centralizer of the set {[b, x]; : x € R}. By main result in {4] the set
{[b,x); : x € R} contains a non-zero right ideal of R and so its centralizer coincides
with the center of R; that is a € C, which is a contradiction. d

We need the following lemma:

LEMMA 3. Let R be a prime K-algebra of characteristic different from 2 and
f (xy, ..., x,) amultilinear polynomial over K. If, foranyi =1, ... ,n,

i, .-.vzi.oosr), f(n,....m)] € Z(R)

forallz;,n, ..., r, € R, then the polynomial f (x\, ..., x,) is central-valued on R.

PROOF. Let s € R, then by assumption

5. f (... .r)= [Zf(r,,...,[s, rlm) f(n, . ,rn)] € Z(R).

Hence, [s,f(r, ..., = s, f(n, ..., )], f (i, ..., )] = 0 and the result
follows by [12, Theorem]. 0

Now we are ready to prove our main result.

THEOREM 1. Let K be a commutative ring with unity, R a prime K-algebra of

characteristic different from 2, d and § non-zero derivations of R, f (x1,...,x,) a
multilinear polynomial over K. If §({d(f (ri, ..., ), f(r,...,r)]) = 0 for all
r,....r € R, then f (xi, ..., x,) is central-valued on R.
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PROOF. Since f (xy, ..., x,) a multilinear polynomial, we can write

[ x) =xxa- o x, + Z AoXo1)** * Xom)
o€S,,0#id

where S, is the permutation group over n ¢lements and any «, € C.

In all that follows we denote by f4(x;, ..., x,), f ®(x1,...,x,) the polynomials
obtained from f (xi, ..., x,) replacing each coefficient o, with d(«,) and é(d(e,))

respectively. In this way we have

d(f(r,,...,r,,))=f"(r1,...,r,,)+Zf(r1,...,d(r,-),...,r,,)

and similarly for §(d(f (r, ... , r.)).

First suppose that § and d are C-independent modulo D;,. By assumption, for
allry,...,rn € R, 6(Id(f (11, ..., 1)), f(r1, ..., rx)]) = O, that is, R satisfies the

differential identity

[fd"(xl,...,x,,)-FZfd(xl,...,5xi,...,x,,)+Zf(x1,...,Mx,-,...,x,,)

i>1 i>1

+Zf(xl,...,axi,...,dxj,...,x,,),f(xl,...,x,,)il

i#f

i>1

+[fd(xl,...,x,,)+Zf(xl,...,dx,-,...,x,.),f‘s(xl,...,x,,)

+ Zf(xl,...,sxi,---,xn)]~
i>1

By Kharchenko’s theorem [10] R satisfies the polynomial identity

!:fd‘s(xl,...,x,,)+Zfd(x1,...,yi,...,x,,)+Zf(xl,...,z,-,...,x,,)

i>1 i>1
+ Zf(xl,...,y,»,...,tj,...,x,,),f(x,,...,x,,)]
i)

+ [fd(xl,...,xnan(xl,...,zi,...,xn),fa(x.,...,xn)

i1

+Zf(xl,--.,y,-,...,x,,)i|.

i>1
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In particular, R satisfies any blended component

(A CTPI- TR 3 T X ¢ U 9 ¥

in the indeterminates x;, ... , x,, z; for all i > 1, which implies that f (x;, ..., x,) is
central-valued on R by Lemma 3.

Let now & and d C-dependent modulo Dy,. There exist y;, y» € C, such that
18 + v»d € Dy, and, by Lemma 2, it is clear that at most one of the two derivations
can be inner.

Suppose ¥, = 0 and y, # O; then, for some non-central element g € Q, d = d,
is the inner derivation induced by ¢ and § is an outer derivation. By the assumptions,
S(lg. f(r,....r)l) =0, forallry, ..., 7, € R, that 1s,

=[8(q), f(r,....r)]x

+|:[q,f's(r1,.. r,,)+Zf(r,,.. ,8(r), ..,rn)],f(rl,...,rn):]

+[[q,f(n,.. ), Zf(n,.. L8, ..,rn)+f5(r,,...,rn)].

