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1. In this paper we evaluate a few infinite integrals involving products of Legendre
functions. The results obtained herein are quite general and include, as particular cases, some
known results.

We shall evaluate these integrals with the help of a theorem in operational calculus proved
in § 2.

We write

when

p [me-™j{x)dx, (1)
Jo

and

=/(*),
when

r (2)

Formula (2) is a generalisation of (1) as given by Meijer [7] and it reduces to (1) when
v = ± i, since

KA =(£)'«-•
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2. THEOEEM. If

and

then

\ x -1 p?-t (•«•)<&. (3)

provided that the integral is convergent and B(/x)<l.
Proof. We know that, if

then [1, p. 129]

Also [1, p. 278]

( j ^ ( tS (5)

Using the relations (4) and (5) in Goldstein's result [4] that, if

then

hi(x)g2(x)x-ldx=
Jo Joo

and then replacing a by p, we get the relation

J 0

Equation (3) follows from (6) when we substitute t =p{x - 1).
A particular case of this theorem, when JJ. = J, has been given by Rathie [9] in a slightly

different form.
3. We now proceed to evaluate a few infinite integrals by applying the above theorem. In

what follows we have used MacRobert's definition of Q%{%).
(i) From [9, p. 176] we have

l)-imQZ(p) (7)
= 0(p) [R(m+n + l)>0,B(p)>l],

and

ix + bn + \n-\v + \;n+$ ; p~2] (S)

using the relations (7) and (8) in (3) and then replacing v by v + i, we get
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(x2 - 1 )-i" (2^x2 - 1 )-*"> Q™ (px) P»(x) dx

_ O n + m - 2 p - n - m - 1 J V 2 ^ ' 2 " " ' -

This, by a simple substitution x = cosh 0, can be expressed in the form

(sinh 0)l-"(2J2 cosh2 9 - l)-*"» Q%(p cosh 0) P? (cosh 0) tf0
o

Results (9) and (10) are valid for ii(/x)<l, i?(/x+m + ra+v + l )>0 , i?(/x+m-i/+w)>0and

where R(l -fx-m)>0, R(fj. + m + n-v)>0, R(iJ.+m+n+v +
If we put v = -/<. in (10) and (12) and use the result [3, p. 150]

A few particular cases of (9) and (10) are worth mentioning and are given below.
(«) When p-*-l, then, by virtue of the relation

JAa,b;c,l)=r(c_a)r{c_b) [R(c-a-b)>0], (11)

(10) reduces to

(sinh 9)1-"-"' Q™(cosh 0) P?(cosh 0) d,9

\m + \n + \v + \) r{\fx + \m — \v + \n) F(\ —/x -in)
r 1 „ , i—~T\ 1 (")

(13)

(14)

) (15)

by taking v=?i in (9) we get

I"*" (a2 - l)-*"(p2z2 - l)-*m QS{px) P»(x) dx
J 1

= 2"+"-2p^i (p* -1)-*"-*" r(J M + Jm) r ( i M + \m + n + i) P z ^ ^ ^ ^ l l ^ , ...(16)

.(17)

we get results given by MacRobert [5, p. 95].
Also, when we take n = m — 1 in (12), then, by virtue of [6, p. 403]

we get another result given by MacRobert [5, p. 96].
(b) Since [3, p. 125]

where R()x)<\, R(n+m + 2n + l)>0, R(ix+m)>0 and | p
(c) If we take /x = i - m and iise the expansion [3, p. 127]
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relation (9) yields the result

r (x2 - l)im-l (p2x2 - 1)-!"* QZ(px) P\~m (x) dx

= (_l)*»+*2»-1p-»-» r(\n + \v + l)r{\n-\v + l)P-^ (J(l -p-*)), (18)

where R(m + \)>0, R(m+v + l)>0, R(n-v+%)>0 and \p | > l .
(d) If we substitute | -fi -m for v in (9) and apply [3, p. 129]

T(l -n) P» (z) =2" (z2 - l)-i"{2 + S/(Z2 - 1 )}»+!•

x / i l - i - c i - f i ; ! - ^ ; 2%/(2»-l)/{z+>/(2a-l)}] (19)

and AVhipple's transformation [3, p. 141]

Q!(z) = (2lTr)-i(z*-l)-ir(v+p + l)PZ';rJi{zlJ(zZ-l)} (20)

we get

J" (a;« - l)-»" (p2x= - 1)-*- QZ (px) P^_m (x) dx

= 2»+m+n-ip»-i(p*-l)l-i»-imn-ir(in+$)Q™+J\-1(2p*-l), (21)
where J?(^)<1, R(ix.+m + \n- J)>0, i?(w+f)>0 and | p | > l .

