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Abstract

Let K be a commutative ring with unity, R a prime K-algebra of characteristic different from 2, d and S
non-zero derivations of R, f (xx xn) a multilinear polynomial over K. If

, rn))J(ru...,rn)]) = 0 for all r, rn e R,

i xn) is central-valued on R.
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A well-known Posner's result states that if R is a prime ring and J is a non-zero
derivation of R such that [d(r), r] e Z(R), the center of R, for all r € R, then R
is commutative [17]. This result is included in a line of investigation concerning the
relationship between the structure of R and the behaviour of some derivation defined
on R. It is possible to formulate many results obtained in the literature in this context
by considering appropriate conditions on the subset P(d, k, S) = {[d(s), s]k : s € S],
where 5 is a suitable subset of R, k is a positive integer and the k-commutator
[d(x),x]k, fork > 1, is defined by [d(x),x}k = [[d(x),x]k-\,x]. For instance, we
can read the result of Lansky [11] as follows: If L is a noncentral Lie ideal of R
and P(d, k, L) = 0 then R satisfies the standard polynomial identity 54(^1, . . . , x4)
and it is of characteristic 2. More generally, in the case when f (x\, ... ,xn) is
a multilinear polynomial, / is a non-zero twosided ideal of R, Lee and Lee [12]
proved that if P(d, k,f (/)) = 0 then ei ther / (JCI, . . . , xn) is central valued on R or
char(/?) = 2 and R satisfies the standard identity 54(xi, . . . , JC4). On the other hand,
if P(d, 1, R) 7̂  0 then it is a large subset of R, and as showed by Bresar and Vukman
in [4], it generates a subring which contains a non-zero right and a non-zero left ideal of
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358 Vincenzo De Filippis and Onofrio Mario Di Vincenzo [2]

R. More recently, in [6] and [7], we considered the case when R is a prime algebra over
a commutative ring K,f(x\,..., xn) is a multilinear polynomial with coefficients in K
and P(d, 1 , / (/?)) = {[d(f ( r , , . . . , rn)),f(ru • • •, ra)] : r , , . . . , rn e R] is not zero.
More precisely, if char(/?) / : 2, we proved that the left annihilator of P(d, 1,/(/?))
in /? must be zero [7]. Moreover, if the non-zero elements of P(d, 1,/(/?)) are
invertible then R is a division ring [6, Corollary 1].

The previous results also say that the subset P(d, 1, / (/?)) is rather large in R.
It would seem natural to ask what happens if there exists a non-zero derivation S

of R, such that S(a) = 0 for all a e P(d, 1 , / ( /?)) . In this paper we will give an
answer and prove the following:

THEOREM 1. Let K be a commutative ring with unity, R a prime K-algebra of
characteristic different from 2, d and S non-zero derivations of R, f (xu ..., xn) a
multilinear polynomial over K. If S([d(f (/-, , . . . , rn)),f (rit..., rn)]) = 0 for all
r\,..., rn € R, then f (x\,... ,xn) is central-valued on R.

We begin with the case when R is a ring of matrices over a field and d and <5 are
inner derivations. As above, for any elements s, t in a ring, we shall denote [s, t]2

the triple commutator [[s, t], t], and we shall use this notation through the rest of the
paper. We have:

LEMMA 1. Let R = Mk(F) be the ring ofkxk matrices over the field F, with
k > 1, a, b non-central elements of R such that [a, [b,f(r\, ..., rn)]i\ = 0 for all
r\,..., rn e R. Then f (x\, ..., xn) is central-valued on R.

PROOF. We suppose t h a t / (xit..., xn) is not central-valued on R and prove that in
this case either aorb fall in Z(R). The first aim is to prove that, if b is not a diagonal
matrix, then a must be a central matrix. We will divide the proof in two cases: k = 2
and k > 3.