As above, by Kharchenko’s result, R satisfies the generalized polynomial identity

[6(q)1f (xlv ceey xn)]Z

+[[q,f‘s(x,,...,x,,)+Zf(xl,...,y,-,...,x,,)],f(xl,...,x,,):]

+[[q,f(x,,..‘,x,,)],Zf(xl,..,,y,«,...,x,,)+f‘s(x1,...,x,,):l.

In particular, R satisfies the blended component in the indeterminates x,, ... , x,, yi,

that is,

[[qvf (yl!x2s s ’xn)]wf (X], .. ’xn)] + [[qvf (xlv s vxn)]vf (ylvx27 B 1xn)]-
Hence 2[q, f (ry,..., )} =0forall r, ..., r, € R. Since g € C, this implies that
f (xi,...,x,) is central-valued on R [12, Theorem].

Suppose now y;, = 0 and y, # 0; then, for some non-central element g € Q,
8 = d, is the inner derivation induced by g and 4 is an outer derivation.
In this case, forall ry, ..., r, € R, we have:

0=[q'[d(f(rly---vrn))’f(rlv"'vrn)]]
=[q,[fd("1v-~ r,,)+Zf(r|,.. ,d(r), .,r,,),f(rl,...,r,,)]J
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and, as above using the Kharchenko’s theorem, R satisfies the following generalized
polynomial identities

[g. [f Cetw oo ¥y ooy ) f 1y ooy xp)l] Vi=1,0.., 8,

By [5] either g centralizes a noncentral Lie ideal of R or the polynomials

[f(xl,...,y,-,...,x,,),f(xl,...,x,,)]

are central-valued on R, for all { = 1, ..., n. In the first case, it is well know that ¢
is a central element of R (see [3, Lemma 2]), and this is a contradiction. It follows
that the polynomials [f (xi, ..., ¥ ..., X,), f (x1,...,x,)] are central-valued on R,
forall i = 1,..., n; and this implies again that f (xy, ..., x,) is central-valued on R
by Lemma 3.

Finally, we may assume that both y; and y, are non-zero. So § = yd + d,, with

O0#yeCandge Q.
Therefore, forall ry, ..., r, € R
(yd+dq)[d(f(rh---arn))vf(rl"-'7rn)]
=ydd({f (r, ..., f (..., )]
+ g, [df (r, o)) f (o, )]l =0

Suppose that d is an outer derivation. In this case R satisfies the differential identity

Y l:fdz(x;,...,x,.)-*-Zfd(xh...,"x,-,...,x,.)+2f(x1,'---dzxj’-“vx")

i>1 j=l1

+Zf(xl,...,dxi,...,dxj,...,x,,),f(xl,...,x,,)]

i#]
+ |:q, [fd(xl, ...,x,,)+Zf(x1,...,dx,,...,x,,),f(x,,...,x,,)]]
r>1

and so the Kharchenko’s theorem provides that

y|:f"l(x,,...,x,,)+Zfd(xl,...,y,-,...,x,,)—%—Zf(xl,...,zj,...,x,,)

i>1 j=1

+Zf(xl,...,y,—,...,yj,...,x,,),f(x,,...,x,,):l

i#

+ [q? [fd(xlv"'vxn)+Zf(-xla"'vyrv"~vxn)1f(xla--~’xn)]]

r>1
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is a polynomial identity on R. Hence R satisfies the blended components

[f(xla~-~azj7°"9xn)’f(xh"'1xn)] V] =11'-')n-

and this implies that f (x|, ..., x,) is central-valued on R by Lemma 3.
Finally, if d is Q-inner, then § is also Q-inner and we end up by Lemma 2. O
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