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1. In this paper we evaluate a few infinite integrals involving products of Legendre
functions. The results obtained herein are quite general and include, as particular cases, some
known results. .

We shall evaluate these integrals with the help of a theorem in operational calculus proved

in § 2.
We write
P(p)=fx),
when
J(p)=p :e—”“f(x) AZy civviniiniiiinirice e (1)
and
$(p) £ (@),
when
¢ (p)=(2[m)ip f : (PE) K, () f(T) AT vvereerrerrararveneeneens 2)

Formula (2) is a generalisation of (1) as given by Meijer 7] and it reduces to (1) when

v= 4, since
T 1
K:I:i(x) = <-2—x) e~%,
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2. TueorEM. If
P(p)=/(x)
and
$(p) £a41 f(),
then

d(p)=p'~# JT (=D (pr)a=t Po_y () da, coveveninninniiins (3)

provided that the integral is convergent and R(u)<<1.
Proof. We know that, if
$(p)=f(@),
then {1, p. 129)

YPHO) . ax g,
—p+_a_ ZeTOT LX) v e (4)
Also [1, p. 278]
Pt e K (ap) = (-Q%Y(tz + 2at)- P, (1 + 2) e, (5)

Using the relations (4) and (5) in Goldstein’s result [4] that, if

h(p)=gi(z) and hy(p)=g.(2),
then

f ° hy(w) gy(x) ) d = f ® hy@)gy@) et d,
0 0
and then replacing @ by p, we get the relation
$(p)=p f (B +2pt) = (p+1) (P +) Ph_y (L+efp)dt. i (6)
0

Equation (3) follows from (6) when we substitute {=p(x - 1).
A particular case of this theorem, when p =1, has been given by Rathie [9] in a slightly
different form.
3. We now proceed to evaluate a few infinite integrals by applying the above theorem. In
what follows we have usedd MacRobert’s definition of @Qm(x).
{i) From {9, p. 176] we have

f("l") =gmt ]'n+i ('1')
SEmEP(PE 1) HQMD) o (7)
=d(p) [B(m+n+1)>0, R(p)>1],
and
ar=l f(z) =artm=t T, ()
Fidp+im+dv+dn+}) Flp+im+in-Lv+1)
TGy I'(n+$) o
xoF [p+dm+dn+dv+d dp+im+in-dv+d;n+d;p 2] il (8)
=¢(p) [R{p+m+nxv+3)>0).

J{e 3
= pl-n-m—pu? m-
Rz) nQutm-3

using the relations (7) and (8) in (3) and then replacing v by v + 1, we get
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€0
f (a2 = 1)~#s (p2a? — 1)~4m QU (px) P(x) dx
1

lp+im+v+in+d) I'({p +im - v+ 1n)

o= Jutm—2 p—n—qn—l 3
’ I‘(n+§)
x Fildp+dm+dv+in+ b dp+dm-—tv+in;n+d 0% 9)

This, by a simple substitution @ =cosh 0, can be expressed in the form

f (sinh 8)'~#(p? cosh? § — 1)~ Q@ (p cosh ) P* (cosh 8) df
0
I'lp+im+iv+in+d) F(p+3m - v +1in)

Pn+3) -
X F [dp+im+dn+dv+d dp+im+in-dv;n+d;p (10)

) m-2 p—n—-m-1
- _)H# p

Results (9) and (10) are valid for R (u)<1, R{p +m +n +v +1)>0, R (w +m —v +n)>0and

|p|>1.
A few particular cases of (9) and (10) are worth mentioning and are given below.
(¢) When p—1, then, by virtue of the relation

Fila,b;c; 1)=§(6)F(C—a—b)

Te—a) I (c-b) [R(c-a-b)>0], .ccceevvnnnnnn (11)

(10) reduces to
€
f o (sinh §)t—#-m Q% (cosh 8) P¥(cosh ) df

Fdp+im+in+dv+HTEp+dm-dv+in) F(l —p—-m)