Case 1: k = 2. Say a = £,., atj e0, b = J2<j b>j ea - w h e r e fly - bti e / r - a n d eU
are the usual unit matrices. Suppose that b is not a diagonal matrix, for example let
bzi * 0.

Since / (x\,..., xn) is not central on R, there exists an odd sequence of matrices
r , , . . . , rn e R such that f (ru rn) = yeih with 0 ^ y 6 F and i' j= j [14,
Lemma]. In particular, we may assume that / ( n , . . . , rn) = yel2, because the set
/ (/?) = [f (si,..., sn) : Si,..., sn e R} is invariant under the action of all inner
automorphisms of R. Thus

0 = [a, [b,f(n rn)]2] = -2y2(aexlben - enbena)

and multiplying on the right by ei2 we have:

0, that is, b2ia2\ = 0.
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Since b2x # 0, we have a2X = 0. Moreover by [15, Lemmas 2 and 9] there exists an
even sequence of matrices su ..., sn e R such t h a t / ( j ] , . . . , sn) = aeu + fie22, with
ot^p. Then

0 0 8 -

and

0 J

n r r , f( \^^ \ - iz^iv- " ^ ) 2 (au - a22)bl2(P - a)2~\
O=[a,[b,f(si,...,sn)]2]=\ _ ( a _ « ) 2 _ u r _ fl-)2

Since &21 / 0, then a n = 0 and an = a22, which means that a is central in R, a
contradiction.

Analogously we have the same contradiction if we suppose bx2 ^ 0 and at2 = 0.
Hence b must be a diagonal matrix in R — M2{F).

Case 2: k > 3. As above, since f (x\,..., xn) is not central on R, and / (/?) is
invariant under the action of all F-automorphisms of R, for all i ^ j , there exist
r, rn e R such that/ (r{, ..., rn) = aen ^ 0. Thus

0 = [a, [b,f(ru-.., rn)]2] = -2a2(aeijbejj - eybeya)

and multiplying on the right by en, with I ^ j we have:

(1) etjbejjaeu = 0, that is, 6,-,-a,-; = 0, V/ ^ 1, /.

Analogously, left multiplying by epp, with p ^ i,

(Y) eppaeijbejj = 0, thatis, ap,fe;, = 0 Vi^j,p.

Suppose & is not a diagonal matrix. Let i / 7 such that fy, ^ 0. Hence

(2) api = 0 , Vp 5* i, and a;/ = 0 , V/ ^ 7 .

Moreover, we know that

is also a valuation of/ (J:! , . . . , *„) in R.
So, [a, [fc, a(e,y + e4/)]2] = 0, and left multiplying the last equation by ehh, with

h ^ i, g, we have

(3) ehhaeijbejj + e^ae^e^ + e^ae^be^ + ehhae^be^ = 0.

By (3) using (1'), and (2) we obtain

ahqbji = 0, that is ahq = 0 Vh ̂  i, q Vq £ i, j .
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This fact and (2) means that

(A) 'If bj i ^ 0 then the non-zero entries of the matrix a are just in the /-th
row, in j -th column or in the main diagonal.'

As above, we assume bsi ^ 0 and let m ^ i, j . Denote by am and xm the following
automorphisms of R:

0m(x) = (1 + ejm)x(l - ejm) =x + eJmx -xejm - ejmxeJm,

rm(x) = (1 - ejm)x(l + ejm) = x - ejmx +xejm - ejmxejm

and say am(b) = YLar*em xm(b) = £ xrSers where ars, xrs e F. We have

0)< = tyi + bmi and T,-,- = b-}i — bmi.

If there exists m such that a^ = fc,-,- + bmi = 0 or r^, = fc;i — bmi = 0 then
bmi = —bji j= 0 or fcm, = i>j, ^ 0. Therefore fy, ^ 0 and bmi ^ 0, and so, using
(A), the non-zero entries of the matrix a are just in the i-row or on the main diagonal,
since m ^ j . Hence

(4) a = Y^ arrerr + ^ a , s e l s , with ars € F.
r.r^i s

Now assume that a;, ^ 0 and tj, ^ 0, for all m ^ i, j , and recall that, for any
F-automorphism <p of R, the following holds

[<p(a),[<p(b),f(ru...,rn)]2]=0, for all r , , . . . , rn € R.