(e) Since
/1(l-/*)Pf(z) = (z + l)»i'(«-l)-»*' (22)

and [3, p. 129]
r ( l - f i ) P ^ ( 2 ) = 2 ^ 2

2 - l ) - i M ^ + v 2 i ? ' i [ _ i / t i _ | v > | _ ^ _ i 2 v ; i _ M ; i _ 2 - 2 ] i (23)

if we put v = 0 in (9), apply the transformation (20) and duplication formula for gamma functions,
namely

22*-ir(z)r(z + j)=V^.r(2z), (24)

we get

r (x -1)-" (pV - 1)-J™ Q* (px) dx

= p ^ - 1 ^ ( 1 - /*) (p* -1)*-**-*"" QS+"-1 (y), (25)
where R(fi)<\, R([x+m+n)>0 and \p | > 1 .

(ii) Now we take [9, p. 174]
f(x)=x"-iKv+i(x)

l)-*'P?'{p) (26)

where R(a + y + l)>0, i J (a -y)>0 , R(p)> - 1 , and

!-^2] (27)

where jR(/x+a±v+y + J)>0, J?(/x + a ± v - y - | ) > 0 , and | l-p~2\<l.
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Applying the theorem and replacing v by v +|, we get

f°° (x2 - 1)-*" (p2x2 - l)-i'P~" (px) P? (x) dx
J 1

+ a) T(a - y) f(a + y + 1)

^ + a ; i - P " 2 ] . (28)
p

where R(fi)<l, R(n + ix +v + y + l)>0, R{fj. +a -v + y)>0, R([x + a +v -y)>0,
R(n+a-v-y-l)>0, and | 1 -p~2 | < l .

If we substitute x = cosh 9, (28) takes the form

(sinh 8)l-» {p2 cosh2 9 - l)-iaP~a (p cosh 0) P^ (cosh 9) d9
o

; 1 -p~2], (29)

where JB(/x)<l, i2(/x + a+v + y+ l)>0, iJ(/n + a -v + y)>0, B(^+a+v-y)>0,
i?( /x+a-v-y- l )>Oand | 1 -p

We mention some particular cases of (28) and (29). A few of them, which express
Legendre functions as infinite integrals involving Legendre functions are quite interesting,

(a) When we assume p = \, (28) yields

(x2 - 1)-JM-J« p-« (») P^ (a;) dx

_ 2 M + « - 2

(30)

where R(fi)<.l, i?(/x + a+i' + y + l)>0, -B(/x+a —v + y)>0, if (jii + a + v — y)>0
and R(fj, + a -v -y-l)>0.

If we take v= -ju = A + | a - l i n (30) and apply the formulae (13) and (24) we get a known
result [2, p. 320].

Similarly if we take v= -JX in (29) and apply the relations (13) and (24) we get a result
given by MacRobert [5, p. 96].

(6) If we take y = v in (28) and make use of (19) and (24), we get

'<x2-l)-i*p-*(px)P?(x)dx

where R(ix)<l, R(ix +a+ 2v + l)>0, R(H. +a-2v-l)>0, R{fj,+oi)>0 and
(c) If we put y = i-fx-a. in (28) and use the expansion [3, p. 125]

.-IL;\-\Z), (32)
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we get

foo
(a;2-l)-*"(p2a;2-

J 1

K. C. SHARMA

,-« (2*0 P^ (a;) dx

x(l-1J«)*-*M-i«PJr4-(2p-«-l)J (33)

where i?(/x)<l, 5(1 - 2 ^ -2a)<E( - v - | ) < l , -R(v)<| and | 1 -p~2 |
(d) If we take v = \ -/x - a in (28) and apply (15) we get

(x°- - 1)-*" (pV - l)-»« P p (pa;) P^_M_a (x) dx

= 2 M +

7rP(a-y)P(a
xp»-i(p*-l)i-i>'-i°<P1ri»Zl(2p2-l), (34)

where J?(/n)<l, l>R(y)> -$, R(ii+a. + {y)>l, B(p + * - \y -%)>0 and

(e) If we put v =0 in (28) and apply (22), (23) and (24) we get

P (x - 1)-" {p2x* - lyi'P-* {px) dx

^ " - ^ - ' ) - ' " - ^ - " - M
where J?(/u,)<l, i?(/x + a + y)>0, R ( j a+a -y - l )>0 and | 1 - p - 2 | < l , by virtue of [3, p. 140]