=ptm—2_ €T 2 | & e ST el & e e
2uem Fiin-dup—dm—dv+ D) LEn-du-im+iv+3) ’ (12)
where R(1 - -m)>0, R(p+m+n-v)>0, R(p+m +n+v+1)>0 and R (u)<1.
If we put v = - in (10) and (12) and use the result [3, p. 150]
P o(2)=26(22 1) 8C(L—p), oo, (13)
we get results given by MacRobert 5, p. 95].
Also, when we take n=m —1 in (12), then, by virtue of [6, p. 403)]
@) =2 D) (22— 1)4m, (14)
we get another result given by MacRobert [5, p. 96].
(b) Since [3, p. 125]
Pl-p)Pez)=2"(+1)str(z=1)4,F (-v, —v-p;1l-p;(z-1)/(z+1)),...... (15)

by taking v=n in (9) we get
J7 -1y -1 @) Pia) o
1

2 S 2+1
=2ubm=2 pu—i (2 — 1)=deodm D(dp+dm) D(dp+dm+n+ ) P_;‘u_";m@———z - 1) , -(16)

where R(u)<1, R(u+m +2r+1)>0, R(u+m)>0 and | p |>1.
(c) If we take u =14 —m and use the expansion {3, p. 127]

F(l-p) Phz)=20(2 = 1) 48 F [+ o= by — v =dpu; Lops 122, oo, 17)
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relation (9) yields the result

f ® (g = 1)t (22 — 1)-im Qi (pz) P (x) de
1
=(-1)in+t 2"‘1p‘m‘§ I'dn + Ju +HTEn-dv+ 9] P:”'* (\/(l e i ) N (18)

where R(m +$)>0, R(m+v+1)>0, R(n —v+$)>0and | p | >1.
(d) If we substitute 4 —u —m for v in (9) and apply [3, p. 129]

P(1-p) Py (2) =2¢ (28 = 1) 46 {z + /(27 — 1)prte

X Fi[=v—pd—p;1-2u; 2/ -1)/{z +J(-1)}]......(19)
and Whipple’s transformation [3, p. 141}
Q@) =@fm) (2 -1 T +p+ 1) P2 {2/ = 1)}y o, (20)
we get
[7 @ =1t < 1m0 () Py ()
1
= Qutmin=} pu-t (p2 — 1)i—tu—im o=t ['(In +3) Qﬁt‘;—l 2p%-1), .coevenennn. (21)
where R (p)<1, R(p+m+4n-$)>0, R(n+£)>0and | p |>1.
(e) Since
T -p)PEE) = (2 + )z 1) oo, (22)

and [3, p. 129]
P(L-p) Ph() =20 (2 = 1)y duawt Fi[ —dp— o, b= dp—dv; 1—p; =22, ... (23)

if we put v =0in (9), apply the transformation (20) and duplication formula for gamma functions,
namely

921 P () P2+ 1) =T T(Z2), e, (24)
we get

f‘” (@ = 1)+ (p22? - 1)¥ QR (po) da
1
=pr (1 =) (p2 — D)i-teim@udm—L(py .. (25)
where R(p)<1, R(u+m+n)>0and | p |>1.
(i) Now we take [9, p. 174]
f@) =2t K, 4 (2)
=(@2) 2T a-y) [(a+y+1)p(p? - DA PI2(p) e (26)
=¢(p)
where R(«+y +1)>0, R(x —y)>0, R(p)> -1, and

a# f(z) =arte3 K, .4 ()

R Quta—%
% pu+¢+7—1
Fii(ptoetvty+ P MEptoa-v+y+ P Miptatv—y - Mip+a-v-y-1)]
x
I} IF(p+a)
o F [ +tda+dv+dy+hdntda~dv+dp+diputa; -9 i, (27)

=¢(p)

\Vhel‘elR(}L tazv+y+3)>0, Rp+atv—y-3)>0,and |1 -p2|<].
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Applying the theorem and replacing v by v +4, we get

f ® (@ — 1)t (a2 — 1)b= P (pm) P¥ () do
1

_Tlip+atv+y+ )T p+a—v+y) M (p+a+v - y)] T +a-v-y-1)]
al'(p+o) D(e—y) MNa+y+1)