Thus in this case by (A), for any m ^ i,j, the non-zero entries of the matrices am(a)
and rm (a) are just in the i-th row, in j -th column or on the main diagonal. In particular,
since

CTm(a) = a + ejma - aejm - ejmaejm,

rm(a) —a- ejma + aejm - ejmaejm

then both of the above matrices have zero in the (/, m) entry, that is,

ajm + amm - djj - amj = 0, aJm - amm + aJ} - amj = 0 , Vm / i, j .

Moreover, by (A), ajm = 0, because m ^ i,j and so amm - ajS = amj — ais - amm,
which implies amj = 0, for all m ^ i, j . At this point we can write again the matrix a
as follows:

(4') a — ^ P arr err + ^ ais eis
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In other words, by (4) and (4'), we have:

(B) 'If bj i ^ 0 then the non-zero entries of the matrix a are just in the *-th
row or on the main diagonal.'

Let again bjt ^ 0 and m ^ i, j . Denote

^m(x) = (1 + emi)x(l - emi) = x + emix -xemi - emixemi,

MmC*) = (1 - eni)x(l + emi) = x - emix +xemi - emixemi

and say Xm(b) — ^ Ksers, fi(b) = J2 fu.rsers with krs, /xrs 6 F. We have that

kji =bji — bjm and /*,, = fy, + bjm.

If there exists m / i,j such that Xjt = bjt• - bjm = 0 or //,;, = fy, + bJm — 0 then
bjm = bjt ^ 0 or bjm = —bjt ^ 0. Thus, by (B), a is just a diagonal matrix because
bj, •£ 0, bjm ^0&ndm^ i, j .

On the other hand, if A,, ^ 0 and /x;, / 0, for all m ^ i, 7 , then the non-zero
entries of the matrices Xm{a) and n-m{a) are just in the i-th row and on the main
diagonal. In particular, since

\m(a) =a + emia - aemi - emiaemi,

Mm (a) = a — emia + aemi — emiaemi

then both the matrices have zero in the (m, i) entry, that is,

ami + an - amm - aim = 0, ami - aH + amm - aim = 0 , Vm ^ i, j .

Moreover, by (B), ami = 0, because m ^ / , ; , and so amm - ati = aim = au - amm,
which implies aim = 0, for all m ^ i,j. Finally in any case, if &,, ^ 0, we can write
the matrix a as follows:

(5) a

Since/ {xx,..., xn) is not central valued on R, by [15, Lemmas 2 and 9] there exists
an even sequence of matrices su ..., sn e R, such that f (s\,... ,sn) = ^ , a^u, with
ap ^ aq, for some p ^ q. Moreover, since / (R) is invariant under the action of all
F—automorphisms of R, we may assume p = i and q = j . By the above argument,
a — J2r

 arrerr + «y £y, moreover [b, J2i<xieu]2 — 11rS brs{as - ar)
2ers and

(6) 0 = ^ aueu + atj etj, ^ brs(as - ar) ers

1 rs
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In particular, the (i, i) entry of the matrix (6) is zero, that is, fy,ay (a, — ccj )2 = 0.
Since bj, ^ 0 and a, 5̂  a ; , we get atj = 0, which means that a is a diagonal matrix.

Let now, for all m ^ i,j, \m e AutF(/?) with xm(x) = (1 + eim)x(l - e,m). Since
[Xm(a). lXm(b),f(su ..., sn)]2] = 0, for all si, . . . , $ „ € / ? and the 0', i)-entry of the
matrix xm(fe) is not zero, then Xm(a) = a — aeim + eima — eimaeim is diagonal, which
implies

(7) amm = aih Vm^j.