Pty-^PW (36)

(iii) If we start with [9, p. 179]

f(x)=xy~lE[l ;«r:m+2n;fls: (1/x)2"]

» ; « r : m ; )3,: {p/(2»)}2B] (37)

where iJ(y)>0, |3m + K + 1 = (y + 1 + 2 K ) / ( 2 » ) , |8m+?1+1+K = (y + 2ic)/(2n) (/c=0, 1,2, ... , » - l ) ,

and

; a r : m + 2m ; ft.: (I/a;)2"]

= (2/7r)1'2(27r)1-"

; ar: m + 2n ; jS,: {p/(2»)}2"] (38)

where al+K+l = (/n + y + v - J + 2K)/(2?I), ai+K+n+i = (M + y -1 / - i +2/c)/(2?i) (K = 0, 1, 2, ... , n-1),
on applying the theorem and writing v + £ for v, we get

J" (*» -1)-*"*-^ [ j ; ar: m ; ft : ( g
lE[l +2n ; a r : m + 2n ; ft,: {^/(2?i)}2"] (39)
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where
_fj.+ y - v - l + 2K _fj. + y + v + 2K _ y + 1 + 2/c _ y + 2/c

aI+n+K+l = 9^ > a(+K+l 9^ > Pm+K+1 ~ t ^ ' ™+"+«+l gjj '

(K = 0, 1, 2, ... , n - 1), and
and | argp \<in{l-m + l).

Two interesting particular cases of this result are given below.
(a) If we take l=m + 2, n = l, ax = | - f -17, a2 = J - f + 17, ar+2 = )8r (r = 1, 2, ... , m) in

(39), substitute a; = cosh 0 and use the relation

we have

r& ~ £ ~ V) -Hi - 1 +1) f" (siiili 0)1-" (cosh 0)-v-2f eiP8CO9h'9 W( . (\p* cosh2 6) P» (cosh 0) rf0
J 0

where ii(/x)<l, i£(/x+y + v)>0, R(fx + y-v-l)>0, p&O, \ argp |<f7r.
By writing z for %p2, taking f = «-A, T J = - J , /̂  = 1-2A, V = 2m - 1 , y = 2A - 2K + \ and

using (40), (24) and

we get [8, p. 601)]

r (sinh 0)w ei^^B D2K_v,_i (2* 2* cosh 0) P\-^, (cosh 0) d9
J 0

F*m(z), (43)^ 7 V f c , m ( ) ,
2/C + 2A)

where i?(A)>0, R(h-K+vi)>0, R(l - K - ? » ) > 0 , Z ^ O and | argz |<#?r.
(6) If we take 1=2, m = l, <x.1=a, a2 = b, P1=c, n = 1 in (39) and apply

^ ^ ( ) (44)

and then write -p" for Jj)2, we get

f°° (a:2 -1)-*" x-y jF j (a, b ; c ; p~2 a;-2) P^(a;) da;

«. b> ^ + h + \v> & + ir - 4" - * = c, iy + i iy: - ^ 2 ] , ...(45)

where i^(fx)<l, U(/x + y +1')>0, jR(/x + y - i / - l ) > 0 and |
Now putting 6 = 1+ |A + \m, a = \+\\ + \m, c =m +| . in (45), using (24) and [3, p. 135]

*(z2-l)-iAQji(z)1 (46)
we get

r (x2 - l
_ 2,+A_2 M_A_m_! B f1 + ̂  + 4«, i + km + J A, i/x + \y + \v, ^ + | y - Jv -
" ? L i | | i 2

where R(n)<l, R(n + y+v)>0, R(n + y-v -l)>0 and
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By putting n=X+l, fj.= -v = l -n, y = 2vi + 2n + 2 in (47) and applying the relations
(13), (44) and (46) we get [6, p. 387]

r ; '-"-"-1 (a;2 -1 ) " - 1 (pW - l)-»M» Ql+n (px) dx = 2n~ln\ (p2 -1)-H Ql
m+n (p), ...(48)

where R(n)>0, iJ(2m + 3)>0 and | p
Also, if we take y =m + A +1 in (47) and use (44) we get (9).
I am very much indebted to Dr C. B. Rathie for his keen interest in the preparation of

this paper.
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