Quta—2
XW2F1[%M+%OC+%V+%7+%,f‘w+%a~év+%y;#+a;1 =P, (28)

where Bp)<l, Rp+a+v+y+1)>0, R(p+o—v+y)>0, R(p+a+v—19)>0,
R(p+a-v—y-1)>0,and |1 -p? |<1.
If we substitute x = cosh 8, (28) takes the form

f ® (sinh 8)1~# (p® cosh? § — 14« P (p cosh 6) P* (cosh 6) df

0
_ 2 Pli(ptoa+v+y+ DI (p+a—v+y) M (pt+at+v-y)| TE{p+a-v-y~1)]
petyil” al(p+o) [(e—y) o+y+1)
X Fi[Ap+da+dv+iy+d,dptda—dv+dy p+a; =972, i (29)

where Ruwy<l, Rp+a+v+y+1)>0, R(p+a—v+y)>0, BR(u+a+v—y)>0,
R(p+oa—-v—y-1)>0and |1-p2%|<].

We mention some particular cases of (28) and (29). A few of them, which express
Legendre functions as infinite integrals involving Legendre functions are quite interesting.
(a) When we assume p =1, (28) yields

f * (&% - 1)-bu-be P* (2) P (&) do
1

—outae T ratv iyt DT (ptoa—vt I T (ptatv—y)] P (pta-v-y~1)]
M p+a) oe—y) Ia+y+1) ?

where Ru)<l, R(p+a+v+y+1)>0, R(p+a-v+9)>0, R(p+a+v—y)>0
and Rp+o-—v—-y-1)>0.

If we take v = —u =A+3a — 1 in (30) and apply the formulae (13) and (24) we get a known
result [2, p. 320].

Similarly if we take v= —p in (29) and apply the relations (13) and (24) we get a result
given by MacRobert {5, p. 96].

(b) If we take y =v in (28) and make use of (19) and (24), we get

[7 -1y ez 1yt e () P ) o
1

Fdp+ia+v+3) IM'(ip+da—v-1) I'(3p+ia)

=2t ta-2 =1 = (p? - 1)t-tu—te Phiu—ta (&1)
pr(a—v)F(a+v+].) -l 2p )’
...... (31)
where B (p)<l, B(up+a+2v+1)>0, R(p+a-2v-1)>0, R(u+a)>0and |1 -p~2 |<L.
(c) If we put y =% —p —a in (28) and use the expansion [3, p. 125]
" 241\ 1
I'l-p)Piz)= a1 (v, 14wy l—p; 3 =12), o (32)
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we get

JT (22 = 1)t (p2a? — 1) ¥ Py, (pr) PY (2) dw
ourat a3 L AP M-+ ) Mptat - Fp+e-iv-])
P 7T +2a-3) IE-p)

X (1 = p2ji=du—da PLmbre (9972 C 1) e (33)

where R(u)<1, R(1 -2u -2a)<R(-v-1)<1, R()<}and | 1-p-2|<].
(d) If we take v=1 —u —a in (28) and apply (15) we get

f‘:( 1) (pet — )b P (pa) PY_,_ (2) da

Fy+HTp+at+iy-PIrG-dy)lp+a-1y-3)
al(e~yp) a+y+1)
x pht (p? = D)i=hu—da PIoima 952 1), e, (34)

= Quta—2

where R (p)<1, :>R(y)> -2, R(u+a+iy)>} Rp+a-iy-$H>0and |1-p?|<].
(e) If we put v =0 in (28) and apply (22), (23) and (24) we get

f ? (@ = 1)» (pha? — )b P (po) do
1

Tlptaty) Mp+a—y-1)I'(1-p)
Fla-y)a+y+1)
T(ptaty)Mpta—y-1)I'(1~p)
B Ma-y) M a+y+1)
where R(u)<1, R(p+a+y)>0, R(p+a-y-1)>0and | 1 -p~2 | <1, by virtue of [3, p. 140]
O o SR (36)

—y—

p“‘l (p2 - 1)§—§u—§m p:'za (19)

1 (p? — L)b-deda Plow—e () (35)

(iii) If we start with [9, p. 179]
flx) —x’“lE[l ot m+2n; Bt (1/x)En]

2/77 2ay=n 23 ply v B[l o, i m 5 By i {P/2R)EY] oo (37)
—l/!
where R (y)>0, ,Bm+,‘+1 (y +1+2c)/(2n), Brnsnprie=(y +2)/(2n) (k=0,1,2,...,n-1),

and
x“‘lf(x) =artY2 Bl o, i m+2n; B : (1/"3 2]