Analogously, for all t j= i,j , let ir,{x) = (1 + e,j)x{\ — e,j). Also in this case the
(/, i)-entry of \lr,(b) is not zero, then i/f,(a) = a — ae,y + eya — etjae,j is diagonal,
which implies

(7')

Thus by (7) and (7') we conclude that if b is not diagonal then a must be central, which
is a contradiction.

Therefore, we can assume that b is a diagonal matrix in M^F) also in the case
* > 3 .

Finally, for any <p e Autf (/?), we have [<p(a), [<p(b), cp(f (r{, . . . , /•n))]2] = 0 for
all rx, ..., rn e R, and so, by the previous cases, cp(b) must be a diagonal matrix in
Mk(F) for any it > 2.

In particular, for any r / s, if <p(x) = (1 + ers)x{\ — ers), then

<?(&) = b + ersb - bers - enbers — b+ (bss - brr)ers.

This means brr = bss, for all r ^ s, that is i> must be central, a contradiction again.
The previous argument says that f {x\, ..., xn) must be central-valued on R. •

Before beginnig the proof of the main theorem, for the sake of completeness we
recall some basic notations, definitions and some easy consequences of the result
of Kharchenko [10] about the differential identities on a prime ring R. We refer to
[2, Chapter 7] for a complete and detailed description of the theory of generalized
polynomial identities involving derivations.

We denote by Q the Martindale quotients ring of R and let C = Z(Q) be the
extended centroid of R [2, Chapter 2]. It is well known that any derivation of a prime
ring R can be uniquely extended to a derivation of its Martindale quotients ring Q,
and so any derivation of R can be denned on the whole Q [2, page 87]. Moreover, if
R is a /T-algebra we can assume that K is a subring of C.

Now, we denote by Der( Q) the set of all derivations on Q. By a derivation word we
mean an additive map A of the form A = d\d2 • • • dm, with each J, € Der(g). Then
a differential polynomial is a generalized polynomial, with coefficients in Q, of the
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form $(&Jxt) involving noncommutative indeterminates xt on which the derivations
words Ay act as unary operations. The differential polynomial <t>(AjXj) is said to be
a differential identity on a subset T of Q if it vanishes for any assignment of values
from T to its indeterminates xt.

Let Dint be the C-subspace of Der( Q) consisting of all inner derivations on Q
and let d and <5 be two non-zero derivations on R. By [10, Theorem 2] we have the
following result (see also [13, Theorem 1]):

FACT 1. Let R be a prime ring of characteristic different from 2, if d and S are
C-linearly independent modulo Dmt and ^>(A'x() is a differential identity on R, where
Aj are derivations words of the following form 8, d, <52, 3d, d2, then &(yji) is a
generalized polynomial identity on R, where yj, are distinct indeterminates.

As a particular case, we have:

FACT 2. If d is a non-zero derivation on R and

$>{xu...,xn,
dxu...,

dxn/-xu.../-xn)

is a differential identity on R, then one of the following holds

(i) either d e Dm

(ii) or R satisfies the generalized polynomial identity

..,xn,yu ...,yn,zi,.-. , z n ) -

We study now the case when S and d are both g-inner derivations:

LEMMA 2. IfS and d are both Q-inner non-zero derivations, then f (x\, ..., xn) is
central-valued on R.

PROOF. Let S be the inner derivation induced by the element a e Q, and d the one
induced by b e Q. Trivially a and b are not in the extended centroid C, which is
the center of Q. These assumptions say that R satisfies the generalized polynomial
identity [a, [b,f(xx,..., xn)]2] which is explicitely:

abf2(xi, ...,xn) + af2(xu ..., xn)b - 2af (xu ...,xn)bf(xu ...,xn)

-bf2(xu ...,xn)a -f2(xu ...,xn)ba + 2f(xu ...,xn)bf(xu ...,xn)a.

By a theorem due to Beidar [1, Theorem 2] this generalized polynomial identity is
ilso satisfied by Q. In case C is infinite, we have [a, [b,f(ru..., rn)]2] = 0 for
ill /-[,...,/-„ e Q & c C, where C is the algebraic closure of C. Since both Q and

C a r e centrally closed [8, Theorems 2.5 and 3.5], we may replace R by Q or
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) c C according as C is finite or infinite. Thus we may assume that R is centrally
closed over C which is either finite or algebraically closed and

[a,[b,f(n rB)]2] = 0, for all r , , . . . , rn 6 R.

By Martindale's theorem [16], R is a primitive ring having a non-zero socle with C
as the associated division ring. In light of Jacobson's theorem [9, page 75] R is
isomorphic to a dense ring of linear transformations on some vector space V over C.

Assume first that V is finite-dimensional over C. Then the density of R on V
implies that R = Mk(C), the ring of all k x k matrices over C. In this case the
conclusion follows by Lemma 1.

Assume next that V is infinite-dimensional over C. We will prove that in this case
we get a contradiction. Since V is infinite dimensional over C then, as in Lemma 2
in [18], the set f (R) is dense on R and so from [a, [b,f(ru . . . , rn)]2] = 0, for
all r\,..., rn e R, we have [a, [b, r]2] = 0, for all r 6 R. As a consequence a
falls in to the centralizer of the set {[b, x]2 : x e R}. By main result in [4] the set
{[b, x]2 : x e R] contains a non-zero right ideal of R and so its centralizer coincides
with the center of R; that is a e C, which is a contradiction. •

We need the following lemma:

LEMMA 3. Let R be a prime K-algebra of characteristic different from 2 and
f (x\,..., xn) a multilinear polynomial over K. If, for any i = 1 , . . . , n,

| / ( r , , . . . , z , , . . . ,rn),f(ru...,rn)]eZ(R)

for all Zi, r\,... ,rn e R, then the polynomial f (x\,..., xn) is central-valued on R.

PROOF. Let s € R, then by assumption

[s,f(ru ... , rn)]2 = Ê , , . . . , rn) \ e Z{R).

Hence, [s, f ( r , , . . . , rn]3 = [[s, / (r, , rn)]2, / ( r , , . . . , rn)\ = 0 and the result
follows by [12, Theorem]. •

Now we are ready to prove our main result.

THEOREM 1. Let K be a commutative ring with unity, R a prime K-algebra of
characteristic different from 2, d and 8 non-zero derivations of R, f (x\,... ,xn) a
multilinear polynomial over K. If 8([d(f (r\, ..., rn)),f ( r , , . . . , rn)]) = 0 for all
rt, . . . , rn e R, then f (x\,..., xn) is central-valued on R.
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PROOF. Since/ (JCI , . . . , xn) a multilinear polynomial, we can write

/ (x\,..., xn) = X\X2 • • • x + /

365

/ ^ aa

where Sn is the permutation group over n elements and any aa e C.
In all that follows we denote by fd(x\, ... ,xn),f

ds(xu . . . ,xn) the polynomials
obtained from/ (*i, . . . ,*„) replacing each coefficient aa with d(aa) and S(d(aa))
respectively. In this way we have

/•„)) =fd(ru

and similarly for 8(d(f ( r [ ( . . . , rn)).
First suppose that 8 and d are C-independent modulo Dint. By assumption, for

all ru ...,rn 6 /?, 8([d(f(ru ..., rn)),f (ru . . . , rn)]) = 0, that is, R satisfies the
differential identity

( J C , , . . . ,

, Xn)

By Kharchenko's theorem [10] R satisfies the polynomial identity

fdS(xu

• •, h:,..., xn),f (xu ..., xn)

\fd(xu ...,xn)

L
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In particular, R satisfies any blended component

[f(xu ...,Zi,..-,xn),f(xu...,xn)]

in the indeterminates x\,... , *„, z, for all i > 1, which implies tha t / (JCJ, . . . ,xn) is
central-valued on R by Lemma 3.