K 3
f 2/1, 27,- 1-n 2u+v—g nu+v—g pZ-u—

xE+2n 0, im+2n; B {p/(2n)PM] v, (38)
=¢(p)

where Epgerl = ("" ty+v- 513 + 2K)/(2n)’ Xppretntl = (}L ty-v- ‘].’ + 2K)/(2n) (K =0’ 1’ 27 ceny MW 1):
on applying the theorem and writing v +} for v, we get

f:)(x N VE[Z o im; ﬁs<€:> ]P‘,‘(x)dx

=2 TEL+ 20 0 cm+20 5 By i {D/20)PM], e (39)
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where
pt+y—v-1+2k pty+v+2e v+1+2« v+ 2«
Xppntntl = _‘T s O gkl =“—2n— s Bm+x+l = _27%— s :Bm+n+x+1 =2—n‘ ’

(k=0,1,2,...,n-1), and R(u)<l, R(u+y-v-1)>0, R(u+y+»)>0, p=0,
and |arg p |<dm(l-m+1).

Two interesting particular cases of this result are given below.

(a) If we take I=m+2, n=1, =4 ~¢-n, ap=3—-€+n, ¢, p=H, (r=1,2,...,m) in
(39), substitute x =cosh 6 and use the relation

Bl -t-nt-¢t+n::a]l=T{-€(-n)L(f-¢E+n)a-tesRW, (x), ... (40)

we have
rg-¢é-nIr@a- §+v7)J~ (sinh )1+ (cosh §)~r-2¢ gbv*coshte I, (12 cosh? ) P*(cosh 6) df

=p¥ M TEB[}—E—m; i -E+nsdntdy+dvsdptdy b -t dy by + 4 107, . (40)
where R{u)<1, R(u+y+v)>0, R(p+y-v-1)>0, p=0, | arg p |<in.
By writing 2 for 19?2, taking é=k-A, n=-2%, u=1-2), v=2m -4, y=21 -2« +3% and
using (40), (24) and
. Wi -4 (328 =274-20 D (2), oo (42)
we get [8, p. 601)]

fo (sinh g)2Aetzsinh®o D, o, 4 (2424 cosh 6) P}~% (cosh 6) d6

IF'd-w+m)I'(4 - K—m)
N3 -2 +2X)

where R(A)>0, R(} -k +m)>0, R(} -k -m)>0, z#0 and | arg z | <3n.
(0) If we take I =2, m=1, «; =@, a,=b, B, =c¢, n=1in (39) and apply

s Pt

Wim (2, voerevemmninreirenennans (43)

E(a,b:c:x)—r(l,)( )(b) F, (a b;c; —i) (e>1), coreiiiiinn, (44)

and then write —p* for }p2?, we get

fl (- 1)-texv,F (a, b;c;p2a-?) Pix)de
_ L)
@) o)
where R (u)<1, R(p+y+v)>0, R(u+y-v-1)>0and | p|>1.
Now putting b=3% +3A +dm, a =1+ 1A + Im, c =m +§ in (45), using (24) and [3, p. 135]

=2u-1

Ela, b, 3p+iy+dv du+dy-dv-1:c,dy+ L 3y -p?), ...(45)

2-t-m a1 +m 4+ A) Fi [l + A +dm, b +3A +dm; m +3 ;5 272
=D(m+§) 2 22 —1)=PQ) (2), oo, (48)
we get
[ @ vt (et 1) @ (1) P2 1)
1
L+3A+dm, 3 +dm+ 1), du+iy + 4y, %p.+qy—ov—%::| @)
+hiy, v+ -p°
where R(p)<1, R(u+y+v)>0, R(u+y-v-1)>0and | p |>1.

=QutA=2 p-A-m-1 |7 l:
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By putting n=A+!, p=-v=1-n, y=2m+2n+2 in (47) and applying the relations
(13), (44) and (46) we get [6, p. 387]

f " gomenet (gt - 1)r-1 (i — 1)-Hoin QU (pa) d =271 ml (92 - 1)7H @l (), ... (48)
1
where R (n)>0, R(2m +3)>0 and | p |>1.

Also, if we take y=m +A +1 in (47) and use (44) we get (9).

I am very much indebted to Dr C. B. Rathie for his keen interest in the preparation of

this paper.
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