Let now 8 and d C-dependent modulo Dint. There exist yu y2 e C, such that
Y\& + Yid e Am, and, by Lemma 2, it is clear that at most one of the two derivations
can be inner.

Suppose Y\ = 0 and y2 / 0; then, for some non-central element q e Q, d = dq

is the inner derivation induced by q and 5 is an outer derivation. By the assumptions,
7 , / (n , . . . , rn)]2) = 0, for all r,, . . . , rn 6 R, that is,

q,f\ru ...,rn) + J_,f (r> 5 ( r ' ) > •••• ^ ) , / ( / " , r n )

? , / ( / , , . . . , r n ) ] , ^ / ( r , , . . . , <5(r;), . . . , rn) + / 5 ( r , rn)

As above, by Kharchenko's result, R satisfies the generalized polynomial identity

[ xn)

[q,f(xu ..., u . . . , y , , ...,xn)+f\xu . . . , * „ )

I n p a r t i c u l a r , ^? s a t i s f i e s t h e b l e n d e d c o m p o n e n t i n t h e i n d e t e r m i n a t e s X\, ... , x n , y \ ,

t h a t i s ,

2, ... ,xn)],f(xu ...,xn) ^ xn)],f(yi,x2, ... ,xn)].

Hence 2[q,f(r{,..., rn)]2 = 0 for all ru ... , rn 6 R. Since q £ C, this implies that
/ (xi, . . . , xn) is central-valued on /? [12, Theorem].

Suppose now y2 = 0 and yi ^ 0; then, for some non-central element q e Q,
8 — dq is the inner derivation induced by q and d is an outer derivation.

In this case, for all r l t . . . , rn e /?, we have:

0 = [q,[d{f (n,..., rn))J {ru ..., rn)}}

= q, If "in, . . . , rn) + J^f (/"I, • • •. ^(r/). • • . , rn), / (r,, . . . , r j ]
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and, as above using the Kharchenko's theorem, R satisfies the following generalized
polynomial identities

[q,[f (xi,... ,yt,... ,xn),f (xu • • • ,xn)]] Vi=l,...,n.

By [5] either q centralizes a noncentral Lie ideal of R or the polynomials

[f(xu . . . , y , , . . . , * „ ) , / ( * i , •-.,*,,)]

are central-valued on R, for all / = 1, . . . , n. In the first case, it is well know that q
is a central element of R (see [3, Lemma 2]), and this is a contradiction. It follows
that the polynomials [f (xu ... ,yh ..., xn),f (x\,..., xn)] are central-valued on R,
for all / = 1, . . . , n; and this implies again t ha t / {x\, ..., xn) is central-valued on R
by Lemma 3.

Finally, we may assume that both y\ and y2 are non-zero. So S = yd + dq, with
0 ^ y e C and q e Q.

Therefore, for all rx, . . . , rn € R

{yd + dq)[d{f(ru ••-, rn))J(ru ..., #•„)]

= yd[d(f(ru...,rn)),f(ru...,rn)]

+ [q,[d(f(ru...,rn)),f(ru...,rn)]]=O.

Suppose that d is an outer derivation. In this case R satisfies the differential identity

dy \fd\xu ..., xn)
L

xj,..., xn)

,..., dxt, ...,dXj,..., xn)

q\fd{xu..., xn) +

and so the Kharchenko's theorem provides that

dy \fd\xu . . . ,*„)
L

i> • • • ' "*" . • • , x n ) , f { x u . . . , x n )

i, . . - , y r , . . . , X n ) , f ( x u ...,
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is a polynomial identity on R. Hence R satisfies the blended components

\f (xu . • •, Zj,..., xn),f (xu ... ,xn)] Vj = 1, ...,re.

and this implies that/ (xi, . . . , xn) is central-valued on R by Lemma 3.
Finally, if d is Q-inner, then 8 is also £)-inner and we end up by Lemma 2. •
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